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In this paper, we discuss the use of the sparse point representation (SPR) methodology for adaptive finite-difference simulations in
computational eletromagnetics. The principle of the SPR method is to represent the solution only through those point values indicated
by the significant wavelet coefficients, which are used as local regularity indicators. Recently, two kinds of SPR schemes have been con-
sidered for solving Maxwell’s equations: 1) staggered grids in the time-space domain are used for the discretization of the magnetic
and electrical fields, as in the finite-differences time-domain (FDTD) scheme and 2) nonstaggered grids are used in combination with
Runge-Kutta ODE solvers. In both cases, 1-D simulations of the SPR method leads to sparse grids that adapt in space to the local smooth-
ness of the fields, and, at the same time, track the evolution of the fields over time with substantial gain in memory and computational
speed. However, in the latter case, we found spurious oscillations in the simulations. Therefore, before extending the implementation
of the SPR method to higher dimensions, we wanted to evaluate which of these two SPR strategies is more convenient. After a careful
theoretical analysis of stability and numerical dispersion comparing the schemes in staggered and nonstaggered grids, we conclude that
schemes for staggered grids seem to be preferable from the dispersion viewpoint, especially for low-order schemes and coarse grids. How-
ever, by adapting the grid density and increasing the order, SPR schemes for nonstaggered grids also show good performance. In our
experiments, no spurious oscillations were detected. We observed that, for a given accuracy, the adaptive scheme on a nonstaggered grid
requires less computational effort. Since the use of nonstaggered grids increases the stability range and facilitates the implementation of
adaptive strategies, we believe that the SPR method in nonstaggered grids has a very good potential for computational electromagnetics.

Index Terms—Interpolating wavelets, multiresolution, numerical dispersion, numerical stability, sparse point representation (SPR).

1. INTRODUCTION

OMPUTATIONAL electromagnetics is a very active
Carea, with a rich variety of numerical methods [1]-[5].
One of the most often used is Yee’s FDTD scheme. In the
FDTD scheme, electric and magnetic fields are described by
vectors containing their sample values at staggered grid points,
uniformly distributed in the space—time domain, and partial
derivatives are approximated by centered finite differences
of second order. To improve the performance of the FDTD
method, higher order difference schemes may be applied, re-
ducing the number of cells per wavelength required to achieve
a certain degree of accuracy, as described in [6]. However, in
the presence of local irregularities, the grid density needs to
be increased, even for higher order methods. Thus, uniform
gridding is not a practical option, since oversampling may
occur in regions of smoothness. For numerical simulation of
irregular solutions of partial differential equations, significant
improvements in accuracy and computational efficiency may be
obtained by adapting the grid points to the numerical solution.
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In the wavelet context, the multiresolution time-domain
technique (MRTD) [7] offers a natural framework for the
definition of dynamic adaptive strategies for Maxwell equa-
tions. The MRTD method is a Galerkin scheme, and there are
two equivalent versions, depending on the choice of the basis
for the test functions. The one-scale-level version S-MRTD
uses scaling functions and works as higher order finite differ-
ence schemes on uniform grids. The W-MRTD version uses
wavelets in a multilevel setting and adaptability is obtained
by thresholding small wavelet contributions. In the S-MRTD
version, these MRTD methods tend to improve the numer-
ical dispersion effect, in certain circumstances of the CFL
(Courant-Friedrics—Lewy) parameter, allowing a cutting down
of the computational requirements. However, for the multilevel
wavelet version W-MRTD, the implementation complexity
increases with the number of scale levels, seriously compro-
mising the computational performance.

There is another type of adaptive strategy called sparse point
representation (SPR) that uses interpolating wavelets tools [8],
[9]. The principle of the method is to represent the solution
only through those point values indicated by the significant
wavelet coefficients, which are defined as interpolation errors.
Typically, few points are needed in each time step, the grid
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being coarse in smooth regions, and refined close to irregu-
larities. The method has two basic parts. In the representation
part, there are wavelet tools containing reconstruction operators
defined by means of interpolating subdivision schemes. In the
operational part, spatial derivatives are discretized by uniform
finite differences, using step sizes that can be made proportional
to the local scale at each point. It may occur that some required
neighboring stencils are not present in the grid. In such case,
the corresponding point values are approximated from coarser
scales using the wavelet tools of the representation part. Unlike
the W-MRTD method, the computation of nonlinear functions
(such as products and squares, for example) is easily obtained
in the SPR method, since the data are samples of the fields. For
the same reasons, enforcing boundary conditions in the SPR
scheme is a simple matter.

