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CHAPTER 0

A review of basic vector calculus

In this chapter we will review some basic facts of vector calculus which will be used extensively along
these notes. We will assume the reader familiar with the differential and integral calculus for real valued
functions of one real variable, as well as with the basic topology of Euclidean spaces: open and closed
sets, continuity, compactness, Cauchy sequences etc. The material in sections 1 and 2 are quite standard in

Calculus courses, while the one in section 3 is probably less “popular.”

1. Differentiable functions

We will consider the Euclidean space R™ with its canonical inner product and associated norm.

For a point x € R™ and r € R, r > 0, we denote by B"(p,r) := {z € R" : ||x — p|| < r} the ball of radius
r centred at p. When p = 0 we simply write B™(r) for B™(0,r).

We will denote by L(R™,R™) the space of linear maps of R™ into R™. There is a natural identification
of L(R™,R™) with R™™, associating to a linear transformation L, the entries (in a fixed order) of the matrix

representing L in the canonical bases. This identification induces a scalar product in L(R™, R™)
(A,B) = trace A'B,
where A?! is the transpose of A. Often it is more convenient to consider the operator norm, defined by
|LIl = sup{|| Lz : = € R™, [lz| = 1}.

The two norms are equivalent (see Exercise 4.1), so for the basic topological concepts like convergence,

continuity etc., it does not matter which one we use. In what follows we will consider the operator norm,

unless otherwise stated. Observe that, for the operator norm, we have the inequality |L o T|| < ||L||||T].
Let U C R”™ be an open set and f: U — R™ a function.

1.1. DEFINITION. f is differentiable at x € U if there exist a linear map d f(x) : R® — R™ such that!
)~ f@) - df@) B
IRll—0 il

The map df(x) is called the differential of f at x.
f is differentiable in U if it is differentiable at every point of U.

0.

1.2. REMARK. For a function f: U C R — R the derivative of f at x € U, f'(x), is defined as

_df

F'(2) = o = Tnf (o 0) = F@)

LObserve that, if ||h| is sufficiently small, z + h € U.
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if the limit exists. The differential of f at x is the linear map
df(z) : R — R, df(x)h = f'(z)h.
The following facts are easy to prove and and we leave the proofs to the reader (Exercise 4.2).

1.3. PROPOSITION.

o If f,g are differentiable at x and a € R, then f + g and af are differentiable and d(f + g)(z) =
af(2) +dg(x), dlaf)(z) = aldf (@)

e If f is differentiable at x, f is continuous at x.

o If f is differentiable at x, the differential is unique.

e (The chain rule) If f : U C R® — R™, ¢ : X CR™ — R? are differentiable at x and f(x)
respectively, then g o f is differentiable at x and d[g o f](x) = dg(f(x)) o df(x).

1.4. EXAMPLE. Let L : R™ — R™ be a linear map. Then L is differentiable and dL(x) = L, V x € R",

as follows directly from the definition.

1.5. EXAMPLE. If B : R® x R™ — RP is a bi-linear map, B is differentiable and dB(z,y)(z,w) =
B(x,w)+ B(z,y). In particular, if f,g : U — R are differentiable functions, the map F : U — R?, F(z) =
(f(x),g(x)) is differentiable with dF(z) = (df(z),dg(z)). Since the product R x R — R is bilinear, by the
chain rule the function fg is differentiable and the product rule d(fg)(z) = f(z)dg(z) + g(z)df(z) holds.

In the theory of real valued functions of one real variable, an elementary but useful result is the Mean

Value Theorem.

1.6. THEOREM. [Mean Value Theorem] If f : [a,a+ h] C R — R is a differentiable function, then there
exists to € [0,1] such that

fla+h)— f(a) = f'(a+toh)h.

The Theorem extends, with essentially the same proof, to the case of a differentiable function f : U C
R™ — R. For functions with values in R™, m > 1, such a Theorem does not hold any longer (see Exercise

4.4) but, at least, we have an inequality. The result will still be called the Mean Value Theorem.

1.7. THEOREM. [Mean Value Theorem] Let f : U C R™ — R™ be a continuous function. Suppose that
the segment with endpoints a,a + h is contained in U and f is differentiable at the points of the segment.
Then

[f(a+h) = fa)ll < [[h]| sup{|ldf(a+th)] :te€[0,1]}.
PRrOOF. Consider the function ¢ : [0,1] — R™, ¢(t) = f(a+th). ¢ is differentiable, by the chain rule,
#(0) = f(a), #(1) = f(a+h) and de¢(t)(1) = df(a + th)(h). Let M = sup{||dé(t)| : t € [0,1]}. It is then

sufficient to prove that ||¢(1) — ¢(0)| < M. For this purpose we will show that, given € > 0, [|¢(1) — #(0)|| <
M + €. Consider the set

A={te[0,1]: é(s) — 6(0)]| < (M +€)s, V s € [0,1]}.
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It is easy to see that A = [0, a] for some a € (0,1]. We wish to prove that a = 1. Suppose a < 1. Then there
exists a positive d such that a + ¢ < 1 and for k € [0, 0)

¢la+k) = ¢(a) = dg(a)k + r(k) with [[r(k)]| < ek

(by the definition of differentiability at a). Then ||¢(a + k) — ¢(a)|| < (M + €)k. But a € A, hence
lp(a) — &(0)|] < (M + €)a. Therefore |¢p(a + k) — ¢(0)]] < (M + €)(a + k). In particular a + k € A, a

contradiction. 0

1.8. DEFINITION. Let f: U — R™ be differentiable at x € U and X € R™. The directional derivative
of f at x in the X direction is defined as

of
S5 () = A7 (@)(X).

1.9. REMARK. For reasons that will be clear later on will use often the notation X, (f) for df(z)(X).

of
8€i

(x). If f is differentiable at x and h = >_" | a;e;, then

If {e1,...,e,} is the canonical basis of R", (x) is the i*" partial derivative at x and will be denoted,

of
(9562‘

as usual, by

x)h = Zazdf En:az

In particular, if f(z) = (fi(z),..., fm(z)), where f; : U — R are the coordinate functions of f,
then the Jacobian matriz [a—;z(a:)] is the matrix that represents df(x) in the canonical bases. This is the
multidimensional analogue of Remark 1.2.

Let v : (a,b) C R — R™ be a differentiable map. We will also say that v is a differentiable curve. For

such a function, the tangent vector at ¢t € (a,b) (or, sometimes, at v(¢)) is the vector

(1) = () (1) = o (s)

It is easy to see that if v : (—e,€) — R™ is a differentiable curve with 4(0) = X,

oL (@)= Al o)1) 1= Thzof ().

1.10. REMARK. The latter fact gives a geometric interpretation of the differential of f: the image, via

df, of the vector tangent to a given curve vy is the vector tangent to the image curve, f o-y.

In particular the right hand side of the formula above does not depend on « as long the curve passes
trough = and its tangent vector, at x, is X. This observation allow us to define the directional derivative,
hence partial derivatives, even for a class of not necessarily differentiable functions (in the sense of Definition
1.1). If f: U — R™ is a function and X € R™, we define the directional derivative of f at = € U, in the

direction of X as

O (@)= Slucol @ +1X),

if it exists. The partial derivatives may exist even 1f the function is not differentiable (see Exercise 4.7).

However we have
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1.11. PROPOSITION. Let f: U CR™ — R™ be a function. If the partial derivatives of f exist and are

continuous®, f is differentiable.

