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�



(∂xv)k,l =
1

∆x

∑

k
′

vk′ ,lβ(k − k
′

) (∂yu)k,l =
1

∆y

∑

l
′

uk,l′β(l − l
′

),

¢ åÒêIè¥é�ç�âáó�åPãGà�ë�åòðvè¥Þºãæà�ë è¯ã�ó�åIã�ç�ê�ë�åI÷­å�øªë�åIã�å�à�ë�åÒé�è¥é î�í¯é�âáç�ë�âáé�ö î�í¯ßáÞ�åPç&ðvè¯ã
β(k), k > 0

í¯ãæå
β(1) = −2

3

ý
β(2) = 1

2

ûU�¨è¥ã
k < 0

ø¹å�ë¨í$î¥å
β(k) = −β(−k)

ýNí¯é�ó
β(0) = 0

û

Û|Ü Ý Þàß®áÖâYã äÒåÖã3æ�âdå=ç�è*éCâdã3êUæ

ë â»î¥åPérà�ë�åGî¥åIêIà�è¯ã,è�ð¤à�ë�åGô¨åIßäó�çÌç�í¯÷­õºßäåPç
Hz,n = (Hz

k,l(n∆t))
ý
Ex,n = (Ex

k,l(n∆t))
ý�í¯é�ó

Ey,n =

(Ey
k,l(n∆t))

í�à
t = n∆t

ýdø
åÍâáéUà�ã�èdó�Þ�êIå¤à�ë�å;ðvè¯ßäßäèVøªâáé�öHà�ø
è��Bçæà�í¯ö¥å��|� ðvè¥ãæ÷½Þ�ßÂíÍðvè¥ã à�ëºå)âäéUà�åPö¥ã�í�à�âáè¥é­è�ð
à�ë�ås�r��� çæñdç©à�åP÷ì�3	��3����°

	¥ûwík¾2Á"Â�·xÂ�·MÀ*Ãb³H¸

Hz,(1) = Hz,n +
∆t

µ
(∂yEx,n)− ∆t

µ
(∂xEy,n) ,

���e�

Ex,(1) = Ex,n +
∆t

ε

(

∂yHz,(1)
)

,
�����

Ey,(1) = Ey,n − ∆t

ε

(

∂xHz,(1)
)

.
�2¤a�

�Aûoî@³9ï�»Hµ;ðñÂ�·�À*Ãb³

Hz,n+1 =
1

2
[Hz,n + Hz,(1) +

∆t

µ

(

∂yEx,(1)
)

− ∆t

µ

(

∂xEy,(1)
)

],
��ò��

Ex,n+1 =
1

2
[Ex,n + Ex,(1) +

∆t

ε

(

∂yHz,n+1
)

],
�2óa�

Ey,n+1 =
1

2
[Ey,n + Ey,(1) − ∆t

ε

(

∂xHz,n+1
)

].
�2ôa�

Û|Ü�á õöäÖ÷så=øoø�å=øùÞ£ß®á|ú7Ûcûüâdã+äÒåýã æ�âYå=ç�èYé�âdã3êUæ

¢ å�í¯ßáç�èÒêPè¯é�ç�âáó�åPãÌà�ëºå�à�ë�âäãæórè¥ã�óºåPãÌåP÷0ïbåIó�ó�åPóà���p�*�2�a�~çæê�ë�åP÷,å�øªë�åPãæå�à�ë�åGô¨ã�ç©à,çæà�í�ö¥å�âäç½à�ë�å�è¥é�å
ö¥âáî¯åPé�ï=ñ�à�ë�åp���p�0çæê�ë�åP÷,å0í�é�ó�à�ë�å�ç�åIêPè¥é�óòí¯é�ó�à�ëºâäã�ó�ç©à�í¯ö¥åIç¤í¯ã�å
î@³9ï�»Hµ�ðñÂ�·�À*Ãb³

Hz,(2) =
1

4
[3Hz,n + Hz(1) +

∆t

µ

(

∂yEx,(1)
)

− ∆t

µ

(

∂xEy,(1)
)

],
� 	Mþa�

Ex,(2) =
1

4
[3Ex,n + Ex,(1) +

∆t

ε

(

∂yHz,(2)
)

],
� 	E	'�

Ey,(2) =
1

4
[3Ey,n + Ey,(1) − ∆t

ε

(

∂xHz,(2)
)

],
� 	����

�



ÿ�� ¾2Á"ð Â�·MÀ*Ãb³

Hz,n+1 =
1

3
[Hz,n + 2(Hz,(2) +

∆t

µ

(

∂yEx,(2)
)

− ∆t

µ

(

∂xEy,(2)
)

],
� 	M�a�

Ex,n+1 =
1

3
[Ex,n + 2(Ex,(2) +

∆t

ε

(

∂yHz,n+1
)

)],
� 	7�e�

Ey,n+1 =
1

3
[Ey,n + 2(Ey,(2) − ∆t

ε

(

∂xHz,n+1
)