We believe that the SPR method has a very good potential for
computational electromagnetics. For instance, an application of
the SPR method adapted to staggered grids is described in [10],
[11] for the solution of Maxwell’s equations, where 1-D simu-
lations and comparisons with the FDTD scheme are presented.
The method leads to sparse grids that adapt in space to the local
smoothness of the fields, and, at the same time, track the evolu-
tion of the fields over time with substantial gain in memory and
computational speed. In [12], another application of the SPR
method for the solution of Maxwell’s equations using nonstag-
gered grids, combined with Runge—Kutta ODE solvers, shows
that the method is able to describe the propagation updating with
a relatively small number of field samples. However, the au-
thors report the occurrence of spurious oscillations in their sim-
ulations. Therefore, before extending the implementation of the
SPR method to higher dimensions, our purpose here is to eval-
uate which one of these two SPR strategies is more convenient.

In Section II, we describe the main properties of the SPR
method, and in Section V we present results of numerical simula-
tions comparing the two SPR strategies. For this purpose, firstly,
in Section III, we describe two classes of finite differences (FD)
discretizations for Maxwell’s equations that can be used in the
operational part of the SPR method. In one class, we consider
uniform staggered grids in the time-space domain for the compo-
nents of magnetic and electrical fields, as in the FDTD scheme.
But we shall also consider another class of schemes based on
uniform nonstaggered grids. Our goal in Section IV is to compare
these two classes of FD schemes with respect to numerical dis-
persion and stability, since the effects of these properties are very
important for the performance of the SPR method. For the sake of
clarity in our applications, we shall discuss some examples that
can be formulated in a unified way, via the collocation method in
approximation spaces defined by the translations and dilations
of a basic interpolating function ®(z). In particular, we shall
analyze in detail some cases taken from the family of Delau-
riers—Dubuc scaling functions [13], which are the basis for the
construction of interpolating multiresolution analyses. However,
it should be noted that other finite difference stencils could be
used as well, since in the SPR methodology the operational and
representation parts may be chosen independently.

With respect to numerical dispersion studies, we take into ac-
count the grid density effect and CFL number. It is usual to find
articles in the literature comparing the performance of numer-
ical schemes with different stability ranges, where the conclu-
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sion of the superiority of one scheme over another is based on
the numerical dispersion at a fixed CFL number, for instance, as
in [14]. As shown in some illustrative examples of the present
paper, there are cases where this kind of conclusion may be un-
fair, and a more accurate analysis would need to take into ac-
count the CFL effect. More precisely, it is important to evaluate
and to compare the CFL numbers required for the schemes to
achieve a prescribed accuracy level, with a certain number of
cells per wavelength.

The conclusions extracted from the theoretical analysis
and numerical simulations of the paper are summarized in
Section VI. We infer, for example, that the schemes based on
staggered grids seem to be preferable from the dispersion view
point, specially for low orders and coarse grids, and that they
require less computational effort to achieve a certain accuracy.
Since the use of nonstaggered grids also increases the stability
range, we conclude that they are preferable, and have a very
good potential for computational electromagnetics.

The Appendix describes the basic functions used in the
approximations and the main definitions about interpolating
wavelets.

II. THE SPR METHOD

The SPR method is an adaptive finite difference strategy for
evolutive partial differential equations

ug(x,t) = Lu(z,t), t>0, z€Q

?

augmented with initial and boundary conditions. The method
combines the simplicity and accuracy of traditional FD schemes
with the ability of wavelet coefficients in the characterization of
local regularity of functions. Ithas two basic parts: the operational
part, and the representation part. In the operational part, the back-
ground context is that of an accurate and stable FD scheme where
the solutions are represented by vectors U™ = U™/ containing
approximated node values at points v in a uniform grid X7, and
time t" = nAt. Namely, U ~ u(v,nAt),v € X7. At the next
time step, U™ is obtained by the application of a discrete evo-
lution operator £ = £7** such that U"+! = LU". The action
of £ includes the discretization of the spatial differential operator
L by a FD scheme, the discretization in time by means of some
ODE solver, and the enforcement of boundary conditions. In the
representation part, there are wavelet tools containing recon-
struction operators defined by means of interpolating subdivision
schemes. For discretizations of a functionona gridI' C X 7, the
wavelet transform makes use of reconstruction operators, which
are defined by means of an interpolating subdivision scheme.
The discrete information of a function f at I" is organized by
levels of resolution. At each level [, the wavelet coefficients
d' are defined in terms of local interpolation errors at the new
points of the current level of discretization. In the construction
of the adapted grids, the idea is to use the wavelet coefficients as
indicators of local smoothness of the solution. This is the main
ingredient in the definition of the thresholding operator 7.: only
those points corresponding to wavelet coefficients of magnitude
greater than e should be kept in the adapted grid I'..

