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Abstract

The main purpose of the present paper is to describe new developments to incorporate
arbitrary inhomogeneous media and absorbing boundary conditions of Berenger Perfectly
Matched Layer type for finite difference simulations of transient electromagnetic waves
in adaptive grids. The principle is to represent the fields in the space domain by non
uniform samples chosen from uniform meshes, which are dynamically updated as time
evolves. For the organization of the discrete information, interpolating wavelets are used
to indicate where a fine spatial resolution is needed, by a thresholding procedure that
chooses those points where significant wavelet coefficients occur. The method leads to
sparse grids that adapt to the local smoothness of the fields and track their evolution over
time, with substantial gain in computational resources. illustrative numerical simulations
show that the solutions produced by the updated adaptive code and by the finite difference

scheme in the uniform grid are in good agreement.

1 Introduction

In this paper, we present bidimentional high order adaptive finite difference algorithms for the

transient simulation of electromagnetic wave propagation. The techniques fall into the category
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of multiresolution methods, which have been successfully applied in the definition of adaptive
strategies for different forms of discretizations of partial differential equations. Precisely, the
focus is on the Sparse Point Representation (SPR) method [1], which is employed here for

adaptive simulations of the T'E, (transverse electric) mode Maxwell’s equations.

The SPR method is an adaptive finite difference strategy for numerical solution of evolution
partial differential equations. The principle is to represent the fields in the space domain by non
uniform samples chosen from uniform meshes, which are dynamically updated as time evolves.
For the organization of the discrete information, interpolating wavelets are used to indicate
where a fine spatial resolution is needed, by a thresholding procedure that chooses those points
where significant wavelet coefficients occur. The computation of partial derivatives of a function
from the information of its SPR representation is performed in two steps. The first one is a
refinement procedure to extend the SPR representation by the inclusion of new interpolated
point values in a security zone. Then, for points in the refined grid, such derivatives are
approximated by uniform finite differences, using step size proportional to each point local scale.
Eventually, some required neighboring stencils are not present in the grid. In such case, the
corresponding missing point values are approximated from coarser scales. As indicated by earlier
simulation results [2, 3|, the method leads to sparse grids that adapt to the local smoothness of
the fields and track their evolution over time, with substantial gain in computational resources.
Since the SPR grids are dynamically adapted to the fields, there is no reduction of the stability
limit and, depending on the choice of threshold parameters, the level of accuracy of the finite

difference scheme of the regular grid at the finest level of resolution can be preserved.

The previous version of our 2D SPR code [2]| is meant for electromagnetic wave propagation in
homogeneous medium, and treats the fields at the outer boundary of the computational domain
by only imposing PEC conditions. The main purpose of the present paper is to describe new
developments to incorporate arbitrary inhomogeneous media and absorbing boundary condi-
tions of Berenger Perfectly Matched Layer (PML) type |4] for SPR simulations of the TE mode

Maxwell’s equations.

Unlike other wavelet based methods, as the W-MRTD method [5], nonlinear operations (as
products or squares, for example) are easily implemented in the SPR method, since the data
are samples of the fields. For the same reasons, enforcing boundary conditions in the SPR
scheme is a simpler matter. The concern that we could have in the incorporation of inhomo-
geneous media and PML condition in the SPR code is with respect to the use of very irregular
grids and the computation of SPR derivatives, using local step size, in the vicinity of sharp
interfaces. However, as shown by some illustrative numerical simulations, the solutions pro-
duced by the current fourth order scheme and a standard FDTD [4] algorithm are in good
agreement. As expected, the adaptive simulations introduce some perturbation in the presence
of inhomogenities in the medium, but they are proportional to the magnitude of the threshold

parameter.



The sections of the paper are organized as follows. Section 2 gives a brief overview of the
SPR method. In Section 3, we present the PML set of equations. The finite difference models
for these equations, which are used in the operational part of the SPR method, are described
in Section 4. In Section 5, we discuss the results of some numerical simulations in terms of

accuracy and CPU performance. Our concluding remarks are included in Section 6.

2 A brief overview of the SPR Method

The method combines two sets of numerical tools. For the discretization of differential oper-
ators, the background context is of an accurate and stable finite difference scheme in uniform
grids, which we refer as the reference scheme. The other context is of interpolating wavelet
analysis where the data is organized by levels of resolution 0 < ¢ < j, j being the finest scale
level. In such multilevel context, the key role is played by interpolating subdivision schemes,
and wavelet coefficients are precisely the interpolation errors at the new points occurring when
going from one level of discretization to the next finer one. Grid adaptation naturally occurs
by choosing selecting the points where wavelet coefficients have absolute values greater than a

given threshold.