)],
� 	����

üBàHç�ë�è¯Þ�ßäó�ïbå½éºè¯à�åIóòà�ë¨í�à)à�ëºåPç�å~à�ø
è�çæê�ë�åP÷,åPçHí�ã�å½é�è�à)å$�ºõºã�åPçæç�åIóYâáé�à�ëºå½çæà�í¯é�ó¨í¯ãæóòðvè¥ãæ÷½Þ�ßÂí�à�âäè¯é�ç�ðvè¥ã
à�ë�å�å��Aõ�ßáâäêIâáà|�|�s�Ìí¯éºóö�|�p�*�����
ç�ê�ë�åI÷­åIçPû�ü�é�ð`í¯ê¿à$ýNí�àªåPí¯ê�ëòç©à�í¯ö¯å¯ý�à�ëºå�êIè¥÷,õbè¥éºåPéUà�çªè¯ð7à�ë�å�åIßäåPê¿à�ãæâäê$í�ß
ô¨åPßáóÒí¯ã�å~êPè¥÷,õ�Þºà�åPó�Þºç�âäéºöGè¯ð�à�ëºå0ç�õ�í�à�âäí¯ß�ó�åPãæâáî�í�à�â»î¥åIç)è¯ð�à�ë�å0êIÞ�ã�ãæåPéUà�ß»ñòÞ�õRó¨í�à�åPó�êIè¥÷,õbè¥éºåPéUàÍè¯ð�à�ë�å
÷&í¯ö¯é�åIà�âäêÍô¨åIßäóÁû
ü�é=à�ã�èdó�Þ�êIâäé�ö�à�ë�å�÷­í�à�ãæâäêIåPç

L =







0 0 0

−∆t
ε
∂y 0 0

∆t
ε
∂x 0 0






, U =







0 ∆t
µ

∂y −∆t
µ

∂x

0 0 0

0 0 0






,

í¯é�ó:ó�åPé�è�à�âäéºö�ïUñ
V = [Hz, Ex, Ey]T

ýoà�ëºåPéYà�ë�å ���p��í¯é�ó¡���p�*�2�a�;çæê�ë�åP÷,åPç~ê$í¯é:ïbå�å$�ºõºã�åPçæç�åIórâäé
÷&í�à�ã�â
�&ðvè¥ãæ÷ ïUñ
²����@¸

(I + L)V (1) = V n + UV n

(I +
1

2
L)V n+1

RK2 =
1

2
[V n + (I + U)V (1))]

²������	��
'¸

(I + L)V (1) = V n + UV n

(I +
1

4
L)V (2) =

1

4
[3V n + (I + U)V (1)]

(I +
2

3
L)V n+1

RK2(3) =
1

3
[V n + 2(I + U)V (2))]

� 
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�Nè¯ã�à�ëºå
âäéUà�åPö¥ã�í�à�âáè¥é~è�ðH�r���:ç©ñdçæà�åI÷­çIýUâáà�âäç7ó�åPçæâäã�í¯ï�ßäå à�è)ë¨í$î¥å�í)êIèAóºå¹à�ë�í�à�í¯ÞAà�è¥÷­í�à�âáê$í¯ßáßáñ)í¯ó��æÞ�ç©à�ç'à�ë�å
à�âä÷,åÍç©à�åPõ�ç�âáúPå

∆t
ý�øªëºâäê�ë�÷½Þ�çæàªïRåHê�ë�è¥çæåPé�ç�ÞY�,êPâáåPéUà�ß»ñ�ç�÷­í¯ßáßbà�è�ë¨í$î¯å~íÌãæåPì=Þ�âäãæåPó�õ�ã�åIêPâáç�âäè¯é

δdesired

¤



è¯ð à�ë�å½êIè¥÷,õ�Þºà�åIóÒã�åIç�Þ�ß»à�çPýQï�ÞºàHâ»àÍ÷½Þ�ç©àHïRå½ç�ÞY�,êIâäåPéUà�ßáñ�ßäí¯ã�ö¯å�à�è�íVî¯è¥âäóòÞ�é�é�åIêPåPçæç�í¯ã©ñ2êPè¥÷,õ�Þºà�í�à�âáè¥é¨í¯ß
ø
è¥ã+�Nûr��è�÷­íE�¯å~ç�Þ�ê�ë��=âäéºó�è¯ð�í¯ßáö¥è¥ã�â»à�ë�÷ í¯çÍå��,êIâäåPéUà�í�çÍõbè¯ç�ç�âáï�ßäå�ýRà�ë�å½êIè¥é�êPåIõºàHè¯ð åI÷½ïRåPó�ó�åIó2õ¨í¯âäãæç
è¯ð��¤Þ�éºö¥å��_��ÞAà�à�í0ðvè¯ã�÷½Þ�ßäí¯å)âáç�ë�åIßäõºðvÞ�ßpû��¨è¥ã
âáé�çæà�í¯é�êIå¯ýºà�ë�âäç�âáç
à�ëºåHê$í¯çæåHè¯ð7å��Aõ�ßäâáêPâ»àk�|�s�~í¯é�ó ��� �*�2�a�
ç�ê�ë�åI÷­åIçPý�í�ç¹ó�åIç�êIã�âäïRåPó,âäé�à�ëºå¤õºã�åIîdâáè¥Þ�ç�ç�åPê¿à�âáè¥éÁû þAÞºõ�õbè¯ç�åªà�ë¨í�à ø¹å)í�ã�åªâäé,õbè¯ç�ç�åIç�çæâäè¥é­è¯ðbà�ë�å¤ç�è¥ßáÞºà�âáè¥é
V n = V (tn)