In the adaptive SPR method, the goal consists of performing
the FD model in a more economic fashion, by taking into ac-
count local regularity information about the numerical solution.
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Fig. 1. Plots of & (top, staggered grid) and 3 (bottom, nonstaggered grid)
versus the normalized wave number S, for different orders p. (a) Staggered grid.
(b) Nonstaggered grid.

The first step in this direction is the representation of the nu-
merical solution U = UJ"™ in a sparse grid I'™ = T/, '™ is
expected to be coarse where the solution is smooth, and refined
in regions of sharp variations. For the solution to evolve from
U into UM *!, three basic steps are undertaken.

1) Refinement: U™+ — EU™.

2) Evolution: U"t! — £,Un*.

3) Coarsening: U +! « T.U™ 1,
Refinement is a preemptive processes to prevent possible move-
ment or steepness of the solution between time steps. Since
the regions of smoothness or irregularities of the solution may
change with time, I'" may not be convenient anymore at the
next time step ¢ = t" 1. Therefore, before doing the time evo-
lution, the representation of the solution should be extended to
a grid T, which is expected to contain I'™ and T+ as well.
Then, a time evolution operator L, is applied. The subscript a
means that spatial derivatives at points v € I are performed
by means of uniform finite differences, using step size propor-
tional to the point local scale. Finally, a thresholding operation
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TABLE I
STABILITY PARAMETERS

p=1|p=2 | p=3 | p=4

Ki'| 20 | 14575 | 1.2713 | 1.1697

K '| 1.0 | 075 | 0.6844 | 0.6585

7. (coarsening) is applied, in order to eliminate from I'** those
points that are unnecessary for an accurate representation of
Unrtt,

a

Therefore, in the SPR method the numerical solution is repre-
sented in sparse grids dynamically adapted to the solution. The
grid updating is performed by two operators: refinement and
coarsening. In both cases, the interpolating subdivision scheme
plays a crucial role. In the coarsening, it is the basic tool for
the definition of the wavelet coefficients which are used as local
regularity indicators. In the refinement, it is used to predict the
solution at new points added to the grid. It is also used in the
computations of the adapted finite differences, when some re-
quired stencil points are not in I'"™*. For details of such proce-
dures, we refer to [8] and [9].

III. FD SCHEMES FOR MAXWELL’S EQUATIONS

For the applications of the present paper, we shall consider
the unidimensional set of Maxwell’s equations, corresponding
to a plane wave propagating in the z direction

OH, 10E, OE, 10H,
ot p oz’ ot

"€ Oz

where E, and H,, are the electrical and magnetic fields, e is the
electrical permittivity, and 4 is the magnetic permeability. To
simplify the notation, H, will be denoted by H and E_ will be
denoted by E.
A. Schemes for Staggered Grids

As in the classic FDTD scheme, we use Yee’s mesh for the
field discretizations

E} =~ E.(kAz,nAt),
H'F:

1 1
k+% %Hy <(/€+ 5) Ax, <n+ 5) At)

and we shall consider FD schemes of the form

nt1/2 _ pn—1/2 | At n
Hyfi)s = Hpph) + AT Em:Ema(k —m) )]
At n
Er = B 4 o ok —m=1) @

€Az
where the coefficients are supposed to satisfy a(—k) = —(k—1).

B. Schemes for Nonstaggered Grids

Now, both fields are discretized in the same uniform grid

Ep = E.(kAz,nAt), Hj ~ H,(kAz,nAt)
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Fig. 2. Numerical dispersion for staggered (top) and nonstaggered grids
(bottom): Normalized frequency versus normalized wave number S, for CFL
s = 0.5 and different orders p. (a) Staggered grid. (b) Nonstaggered grid.

and we shall consider FD schemes of the form

At
n+1 __ n n _

Hy™ = Hj + ;Emﬂ(k m) (3)

B = By S0 S H gk m) @)
k k eAr - m

where the coefficients are supposed to satisfy §(k) = —0(k).