PRrOOF. We will prove the Proposition for n = 2 to avoid notational complications. We want to show

that the linear map L(z,y)(h, k) = ?h + %k is the differential of f at (z,y) € R%. Hence we have to show
€T Y
that, given € > 0,
of, of
— —Zh- k<
I+ b+ 1) = Foaw) = 50— okl < el )

if ||(h, k)|| is sufficiently small. Adding and subtracting f(x,y + k) and using Exercise 4.5, we have that the

quantity on the left of the inequality sign is less or equal to

Il sup{ 52 o+ thoy -+ k) = L)l € (0,113 + kllsup{I 5 (oot ) = L el € 0.1,
The conclusion follows from the continuity of the partial derivatives. O

1.12. REMARK. Let f: U C R" — R™ be a function. Let m; : R™ — R, m;(z1,..., %) = z; be the
it" projection. Then f;(z) = m; o f(x) are the coordinates of f(x). It is easy to see that f is differentiable

at x € U if and only if the coordinate functions are differentiable at = and, in this case,

df (@)(X) = (dfi(@)(X), ... dfm(@)(X)) = Y _[dfi(2)X]e:.
Partial derivatives take care of the “opposite” situation. Given a splitting of R” = E; @, as a direct sum of
complementary subspaces and a point (zg, yo) € E1®E,, we can consider the inclusion ¢; : E; — R, i;(z) =
(z,90), i2(y) = (v0,y) and the functions f) = foi; : E;NU — R™. If f is differentiable at (zg,yo), f*
(resp. () is differentiable at xq (resp. o) and df(zo,y0)(X,Y) = dfM (zo)(X) + df P (yo)(Y). So we
can define the partial differentials relative to the given splitting, d; f = df o i;. The existence of the partial
differentials does not implies the existence of the differential of f. However, as in Proposition 1.11, if the
partial differentials exist and are continuous, then f is differentiable. Obviously the same arguments work for
a decomposition of R™ into the direct sum of k complementary subspaces. Partial derivatives are, essentially,

partial differentials relative to the canonical splitting of R™ as the direct sum of the coordinate lines.

If f: U — R™ is a differentiable function, the differential can be seen as a map df : U —
LR™R™), 2 df(2).

1.13. DEFINITION. We will say that f is twice differentiable at x € U, if the function df : U —
L(R™ R™) is differentiable at x. In this case, the differential of df at  will be called the second differential
of f at x and will be denoted by d?f(x).

Inductively, we define, if it exists, the k' differential of f at x, d*f(x), as the differential, at z, of
d¥=1fU — L(R™, L(R",...)

We will say that f is of class C* in U if d*(z) exists, V = € U, and is continuous, as a function of z.

We will say that f is of class C*°, if it is of class C*, V k. If f is C™ we will also say that f is smooth.

1.14. REMARK. It is easy to produce examples of C* functions that are not C**! (see Exercise 4.6).
One of the important features of the class of smooth functions is that it is closed under differentiation, i.e.

f is smooth if and only if df is smooth.

1o}
f_ U — R™.

T

2As maps
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If f is twice differentiable at x, then d%f(z) € L(R™, L(R",R™)), and so it can be seen as the bilinear
map d2f(2)(X,Y) = d(df)(2)(X)(Y). In a similar way, d*f(x) can be viewed as a k-multilinear map.
P ) y P

1.15. THEOREM. [Schwarz’s Theorem] If d%f(x) ewists, it is a symmetric bilinear form.
We will sketch a proof in the case that f is C? in Exercise 4.22

1.16. REMARK. If f is k times differentiable at x, d* f(x) is a k-multilinear symmetric map. Moreover
we can define higher order partial derivatives. Schwarz Theorem 1.15 and a simple induction imply that if
f is of class C*, the result of successive partial derivatives, up to order k, does not depend on the order of

derivations.

1.17. ExaMPLE. If L : R — R™ is a linear map dL(z) = L, V « € R™. In particular the differential
dL : R® — L(R",R™) is the constant map. Hence d*L = 0, if & > 2, and L is C*. Similarly, if
B :R"™ x R™ — RP? is a bilinear map, dB(z,y)(z,w) = B(x,w) + B(z,y). In particular dB is a linear map,

hence C*°, and so is B.

1.18. EXAMPLE. Let M (n,R) be the space of n x n matrices with real coefficients. The product map
m: M(n,R) x M(n,R) — M(n,R), m(A,B)=AB,
is a bi-linear map, hence smooth. Also the map
g: M(n,R)x M(n,R) — L(M(n,R), M(n,R)), g(A,B)H = AHB

is bilinear, hence smooth.
Since the determinant, det : M(n,R) — R, is a continuous function, the set of invertible matrixes,

GL(n,R), is an open subset of M (n,R). Consider the inversion map
t:GL(n,R) — M(n,R), (A)=A"".
CLAIM The map ¢ is smooth.
PROOF. Differentiating the identity (A +tB)(A +tB)~! = 1 we get
%hzo(A +tB)"! = —-A"'BATL.

So, if ¢ is differentiable at A € GL(n,R), di(A)(B) = —A~'BA~!. Tt is easy to check that, in fact, the
formula defines a linear map which is the differential of ¢ at A. In particular ¢ is continuous. The differential

of ¢ is then given by the composition
GL(n,R) == GL(n,R) x GL(n,R) X% GL(n,R) x GL(n,R) =% L(M(n,R), M(n,R)),

where A : GL(n,R) — GL(n,R) x GL(n,R) is the diagonal map, A(A) = (A, A), and g is as above. Hence

dv is continuous and ¢ is of class C'. At this point a simple induction proves the Claim. O

As we have seen, the differential of a function f at a point z, provides the best linear approximation
of f — f(z) in a neighborhood of x. The Taylor formula provides the best polynomial approximation, for

functions with more differentiability.
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1.19. THEOREM. [Infinitesimal version of Taylor Theorem] Let f : U — R™ be a function s times
differentiable in an open neighborhood of a € U and such that d*T1(a) exists. Then

s+1
fla+h)=f(a)+ Z %dkf(a)(h, o h)+r(h)  with limg,_or(h)|h]|~GD = 0.
k=1""

PROOF. The proof is a simple consequence of the lemma below, which is of interest on its own

1.20. LEMMA. Let r : B = B"(R) — R™ be a function s times differentiable in B and s + 1 times
differentiable in 0. Assume d7r(0) =0, 0 < j < s+ 1. Then lim, .o r(z)|z||~ ) = 0.

PROOF. We proceed by induction on s. If s = 0 the conclusion follow from the definition of differentia-

bility. Suppose the conclusion true for s. By the mean value Theorem we have
Ir(@)ll < Mljzll, M = sup{||dr(tx)||] : t € [0,1]}.

Applying the inductive hypothesis to dr, given € > 0 there exist 6 > 0 such that, if ||y|| < ¢, ||dr(y)| < €|ly|®.
Hence if ||2]|0, M < ¢€||z|* and |r(x)| < €|z O

O

In the linear context, i.e. vector spaces and linear maps, we study properties that are invariant for linear
isomorphisms, i.e. changes of bases. The analogue in the differential context are properties that are invariant

for (local) diffeomorphisms , i.e. change of variables (or coordinates).

1.21. DEFINITION. A map ¢ : U C R® — V C R™ between open sets is a C* diffeomorphism if there
exists a C* map ¢ : V — U, such that ¢yo¢ = Iy, ¢potp = ly. ¢ is a local diffeomorphism if V x € U, there
exists an open neighborhood UCU of x, such that ¢|; is a diffeomorphism onto an open neighborhood 1%

of ¢(x) in V. A local diffeomorphism will also be called a change of variables (or coordinates).
1.22. REMARK. If ¢ is a diffeomorphism, then d¢(x) is an isomorphism, by the chain rule. Hence n = m.
The following fact will be useful.

1.23. LEMMA. If ¢ : U C R® — V C R™ is a C* map, k > 1, between open sets, and ¢ admits a

differentiable inverse, then the inverse is of class CF.
PROOF. From the chain rule d[¢p~1](¢(z)) o dé(x) = 1. In particular d[¢~!] is given by the composition
-1
V2. U 2% GL(n,R) -~ GL(n,R),

where ¢ is the matrix inversion map, that, by Example 1.18, is smooth. Hence d[¢~!] is continuous and ¢~*
is of class C'!. In general the argument gives that, if ¢~ is C%, s < k, d[¢"!] is also of class C* so ¢~ is of
class C**! and this concludes the proof.

