Hypercomplex-valued Neural Networks

Part 2 — Vector-Valued Matrix Computation.
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Introduction

Matrix computation is a key concept for developing efficient
hypercomplex-valued network models because some fundamental
building blocks, like dense and convolutional layers, compute affine
transformations followed by a non-linear function.

In the following, we present some vector-valued matrix computation
concepts, including the vector-valued least-squares problems.

Let V be an algebra over the real numbers. The product of two
vector-valued matrices A € VM*L and B € V2N results in a new
matrix C € VM*N with entries defined by

L
cj=Y auby Vi=1,...M and j=1,..N.
(=1
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To take advantage of fast scientific computing software, we compute
the above operation using real-valued matrix operations.

Let £ = {ey,...,en} be abasis for V. Using the isomorphism
¢ : V — R™ defined by

X1

n
p(x)=1:], ¥x=> €V,
X i=1
we have
L L
p(cp) =D ¢ (aiby) =Y Mu(air)e(by),
/=1 =1

where M, : H — R™" is the matrix representation of multiplication
to the leftby a= Y"1, aje;.
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Equivalently, using real-valued matrix operations, we have
¢(C) = M.(A)p(B),
where M, and ¢ are defined as follows for vector-valued matrices:

Mi(an) Mp(ar) ... My(air)
ML(A) — : : : c RnMan’

ML(.a/m) ML(.aMg) ML(aML)

and
o(b11) ... @(bin)
o(g) = |70 AN g

o(bit) .. olbin)
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Reorganizing the elements of ¢(C), we can write

C=¢ ' (M(A)p(B)),

which allows the computation of hypercomplex-valued matrix
products using the real-valued linear algebra often available in
scientific computing software.

To further reduce the computing time, the real-valued matrix
M (A) € R™x*nL can be computed using the Kronecker product.
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Kronecker Product

The Kronecker product between two real-valued matrices
A= (a;) € RN*M and B € RP*Q, denoted by A B, yields the block
matrix defined by

atB aiB ... aiyB
Ao B— 32'15 ag.gB agl.\/,B RNPXMO‘ (1)
ayiB anB ... anuyB

Basic properties and some applications of the Kronecker product
can be found in (Loan, 2000; Stenger, 1968).

Based on Zhang et al. (2021) and Grassucci et al. (2022), we use
the Kronecker product to compute M/ (A) as follows.
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Recall from the previous part that the matrix representation of the
multiplication by the left by a; = > h_ aji ey satisfies

Px11 Pk21 .- Pknt
Pr1i2 Pk22 .. Pkn2
=1 : : :
Pkin Pk2n --- Pknn
Thus, we have
n T n T n T
Dokt @1kPy ko @i2kPi o Doy @ikPy
M (A) = : : :
n T n T n T
D k=1 @mikPy. Dkt @makPi o Doy amk Py
n [ankPl  awkPl ... awkPfl
T T T
k aM1kPk: aMngk: c aMLkPk:
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Let A, € RM*L for k = 1,..., n, be the real-valued matrices such
that
n
A= Z Akek.
k=1

In words, A is the “matrix” component associated with the basis
element g, of A.

Using A, € RM*L we conclude that

n
=Y A®PL. (2)
k=1

Therefore, C = AB can be efficiently computed by the equation

<<2Ak®Pk> B))
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Alternatively, it is possible to compute C = AB using the
multiplication to the right by by;.

In this case,
©7(C) = ¢  (A)MR(B),
where
plan)” ... plan)’
oT(A) = : : e RMx(nh),
elam)” .. olam)”
and
Mpg(by1) Mp(b21) ... Mpg(bin)
Mp(B)=| L p | eRUDXO,
Mp(br1) Mpg(br) ... Mpg(bn)
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Moreover, if
n
B = Z Bkek,
k=1
where B, € RE*N are real-valued matrices for k = 1,..., n, then

Mpg(B) can be efficiently computed using the Kronecker product as
follows:

n
Mg(B) = By ® Px.
k=1

From a computational standpoint, ¢(C) = M (A)¢(B) is faster than
©T(C) = ¢ (A)MRg(B) if the matrix A has less entries than B, and
vice-versa.

We suggest implementing both formulas and computing the product
using the fastest one.
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Example — Quaternions

Consider the quaternion-valued matrix and vector:

a_[1+20 3iv4i 5jt6k ] o
T 17+8f 9+10k 11i+12k ’

and the column vector

1+2i+3j+ 4k
x=| 5+6i+7j+8k | Q¥

9+10i +11j + 12k

Using quaternion matrix algebra, we obtain

. [ 176+ 45i+ 96+ 11k
y=Ax= {—306—3i+140j+363k] '
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Using the multiplication by the left, we compute

[oNh e

(o e Ne)

— O OO

A+ A3® P

N

I 1
[eNoleoNololoNo)

[eNoleloNoloelolNo)
[eloleoNolololNo)
[eNoleoNolololNo)
QOO OCOoOOOoOo,
[eNoloNoNoNolo N
[eNeoNoloNoNo NoNe)
[eNeNoloNoNoNoNe)
OO O+~OCOOoON~
OO~ OO0OOM~O
Or—OO0OONMN~NOO
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Thus, we have

-
2
4 -2 0 0 0 -3 -4 0 0 0 -5 -67 |3
2 1 0 0 3 0 0 4 0 0 -6 5 4
o0 1 -2 4 0 o0 -3 5 6 0 0 5
oo 2 1 0o -4 3 0 6 -5 0 0 6
eW)=17 o 8 0o 9 0o 0o 10 0o -1 o -—12|]|7
0 7 0 8 0 9 -10 0 11 o0 —12 0 8
8 0 7 0 0 10 9 0o 0 12 0o —11|]o9
0o 8 0 7 10 0 0 9 12 0o 11 o] |10
11
112

—[-176 45 96 11 —306 -3 140 363] .