For the solution of transient partial differential equations by the SPR method one must adapt
the multilevel organization from one time step to the next one following some basic stages. For

more details of the procedures we refer to [1, 2, 3]

1. At a time instance t", the numerical solution is represented in an adapted sparse grid I'".
'™ is expected to be coarse where the solution is smooth, and refined in regions of sharp

variations.

2. An extended grid I'"* is formed by the inclusion of new points in a security zone, where
the solution is interpolated from coarser scales by means of the interpolating subdivi-
sion scheme. This refinement procedure prevents possible movement or steepness of the

solution between time steps.

3. At each point of I'"", the reference finite difference scheme is applied to compute the
solution at the next time step ¢"*!'. However, the spatial step sizes in each direction are
proportional to each point local scales in the corresponding direction using step size that
can be made proportional to the point local scale. Here the interpolating subdivision
scheme is used again, when some required stencil points are not present in the extended

SPR representation of the numerical solution at ¢".

4. Finally, a thresholding operation (i.e., coarsening) is applied to form I'"*! by eliminating
from I"* those points that are unnecessary for an accurate representation of the solution

at "L



3 PML Model for TE Mode Maxwell’s Equations

We consider the electrical and magnetic fields E = (E*, E¥,0) and H = (0,0, H?) in the (z,y)
plane, without variation in the z direction. In a medium with electric conductivity o, magnetic

conductivity ¢* , and without source term, the T'F, mode system reads [4]
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where € is the electrical permittivity and p is the magnetic permeability. In order to avoid wave

reflection in vacuum-medium interfaces, the next condition must be satisfied.

-2 (1

For the truncation of the infinite domain, we restrict the problem to the computational region
R =[0,1] x [0,1]. We assume PEC boundary conditions, meaning that tangential components
of the electrical field vanish at the boundary. This means that EY(0,y,t) = EY(1,y,t) = 0 and
E*(x,0,t) = E*(z,1,t) =0forall 0 < z,y < 1 and ¢ > 0.

3.1 PML Medium

To reduce outer boundary reflections, the computational domain is surrounded by PML zones,
as shown in Figure 1. The Berenger PML model is an hypothetical medium based on a math-
ematical formulation. The idea is to split magnetic field into two components H** and H*Y

and the new set of equations read

w2 gy s = O
M%(waay*ﬂz’y - 85
A2 e - AL,
AP | ey = DU H)

Here, for r € {z,y}, 0" and o™ denote magnetic conductivities. Outside the PML region,
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Figure 1: Berenger PML absorbing layer

o™ = 0" = ¢*, and 0¥ = 0¥ = 0. Consequently the first two equations can be merged and the
system reduces to the usual TE, mode equations for &%, EY and H* = H** + H*Y.

Typically, in the left, right and corner layers, c* and ¢®* are chosen as functions of = only, and
they are equal to zero in the front and back layers. Similarly, in the front, back and corner
layers ¢¥ and o¥* are function of y only, and they equal to zero in the left and right layers.
The conductivities should be functions increasing from zero at the vacuum-layer interface to
a maximum value 0,,,, at the outer side of the layer. For instance, we may consider of(z) =
o0 —xz),05(x) =0(-1+d+2), 0{(y) =0(d —y) and o(y) = o(—1 + 0 + y) in terms of the
the basic function [4]
7(0) = Fmaa (2",
where ¢ is the layer width, and ¢ is an integer that controls the conductivity profile, hereinafter

referred as conductivity power. Usually, ¢ is taken equal to 2.

4 Finite Difference Expressions for PML Equations

For the definition of the finite difference model of reference to be used in the SPR scheme, we

consider finite difference models where the fields are sampled at the same uniform grid



HE" = H*(kAz, 1Ay, At),
H5" = H*(kAx, 1Ay, nAt),
By = E*(kAx,lAy,nAt),
El = EY(kAx,lAy,nAt).