O

Let E,F be real, finite dimensional vector spaces and L : E — F be a linear map. Then, in suitable

bases, F has a very simple expression. In fact we can chose a basis {ey, ..., e,} of E, such that {ex11,...,en}
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is a basis of the kernel of F. Then {f; = F(e1),..., fr = F(ex)} is a basis of the image of F' that we can

complete with vectors {fg+1,-.., fm} to have a basis for F. Then, in terms of coordinates in these bases,
F(zy,...,2) = (21,...,25,0,...,0).

Since a differentiable function is (locally) approximated by a linear one, we can expect something similar

to hold, locally, for differentiable maps, up to change of coordinates. In fact this is the case.

1.24. THEOREM. [Rank Theorem] Let f : U C R™ — R™ be a function of class C*. Let p € U be such
that rank df(x) = k in an open neighborhood of p. Then there exist open neighborhoods U of p and V' of
f(p), and diffeomorphisms ¢ : U — U, ¢ : V — V such that:

Yofodp Hay,...,xn) = (x1,...21,0,...,0), for (x1,...,2,)€U.
This Theorem will follow from the next three.

1.25. THEOREM. [Inverse function Theorem] Let f : U C R® — R™ be a C* map, k > 1, such that
df(p) : R® — R" is an isomorphism. Then the exist an open neighborhood U’ of p such that f|U’ is a C*
diffeomorphism onto an open neighborhood of f(p).

Proor. Without loss of generality we may assume p = 0 = f(p). Moreover, by composing f with
df(0)~!, we may assume df(p) = 1. Consider the function g(x) = f(z) — x. Then g(0) = 0, dg(0) = 0. Let
7 be a positive real number such that if € B"(r), df(«) is invertible and [|dg(z)|| < .

Cramv 1. Ify e B™(5) then there exists a unique v € B"(r) such that f(x) =y

PROOF. Define xg = 0, z1 = y and, inductively, x,+1 = y + g(x,). By the mean value Theorem we

have:

1
|21 — 2nll = [lg(zn) — g(Tn_1)|| < §||$n — ZTn—1]|

sl = llg(en) +yll < gl + Iyl < 3 lzal + ol < Zllanll + 5 — e
for some € > 0, independent of n. Hence:
(1) |zt — zn|l < 27™||y|| (from the first equation),
(2) ||zn|| <7 — € (from the second equation and induction).
By condition (1), {z,} is a Cauchy sequence, hence it converges to a point z, and by condition (2), z € B™(r
Let us show that z is unique. Suppose f(z) = f(z) = y,z € B"(r). Then ||z — z|| = ||lg(2) — g(x)]|

)-

<

]|z — || which implies z = z. O
U’

So we have a well defined surjective map f~': B"(%) — U’ = B"(r) N f~1(B"(%)). Observe that
is the intersection of two open sets, hence it is open.
Cramv 2. f~1:B"(§) — U’ is C*.
PROOF. We start by observing that || f(z1) — f(z2)| > ||z1 — z2|| — |g(z1) — g(z2)|| = |21 — 22|, hence

f~1is continuous. In order to show that f~! is differentiable we observe that, since f is differentiable,

F@) = fla) = df(@) @ — 21) + hla,a) with lim 2T

ey @ — |

=0.
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Applying A := df(x1)~! to the equality above we have
Aly —y1) + Aha(y, 1) = f 1) — FH )

where y = f(z),y1 = f(21), hi(y,y1) = —h(f (), f~*(y1)). Then

hi(y, y1) _ h(z,r1) ||z — 21]]
Iy —wll |z — 21| [ly — w1l
- h
Since Il = 2] <2, lim Py, 91) =0 and d[f Y (y1) = [df(z1)]"'. Hence f~! is differentiable , the
ly — vall v=u [ly =y
Claim follows from Lemma 1.23. O

O

1.26. THEOREM. [Local form of immersions| Let f : U C R — R"*P be a C¥ map, k > 1, such that
0€ U, f(0)=0. Ifdf(0) : R® — R"*P = R"™ x RP is injective, there exists an open neighborhood U’ of 0
and a C* diffeomorphism ¢ between neighborhoods of 0 € R"*P such that if x € U’,

(bof(x) = (l‘,O).

PRrROOF. Up to an isomorphism of R"*? which sends df(0)e; to e;, we can assume that df(0)v = (v,0).
Consider the function

F:UxRF — R"P F(z,y) = f(z) +y.

Observe that F(x,0) = f(z) and dF'(0) = 1. By the Inverse Function Theorem there is a diffeomorphism ¢
between neighborhoods of 0 € R™*? such that ¢ o F' = 1. Then

¢Of($):¢OF(x70):(x70)'
([l

1.27. THEOREM. [Local form of subimmersions] Let f : U C R"*? — R" be a C* map, k > 1, such that
0c U, f(0)=0. Ifdf(0) : R"*P — R™ is surjective, then there exists a C* diffeomorphism ¢ : U — V,
between open neighborhoods of 0 € R"™P | such that if (z,y) € U,

fov(z,y) =

PrOOF. Up to an isomorphism of R"™” = R"™ x RP, we can assume that kerdf(0) = {0} x R? and
df(0)(v,0) = v. Consider the function

F:U—R"<XR, F(x,y) = (f(2,9),9).

Then dF(0) = 1 and f = mo F, where 7 : R"™ — R™ is the canonical projection. By the Inverse Function

Theorem there exists a local inverse ¥ of F. Then

foip(x,y) =moFoi(z,y) =n(z,y) = .

At this point we leave to the reader the task of proving Theorem 1.24.
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2. Integration

We will recall now the basic fact of Riemann integration theory. We will take a limited approach which
is enough for our purposes.

We will start with the case of functions of one real variable. Let [a, b] C R be a closed interval. A partition
of the interval is a set P = {t¢,...,t;} C Rsuch that a =ty < -+ < t, = b. We will set |P| = sup{t; —t;—1}.

Given a function f : [a,b] — R™ and a partition P of [a, b], we define

E
[ay

X(f, P) = A (tig1 — i) f(ti)-

-
I
o

2.1. DEFINITION. A vector X € R™ is said to be an integral of f on [a,b] if, given € > 0, there exists
6 > 0 such that

|2(f, P) — X|| <e for all partitions P with |P| < 4.

If an integral exists we will say that f is integrable on [a,b] and we use the notation
b b

X :/ f(t)dt or, when clear from the contex, simply X :/ I
a a

It is easy to see that if a function is integrable, the integral is unique.

2.2. REMARK. Let f : [a,b] — R™ be an integrable function. Then we can compute the integral as

limit of the sequence X(f, P,) where P, is a sequence of partitions such that lim,,_, ., |P,| = 0.
The proof of the following Proposition is simple and left to the reader (see Exercise 4.16).

2.3. PROPOSITION. Let f,g: [a,b] — R™ be integrable functions, k € R and T : R™ — RP be a linear

map. Then f+ g, kf and T o f are integrable and
W [y f+g= [ f+ L0 JIrf=k[/
@) [;Tof=1(J, 1
®) 1, £ < (b=l fllo. )
(4) The function F : [a,b] — R™, defined by F(z) = / f(@®)dt is well defined and continuous.

We will denote by B := B([a, b], R™) the set of bounded functions of [a, b] into R™. B([a, b],R™) is a real

vector space, with the obvious operations, and

1fllo = sup{f(t) : t € [a,b]}

is a norm in B, called the sup norm or the norm of uniform convergence.

