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([6], p. 357) the function f: R x L — L has a continuous extension F: R x B — L. We will show that tie
Cauchy problem

: z () =F(t z(), z(0)=0 (1)
does not have a solution in any neighborhood of zero, S}xppose that some function x: R — B, defined in a
neighborhood of zero, is a solution of (1). Then =z () = SF (¢, z (1)) dt , but F(t, x(t)) € L, and therefore x(t) € L
for each t. Consequently, x(t) is a solution of the problé)m
LW=f@# @), =z(0)=0.

Two cases are possible: 1) there exist arbitrarily large n for which x(bp) # 0; 2) for all sufficiently
large n we have x(by) = 0.

We consider the first case., We choose m such that x(by,) # 0, Clearly x(t) is a solution of the
Cauchy problem 2
u' () = f(t, ul(l), 2 (by) = z (byy). 2)
The unique solution of (2) on [by,, 1] is the function '
z(b,) (t—F )
bl FT0 Ky @)

where bm satisfies the conditions TJm <bpm and (bng-'ﬁm)z =4 [Ix(by) l. The function u(t) clearly satisfies

m

the initial condition in (2). If n < m, since z (5,) = S f(t, =@ty ar and an(f(t, x(t))) = 0 for t < by, we have
an(x(bm)) = 0 and ap(u(t)) = 0. Consequently, for t > bm we have

L m—1
P(t,u@) = 2 a, (e, =u(t)— D a, @) e, =u().
n=m n=1

We can show that ¢(t, u(t)) = 0 for t = by,. Therefore, u(t) is a solution of (2). Uniqueness of the solution
of (2) follows from the fact that f is locally Lipschitzian in some neighborhood of the set M = {(t, u(t)) |t €
[bms 11} € R x L. In fact, P(t, x) is Lipschitzian for t > 0 since for an arbitrary n we know that if t € [byy,
bn]p then

| P, 2)—P(t, y)ﬂ=i 2 Py (1) o (r—y)ekl<H¢n(f)ﬂn(r~y)enll+ﬂ(=—y)-— P (z—yl<élz—yl
k=1
Since P(t, x) # 0 in some neighborhood of M, it follows that P(t, x)/V [| P(t, x) || is locally Lipschitzian in
this neighborhood. Also, in some neighborhood of M we have ¢ = 0, Ift > by and n < m, then a,(x(t)) =
an(u(t)) = 0. Since m can be chosen arbitrarily large and {ey} is a Schauder basis in L, we have x(t) = 0.
This contradiction shows that the first case is impossible,

We consider the second case, We choose m such that x(by,) = 0. ¥ n >m and t € [by4, by], then

a, (z (1) )

d
@ 0= Virtror

Suppose that there exists n > m such that ap(x(t)) # 0 for some t; € [by+(, bml. From (4) it follows that
an(x(bm)) > an(x(ty)) > 0, and ap(x(by)) < aplx(ty)) if anx(ty)) < 0. We obtain an(x(t)) = 0 on [bm+;, bm]
for n > m, Therefore,

d (t —bpyyy)
7u,,,(x(t))=q>m(t)h(——4i)

on [0, em], that is, (d/dt)am(x(t)) = 0 on [0, am] and (d/dt) oy (x(t)) > 0 on (@m, cm). Consequently, am(x
(cm)) > 0. Now it is not hard to show that am(x(bm)) > 0, but this contradicts our assumptions. So the
second case is impossible, Thus, problem (1) does not have a solution. The theorem is proved.
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