í�é�ó�ßäåIà
V n+1

RK2

í¯é�ó
V n+1

RK2(3)

ïbåÍà�ë�å�édÞº÷­åIã�âäêPí¯ßÁãæåPç�Þºßáà�ç�è�ð'è¥éºå�ç©à�åIõ�è¯ð�ç�âáúPå
∆t

Þºç�âäéºö�à�ë�å
à�ø
èx�r���^ç�è¥ß»î¥åPãæç�è¯ð�è¥ãæó�åPã

2
í¯é�ó

3
ýAã�åIç�õRåPêIà�âáî¯åPßáñ¯ûU��ë�åHßäèdê$í¯ß¨à�ã�Þ�é�êPí�à�âáè¥éGåIã�ã�è¯ã�ç�è¯ðoà�ë�å)à�ø¹èÌç�ê�ë�åI÷­åIç

÷&í$ñ�ïRåHå��Aõ�ãæåPç�çæåPóÒâáé�à�ë�åÍðvè¥ãæ÷

V (tn + ∆t)− V n+1
RK2 = α1∆t3 + O(∆t4)

� 	M¤a�

V (tn + ∆t)− V n+1
RK2(3) = α2∆t4 + O(∆t5)

� 	�ò��
��ë�åPéÁý¨ðvè¥ã�çæÞY�,êPâáåPéUà�ß»ñ�ç�÷­í¯ßäß

∆t
ý

V n+1
RK2(3) − V n+1

RK2 ≈ C∆t3.

��ë�âäçªö¥â»î¥åPç�à�ë�å�í�õRè¥ç©à�åPãæâäè¥ãæâÁåPç©à�âá÷&í�à�å

|C| ≈
‖V n+1

RK2(3) − V n+1
RK2‖

∆t3
,

í¯é�ó^ë�åPéºêPåGà�ëºåGé�åIø?çæà�åPõ�çæâäúIå�ãæåPì=Þ�âáã�åPó à�èÒ÷&í��¯å&à�ë�åGßäèdê$í�ß�à�ã�Þ�é�êPí�à�âáè¥é åIã�ã�è¯ã½è¯ð;í¯ïRè¥Þºà½÷­í¯ö¥éºâáà�Þºó�å
δdesired

âäç
∆tnew = ∆tξ

ýºøªë�åPãæå

ξ =

[

δdesired

‖V n+1
RK2(3) − V n+1

RK2‖

]1/3

.

�Héºå�í¯óºî�í¯éUà�í¯ö¯å½è¯ð�Þ�ç�âáé�ö�åP÷0ïbåIó�ó�åPó �|�8çæê�ë�åP÷,åPç�âäç¤à�ë¨í�à�õ¨í¯ãæàÍè¯ð à�ë�å½êIè¥÷,õ�Þºà�í�à�âäè¯é�è¯ð à�ë�åÌëºâäö¥ë�åIã
è¥ã�ó�åIãªç�è¥ßáÞºà�âáè¥éGâäçªí�ßäã�åPí¯óºñ&ó�è¥é�åHâáé�à�ë�åHêPè¯÷­õ�ÞAà�í�à�âäè¥é�è¯ð7à�ëºåHßäèVø è¯ã�ó�åIã�ç�è¥ßáÞºà�âáè¥éÁû��¨Þ�ã©à�ë�åIã�÷,è¥ã�å�ýºâáàªâáç
é�åIî¯åPã�é�åIêPåPçæç�í¯ã©ñ0à�èÍê$í¯ßáêPÞ�ßäí�à�å�à�ë�å�ßäèVørè¯ã�ó�åIã'ç�è¯ßäÞºà�âäè¥é

V n+1
RK2

å��Aõ�ßäâáêPâ»à�ßáñ¯û�ü�é0ð`í¯êIàPý¯çæâäé�êIå
4(I+ 1

4
L)V (2)−

3V n = (I + U)V (1) ý�ø¹å~êPí¯é�å��Aõ�ãæåPç�ç¤à�ë�åp�|�p�Ìçæè¥ßäÞAà�âäè¯é�í¯ç

V n+1
RK2 =

1

2
(I +

1

2
L)−1[V n + (I + U)V (1))]

= (I +
1

2
L)−1[2(I +

1

4
L)V (2) − V n)].

��ë�âäç�÷,å$í¯éºçgà�ë¨í�à'à�èHè¥ïºà�í¯âäé½à�ë�å�ç�è¯ßäÞºà�âäè¥é
V n+1

RK2(3)

í�à
tn+1 í¯é�óÌà�èHõbåIãæðvè¥ãæ÷ à�ëºå|�c�¤þ�í�é¨í¯ßáñdçæâäç'ø¹åªè¥é�ßáñ

é�åPåIó�à�ë�å~ç�è¥ßáÞºà�âáè¥éòí�à
tn
í¯é�óòãæåPçæÞ�ßáà)è¯ðgà�ëºå0ç�åIêPè¥éºóÒçæà�í�ö¥å