2.4. DEFINITION. A sequence of functions f, : [a,b] — R™ in B is uniformly convergent to f € B if

2.5. REMARK. Proposition 2.3 tell us that the set of bounded integrable functions Z is a linear subspace
of B, the integral maps Z into R™ linearly (items (1)) and continuously (item (3)). The next Proposition
tell us that 7 is closed in B.
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2.6. PROPOSITION. Let f, : [a,b] — R™ be a sequence of bounded integrable functions. If the sequence

converges uniformly to a function f, the f is integrable and

b b
b

PROOF. Set I, = / fn. By Proposition 2.3 (3), |1, — Ix]| < (b—a)l|fm — fxllo- Hence {I,,} is a Cauchy
sequence in R™ and therefore converges to a vector I € R™. We claim that I is the integral of f. Fix € > 0.
Then there exist n such that || f, — fllo < €¢/3(b—a), ||[I —In| < €/3 if m > n. Also there exist § > 0
such that ||X(fm, P) — In| < €/3 if |P| < 8. Observe that | E(f, P) — E(fm, P)|| < (b= a)|lf — fmllo- So,
if |P| <48, [[I=3%(f,P)| <|I-7Lnll+ Im — X(Em, P)|| + |IZ(fm, P) — 2(f, P)|| < € and this prove the

claim. 0
We will describe classes of integrable functions.

2.7. DEFINITION. A function f : [a,b] — R™ is a step function if there exists a partition P of [a,b], P =
{to, oo ,tk} and vectors {AX()7 e 7Xk—1} such that f(t) =X;, te (tiati+1)-

2.8. LEMMA. Let f : [a,b] — R™ be a step function relative to a partition P. Then f is integrable and

/abf = Z(ti+l — ) X;.

PROOF. We can suppose f(t;) = X; (see Exercise 4.19). Observe that X(f, P') = X(f,P) if P’ is
obtained from P adding new points. Therefore X(f, P) = X(f, PUQ) for all partitions () and the conclusion
follows. O

Since every continuous function is uniform limit of step functions (see Exercise 4.20), combining the last

two Proposition we have
2.9. PROPOSITION. If f : [a,b] — R™ is continuous, then it is integrable.
We will recall now the basic relation between differentiation and integration.

2.10. LEMMA. Let f : [a,b] — R™ be a continuous function and x € [a,b]. Then

/abfz/:ﬂ/;f.

PROOF. Let P be a partition such that € P. then P = P’ U P” where P’ is a partition of [a, z] and
P’ a partition of [z,b]. Since all three integrals exist, by Lemma 4.20, we can compute the integrals as limit
of 3(f, P,) where P, is a partition as above and lim,,_, |P,| = 0 (see Remark 2.2). Then the conclusion

follows easily. (I

2.11. REMARK. The Lemma still holds for functions that are just integrable. We just have to prove that

an integrable function is integrable on any subinterval (see Exercise 4.18).

2.12. THEOREM. [Fundamental Theorem of Calculus| Let f : [a,b] — R™ be a continuous function.
Define

T
Fi(ab) —R™,  F(a) :/ f
a
Then F is differentiable and F'(x) = f(x).
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PROOF. F is continuous by Proposition 2.3 (item (4)). Fix z € (a,b) and let h > 0 be such that
x+h € (a,b). Then

F(z+h) — F(x)
| h

1 x+h
- fl@) = Iﬁ/ f= @) <supf{[f(t) = f(z)| - t € [z,2+ h)}.

Since f is continuous the expression on the right hand side goes to 0, when h goes to 0. The same argument
works for A < 0 and the Claim follows. O

We will define now the integral of functions of several real variables. We will consider the case of two
variables and the reader should not have any difficulty to extend these considerations for n variables.

Let f : [a,b] X [¢,b] — R™ be a function and let ¢, s be the first and second coordinate respectively. For
t € [a,b] fixed, we set f:(s) = f(t,s). Suppose the function f; integrable, V ¢ € [a,b]. Then we define the

iterated integral (if it exists), as

/ab/cdf(t,s) ds dt := /ab [/cdft(é’) ds] dt := /abdt/cdf(t,s)ds.

The elementary properties of the iterated integrals follows from the corresponding ones for the integrals

of functions of one real variable. For example

b pd
[ stosa < (- a)d =l where o =sup{IF 6,9+ (t:5) € [a] x fe. ).

2.13. EXAMPLE. Let P = {to,...,t;} be a partition of [a,b], @ = {so,...,sn} a partition of [¢c, d] and let
Xi; € R” be fixed vectors. Let g : [a,b] X [¢,d] — R™ be a function such that g(t,s) = X;;,t € (¢;,ti41), s €
(sj,sj+1)- For s € [c,d] the function g5(t) = g(t, s) is a step function and

b k—1
/ gsdt = (tip1 — )Xy if 5 € (50,5041).

0

b
Therefore h(s) = / gsdt is also a step function, therefore integrable and
a

d b
/ ds/ g(t,s)dt = Z(5i+1 - Si)(tj.g.l - tj)Xij.
(& a 'LJ

Observe, in particular, that the iterated integral does not depend on the order of integration.
2.14. PROPOSITION. If f is continuous, the iterated integrals exist and

/ab /cd f(t,s) dsdt/cd /ab f(t,s) dt ds.

PrOOF. We will start with a general fact
CrAaM Let U CR™ and let f: U x [a,b] — R™ be a continuous function. Then the function

b
FiU—R™ F(az):/ Fat)

is a continuous function.
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PROOF. Fix g € U and € > 0. The set V = {(z,t) € X x [a,b] : |f(z,t) — f(xo,t)| < €(b—a)~ is
an open neighborhood of xy X [a, b]. Since [a, b] is compact, there exists a neighborhood W of zy such that
W x [a,b] C V. In particular, for all z € W, |f(z,t) — f(zo,t)| < €(b—a)~!, Vt € [a,b]. Hence, if z € W

b
|F () = F(xo)| < / [f(z,t) = f(zo,8)] < (b—a)sup{|f(z,t) = f(z0, 1)} <e.
]

The Claim implies, in particular, that a continuous function admits iterated integrals. We will prove
now the commutativity relation. More precisely, given € > 0, we will show that, if P, are partitions as in
Example 2.13, there exists § > 0 such that, if |P|,|Q] <,

b d
[t [ sts = S = st — )70 <

The conclusion will follows, since the other integral is, by symmetry, approximated by a sum of the same type.
By uniform continuity of f, it follows that there exists § > 0 such that |f(¢,s) — f(t',s")| < e/(b—a)(d —¢)
if |s — §'|, |t — /| are smaller than . Consider the function g as in Example 2.13, with g(¢,s) = f(¢;,8:), t €
[tj tj+1), s € [8i,8i41). Then ||f — g|| < ¢/(b— a)(d — ¢). Therefore

|/ ar / Ut s)ds = (e — 5ty — )ty 50)] = | / Lt / it s)as - / ar / (1, 9)ds| =

b d
- |/ dt/ [F(t.5) — gt 9)}ds < (b — a)(d— )| f — gl < e
O

We will define now the integral of a function f : C' = [a,b] X [¢,d] — R™. Let P, @ be partitions of the

two intervals and set, in analogy with the 1-dimensional case,
S(fPQ) =Y (tixs —ti)(sj41 — 55) f (tir 55).

2.15. DEFINITION. We will say that X = lim|p| g0 X(f, P, Q) if, given € > 0 there exist 6 > 0 such
that || X —X(f, P,Q)|| < eif |P|,|Q| < 0. If such a limit exists we will say that f is integrable and define the
duple integral of f on C as

/ f(t,s)dtds = X.
c

2.16. LEMMA. If f is integrable over C and one of the simple integral, let say ff f(t,s)dt, exists, Vs €

[c,d], then the other simple integral exists and the iterated integrals are equal to the duple integral.

PROOF. The claim follows from the general relation between duple limits and iterated limits:
if lim X(f,P,Q)exists and lim X(f, P,Q) exists VQ, lim [ lim X(f,P,Q)]= lim X(f,P Q).
|PllQI—0 Y ) |P|—0 Y ) \Q\—>0[\P|—>0 ( ) IP[,|QI—0 Y )
|

2.17. THEOREM. [Baby Fubini] If f : C' — R"™ is continuous, then the duple integral exists and is equal

to the iterated integrals.