If on R we consider a grid with uniform spacing in all directions Az = Ay = 1/N, the
discrete values £y, EJy', H;y" and H. 7" have index range in 0 < k,I < N. The PEC
boundary condition implies that Eg;" = EY) = By = E;’y = 0. Since some extra virtual

finite difference stencils outside the boundary are required, we use the symmetry properties
) Yy prop
E% = =B BN e = —EX" s BRY = —Ey and By = — By for the electrical field,
Zrm zZrm zZrm o zZrm zZrm zZr,n zrn zZr,n
and H—k,l = Hk,l s LIt = AN g Hk,—l = sz , and H kN4 — HkN » 7 € {z,y}or the

magnetic field.

For partial derivatives in space we introduce the finite difference operators
(0%v) kil = A kazﬁk k?) (0Yu) ki = A Z“kzﬁl—l)

and we consider a central the fourth order scheme where the non vanishing values for 8(k), k > 0

4.1 Finite Difference Expression for PML Equations

Applying the finite difference scheme in space to the set of equations of the PML medium, we
obtain a ODE system of the form

d

—Vii + g1 Viy = [GV]ky,

dt

where V() = [Vi,(t)] denote the fields samples at time ¢, 3 ; represent the point wise values of
the electric or magnetic conductivities multiplying the fields components, and G is the matrix
representing the discretization of the partial differential operators. Integrating in time from

t"to t"1, and using the notation V" = V(t"), we obtain

— _ n+1
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A —
When ¥;; = 0, we assume in this expression that 17627?3” := At . If we choose t = t" for the

electric fields and ¢ = t"*! for the components of the magnetic field, we get the set of equations

H™ = Dahx H%" — Dbhay, Aix @), @)
H;};,nﬂ — DahykJH,j%’" + Dbhyy, [Aiy (8yEm,n)k,l] 7 (3)
Ep™ = Caexy; Ep" + Chexy, [Aiy (8yHZ:v,n+1 4 aszy,nH)m] ’ (4)
EYT = Caeyyy EY — Chey, {Aix (811'{”’"“ + ﬁxHZy’"“)k’l] : (5)

where, for r € {z,y}, the coefficients are given by the formulae
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In the vacuum medium ¢” = ¢™ = 0, and without PML treatment, the model (2-5) reduces to

the one analyzed in [3|. In such case, when the grid has the same spacing in both directions

At
Vel S

A = Az = Ay, the Von Neumann stability analysis gives the stability limit CFL =
1.0306.

5 Numerical Results

In the present section we analyze the performance of the SPR method for the numerical solution
of the TE, mode system of Maxwell’s equations. In the operational part, we shall use the finite
difference scheme described in Section 4. Our purpose is to analyze the effects of the presence
of the PML absorbing boundary condition and inhomogeneities in the medium.



Figure 2: The magnetic fields ¢ = 2.74 ns computed with the FDTD (left) and the fourth order
scheme (right) in a uniform grid with j =7

We restrict the problem to the computational domain R = [0, 1] x [0, 1] where the uniform grid
X7 at the finest level of resolution has the same spacing in both directions Az = Ay = 277, for
different values for j. Due to the stability limitation of the FDTD scheme, and for comparison

purpose, in all simulations we use C'F'L = 0.7.

We assume PEC+PML boundary conditions, as described in Section 3. All simulations are for
a initial condition where the fields at ¢ = 0 are assumed to be E*(x,y) = EY(z,y) = 0 and the

56—2500(90—%)2 —2500(y—1)? )

magnetic fields are the Gaussian pulse H**(z,y) = H*(z,y) = e

In the SPR simulations, we use the cubic interpolating subdivision scheme for the multiresolu-
tion algorithms. If £ is the threshold for the wavelet coefficients of the magnetic field, then
the threshold for the electrical fields is e = 100 X £. Since the time evolution of the electrical
fields requires the partial derivatives of the magnetic field, and vice versa, the time stepping is
performed on a nonuniform grid formed by the union of the extended SPR grids of the three

fields. In all simulations, the coarsest grid is X3, having 9 x 9 points.

5.1 Study of the Absorbing Boundary Layer Effect

To analyze the effect of the presence of a PML absorbing boundary condition, first we consider
a vacuum medium surrounded by a PML layer of width § = 273, corresponding to one cell
of the coarsest level, with 0,,,, = —(¢ + 1)In(1077)/2,/1€5, and conductivity power q = 2.