V (2) û��
è¥éºç�åPì=Þ�åIéUà�ßáñ¯ýÁó�Þ�ãæâäé�ö­è¥é�åy���p�*�2�a�
çæà�åIõ�ø¹å�è¥é�ßáñ&é�åPåIó�à�è,ç©à�è¥ãæåHà�ë�å�ç�è¯ßäÞºà�âäè¥é�í�à

tn
í�é�ó�à�ë�å�ã�åIç�Þ�ß»à¤í�à�à�ë�å�êIÞ�ã�ãæåPéUà)ç©à�í¯ö¯å¯û

ü�éGà�ñAõºâäê$í�ß@�c�¤þ&âá÷­õ�ßáåP÷,åPéUà�í�à�âäè¯é�çPý=í¯éºóGó�åPõRåPéºó�âäé�öÌè¯é&à�ë�å;ç�âáúPå)è�ð
∆tnew

ýdà�ë�åÍêIè¥÷­õºÞºà�åIóGç�è¥ßáÞºà�âáè¥é&âáç

ò



í¯êPêIåPõRåPóGè¥ã�ã�å��æåPê¿à�åPóQû��)ç�õ�ã�è¥õRè¥çæåPóGâáé{�!�"�pý=ø¹å)éºåIî¥åIã
ãæå��æåPê¿à
à�ë�å;êIÞ�ã�ãæåPéUà�çæè¥ßäÞAà�âäè¯éÁý=í¯é�ó,à�ë�å¤åPç©à�âä÷­í�à�åPó
∆tnew

âäç¤Þ�çæåPó�à�è­õbåIãæðvè¥ãæ÷ à�ë�å~é�å��dà;à�âä÷,å�çæà�åPõ�õ�âáé�ö�ûw�7èGâäé�êIã�åPí¯ç�å�à�ë�å�ßäâ\�¯åPßáâäë�èdèdóGà�ë¨í�àPýbâáé�ð`í¯ê¿à$ýNà�ë�âáç
çæà�ã�í�à�åIö¯ñGõºã�èdó�Þ�êPåIçªí¯é�åPãæã�è¥ã
ßäåPçæç
à�ë�í¯é

δdesired

í�ð«à�åPã�ðvåIøÉâáà�åPã�í�à�âäè¯é�çPýAí¯é�óGà�ë¨í�à
à�ë�âäç
ßäåIî¯åPßÁè�ð7í¯êPêIÞ�ã�í¯ê¿ñ
âäçªõ�ã�åIç�åIãæî¥åIóòðvè¥ã�à�ë�åHã�åI÷&í¯âáé�âäéºö½à�âä÷,åÍâáé=à�åPã©î¯í�ßtýAø¹å�âä÷,õbè¥çæå)à�ëºå�ßáâä÷,âáà�í�à�âáè¥é­è�ð�à�ë�å�çæà�åIõ�î�í¯ãæâÂí�à�âäè¥é

−S
2
≤ ∆tnew −∆t

∆t
≤ S

2
,

øªë�åPãæå S âäç�í~ö¥âáî¯åPé�ç�í�ð«à�ñ,ð`í¯ê¿à�è¥ãIû��)ç�çæë�èVøªé�âáéGà�ë�å)édÞº÷­åIã�âäêPí¯ßNà�åPç©à�ç�è¯ð�à�ë�åÍé�å$�AàªçæåPê¿à�âäè¯éÁýAà�ë�åHê�ë�è¥âáêPå
è¯ð S âáçªí¯é�âä÷,õbè¥ã©à�í¯éUà�âáç�çæÞ�å¯û