IV. STABILITY AND NUMERICAL DISPERSION

Let us consider plane wave solutions in the form H,(z,t) =
He'tve=) and E.(z,t) = Ee'"*=“t) where w is the fre-
quency in time and « is the wave number in space. Replacing
these expressions in the Maxwell’s system of equations, the con-
clusion is that plane waves solutions are admissible if the ana-
lytical dispersion relation holds w? e = x2.

Schemes for Staggered Grids: Plane wave solutions exist for
these schemes provided that the numerical dispersion relation
holds
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where a(n) = > 5o a(k)sin((k + 1/2)n), Q@ = wAt is
the normalized frequency, S = xkAx is the normalized wave
number, and s = (cAt)/(Az) is the CFL parameter. Conse-
quently, the stability condition reads s < (1)/(K,), for K, =
max, [a(n)|.

Schemes for Nonstaggered Grids: Analogously, plane wave
solutions exist for these schemes provided that the numerical
dispersion relation holds

sin (5 ) = 2L

where 3(1) = 3~ B(k) sin(kn). Now, the stability condition
reads s < (1)/(Kp), for K5 = max, |3(n)|.
A. Examples

To analyze the gridding effect in the two classes of FD
schemes with respect to numerical dispersion and stability,
we shall consider some particular cases of FD schemes of
orders 2p, 2 < p < 4. As described in the Appendix, they
can be formulated as collocation schemes in approximation
spaces spanned by the translations and dilations of a basic
interpolating scaling function ®(z) chosen in the family of
scaling functions of Delauriers—Dubuc [13]. The coefficients
are given in Tables III and Table IV. For comparison, we
shall also consider second order schemes (p = 1). For stag-
gered grids, the coefficients are a(—1) = 1,(0) = —1 and
a(k) = 0 otherwise, which corresponds to the FDTD scheme.
For nonstaggered grids, we consider 5(1) = —3(—-1) = —1/2
and 3(k) = 0, otherwise. For these two low-order schemes, the
dispersion relations read

sin? <Q> = s%sin? <§) ,
2 2
Q in?

sin? <§> = 82781114(3)

which corresponds to the S-MRTD versions of the Haar formu-
lations II and I, respectively, described in [14].

Fig. 1 (top) shows the curves for |&(S)|,0 < S < m, for
different consistency orders. We note that K, = K,(p) oc-
curs at z = 7 and such value increases with p. This means that
CFL numbers are smaller for higher orders schemes in staggered
grids. Similarly, consider now the plots in Fig. 1 (bottom) cor-
responding to |3(S)|,0 < S < , for different orders. Note
that K3 = Kg(p) also increases with p. However, these values
are smaller than in the case of staggered grids. This implies that
the CFL parameters K ! for the explicit scheme in nonstag-
gered grids are greater than K 1. These parameters are listed
in Table I for different values of p.

Fig. 2 depicts the numerical dispersion curves for the schemes
in staggered grids (top) and nonstaggered grids (bottom) for the
value of the CFL parameter s = 0.5. For comparison, the linear
analytic dispersion curve {2 = sS is also plotted. For both grids,
we note the improvement in accuracy for low wave numbers
S, as p increases. However, for nonstaggered grids, the errors
are significant for large wave numbers .S, while in the case of
staggered grids these differences are less significant for higher
orders p.
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Fig. 3. Dispersion analysis: Plots of the normalized velocity © versus the number of cells per wavelength IV, for several values of the CFL parameter s. Left:
staggered grids. Right: nonstaggered grids.