PRrROOF. This is a corollary of the proof of Theorem 2.14. O
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In particular we can define the integral of a continuous function with compact support.

2.18. DEFINITION. Let f :R?> — R” be a continuous function with compact support and C' a rectangle

containing the support of F. We define
f(t,s)dtds = / f(t,s)dtds.
R2 c
2.19. REMARK. It is easy to see that the definition does not depends on the choice of the rectangle C.

Beside Fubini’s Theorem, that allows us to reduce the calculus of multiple integrals to the case of simple

integrals, the other basic fact on integration that we will need is the formula of change of variables.

2.20. THEOREM. Let U,V C R? be open sets and let F : U — V be a diffeomorphism. If f : V — R

is an integrable function with compact support,

/Vf=/U|J[F]|foF,

where J[F) := det[dF] is the Jacobian determinant.
PRroOF. O

We invite the reader to extend the concepts and results above for the case of integration of function of

several variables.

3. Vector fields, distributions and the local Frobenius Theorem

3.1. DEFINITION. Let U be an open set of R™. A (tangent) vector field on U is a smooth map X : U —
R™. We will denote by H(U) the space of vector fields on U.

3.2. REMARK. Let X be a vector field. We want to think of X (z) as a vector based at x. This is the

reason why we use different names for the same thing®. We can make this point more precise as follows.

e The tangent space of U at x € U is the vector space
T, U = {(z,v) :v e R"}

with the obvious operations on the second component.
e The tangent bundle of U is

TU = UgepT,U =U x R™.

A vector field on U should be defined as a smooth map X : U — TU of the form X (z) = (z, X (z)), X :
U — R”. Of course, in our context, we are just complicating notations, but this point of view, that seems

silly now, will prove to be useful when these concepts are extended to the case of differentiable manifolds.
We will review now some facts about solutions of differential equations.

3B. Russel used to say that “Mathematics is the art of calling different things with the same name and the same thing

with different names”.
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3.3. DEFINITION. Let X € H(U), « € U. An integral curve of X with initial condition x is a smooth
map 7, : (a,b) C R — U such that:

Ay (1) =Y (t) = X(1=(1),  0€ (a,b) and 7,(0) = z.

When it is clear from the context, or irrelevant, we will ignore the subscript relative to the initial
condition.

The basic result about integral curves is the following

3.4. THEOREM. If X € H(U), x € U, there exists an integral curve with initial condition x € U. This
curve is unique in the sense that two such curves, with the same initial condition, coincide in the intersection
of the domains. In particular there is a mazximal interval of definition, (a(z), B(x)) C R. Moreover the curve

is smooth and depends smoothly on the initial condition.

3.5. REMARK. Smooth dependence on the initial condition means that, for fixed z, the exists a neigh-
borhood U of x and € > 0 such that the map

I':Ux(—e,e) — U, T(y,t) =),
is a smooth map.

3.6. REMARK. Integral curves exist even if the vector field X is merely continuous. For unicity we need

the field to be locally lipschitzian. If X is of class C*, the curves are of class C**+1,
3.7. DEFINITION. The vector field is complete if its integral curves are defined on all of R.
3.8. PROPOSITION. If X is complete, the map
Ve:U—U, %) =7(),

1s well defined and smooth. Moreover

(1) %=1,
(2) Yt+s = Yt O Vs-

PrOOF. The first property is obvious, by definition. As regards the second, we observe that, for fixed
s, the curves 7, (5)(t) and 7, (t + s) are integral curves of X with the same initial condition. The conclusion

follows from the unicity of integral curves. [

In particular ; is a diffeomorphism of U with inverse v_;, and the map ¢ € R ~» 7 is a homomorphism

of the additive group R into the group of diffeomorphisms of U.

3.9. REMARK. If X is not complete, the considerations above hold locally. We leave to the reader the

task of making this claim precise.
3.10. DEFINITION. A point z € U is a singularity (or a singular point) of X € H(U), if X(z) = 0.

The behavior of X near a singularity can be quite complicated. On the contrary, the behavior near a

non singular point is quite simple.



CHAPTER 0. A REVIEW OF BASIC VECTOR CALCULUS 19

3.11. THEOREM. Let X € H(U), = € U and X (x) # 0. Then there is a diffeomorphism ¢ : U CU — V
0
of a neighborhood U of 0 € R™ onto a neighborhood V' of x, such that d¢(y)(a—) = X(¢(y)).
X1

PROOF. We can assume z = 0, X (0) = aiwl(O) For p = (0,29,...,2,) € U, consider the integral curve
of X with initial condition p, v,(t). Then the map ¢(p,t) = 7, (t) is well defined and smooth if |¢t| < €, with €
sufficiently small and p is in a sufficiently small neighborhood U’ of 0 € R*~! = {(xy,...2,)} € R" : 2y = 0}.
It is clear that de¢(p, t)(a%l) = X(¢(p,t)) (see Remark 1.10). Also d¢(0,0) = 1, hence, by Theorem 1.25, ¢
is a diffeomorphism of a (possible smaller) neighborhood U C U’ x (—e¢, €) of 0, onto its image. O

We can ask for a natural generalization of Theorem 3.11: given linearly independent vector fields
0
X1,..., Xk € H(U), do there exist local coordinates (z1,...,z,) in R™ such that X; = a—? In order

T
to answer this question we will take a slight different approach to vector fields. First a few definitions.

3.12. DEFINITION. An algebra over the reals is a real vector space E together with a bilinear map, the
product, b : E ® E — E. The algebra is said to be associative if b(z, b(y, z)) = b(b(x,y), z) and commutative
if b(z,y) =b(y,z) V x,y,z €E.

When clear from the context we will write zy for b(z, y).

Examples of such a structure are

e The real or complex numbers with the usual multiplication. They are associative and commutative
algebras.

e The spaces M (n,K) of n x n matrices with entries in K = R or C, with the usual product of matrices.
They are associative but non commutative algebras (if n > 1!).

e The space F(U) of smooth real valued functions defined in U C R"™.

3.13. DEFINITION. An algebra homomorphism h : E — E’ between the algebras E and E’ is a linear

map such that the image of the product of two elements in E is the product of the images (in E’).

3.14. DEFINITION. An ideal Z of an algebra E is a vector subspace of E such that if z € Z,y € E, then
b(z,y), bly,x) €T

It is not difficult to see that if Z is an ideal of E, the quotient vector space E/Z has a natural product
(and hence a structure of algebra) such that the quotient map is an algebra homomorphism. Moreover, given
an algebra homomorphism h : E — E’, the kernel of h, ker h, is an ideal and, in fact, every ideal Z is the
kernel of an algebra homomorphism, the projection 7 : E — E/Z.

Let F(U) be the algebra of smooth real valued functions defined in U.

3.15. DEFINITION. A derivation of F(U) (resp. a derivation at x € U) is a R-linear map Y : F(U) —
F(U) (resp. Y(z):F(U) — R), such that:

Y(fg)=Y(f)g+ fY(g) (vesp. Y(x)(fg) =Y (z)(f)gp) + f®)Y(x)(9)) V f,g € FU).

Both the set of derivations and the set of derivations at x have a natural structure of real vector space.
We will denote by Der(U) and Der, (U) these spaces. Observe that Der(U) is infinite dimensional (if n > 0!)

while, as we will see soon, Der,(U) is n-dimensional.
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3.16. EXAMPLE. Let X € R, € U. Then the directional derivative of f € F(U) at € U, in the

direction X is a derivation at x. As we shall soon see, all derivations at x are directional derivatives.