� �
Ú�� ©�×'ÜIÛXÏ~Í�­ ©wÔ7Ú Í4Ö;Ô

ü�é½à�ë�å¹õ�ã�åIç�åPéUà�çæåPê¿à�âäè¯é0ø
å�í¯é¨í¯ß»ñAúIå�à�ë�å
õRåPã©ðvè¥ã�÷­í¯é�êIå
è¯ðºà�ë�å�þºÿU�j÷,åIà�ë�èAó�ðvè¥ã�à�ë�å�é=Þ�÷,åPãæâäêPí¯ß=ç�è¥ßáÞºà�âáè¥é
è¯ð�à�ë�å��w�j÷­èdó�åÍç©ñdçæà�åI÷ è¯ð�Ýòí'�Aø¹åPßáß�� ç�åPì=Þ¨í�à�âäè¥éºçPû�ü�éGà�ëºåHè¥õbåIã�í�à�âäè¥é�í¯ßNõ¨í¯ãæàPýAø¹åHç�ë¨í�ßäßQÞºç�åÍà�ëºå)ô¨é�â»à�å
ó�âáùbåPãæåPé�êIåYçæê�ë�åP÷,åYóºåPç�êIã�âáïbåIóÉâáé þdåPêIà�âäè¥éØ�ºý)é¨í¯÷,åPßáñ¯ý¤à�ë�åÒðvè¥Þ�ã©à�ëLè¥ã�ó�åIãGô¨é�â»à�å2ó�âáùbåPãæåPé�êIå2ç�ê�ë�åI÷­å
âäé é�è¯éd��ç©à�í¯ö¥ö¯åPã�åIó ö¥ãæâäó�ç�êPè¥÷0ï�âäé�åIóYøªâ»à�ë ë�âáö¥ë è¯ã�ó�åIã~à�âá÷­å,âäéUà�åPö¥ã�í�à�âáè¥é�ç�ïUñ �|�p��è¥ãy���p�*�2�a�¿ûö�ÍÞ�ã
õ�Þ�ã�õRè¥çæå½âäç¤à�è�í¯é�í¯ßáñdç�å~à�ë�å~åIùbåPêIàÍè¯ð âäé�êIã�åPí¯ç�âáé�ö&à�ëºå~à�âá÷­å�âäéUà�åPö¥ã�í�à�âáè¥éòè¥ãæó�åPãIýbøªë�åIé2êPè¥÷,õ¨í¯ãæåPóòøªâ»à�ë
à�ë�å�ßäèVøFè¯ã�ó�åIã;çæê�ë�åP÷,å0õ�ãæåPçæåPéUà�å~âäé �!���pýNí¯é�ó�à�è,âäßáßäÞ�ç©à�ã�í�à�å)à�ë�å0í�êPêPÞºã�í¯ê¿ñòí�é�ó�å��,êPâäåIé�êIñ�è¯ð�à�ë�å�ç�õ�í¯êPå
í¯ó¨í¯õºà�âáîdâáà�ñ&ïUñ�÷­åPí¯é�ç�è¯ð7à�ë�å~þºÿU�Fçæê�ë�åP÷,å�øªëºåPé�êPè¥÷½ïºâäé�åIó�øªâ»à�ë�íÌêPè¥éUà�ãæè¥ßoè¯ð7à�ë�åHà�âä÷,åÍçæà�åPõ�õ�âáé�ö�û
¢ åÌêIè¥é�ç�âáó�åPãÍí¯é�å��ºí¯÷,õ�ßáå~øªë�åIã�å½à�ëºå0ô¨åPßáó�çHí�à

t = 0
í¯ã�åÌí�ç�ç�Þº÷­åIó�à�è�ïRå

Ex(x, y) = Ey(x, y) = 0í¯é�ó
Hz(x, y) = e−3500(x− 1

2
)2e−3500(y− 1

2
)2 û�¢Yå�ã�åPç©à�ãæâäêIà¤à�ëºå~õ�ãæè¥ï�ßáåP÷�à�è,à�ë�å~êIè¥÷,õ�Þºà�í�à�âäè¯é¨í¯ßÁó�è¯÷&í¯âáé

R = [0, 1] × [0, 1]
ý�í¯é�ó/ø¹å�í�ç�ç�Þº÷­åòÿ������Hÿ�Ý�� ïbè¥Þºé�ó¨í¯ã©ñ/êIè¥é�ó�â»à�âáè¥é�çPû£¢ åòí¯ç�çæÞ�÷­å�à�ë¨í�à­à�ë�å

Þ�é�âáðvè¯ã�÷�ö¯ã�âäóºç
Xj ë¨í$î¥å�à�ëºå�ç�í¯÷,åHç�õ¨í¯êIâäé�ö�âáé�ïRè¯à�ë�óºâäã�åIêIà�âäè¥é�ç ∆jx = ∆jy = ∆ = 2−j û

ü�é�à�ë�å�þºÿU� ç�âá÷½Þ�ßäí�à�âáè¥é�çPý=à�ëºåHêPèUí¯ãæç�åIçæà¤ö¥ã�âáóGâäç
X3 ý�ë¨í$îdâäé�ö 9× 9

õRè¥âäéUà�çIû�üBð
εH

âáç�à�ë�åÍà�ë�ã�åIç�ë�è¥ßáó�ðvè¥ã
à�ë�å�÷­í¯ö¥é�å¿à�âäê;ô¨åPßáóÁýºà�ëºåPé�à�ë�åHà�ëºã�åPçæë�è¥ßáó�ðvè¥ã¹à�ë�å�åPßáåPê¿à�ã�âáê$í¯ßbô¨åPßáó�ç�âäç

εE = 100× εH

û�þAâäéºêPåHà�ë�åHà�âä÷,å
åIî¥è¯ßäÞºà�âäè¥é�è¯ðgà�ëºå0åPßáåPê¿à�ã�âáê$í¯ßoô¨åIßäó�ç;ã�åIìdÞºâäã�åIç;à�ë�å0õ¨í�ãæà�âäí¯ßoó�åIã�âáî�í�à�âáî¯åPç)è�ðgà�ë�å~÷&í�ö¥é�åIà�âäêHô¨åIßäóÁýbí¯é�óòîdâáêPå
î¥åPãæç�íºýbà�ë�å�à�âá÷­å�çæà�åPõ�õºâäé�öGâáé�à�ë�åÌþAÿ�� ç�ê�ëºåP÷,å0âäç¤õRåPãæðvè¯ã�÷,åPóòè¯é�í­éºè¥é=Þ�é�âáðvè¯ã�÷"ç�õ�í¯ã�çæå½ö¥ã�âáó�ðvè¯ã�÷,åPó
ï=ñ�à�ë�å�Þ�é�âáè¥é�è¯ð�à�ë�å�å��dà�åIé�ó�åIóÒþºÿU�Fö¥ãæâäó�ç�è¯ð7à�ëºå�à�ë�ã�åIåHô¨åPßáó�çPû
�Nè¯ã¤à�ë�åz�c�¤þ�ç�ê�ë�åI÷­åIçPýÁí�éòâäéºõ�Þºà��X��� õ¨í¯ã�í¯÷­å¿à�åIã