The Effect of the CFL Parameter: For a fixed CFL parameter, we have seen that the stability region for the schemes in non-
the analysis of the previous section indicates that staggered grids ~ staggered grids is wider than in staggered grids. Therefore, a
seem to be preferable from the dispersion view point. However, comparison of the accuracy of the two kinds of schemes should
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also take into account the effect of the CFL parameter in the nu-
merical dispersion. For this purpose, we consider the normal-
ized velocity v = v, /c, where v, = w/x, and ¢ = (1)/(\/€p).
Define § = Azw/c27. Note that, if A = ¢T" is the wavelength,
where T' = 27 /w is the period, then for 6 = 1/N, N = \/his
the number of cells per wavelength. This means that 6 measures
the relative grid density. Using these variables, the analytical
dispersion relation reads ¥ = 1, and the numerical dispersion

relations become . (276
sin(smd) = s | —
v

sin(sw6) = s/ <2i6>
v

for staggered and nonstaggered grids, respectively. Since now
the analytical dispersion does not depend on the CFL parameter,
this new way of representing the dispersion relations facilitates
the analysis of the effect of this parameter on the accuracy of the
different methods, and shown in Fig. 3. Note that the plots for
FD schemes in staggered and nonstaggered grids have different
CFL parameters, which are taken within the stability range of
each scheme. For the case of staggered grids, the plots of v as
a function of the number of cells per wavelength are shown in
Fig. 3 (left), for some CFL numbers varying within the stability
range s < (1)/(Ka(p)). As expected, these plots show that the
efficiency increases with the order of the scheme. For instance,
with CFL = 0.6, more than 10 cells per wavelength are neces-
sary to get an accuracy close to 99% using the FDTD method
(p = 1), while the higher order schemes require less than 8
cells per wavelength to get the same accuracy. Furthermore,
these plots also show that using the FDTD method the dispersion
curves approaches the constant analytic value v = 1, from the
bottom up, as s approaches the CFL stability limit s = 1. For
p > 1, the tendency is in the opposite direction, from the top
down, and as s tends to zero. For the models in nonstaggered
grids, Fig. 3 (right) shows the plots of v as a function of the
number of cells per wavelength, with CFL parameters varying
within the stability range s < (1)/(Kg(p)). We also note that
for p = 1, the dispersion curves approaches the constant ana-
Iytic value ¥ = 1, as s approaches the CFL stability limit s = 2,
and for p > 1, there is a tendency in the opposite direction in
certain ranges of s and N. As expected, the efficiency also in-
creases with the other. It follows from these plots that staggering
the grids may be helpful, especially for low-order schemes and
grid densities. However, as the grid density and order of accu-
racy increase, the effect is less noticeable.

Since the schemes in nonstaggered grids allow a wider sta-
bility range, the efficiency of these two FD schemes cannot be
evaluated for a fixed CFL parameter, and a more accurate anal-
ysis requires taking into account the effects of the CFL number
and grid density. For the fourth-order FD scheme, we present in
Fig. 4 the numerical dispersion curves in the plane N x .S, within
their stability limits, for two levels of accuracy: v = 1.01 (1%
of accuracy) and v = 1.001 (0.1% of accuracy). Note that, for
each given level of accuracy, the curve of the nonstaggered grid
scheme is above the curve of the staggered grid scheme. This
means that, for the same grid density, the CFL parameter (and
so At) for the nonstaggered grid scheme can be greater than in
the staggered case, a computational advantage.
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Fig. 5. Each curve depicts the evolution in time of the maximum absolute dif-
ference between the solutions for the electric field, obtained using the staggered
and nonstaggered schemes, for CFL s = 0.5. The maximum value of the elec-
tric field was normalized to unity. Note that [V, in this case, is the number of
samples of the finest grid.

V. SPR NUMERICAL SIMULATIONS

Our purpose in the present section is to analyze the per-
formance of the SPR method for the numerical solution of
Maxwell’s equations. In the operational part of the SPR method
we could have chosen any accurate and stable finite difference
scheme. For the applications of this section, we use two refer-
ence finite difference schemes described in Section III, namely,
the schemes on staggered and nonstaggered grids obtained by
collocation in shift invariant approximating spaces, spanned by
the Delauriers—Dubuc scaling functions associated with cubic
interpolation (p = 2).

In order to compare the schemes in the staggered and non-
staggered grids, we consider an example in 1-D where the fields
at t = 0 are assumed to be E,(x,0) = e~199@-1/2)" gpq
H,(z,0) = 0,0 < z < 1. The usual absorbing PML regions
are placed close to the artificial boundaries.

First, in Fig. 5, we plot the maximum absolute value of the
difference between the numerical solutions for the electric
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Fig. 6. Evolution of the electrical field for the staggered and nonstaggered grid schemes.

field, using staggered and nonstaggered uniform grids, and
CFL = 0.5. The amplitude of the electric field was normalized
to unity. We observe that, as the grid density increases, both
solutions tend to coincide, confirming the theoretical evidence
of Fig. 2, since smaller values of s correspond to a larger
number of points.

