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Introduction

Matrix computation is a key concept for developing efficient
hypercomplex-valued network models because some fundamental
building blocks, like dense and convolutional layers, compute affine
transformations followed by a non-linear function.

In the following, we present some vector-valued matrix computation
concepts, including the vector-valued least-squares problems.

Let V be an algebra over the real numbers. The product of two
vector-valued matrices A ∈ VM×L and B ∈ VL×N results in a new
matrix C ∈ VM×N with entries defined by

cij =
L∑

ℓ=1

aiℓbℓj , ∀i = 1, . . . ,M and j = 1, . . . ,N.
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To take advantage of fast scientific computing software, we compute
the above operation using real-valued matrix operations.

Let E = {e1, . . . ,en} be a basis for V. Using the isomorphism
φ : V → Rn defined by

φ(x) =

x1
...

xn

 , ∀x =
n∑

i=1

∈ V,

we have

φ(cij) =
L∑

ℓ=1

φ
(
aiℓbℓj

)
=

L∑
ℓ=1

ML(aiℓ)φ(bℓj),

where ML : H → Rn×n is the matrix representation of multiplication
to the left by a =

∑n
i=1 aiei .
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Equivalently, using real-valued matrix operations, we have

φ(C) = ML(A)φ(B),

where ML and φ are defined as follows for vector-valued matrices:

ML(A) =

ML(a11) ML(a12) . . . ML(a1L)
...

...
. . .

...
ML(aM1) ML(aM2) . . . ML(aML)

 ∈ RnM×nL,

and

φ(B) =


φ(b11) . . . φ(b1N)
φ(b21) . . . φ(b2N)

...
. . .

...
φ(bL1) . . . φ(bLN)

 ∈ RnL×N .
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Reorganizing the elements of φ(C), we can write

C = φ−1 (ML(A)φ(B)) ,

which allows the computation of hypercomplex-valued matrix
products using the real-valued linear algebra often available in
scientific computing software.

To further reduce the computing time, the real-valued matrix
ML(A) ∈ RnM×nL can be computed using the Kronecker product.

Marcos Eduardo Valle Hypercomplex-valued Neural Networks 06-10 February 2023 5 / 26



Kronecker Product

The Kronecker product between two real-valued matrices
A = (aij) ∈ RN×M and B ∈ RP×Q, denoted by A ⊗ B, yields the block
matrix defined by

A ⊗ B =


a11B a12B . . . a1MB
a21B a22B . . . a2MB

...
...

. . .
...

aN1B aN2B . . . aNMB

 ∈ RNP×MQ. (1)

Basic properties and some applications of the Kronecker product
can be found in (Loan, 2000; Stenger, 1968).

Based on Zhang et al. (2021) and Grassucci et al. (2022), we use
the Kronecker product to compute ML(A) as follows.
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Recall from the previous part that the matrix representation of the
multiplication by the left by aij =

∑n
k=1 aijkek satisfies

ML(aij) =
n∑

k=1

aijkPT
k :, with PT

k : =


pk11 pk21 . . . pkn1
pk12 pk22 . . . pkn2

...
...

. . .
...

pk1n pk2n . . . pknn

 .

Thus, we have

ML(A) =


∑n

k=1 a11kPT
k :

∑n
k=1 a12kPT

k : . . .
∑n

k=1 aiLkPT
k :

...
...

. . .
...∑n

k=1 aM1kPT
k :

∑n
k=1 aM2kPT

k : . . .
∑n

k=1 aMLkPT
k :


=

n∑
k=1

a11kPT
k : a12kPT

k : . . . aiLkPT
k :

...
...

. . .
...

aM1kPT
k : aM2kPT

k : . . . aMLkPT
k :

 .
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Let Ak ∈ RM×L, for k = 1, . . . ,n, be the real-valued matrices such
that

A =
n∑

k=1

Akek .

In words, Ak is the “matrix” component associated with the basis
element ek of A.

Using Ak ∈ RM×L, we conclude that

ML(A) =
n∑

k=1

Ak ⊗ PT
k :. (2)

Therefore, C = AB can be efficiently computed by the equation

C = φ−1

(( n∑
k=1

Ak ⊗ PT
k :

)
φ(B)

)
.
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Alternatively, it is possible to compute C = AB using the
multiplication to the right by bℓj .