CFL(0)
âäç¤õ�ãæè�îdâáó�åPó�ï=ñ�à�ë�å0Þ�çæåPãIýQí¯éºó

CFL(t)åIî¥è¯ßáî¥åIçÍí¯êIêPè¥ãæó�âäéºö�à�è,à�ë�å�é�åIø
∆t

è¥ïºà�í�âäé�åIó�ïUñ�à�ëºå�à�âä÷,åHçæà�åPõòêIè¥éUà�ãæè¥ßtû
þAâäéºêPåHà�ë�å�åIßäåPê¿à�âáê�ô�åPßäóºç;í�ã�å
í¯ïbè¯Þºà
à�ø¹è½è¥ãæó�åPãæç�è¯ðo÷­í¯ö¥é�â»à�Þ�óºå¤ßäí¯ã�ö¯åPã à�ë¨í¯é­à�ë�å;÷&í¯ö¯é�åIà�âäêªô¨åPßáóÁýdø¹åÍè¥éºßáñ�÷,è¥é�âáà�è¥ã�à�ë�å;åPãæã�è¥ã¹âäé­à�ë�å
Ex ô¨åPßáóÁû
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��è&í¯é¨í¯ß»ñAçæåHà�ë�å�åIùbåPê¿à)è�ð'à�ëºå~õ¨í�ã�í¯÷,åIà�åPã�çªâáé=î¯è¥ßáî¯åPó�âäé�à�ëºå~ãæåIðvåPãæåPé�êIå0çæê�ë�åP÷,å¯ý¨ø¹å~õRåPã©ðvè¥ã�÷�à�ë�å�à�åPç©à�ç
âäé�íÌÞ�é�âáðvè¯ã�÷�ö¯ã�âäó

X7 ýNí¯é�ó�à�âá÷­åÍâáéUà�åPã©î�í¯ß 0 ≤ t ≤ 1
û

ó
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�Nè¯ã¤à�ë�âäç;õ�ã�è¥ïºßäåP÷�ý¨à�ë�å~ç�âá÷½Þ�ßÂí�à�âäè¯é�çªè¯ðgà�ëºå0ã�å¿ðvåPãæåPé�êIå½ô¨é�âáà�å~óºâáùbåPã�åIé�êPå0ç�ê�ë�åI÷­å½âáé�à�ë�å~à�âä÷,å~âáé=à�åPã©î¯í�ß
[0, 5.0] (ns)

ýÁøªâáà�ëÒêPè¥éºçæà�í�é=àHà�âä÷,å0ç©à�åPõQý�ø¹åÌðvè¥Þ�é�óÒç©à�í¯ïºßäå½ãæåPç�Þºßáà�çÍðvè¯ã
CFL ≤ 0.84

ýQøªâ»à�ë�à�ë�å����p�
ç�ê�ë�åI÷­å~í¯é�ó

CFL ≤ 1.05
øªâáà�ë �|�p�*���a��ç�ê�ë�åI÷­å�ýNøªëºåPã�å

CFL =
∆t√
µε∆

.

�Nè¯ã�à�ë�å�êPè¯ã�ã�åIç�õRè¥é�ó�âáé�ö,ßäèVø
åIãªè¥ã�ó�åIã�ç�ê�ë�åI÷­å}�`å$�Aõ�ßäâáêPâáàk� ÞºßäåPãªçæê�ë�åP÷,å���õ�ã�åIç�åIé=à;âäé�� �E�pýºà�ë�å43 è¥éö±;åIÞd�
÷&í¯éºé�ç©à�í¯ïºâäßäâ»à�ñGí�é¨í¯ßáñdçæâäç�ö¥â»î¥åPç�à�ë�å�çæà�í�ï�âäßáâáà�ñ­ßäâä÷,âáà

CFL ≤ 1.0306
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CFL(0)

À/µ;ðñð;³9ÂM¾�Á'³9ðàÀ/ïaïa½)Á"À*ï:-
δdesired

��è,í¯é¨í�ßáñdúPåÍà�ë�åHåIùbåPê¿àªè¯ð'ç�í�ðvåIà�ñ­ð`í¯êIà�è¥ã�õ¨í¯ã�í¯÷,åIà�åIãPýdø
å�êPè¯é�ç�âáó�åPãæåPó S = 0.025
í¯é�ó

0.05
âáéGà�ë�åp�c�¤þ

ç�ê�ë�åI÷­å�ý í¯é�ó ø¹åGè¥ï�çæåPã©î¥åPórà�ë�å&ïRåPë¨í$îdâäè¯ã0è¯ð�à�ë�å
CFL(t)

å¿î¥è¥ßáÞºà�âáè¥é2ðvè¥ã0ó�â»ùQåIã�åIé=à~î�í¯ßäÞ�åIç0è¯ð�âäé�â»à�âÂí�ß
âäé�õ�ÞAà

CFL(0)
ýUÞ�éºó�åPãIýUêPßäè¯ç�å�í¯éºó­í�ïbèVî¥å�à�ë�å�êIè¥é�çæà�í¯éUà à�âä÷,å�çæà�åIõ­ç©à�í¯ïºâäßäâ»à�ñ�ßäâá÷­â»à$ý�í¯é�ó�ó�â»ùQåIã�åPéUà�ßáåIî¯åPßäç