The results in Fig. 6 are for the simulations of the SPR
schemes for staggered and nonstaggered grids after 100, 480,
and 680 time steps. We have used a threshold ex = 1076
for the electric field and ey = 10~ for the magnetic field.
The coarsest grid has 20 points and 5 levels of refinement are
allowed. At each point of the sparse computational grid, we
apply the finite differences with step size of the finest local
scale resolution and the time step is chosen for stability at this
scale level. We can see that the solutions obtained with both
schemes are quite similar, and no spurious oscillations were
detected, contrarily to [12].

The curves in Fig. 7 describe the evolution of the number of
grid points in the adaptive grids for the electrical field expressed
as a percentage of the total number of points in the uniform grid
of the finest scale level. For this example, we also observed that
allowing more than 5 scale levels does not significantly affect
the number of points in the adaptive grids.
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Fig. 7. Evolution of the percentage of grid points with time, for the electrical
field, and staggered and nonstaggered grids.

The plots in Fig. 8 show the normalized computational effort
W versus the maximum absolute error in the electrical field at
t = 0.75 ns, between the reference solution and the SPR so-
lutions. All the SPR solutions have the same number of points
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Fig. 8. Computational effort W (divided by the effort required by FDTD,
CFL = 1) versus maximum absolute error, for several values of the CFL
parameter, in the staggered and nonstaggered cases.

in the finest grid and 6 levels of refinement are allowed. All the
SPR curves were plotted using four points corresponding to four
different values of the threshold (5 x 10~%,10=7,5x 10~7, and
10~%). The computational effort W is defined as the product
of the number of required time steps with the average number
of points in the adaptive grids. As expected, the errors increase
with decreasing computational effort, in all cases.

The plots show that, for a given accuracy, less computational
effort is required with the adaptive scheme in nonstaggered grids
than with the scheme in staggered grids, confirming the theoret-
ical evidence of Fig. 5.

VI. CONCLUDING REMARKS

This paper compared in detail two classes of high-order SPR
schemes for Maxwell equations. We considered implementa-
tions of the operational part by FD schemes on staggered grids in
the time-space domain for the magnetic and electric field com-
ponents. In addition to these, we also considered implementa-
tions in which the grids coincide for both fields. The following
points follow from our analysis and numerical simulations.

* For stability reasons, there are limitations in explicit
schemes in the choice of the time-step, defined by the CFL
condition. The stability region decreases for increasing
approximation orders, and it is less restrictive for nonstag-
gered grids than for staggered ones.

* From the viewpoint of numerical dispersion, staggering the
grids is helpful, specially for low-order schemes and grid
densities. However, as the grid density and order of accu-
racy increase, the effect becomes less noticeable.

* To correctly compare the accuracy with respect to the type
of grid, it is important to take into accuracy the effect of
the CFL. More precisely, it is important to evaluate and
compare the CFL numbers required for the schemes to
achieve a prescribed accuracy level with a certain number
of cells per wavelength. With respect to this, we observed
that higher order schemes in nonstaggered grids can be
used with larger CFL parameters.

* The use of nonstaggered grids facilitates the implementa-
tion of adaptive strategies.
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* Asaresult of the combination of these factors, the schemes
based on nonstaggered grids require less computational ef-
fort to achieve a certain accuracy.

We conclude that high-order FD schemes in nonstaggered grids
have a good potential to be used in SPR adaptive simulations of
Maxwell equations in higher dimensions.

APPENDIX

A. Interpolating Multiresolution Analyses

In a multiscale framework, functions are represented in dif-
ferent scale levels, and the main tools are appropriate transfor-
mations relating the information at the finest scale level j to
the lower ones, and vice versa. In the context of interpolating
multiresolution analyses, the input data f7 contains the sample
values at a grid in finest scale level. After a transformation 77,
the output contains the information f° in the coarsest level, and
d* that keeps the details between a scale level £ and the next
upper level £ + 1. Schematically, we have

P = (0d . dih),

In a uniform setting, each scale level ¢ corresponds to a uni-
form grid X*. Starting from X, the grid at the coarsest level
with spacing Az", a hierarchy of uniform grids X* ¢ > 1,
with spacing Az’ = Axz°27¢, are obtained by dyadic refine-
ment. This means that, if z¢, are the points in X*, then X ‘+!
is formed by the old points a:étl = xf and new midpoints
xéﬁ_l = (x}, + xj,,)/(2) . In the applications of the present
paper, the grid points in X“ may be of the form zf, = kAz* or
zt = (k + (1)/(2))Az". In a nonuniform setting, the principle
is also to have the information data hierarchically organized by
different levels of resolution. On this matter, we are concerned
with a sequence of embedded grids I'* C T'“*!. It shall be as-
sumed that T = X0 and 'Y C X*, for £ > 0, is constructed
from ['*~! by including some new points of X*\ X*~!.