3.17. EXAMPLE. If X € H(U), we define a derivation Der(U), still denoted by X, X (f)(x) := X (z)(f),
where X (z)(f) is the directional derivative at z as in the example above. It is easily seen that X (f)(z) € F(U)

so X is, in fact, a derivation in Der(U).
Some simple but basic facts are the following:

3.18. LEMMA. Let f € F(U) and X, € Der,(U).

o If f vanishes on an open neighborhood V. C U, then X,(f) = 0. In particular, if two functions
frg € F(U) coincide in a neighborhood of x, then X, f = X.g.

o If f is constant in a neighborhood of x, then X, f = 0.

o If f is (locally) a product of functions vanishing at x, then X, f = 0.

PROOF. Let ¢ € F(U) be a function which vanishes in a neighborhood V; of x and is identically 1

outside V' (see Exercise 4.13 for the existence of such a function). Then f = ¢f and

Xo(f) = (Xa@) f(2) + (2) X f = 0.

The second claim follows from 1-1 = 1 and the definition of a derivation. The third one is also immediate. O
Let x € R". Consider the set
Fo:={(f,V): V is a neighborhood of z, f e F(V)}.

3.19. DEFINITION. The algebra of germs of smooth functions at x, F,, is the quotient of F, by the
equivalence relation (f,U) ~ (g,V) <= f = g in a neighborhood of x (contained in U NV'). The operations

are the usual sum and product of functions (which are defined in the intersections of the domains).

3.20. REMARK. The advantage of working with germs instead that with functions is that we do not have
to worry about the domain of definition of the functions involved. Anyway, when clear from the context we

will make no difference between a function and its germ.

We will denote by D, the space of derivations of F, at x (with the obvious definition). Lemma 3.18
implies, in particular, that an element of Der,(U) induces a derivation of F,. We shall see next that all

derivations in D, are of this type.

3.21. THEOREM. Given x € R™ and a derivation X, € D,, there exist a unique vector v € R™ such that
X =v(z). In particular Dy =2 T,R™ = Der,(U).
PrOOF. Let f € F,. In a suitable neighborhood of = consider the Taylor formula

1

(@) (z; — zi(z)) + (1. ..., Tp),

where ®(x;....,2,) is a sum of products of functions vanishing at x (see Theorem 1.19 and Exercise 4.26).
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Applying X, to both sides and using Lemma 3.18 we have:

of
8.’)%

n

Xo(f) = 3 Xo(ay)

1

Therefore:

and the map that associates to e; the derivation

3 (x) extends to an isomorphism of R™ (or, better T,,U)
-
onto D,. ’ O

In what follows we will identify T,U with D, and H(U) with Der(U).
The composition of two derivations is not a derivation, in general. However the commutator of two

derivations is a derivation ( Exercise 4.28). This fact suggests the following

3.22. DEFINITION. Let X,Y € Der(U). The Lie product (or bracket) of X and Y is the commutator
[X,Y]:=XoY —-YoX.

The following properties are easy to prove and we leave the details to the reader (Exercise 4.29).

3.23. PROPOSITION. The Lie product [ -,- ] : H(U) x H(U) — H(U) is a R-bilinear map. Moreover
(1) [X,Y]=-[y, X],
(2) [X, [V, 2]] + [V, [Z X]| 4 [Z,[X, V]| =0 (Jacoby identity).

3.24. REMARK. An algebra with a product which satisfies the properties above is called a Lie algebra.

o 0
3.25. EXAMPLE. By Theorem 1.15 [—, —] =
8[[31‘ 81‘]‘
We go back to the original question: given vector fields Xi,..., X, € H(U), linearly independent at
each point, there exist local coordinates (z1,...,x,) in R™ such that X; = a—?
7

1
There is a natural necessary condition for a positive answer, the condition being [X;, X,;] = 0. It turns

out that the condition is also sufficient, at least locally. We will take a slightly more general approach.

3.26. DEFINITION. Let U C R™ be an open set. A k-dimensional distribution D on U is a law that

associates to a point z € U a k-dimensional subspace D, C R™. Moreover:

e The distribution D is smooth if there exist, locally, k& smooth vector fields Xy, ..., X) such that
D, = span{X1(z),..., Xp(x)}.

e A smooth distribution D is involutive (or integrable) if for all vector fields X, Y € H(U) such that
X(z), Y(z) € Dy, Vx €U, then [X,Y](x) € D,.

3.27. THEOREM. [Frobenius Theorem, local version] Let D be a k-dimensional involutive smooth distribu-

tion on U C R™. Then there exist (local) coordinates x1, ..., x, such that Dy = span{aixl(m), ey aixk(x)}

3.28. REMARK. The word “local” means that the claim of the Theorem holds in a sufficiently small open

neighborhood of a fixed point, that we can assume to be 0 € R™.
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PRroOOF. We will proceed by induction on k. If kK = 1, the Theorem follows directly from Theorem 3.11.
So we assume that the Theorem is true for (k — 1)-dimensional involutive distributions. Let us suppose that
D is a k-dimensional distribution spanned, locally, by smooth vector fields X7, ..., X. By Theorem 3.11 we
0
can assume that there are coordinates v, ..., y, such that X; = e Consider the set
Y1
(y1) = 0}

CrLAIM 1. D is a smooth (k — 1)-dimensional involutive distribution spanned by the vector fields

D={XecHU): X(z) € Dy, X

YVZ‘:Xiin(yl)Xh 7’:25ak

PROOF. It is easy to see that the vector fields X;,Y5,...,Y} are linearly independent at every point.
Moreover Y; € D and X; ¢ D, since X1(y1) = 1. So D is a smooth (k — 1)-dimensional distribution.
Let us show that D is involutive. If Y,Z € D, [Y,Z] € D since D is involutive. Moreover [Y, Z](y1) =
Y (Z(y1)) — Z(Y (y1)) = 0, hence Y, Z] € D. O

Observe that D is tangent to the slides R?~! := {(y1,...,yn) € R" : y; = ¢}, since the first coordinate
of Y; is Y;(y1) = 0. By the inductive hypothesis the are (local) coordinates za,...z,, in Rg_l such that
E(O,z) = span{a—Zi, i=2,...,k}. Consider the coordinates x1 = y1,2; = 2,4 = 2,...,n. The proof of the
Theorem follow from the following

1

CLAaM 2. D is spanned by Er 1
T

0 0
PROOF. We want to show that Y7 := X7 = Free Y5, ..., Y} are linear combinations of E i=1,...,k.
1 £

For this is sufficient to show that Y;(z;) =0 for ¢ <k, j > k (this is obviously true for i = 1).

Since the distribution is involutive, there are real valued smooth functions g;.s such that [Y;,Y,] =
k
Zszl girs}/;~ Now

k
Yi(Yi)(x;) = Y1, Yil(2) = ) girsVa(2;).

Hence the functions Y;(z;) are solutions of the system of differential equations

9 k
T%E(xj) = 21: GirsYs(25).

This is a linear homogeneous system of ordinary differential equations, along the x; curves, hence it admits
the zero functions as solutions. Now the initial condition, for z; = 0, is ¥;(z;)(0, 2, ..., x,) which vanishes
(for j > k) since there x; = z;. Hence, by unicity of the solutions of the initial value problem, the solutions

vanish identically. (I

O

3.29. REMARK. The Frobenius Theorem is really a result on existence and unicity of solutions of first
order partial differential equations. We will sketch the proof of a simple fact that will explain this claim.
Let a,b : R2 — R be smooth functions and consider the problem of finding a function f : R? — R

such that
or . o,
or oy
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The Theorem of Schwarz (Theorem 1.15) gives an obvious necessary condition for the existence of such
ob 0

a function, that is et a—a. We will use the Theorem of Frobenius to shows that, at least locally, such
€ Yy

condition is also sufficient*. Consider the vector fields

0 0 0 0

b  Oa, 0D
A simple calculation gives [X,Y] = (% - a—;)a Hence the distribution spanned by X, Y is involutive if

and only if [X, Y] = 0. In this case, by the Frobenius Theorem, there is a local diffeomorphism ® : R? — R3

d 0
such that d@(a—x) =X, d@(a—y) =Y. The “surface” ®(x,y,c) has the distribution spanned by X and Y

as “tangent space” and, since the normal vector is not horizontal, it project (locally) on the plane ex,
injectively. Hence it is the graph of a function f that is, as it is easily seen, a solution of our problem.