In this case,
φT (C) = φT (A)MR(B),

where

φT (A) =

φ(a11)
T . . . φ(a1L)

T

...
. . .

...
φ(aM1)

T . . . φ(aML)
T

 ∈ RM×(nL),

and

MR(B) =

MR(b11) MR(b21) . . . MR(b1N)
...

...
. . .

...
MR(bL1) MR(bL2) . . . MR(bLN)

 ∈ R(nL)×(nN).
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Moreover, if

B =
n∑

k=1

Bkek ,

where Bk ∈ RL×N are real-valued matrices for k = 1, . . . ,n, then
MR(B) can be efficiently computed using the Kronecker product as
follows:

MR(B) =
n∑

k=1

Bk ⊗ P:k .

From a computational standpoint, φ(C) = ML(A)φ(B) is faster than
φT (C) = φT (A)MR(B) if the matrix A has less entries than B, and
vice-versa.

We suggest implementing both formulas and computing the product
using the fastest one.
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Example – Quaternions

Consider the quaternion-valued matrix and vector:

A =

[
1 + 2i 3i + 4j 5j + 6k
7 + 8j 9 + 10k 11i + 12k

]
∈ Q2×3,

and the column vector

x =

 1 + 2i + 3j + 4k
5 + 6i + 7j + 8k

9 + 10i + 11j + 12k

 ∈ Q3×1.

Using quaternion matrix algebra, we obtain

y = Ax =

[
−176 + 45i + 96j + 11k
−306 − 3i + 140j + 363k

]
.
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Using the multiplication by the left, we compute

ML(A) =
[

1 0 0
7 9 0

]
⊗

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

+ . . .+ A3 ⊗ PT
3:

=


1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
7 0 0 0 9 0 0 0 0 0 0 0
0 7 0 0 0 9 0 0 0 0 0 0
0 0 7 0 0 0 9 0 0 0 0 0
0 0 0 7 0 0 0 9 0 0 0 0

+ . . .+ A3 ⊗ PT
3:

=


1 −2 0 0 0 −3 −4 0 0 0 −5 −6
2 1 0 0 3 0 0 4 0 0 −6 5
0 0 1 −2 4 0 0 −3 5 6 0 0
0 0 2 1 0 −4 3 0 6 −5 0 0
7 0 −8 0 9 0 0 −10 0 −11 0 −12
0 7 0 8 0 9 −10 0 11 0 −12 0
8 0 7 0 0 10 9 0 0 12 0 −11
0 −8 0 7 10 0 0 9 12 0 11 0


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Thus, we have

φ(y) =


1 −2 0 0 0 −3 −4 0 0 0 −5 −6
2 1 0 0 3 0 0 4 0 0 −6 5
0 0 1 −2 4 0 0 −3 5 6 0 0
0 0 2 1 0 −4 3 0 6 −5 0 0
7 0 −8 0 9 0 0 −10 0 −11 0 −12
0 7 0 8 0 9 −10 0 11 0 −12 0
8 0 7 0 0 10 9 0 0 12 0 −11
0 −8 0 7 10 0 0 9 12 0 11 0





1
2
3
4
5
6
7
8
9

10
11
12


=
[
−176 45 96 11 −306 −3 140 363

]T
.

Recall that

y = Ax =

[
−176 + 45i + 96j + 11k
−306 − 3i + 140j + 363k

]
.
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Similarly, using the multiplication by the right, we compute

MR(x) =

1
5
9

⊗


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

+ . . .+

 4
8

12

⊗


0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0

 .

Therefore, we have

φT (y) =
[

1 2 0 0 0 3 4 0 0 0 5 6
7 0 8 0 9 0 0 10 0 11 0 12

]


1 2 3 4
−2 1 −4 3
−3 4 1 −2
−4 −3 2 1
5 6 7 8
−6 5 −8 7
−7 8 5 −6
−8 −7 6 5
9 10 11 12

−10 9 −12 11
−11 12 9 −10
−12 −11 10 9


=
[
−176 45 96 11
−306 −3 140 363

]
.
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Vector-valued Least Squares Problem

Least squares problems play an important role in many machine
learning techniques.