As described in the following algorithms, for the definition of
T7 and its inverse (1)1, the main ingredients are reconstruc-
tion interpolating operators I* f () that predict f(z) at any loca-
tion z from the knowledge of its discrete sample values f¢ at I'*.
The wavelet coefficients d’, are defined for points v € T*+1\ T
as the errors in this prediction.

Analysis—f7 £ (£0,d°,...d"1): '
* Forl=j—1,...,0Define f, = f} ifv € D" Ifv € T*T1\
I, calculate fi1 = I'f(v), and set d', = fit1 — fi+1,

jy—1
Synthesis—(f°,d°, ... d7~1) T2 fi:
« For{ = 0,...,j — 1 Define fi*' = flifv e T*If
v € T\ T, calculate fi+* = I f(v) and set i+ =
d 4 fi,
For uniform grids X, the definition of the interpolation oper-
ator I f () uses the classical interpolation subdivision scheme,
which is done interactively. On the first step, we set I* f(z%) =
f(z%). Having I°f(x}") = s being defined for all 2" €
X™,m > £, then the definition is extended to X™*! by means
of a prediction interpolation scheme P™*1. For other nondyadic
points, the definition is set by density arguments, as in the clas-
sical subdivision scheme.
For nonuniform grids, the definition of the interpolation op-
erator I°f(x) uses a simple modification of the classical in-
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TABLE II
COEFFICIENTS h(k), k > 1
kElp=1|p=2|p=3|p=4
1 1 9 150 1225
4 32 512 4086
3 1 25 | _ 245
32 512 4086
5 3 49
512 4086
5
7 " 4086

terpolation subdivision scheme [15]. On the first step, we set
I'f(x) = f(aY). For 0 < m < ¢, having I*f(z}") = s7
being defined for all 7' € X™, then the definition is extended
to X™*+1 \ I'Y by means of a prediction interpolation scheme
Pt and it is set I f (2 t!) = fla ), if 2T € TN
X™*1, For other points, the definition is set as in the classical
subdivision scheme.

The main ingredient to perform this task is a prediction inter-
polating operator P+ : s™ — ™+ where s™ = (s7) and
sl = (sim"'l) are sequences labeled by the points z}* € X™
and :CZL'H € X™*L respectively. In the applications of the
present paper, the following interpolating prediction scheme is
adopted, using central polynomial Lagrange interpolation of de-
gree M — 1, where M = 2p is an even integer.

* At the old points wg}c"'l, define 52”’1 = s

* At the new points x;’}j_ll, use the interpolating polynomial

of degree M — 1 based on the M samples of s™ closest
to this position, and set s;’}:fl equal to the value of this
interpolating polynomial at x;’ﬁ_ll
In the case of uniform grid I'V = X7 the interpolation operator
can be represented in the form

P f(z) = fl®(x)

where @ (z) = ®((1)/(Az’)(z — 7)) and the basic func-
tion & = P, is the scaling function of Delauriers-Dubuc [13].
It is defined iteratively, by means of the subdivision scheme.
Starting from its values at the integers ®(k) = o, then the
values of ®(x) at the dyadic grid points z = k27¢ at level /
are obtained from its values at level £ — 1 using the prediction
interpolating scheme, as described above. Therefore, ®(z) =
2>, h(n)®(2z — n), where h(n) are the coefficients associ-
ated to the central Lagrange polynomial interpolation of degree
M —1. These coefficients are symmetric h(—k) = h(k), h(0) =
1/2, and vanish for even integers k£ # 0 and all integers such
that |k| > 2p + 1. The values for h(k),k > 1 are presented in
Table I, for 1 < p < 4.Forp = 1, ®(z) is the hat function with
support in [—1,1]. For p > 1, there is no explicit formula for
®(x), but it can be proved that ® € C? is a symmetric function,
®(—z) = ®(z), vanishing for |z| > 2p — 1. Furthermore, its
regularity increases with p [13]. Defining 95, (z) = @gﬁ_l (z),it
can be proved that the multilevel transformations 77 and (77)~!
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TABLE III
NONZERO COEFFICIENTS a(k),k > 0