The differential equation above is the simplest case of a class of differential equation, called total differ-
ential equations, for which necessary and sufficient conditions for existence and unicity of solutions may be

given in terms of the Theorem of Frobenius.
There is an interpretation of the Lie product of vector fields worth mentioning.
3.30. PROPOSITION. Let X, Y € H(U) and ¢, be the (local) flow of X. Then, for z € U,

X, (2) = lim ¢ [d6 o (04(@))Y (9n(x)) = ¥ (2)]

0 0
Proor. By Theorem 3.11 we can assume X = —. Let Y = Zyza— By linearity we can assume
T

81‘1
0
Y = yza? Observe that the flow of X is just translations, i.e. ¢¢(21,...,2,) = (x1 +¢,...,2,). Then the
' oy N dyi | 0
right hand side is just 8—331(33) = Bgl (z) o0, (z). On the other hand, the left hand side is also 8;/1 (2) o (x)
(see Exercise 4.30). O

An important fact about Lie product is that it “behaves well with respect to smooth maps”. First a
definition to make the statement precise. Let F : U C R® — V C R™ be a smooth map between open

sets.
3.31. DEFINITION. We say that X € H(V) is F-related to X € H(U) if dF (z)(X) = X(F(z)), Yz € U.
3.32. PROPOSITION. If X, Y € H(V) are F-related to X,Y € H(U), then [X,Y] is F-related to [X,Y].

PROOF. Let f € F(V). We must show that, fixed z € U, dF([X,Y](z))(f) = [X,Y](F(z))(f).

~h
—~
~
S~—
(o]
!
|
=~
—~
8
=
D<o
—~~
=
(]
B
S~—
I

dF([X,Y](2))(f) = [X, Y](2)(foF) = X(z)(Y (foF)) =Y (z)(X(foF)) = X (z)(

= dF(X(2))(Y(f)) = dF (Y (2))(X(f)) = X (F(@) (Y (f) = Y (F(@))(X(f) = [X, Y](@)(f).

4A different proof will be given in Chapter 1.
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4. Exercises

4.1. For L,T € L(R™,R™) consider the norms ||L||s = traceL'L, |L|| = sup{||L(x)|| : ||| = 1}. Prove
that [|L]| < [|L][z < nl|L]| and [[L o T|| < LT

4.2. Prove Proposition 1.3.

4.3. Let f,g: U — R™ be differentiable functions. Define F' : U — R, F(z) = (f(x), g(x)). Prove
that F' is differentiable and compute dF'(z) (see Example 1.5).

4.4. Consider the function f:R — R? f(t) = (cost,sint). Compute df(¢) and show that there is no
to € [0,27] such that f(27) — f(0) = df(¢0)(1)27 (So the mean value Theorem, in the form 1.6, is not true

if the dimension of the target space is greater than 1).

4.5. Let f: U — R™ be a differentiable function. Use Theorem 1.7 to prove
(1) ifdf(z) =0, Va € U, then f is locally constant. In particular, if U is connected, f is constant,
(2) if T € L(R™,R™). Then

If(a+h) = fla) = T(R)|| < [[hllsup{||df(a +th) = T]| : t € [0, 1]}.

4.6. Prove that the function

fe(t) =

th if t>0
0 if t<0

is of class C*~1 but is not of class C*.

4.7. Consider the function f:R? — R

Z’zy
f(x,y) - $2 +y27

Prove that the partial derivatives at (0,0) exist, but f is not differentiable at (0,0).

(z,y) # (0,0),  f(0,0) =0.

4.8. Let f:R®™ — R™ be a function.

(1) Prove that if f(tx) =tf(x), Vt e R, and f is differentiable at 0, then f is linear.

(2) Prove that if f(tx) = |t|f(z), Vt € R, and f is differentiable at 0, then f vanishes identically.
(3) )

(4) )

(
Prove that if f(tx
(

3 =t2f(z), VteER,and f is twice differentiable at 0, then f is bilinear.
4) Prove that if f(tz) = t*f(x), Vt € R and f is of class C*, then
, 1
dif(x)(hy,... h) = (kiZ,)|dkf(0)(x,...,x,hl,...,hi).

4.9. Let || - || : R® — R be a norm.

(1) Prove that the function f(z) = ||z|| is not differentiable at 0.
(2) Prove that the function f?(z) = ||z||? is differentiable at 0 and df?(0) = 0.
(3) Prove that the norm is induced by a scalar product if and only if f? is twice differentiable at 0.

4.10. Prove that, if {z,} C R" is a Cauchy sequence admitting a subsequence converging to z € R",

then the whole sequence converges to x.
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4.11. Let {z,} C R™ be a sequence. Define convergence for the series > x, and prove the Cauchy

convergence criterion for series.

4.12. Let M(n,R) the space of n x n matrices with real entries. Consider the natural identification with
R" and define exp : M(n,R) — M(n,R), by:

exp(4) =)
k=0

(1) Prove that exp is well defined (i.e. the series converges).

k . _
(2) Prove that, if AB = BA, (A+ B)* = Zf:o ( ) ) A'B*~%. Conclude that, if AB = BA, exp(A+
i

| —

AF.

o

B) = exp(A) exp(B).

(3) Prove that exp(PAP~!) = Pexp(A)P~1.

(4) Let A be an upper triangular matrix. Compute the diagonal entries of exp(A).

(5) Show that det(exp(A)) = et VYA € M(n,R). Conclude that exp(A) is invertible VA €
M (n,R). Hint: put A in upper diagonal form.

(6) Show that exp is differentiable and compute dexp(A)(B). Hint: compute <|,—oexp(A + tB).

(7) Show that dexp(0) = 1. In particular exp maps diffeomorphically a neighborhood of 0 onto a
neighborhood of exp(0) = 1. The (local) inverse is the logarithm.

4.13. Consider the function
1
et if t>0
f(t) = .
0 if t<0

(1) Prove that f is smooth.
(2) Let 0 < &1 < d2. Prove that the function

_ FAl]* = o7)
o) = Fllll* = 03) + £(63 — [[=]1*)

is a well defined smooth function with values in [0, 1], that vanishes for ||z| < ¢; and is identically
1 for ||z|| > da.

4.14. Consider the map ¢ : B"(1) — R", ¢(x) = 2(1 — ||z]|?>)~L. Prove that ¢ is a diffeomorphism.

4.15. Use the local form of subimmersions (Theorem 1.27), to prove the following

THEOREM [Implicit function Theorem] Let U C R™ xR™ be an open set. f: U — R™ a smooth function
such that, for zo = (x0,y0) € U, f(20) =0, and da f(z0) : R™ — R™ is an isomorphism. Then there exists
a neighborhood V.C R™ of zy and a unique smooth function g : V.— R™ such that f(z,g(x)) =0 Va € V.

Moreover
dg((z) = —[daf(z,9(2))] " o di f(z,9(x))
(d;f is defined in Remark 1.12).

4.16. Prove Proposition 2.3
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4.17. Let T : [a,b] C R — L(R™,R™) be an integrable function and Y € R™. Prove that the function

ft) =T()Y is integrable and
b b
[ =1 mw.

4.18. Prove that, if f : [a,b] — R™ is integrable and = € [a,b] then flj, ;) and f|, ) are integrable and

b T b
[i=[s+]2
4.19. Let f : [a,b] — R™ be such that f(¢) = 0 for ¢ outside a finite set. Prove that f is integrable and

b
f = 0. Conclude that if two functions f, g : [a,b] — R™ differ only on a finite set, then one is integrable

a
if and only if the other one is integrable and, in this case, the two integral coincide.
4.20. Prove that any continuous function f : [a,b] C R — R™ is uniform limit of step functions.