Recall that

—176 + 45i + 96j + 11k

Y =AX=1_306_3i+140j + 363k|
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Similarly, using the multiplication by the right, we compute

1 1 000 4 0O 0 0 1
0100 0O 0 -1 0
Mp(x) = g ®lg 0 1 ol T 182 ®lo 1 0 o0
0 0 0 1 -1 0 0 O
Therefore, we have
4 2 3 4 7
2 1 -4 3
-3 4 1 _2
-4 -3 2 1
5 6 7 8
T 1 2 0003 4 0 00 5 6]|]-6 5 -8 7
‘P(y):[708090010011012]—78 5 -6
-8 -7 6 5
9 10 11 12
10 9 —12 11
11 12 9 —10
|12 —11 10 9 |

__|—176 45 96 11
~ |-306 -3 140 363|°
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-
Vector-valued Least Squares Problem

Least squares problems play an important role in many machine
learning techniques.

For example, training an extreme learning machine (ELMs) is
achieved by solving a least squares problem (Huang et al., 2006,
2011; Lv and Zhang, 2018; Vieira and Valle, 2022).

In the following, we provide a framework for solving vector-valued
least squares using real-valued matrix computation.
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Given an ordered basis £ = {ey, ..., en} for V, the Frobenius norm
of a vector-valued matrix A € VM*N is defined by

|AllF =

where |a;| denotes the absolute value of a;.

Equivalently, we have

1AllF = lle(A)F-

Given matrices A € VM*L and B € VM*N  the vector-valued least
squares problem consists of finding the minimal Frobenius norm
solution to the problem

min {HAX— Bllr: X ¢ VLXN} .
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We solve a vector-valued least square problem using the real-valued
matrices as follows:

|IAX — B||r = [|o(AX — B)|[F = [|o(AX) — »(B)|F
= [[ML(A)p(X) — (B)| F-

Therefore, the vector-valued least squares problem is rewritten as a
real-valued problem:

min{[|Mo(A)XO) — o(B)||¢ : X() € RN,

where X = o(X).

The real-valued least square problem can be solved using the
pseudoinverse:
X = M (A)p(B),

where M, (A)' is the pseudoinverse of M, (A).
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Concluding, the solution of the vector-valued least squares problem
is given by

X =o' (Mu(A)e(B)).
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Example — Quaternions

Consider the quaternion-valued least square problem
min{||Ax — b||r : x € Q?}.

where
_|1+2i 3i+4j 5j+6k c Q3
|7+8j 9+10k 11i+12k

and

b [—176+45i+96j+11k

2
—306—3i+140]+363k] €Q
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In this case, we have

1 -2 0 0 0 -3 -4 0 0 0 -5 —67
2 1 0 0 3 0 0 4 0 0 -6 5
0 0 1 -2 4 0 0 -3 5 6 0 0
o 0 2 1 0 -4 3 0 6 -5 0 0
M (A) = 7 0 -8 0 9 0 0 -10 0 -11 0 -12
o 7 0 8 0 9 —-10 0 11 o0 -12 0
8 0 7 0 0 10 9 0o o0 12 0 —11
lo -8 0 7 10 O 0 9 12 0 11 0 |
and

o(b) =[-176 45 96 11 -306 -3 140 363] .

Thus, the solution of the least square problem satisfies
#(X) = M (A)p(b) = [-087 —008 416 .. 892 1006 12.08] .
Equivalently, we have

—0.87 — 0.08i + 4.16j + 3.08k
X=| 566+7.75i+7.34j+7.47k
8.86 + 8.92i + 10.06j + 12.06k
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-
Concluding Remarks

In this lecture, we showed how to compute a product of
vector-valued matrices using real-valued matrix operations.

Let £ = {ey,...,en} be an ordered basis for an algebra V.

Given matrices A € V<L and B € VLXN | the vector-valued product
C = AB ¢ VM*N can be computed by means of the equations

C=y¢ " (M (A)p(B) or C=¢ T (soT(A)MR(B)) ;

where the matrices M/ (A) and M g(B) are computed using the
Kronecker product as follows:

n n
M(A)=> Ac@ P and Mg(B)=> By® Py
k=1 k=1
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Moreover, the solution to the vector-valued least square problem

min || AX — B] .
can be computed using the equation
X =" (MUAY4(B)),

where M, (A)" denotes the pseudo-inverse of M (A).

Note that the presented approach generalizes the one detailed by
Vieira and Valle (2022) from hypercomplex to arbitrary algebras.

[ Thanks for your attention! ]
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