è¯ð�ó�åIç�âäãæåPóÒí�êPêPÞºã�í¯ê¿ñòßáåIî¥åIßäç�ûk¢ å~êPè¥é�êIßäÞ�óºåPóòðvãæè¥÷ à�ë�åIç�å~ã�åPçæÞ�ßáà�ç;à�ë¨í�à)í¯ßäßáè�øªâáé�ö�è¥é�ß»ñ
0.25%

è¯ð'à�âä÷,å
çæà�åIõÌî¯í�ã�âÂí�à�âäè¯éÁý¯í�é�óÌâáð¨ø¹å�çæà�í¯ãæàgøªâ»à�ëÌßäí¯ã�ö¥åc�X����ý�à�ë�åPéÌà�ë�åw�c�¤þ½ç�ê�ë�åI÷­å�êPí¯é�é�è¯à�êIè¥éUà�ãæè¥ßAà�ë�å�åPãæã�è¥ã'âäé
à�ë�å¤å$í¯ãæßáñ0çæà�í�ö¥åPçIû�üBð

CFL(0)
âäç�ê�ëºè¥ç�åIé&è¥Þºà�ç�âáó�å�à�ë�åªçæà�í¯ï�âáßäâáà�ñ~ßäâá÷­â»à'è�ðbà�ë�åo�|�p�*������ç�ê�ë�åI÷­å�ýdà�ë�åPé,à�ë�å

õ�ã�è¥ïºßäåP÷ ïRåPêPè¯÷­åIçÍåIî¯åPé2ø
è¥ãæçæàPýÁç�âáé�êPåÌâáé�çæà�í¯ï�âäßáâáà�âäåPç�÷­í$ñòèdêPêIÞ�ãÍïRåIðvè¥ãæå0à�ëºå½åPãæã�è¥ãÍêPí¯éÒïRå½êPè¥éUà�ã�è¥ßáßäåPóQû
ü�é�êPãæå$í¯çæâäé�ö,à�ë�å�ç�í�ðvåIà�ñ�ð`í¯ê¿à�è¥ãIýNí¯ßäßáè�øªâáé�ö

0.5%
è¯ð'ç©à�åIõ�î�í¯ã�âäí�à�âáè¥éÁýAë�åPßáõ�ç�à�è­í¯ßäßáåIîdâÂí�à�å)à�ëºåPç�å�õ�ãæè¥ï�ßäåI÷­çIû

�;èVø
å¿î¥åIãPý'â»àHâäçHêIßäåPí¯ã)à�ë�í�à�Þ�ç�âáé�ö�í�êPè¥é�ç©à�í¯éUà�ç�í�ðvåIà�ñ�ð`í¯ê¿à�è¥ãHâáçÍé�è¯àHà�ë�å�ïbåIçæà�è¥õºà�âäè¥éÒâáéÒç�Þ�ê�ë �=âäé�ó2è¯ð
�c�¤þòçæà�ã�í�à�åIö¯ñ¥û���ë�å½õ�ãæè¥õRè¥ç�í¯ß7âäé¡�-�'��âáç;à�è&Þ�çæåÌí&ßÂí�ã�ö¥å�ç�í�ðvåIà�ñ�ð`í¯êIà�è¥ã S0

í�à)à�ëºå0å$í�ã�ßáñ�ç©à�í¯ö¯åPçPýbà�è&ö¯åIà
à�ë�åGóºåPç�âáã�åIó^í¯êPêIÞ�ã�í¯ê¿ñ í�ç0ð`í¯çæà½í¯ç½õRè¥ç�çæâäï�ßáå¯ûö��ë�åPéÁýgà�ë�å&à�âä÷,å­ç©à�åPõ î�í¯ãæâÂí�à�âäè¥é:âäç�ðvè¥ã�êIåPó à�è�ó�åIêPã�åPí¯ç�å
å��Aõbè¯é�åPéUà�âäí¯ßäß»ñ&à�è­íÌßáè�ø¹åPãªßáåIî¥åIß Smin

à�ë�í�àªâäçªí¯ïºßäåÍà�è�ö¥Þ�í¯ã�í¯éUà�åPå�í,ç�í�ðvåHà�âá÷­åÍå¿î¥è¥ßáÞºà�âáè¥éÁû
�Nè¯ãgà�ë�å�ãæåPç�Þºßáà�ç�çæë�èVøªé­âáé��'âäö¯Þ�ã�å�	�à�ë�å�ê�ë�è¥âáêPå�âäç S0 = 0.5

í�é�ó Smin = 0.05
û��7è�âäßäßáÞ�çæà�ã�í�à�å¹à�ë�å�åIùbåPê¿à

è¯ð'à�ë�å�õ¨í¯ã�í�÷­å¿à�åPãæç
CFL(0)