For example, training an extreme learning machine (ELMs) is
achieved by solving a least squares problem (Huang et al., 2006,
2011; Lv and Zhang, 2018; Vieira and Valle, 2022).

In the following, we provide a framework for solving vector-valued
least squares using real-valued matrix computation.

Marcos Eduardo Valle Hypercomplex-valued Neural Networks 06-10 February 2023 15 / 26



Given an ordered basis E = {e1, . . . ,en} for V, the Frobenius norm
of a vector-valued matrix A ∈ VM×N is defined by

∥A∥F =

√√√√ M∑
i=1

N∑
j=1

|aij |2,

where |aij | denotes the absolute value of aij .

Equivalently, we have

∥A∥F = ∥φ(A)∥F .

Given matrices A ∈ VM×L and B ∈ VM×N , the vector-valued least
squares problem consists of finding the minimal Frobenius norm
solution to the problem

min
{
∥AX − B∥F : X ∈ VL×N

}
.
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We solve a vector-valued least square problem using the real-valued
matrices as follows:

∥AX − B∥F = ∥φ(AX − B)∥F = ∥φ(AX )− φ(B)∥F

= ∥ML(A)φ(X )− φ(B)∥F .

Therefore, the vector-valued least squares problem is rewritten as a
real-valued problem:

min{∥ML(A)X (r) − φ(B)∥F : X (r) ∈ R(n+1)L×N},

where X (r) = φ(X ).

The real-valued least square problem can be solved using the
pseudoinverse:

X (r) = ML(A)†φ(B),

where ML(A)† is the pseudoinverse of ML(A).
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Concluding, the solution of the vector-valued least squares problem
is given by

X = φ−1
(
ML(A)†φ(B)

)
.
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Example – Quaternions

Consider the quaternion-valued least square problem

min{∥Ax − b∥F : x ∈ Q2}.

where

A =

[
1 + 2i 3i + 4j 5j + 6k
7 + 8j 9 + 10k 11i + 12k

]
∈ Q2×3

and

b =

[
−176 + 45i + 96j + 11k
−306 − 3i + 140j + 363k

]
∈ Q2.
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In this case, we have

ML(A) =


1 −2 0 0 0 −3 −4 0 0 0 −5 −6
2 1 0 0 3 0 0 4 0 0 −6 5
0 0 1 −2 4 0 0 −3 5 6 0 0
0 0 2 1 0 −4 3 0 6 −5 0 0
7 0 −8 0 9 0 0 −10 0 −11 0 −12
0 7 0 8 0 9 −10 0 11 0 −12 0
8 0 7 0 0 10 9 0 0 12 0 −11
0 −8 0 7 10 0 0 9 12 0 11 0


and

φ(b) = [−176 45 96 11 −306 −3 140 363]T .

Thus, the solution of the least square problem satisfies

ϕ(x) = ML(A)†φ(b) = [−0.87 −0.08 4.16 . . . 8.92 10.06 12.06]T .

Equivalently, we have

x =

−0.87 − 0.08i + 4.16j + 3.08k
5.66 + 7.75i + 7.34j + 7.47k

8.86 + 8.92i + 10.06j + 12.06k

 .
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Concluding Remarks

In this lecture, we showed how to compute a product of
vector-valued matrices using real-valued matrix operations.

Let E = {e1, . . . ,en} be an ordered basis for an algebra V.

Given matrices A ∈ VM×L and B ∈ VL×N , the vector-valued product
C = AB ∈ VM×N can be computed by means of the equations

C = φ−1 (ML(A)φ(B)) or C = φ−T
(
φT (A)MR(B)

)
,

where the matrices ML(A) and MR(B) are computed using the
Kronecker product as follows:

ML(A) =
n∑

k=1

Ak ⊗ PT
k : and MR(B) =

n∑
k=1

Bk ⊗ P:k .
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Moreover, the solution to the vector-valued least square problem

min
X

∥AX − B∥F ,

can be computed using the equation

X = φ−1
(
ML(A)†φ(B)

)
,

where ML(A)† denotes the pseudo-inverse of ML(A).

Note that the presented approach generalizes the one detailed by
Vieira and Valle (2022) from hypercomplex to arbitrary algebras.

Thanks for your attention!
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