k p=2 p=3 p=4

0| -1.22916667 -1.29181 -1.31103404
2 0.093750 0.137134 0.156010071
3 | -0.010416667 -0.0287618 -0.041995746
4 0.00347014 0.008654324
5 -8.02654x 1076 | -0.000830869
6 -0.000010899
7 0.000000004

TABLE 1V

NONZERO COEFFICIENTS 3(k), k > 0

klp=2| p=3 p=4

1| -2/3 | -272/365 | -1747/2203
2| 1/12 53/365 1483/7724
3 -16/1095 | -3999/11882
4 -1/2920 73/32823
5 128/743295
6 -1/1189272

amount to change from the one level basis {®J (x)} to the mul-
tilevel basis {®7°(x)} U U;;]l.o {#f(x)} and vice versa.
B. SPR Representation

As described in the previous section, given the input data f7
formed by function values in a grid IV C X7, after the appli-
cation of the wavelet transform 77, this discrete information is
organized by levels of resolution as f}, p= (£0,d0...d"71).
Ateach level [, the wavelet coefficients d* are defined in terms of
local interpolation errors at the new points of the current level of
discretization. In the construction of the adapted grids, the idea
is to use the wavelet coefficients as indicators of local smooth-
ness of the solution. This is the main ingredient in the defini-
tion of the thresholding operator 7.: only those points in I'/
corresponding to wavelet coefficients of magnitude greater than
¢ should be kept in the adapted grid I'J. This procedure led to
sparse representations f&p, . where only the sample values re-
quired to reconstruct f7 with error less than e are retained.

C. Collocation Methodology

In this section, we explain how the two sets of FD schemes
introduced in Section III can be obtained using the collocation
methodology in approximating spaces spanned by the translates
and dilates of the basic interpolating function ®(x). First, for
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nonstaggered grids, we consider sample values for the compo-
nents of both fields £ and H at the same uniform grid in space
and time

E} = E(kAx,nAt),

Hp = H(kAz,nAt).

Based on these discrete values, approximations I F(z, nAt), for
the components of F, and I H(x,nAt), for the components of
H, are defined at any point z by

=22 Epe (k)
TH(z,nAt) ZHk ( k)

Collocating the spatial derivatives of these interpolation opera-
tors at the grid points, and integrating in time using a first order
Euler scheme, we obtain the set of discrete equations (3)—(4),
where (k) = ®'(k).

We now use the staggered Yee’s mesh for the discretization,
as in the classic FDTD scheme, which corresponds to the fol-
lowing samples of the components of H and E:

E; = E(kAx,nAt)
H''?

P (i ) an(ne ) ).

k+1
Based on these discrete values, interpolating approximation
schemes for the components of H and F are defined in terms
of the translations and dilations of the basic function ®(x)

1E(z,nAt) ZEk ( k)
IH(x7<n ) ZHZI;@(——k—%).

As in the previous case, collocating the spatial derivatives
at the Yee’s grid points, and integrating in time using a
first-order Euler scheme, we obtain the set of discrete equations
(D)—(2), where a(k) = ®'(k + (1)/(2)). If the ®(x) is an
interpolating scaling function, and the refinement equation
is differentiated in both sides, it follows that the coefficients
B(k) can be obtained as the solution of the eigenvalue problem

B(k) = 4%, h(k")B(2k — k'), after the normalization re-
lation ), kB(k) = 1. Because of the symmetry of ®(z),
we obtain f(—k) = —p(—k). The symmetry of ®(x) also
implies that «(—k) = —a(k — 1). Using the scaling relation,
these coefficients can be obtained from [(k) by the formula
a(k) =4%", h(n)B(2k+1 —n). The coefficients are given in
Table III, for staggered grids, and Table IV, for nonstaggered
grids. It can be proved that these FD schemes can also be

1E(z,nAt)
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interpreted as Galerkin S-MRTD discretizations in terms of
Daubechies scaling functions ¢,, of approximation order p, as
described in [16].
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