í¯é�ó
δdesired

ý�ðvè¥ã�à�ë�å�õ�ßäè�à�ç�ç�ëºè�ø à�ë�å�åIî¯è¥ßäÞAà�âäè¯é�è�ð�à�ë�ås�X��� õ¨í¯ã�í¯÷,åIà�åIã
ö¥âáî¯åPéYà�ë�å�âäé�õºÞºà�ç

CFL(0) = 0.4
�và�è¥õb�¿ý

0.8
�`÷,âäó�óºßäå��;í¯é�ó

1.2
�vïbè¯àæà�è¥÷}�¿ýÁðvè¯ã

δdesired = 0.1, 0.01í¯é�ó
0.001

ûz�ÍéÒà�ë�åÌãæâäö¥ëUàHçæâäó�åÌè�ðc��âäö¥Þ�ãæå�	½à�ëºåÌõ�ßäè¯à�çÍâäéºó�âäêPí�à�å0à�ë�å½à�ëºå½à�ã�Þºé�ê$í�à�âäè¥éÒåIã�ãæè¥ãÍðvè¥ã)à�ë�åPçæå
à�åPç©à�çIû~ü�é:í¯ßáß7à�ë�å½ê$í�ç�åPçÍø¹åÌê$í�é:è¯ï�ç�åIãæî¥åÌà�ë¨í�à)à�ë�åPãæåÌâäçHí�é�å$í¯ãæßáñ�çæà�í¯ö¥å0øªë�åIéÒà�ë�å �X���^âäç;ó�åPêIã�åPí¯ç�åIó
à�èÒí�÷­âáé�âä÷½Þº÷ ßäå¿î¥åPß�âäéYè¥ã�óºåPã~à�è�ö¥å¿à0à�ëºå&ó�åIç�âäãæåPórí�êPêPÞºã�í¯ê¿ñ¥û{�¤ð«à�åIã~à�ë�í�à$ý'à�ë�å­à�ã�Þ�éºê$í�à�âäè¥éYåPã�ãæè¥ã0âáç
�¯åPõAà�êPè¯é=à�ã�è¥ßáßäåIó,øªë�âáßäå

CFL(t)
âäç¹í¯ßäßáè�ø¹åPóÌà�è0âäéºêPã�åPí¯ç�å�ûU�
ßäè¯ç�åªà�è�à�ë�åªô¨é¨í¯ß¨à�âä÷,å¯ý¥øªë�åIé&à�ë�åªô¨åIßäó�ç¹í¯ã�å

ó¨í¯÷,õbåIóÁýdà�ë�å;à�åPé�óºåPé�ê¿ñGâäç è¯ðÁó�åPêIã�å$í�ç�âäéºö½åPãæã�è¥ã¹÷&í¯ö¯é�âáà�Þ�ó�å¯ý=í�é�ó&à�ëºår�X����÷­í$ñ­ãæå$í¯ê�ë­î¯í�ßäÞ�åIç¹è¥ÞAà�ç�âáó�å
à�ë�å�êPè¯é�çæà�í¯éUàr�X���:çæà�í¯ï�âäßáâáà�ñ­ßäâá÷­â»à$ýUøªâáà�ë�è¥ÞºàªÞ�éºçæà�í�ï�âäßáâäúPâáé�ö0à�ë�å�êPè¥÷,õ�Þºà�í�à�âáè¥é�çPû
�Nè¯ã­à�ëºå�ã�åIç�Þ�ß»à�çGâáéñ�'âäö¯Þ�ã�å{�:ø¹åÒã�åPóºÞ�êPå�à�ë�åòç�í�ðvåIà�ñ/ð`í¯êIà�è¥ã­î�í¯ãæâÂí�à�âäè¥é^à�è

0.01 ≤ S ≤ 0.1
ý�øªâáà�ë

å��Aõbè¯é�åPéUà�âäí¯ß�ó�åIê$í$ñ¥û£�¨è¥ã
δdesired = 0.05

ý�à�ëºå�õºßäè¯à�çÌç�ë�èVø à�ë�å�åIî¥è¯ßäÞºà�âäè¥é^è¯ð��X���Éõ�í¯ã�í¯÷,åIà�åPã�í¯éºó
à�ã�Þºé�ê$í�à�âäè¥é�åIã�ã�è¯ã�ç ö¥âáî¯åPéÌà�ëºå¤âáé�õ�Þºà�ç

CFL(0) = 0.4
ý
0.8

í¯é�ó
1.2

ûC�)Þ�å�à�èHà�ëºå�ã�åPóºÞ�êPåIó&ç�í�ðvåIà�ñÌð`í¯ê¿à�è¥ãIý
à�ë�å�ç�ê�ë�åI÷­å�à�íE��åPç¤÷­è¯ã�åHâáà�åPã�í�à�âáè¥é�ç�à�è,õ�Þºà¤à�ëºå�à�ã�Þ�éºê$í�à�âäè¥é�åPãæã�è¥ãªÞ�é�óºåPãªà�ë�å�ó�åIç�âäãæåPóòí¯êPêIÞ�ã�í¯ê¿ñ�ßäå¿î¥åPßpû
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CFL(0)

í¯é�ó
δdesired

Þ�çæâäé�ö�î�í¯ãæâÂí¯ï�ßáå~ç�í�ðvåIà�ñòð`í¯êIà�è¥ã
0.05 ≤ S ≤ 0.5
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