The fields at ¢ = 0 are assumed to be E*(z,y) = EY(z,y) = 0 and H**(z,y) = H*(x,y) =

1,-2500(z—1)2 6—2500(31—5)2

5€

The magnetic fields at ¢ = 2.74 ns computed with the FDTD method and the fourth order
scheme in a uniform grid with ;7 = 7 are shown in Figure 2. The plots in Figure 3 indicates the

maximum absolute difference between the magnetic H* and electrical fields £* obtained with

the FDTD scheme and the present higher order scheme in the uniform grid X7, for different
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Figure 3: The maximum absolute difference between the fields £* and H** + H*Y obtained
with the FDTD and the fourth order schemes in the uniform grid X”, and CFL = 0.7.

time instances. These graphics show that both finite difference schemes give similar results in

a uniform grid.

To analyse the effect of inclusion of PML boundary layers in combination with SPR adaptivity,
Figure 4 present cut profiles at the line y = 0.5 of the magnetic fields at time ¢ = 0.5 ns
computed with the PML code in regular and SPR grids with ez = 0.1 and 0.01 (i.e., e = 0.001
and 0.0001). As expected, the adaptive simulations introduce some perturbation, with respect
to the solution computed in the finest uniform grid, all over the computational domain. These

perturbations are proportional to the magnitude of the threshold parameter.

For a better analysis, the case the plots for eg = 0.01 (¢ = 0.0001) are displayed in Figure 5
with the zoom in into the left PML layer.

5.2 Study of the Inhomogeneous Medium Effect

To illustrate the SPR algorithm in inhomogeneous media, we consider the scenario where a box
is placed in the middle of the computational domain. The width of box walls is 27°, and we

set the electrical conductivity o = 10 there, as indicated in Figure 6.

Figure 7 shows the magnetic field (left side) at ¢t = 0.5 ns, for j = 7, corresponding to the finest
uniform grid containing 129 x 129 points. The plots are for e = 0.0001 (top), 0.001 (middle)
and 0.01 (bottom). The corresponding SPR grids are displayed on the right side. Note that
the SPR grids become sparser as £y increases, and they are concentrated inside the box, where

the wave propagation is concentrated.

The curves in Figure 8 describe the time evolution of the number #Ngpr(%) of points used in
the SPR simulations (i.e. the total number of points in the union of the extended SPR grids of

the electrical and magnetic fields) as a percentage of the total number of points in the uniform



Figure 4: The effect of the thresholding parameter ez = 0.01 and e = 0.1(i.e. ey = 0.0001
and ey = 0.001: j =7 (top), 8 (middle) and 9 (bottom).
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Figure 6: Box geometry

finest grids X7, j =7, 8, and 9 (corresponding to 129 x 129, 257 x 257, and 513 x 513 points,
respectively). For this example, using the threshold ey = 1072, (top side) the percentage of
points in the SPR grids, at the final time ¢t = 0.5 ns, ranges from 12% (j = 7) down to less than
45% (j = 9). As expected, the effect of decreasing the threshold parameter is more denser
grids. For instance, with e = 107 (middle) the percentage of points in the SPR grids at
t = 0.5 ns reaches 20% with j = 7, and it is kept in the range 8% to 10% with j =8 and j = 9.
We can also observe that for e = 10 *the discrepancy in the percentage of points in the SPR
grids is less sensitive to the number of scale levels, since for such small threshold parameter
the SPR grids at t = 0.5 ns almost coincide with the coarser uniform grid outside the box and
the finest uniform grid inside the box, and some extra points used around the box walls. This

behavior is illustrated for the case of j = 7 in Figure 7 (top-right side).

The plots in Figure 9 correspond to cuts at the line y = 0.5 of the magnetic fields at the final
time t = 0.5 ns computed with the PML code in regular and SPR grids with j = 7, 8 and 9.
These plots show a good agreement between both computations, which is further confirmed by

the zoom in into the central region of the computational domain (Figure 9 (right).

6 Concluding Remarks

In the present paper, we apply the SPR method for the solution of the bidimentional TF,

mode Maxwell’s equations. A fourth order finite difference model in non-staggered grids is used

12
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for the SPR discretization of spatial derivatives. We highlight the incorporation of arbitrary

inhomogeneous media and absorbing PML boundary conditions. As expected, the adaptive

simulations introduce some perturbation in the presence of inhomogenities in the medium, but

they are proportional to the magnitude of the threshold parameter.
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