4.21. A curve v : [a,b] — R™ is said to be rectificable if there exists I = I(y) € R (called the length of
) such that for all € > 0 there exists 6 > 0 such that if P = {t¢,...,t;} is a partition with |P| < ¢, we have

k-1
|- Z [y (Eigr) =) | <e
0

b b
Prove that if «y is of class C!, « is rectificable and I(f) = / A(t)dt = / dvy(t)(1)dt.

4.22. Use Fubini’s Theorem (Theorem 2.17) to prove Theorem 1.15. Hint: it is nor restrictive to assume
0 0
f:R? — R (why?). If / /

— —=— >0 at zp = (x0,¥0) so it is in a small rectangle C' = [a,b] X [c, d]
containing zo. Show that the integral over C' of the difference is zero.

dxdy  Oyox

4.23. Let X : U C R™ — R"™ be a smooth vector field. Prove that if supp(X) :={x € U : X(x) # 0} is

compact, then X is complete.

4.24. Let X : R® — R" be a smooth vector field. Prove that, if there is a constant M with || X (z)]| <
M, ¥V x € R", then X is complete (hint: show that an integral curve 7 : [0,a) — R™ has finite length, if

a < 00, so its image has compact closure).
4.25. Give an example of a non complete vector field in R.

4.26. Let f € F(U), 0 € U CR"™, f(0) =0. Prove that there exist functions g; € F(U;) where U’ CU
0
is an open neighborhood of 0, such that f(x;,...z,) = > o #gi(xi, ... x,) and g;(0) = 8%(0) Hint: write

~[hdf(ta)
o) = /0 oy

4.27. Consider Fy, the algebra of germs of smooth functions at 0 € R™ and Zy = {[f] € Fo : f(0) =0}.

(1) Prove that Z is the unique maximal (non trivial) ideal of Fy.
(2) Let Z2 be the ideal generated by products of two elements in Zy. Prove that Zo/Z2 is a n-dimensional
real vector space spanned by the (equivalence classes of) the germs of the coordinate functions.

Conclude that Zo/Z¢ is canonically isomorphic to [R"]*.
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4.28. Prove that if X, Y € Der(U) then [X,Y]:=X oY —Y o X € Der(U).
4.29. Prove Proposition 3.23.

4.30. Let 5 5

be smooth vector fields in R™.

0
(1) Compute [X,Y] in the basis T
g
2) Let Xi,...,X, be linear independent vectors in R™. Show that there exist smooth vector fields
I

X1,..., X, in R” such that, for a fixed z € U, X;(z) = X; and [X;, X;] = 0 in R",






CHAPTER 1

The de Rham cohomology for open sets of R”

1. Exterior forms

Let E be a finite dimensional real vector space and E* its dual. We will identify, as usual, E with the
double dual (E*)* := E**.

1.1. DEFINITION. A tensor of type (p,q) in E is a multilinear' map:

t: EFx - - xE*XxEx.---xE—TR

p times q times

We will denote by E(, ,) the space of these tensors. This is a real vector space with the operations of sum

of multilinear maps (summing the values) and product by a scalar (multiplying the values by the scalar).

1.2. EXAMPLES.
[ ] ]E(O,U = ]E*, ]E(I,O) = ]E** - ]E
e A scalar product in [E is an element of Eg o).

e It is convenient to define E (g ) := R.

We will be interested mainly in tensors of type (0,q). To simplify the notations we will set E, := E(q, ).

Beside adding tensors, we can multiply them.
1.3. DEFINITION. Given w € E,, 7 € E,4, we define the tensor product w ® T € Epyq as
WRT(Z1,. .., Tptq) = w(@1, ., Tp)T(Tpi1, - - - Tptq)-

1.4. REMARK. It is easy to see that the tensor product is associative and distributive (Exercise 7.1) and
therefore, suitable extended, define an associative algebra structure in E, := @E,. Whit this structure E, is

called the tensor algebra.

1.5. PROPOSITION. Let {wi,...,wn} be a basis of BE1 = E*. Then the set {w;, ® --- @ wj, ti1,...,iq €
{1,...,n}} is a basis of E,.

PRrROOF. Let {e1,--- ,en} be the dual basis, i.e., w;(e;) = J;;. Then:

> i, wiy @ Wi (€50 €5,) = Gy,

Li.e. linear in each variable.

29
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It follows, by a standard argument, that the the elements of the set in question are linearly independent.

Now, given w € E, we define a;,...;, = w(e;,,...,¢e;,). It is easy to check that w =) a;,..5,wi, ® -+ @ w;,,

g

and this concludes the proof.
|

We will be interested in special elements of E,. Let X(p) be the group of permutations of {1,...,p} C N.
If 7 € 3(p), we will denote by |r| the sign of 7, i.e. |w| = 1 if 7 is the product of an even number of

transpositions and |r| = —1 otherwise.

1.6. DEFINITION. Let w € E,. We will say that

o wis a symmetric form if  w(x1,...,1p) = W(Tr), .- Trip)), VT E N(p).

e wis an exterior form ? if w(w1,...,xp) = [T|w(Tr(1),- - Ta(p)), VT E X(p).

We will denote by XP(E) the space of symmetric tensors in E, and with AP(E) the space of exterior
p-forms. These are subspaces of E,. Clearly A°(E) =R =X%E), AYE)=E, =E* =XE).

We will be mostly interested in exterior forms and we will describe now the basic example.

1.7. EXAMPLE. Let {e1,...,e,} be a fixed basis of E and {¢1,...,¢,} be the dual basis. Let us fix

indexes 1 <41 < --- <1, < n and define:

w(ih__,ip)(:rl, CoTp) = det(qﬁij (zx)).

In other words we consider the matrix whose k*" column is given by the coordinates of xj in the fixed
basis, and compute the determinant of the sub matrix obtained considering only the lines (i1, ...,4p) of the

original matrix. The w(;, . ; )’s are exterior p-forms since the determinant is multilinear in the columns

and, permuting the columns the sign changes according to the parity of the permutation. As we shall see
(Proposition 1.20 and Remark 1.18), these forms are a basis of AP(E).

1.8. REMARK. By Example 1.7 p-forms are, essentially, determinants of p X p matrices and, therefore, “p-
dimensional (oriented) volume elements”. So they appear as the natural integrands of the multiple (oriented)

integrals. This statement will be made precise in the next chapter.

The tensor product of exterior forms is not, in general, an exterior form. But we can “alternate” the

tensor product in order to obtain an exterior form. Define the linear operator

AE, —E,, A(")(zr1,...,2p)=— Z IT|T(Tr(1)s - - o))
meX(p)

1.9. PROPOSITION.

(1) Ifr €E,, A(r) € A’(E).
2) If T € AP(E), A(r) =T.

In particular A2 = A.

2The terms alternating tensor or skew symmetric tensor are also used in the literature.
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PROOF. If p = 1 there is nothing to prove, so we assume p > 1. For 4,5 € {1,...,p}, we will denote by
(ij) the element of X(p) that interchanges ¢ and j and leaves the other integers fixed. If 7 € X(p), we set

7’ =mo (ij). Then |7'| = —|n| and

1
AT @1y Ty ey Ty e, Tp) = HZ IT|T(Zr(1)s -+ s Tr(g)s e oo Tr(i)s oo Trr(p)) =

1
ﬁ Z |7T‘T(£Eﬂ,/(1), e 7:E7r’(i)a Ce. 7I7r’(j)a e ’:pﬂ_,(p)) =

1
ﬁ Z —|7T/|T(£L'ﬂ./(1), N ,Cl'ﬂ./(i), ey (Eﬂ,/(j), ey xﬂ/(p)) = —A(T)(.’El, ey gy ey Ty e ,CL'p)
It is easy to see that the equation above implies that A(7) € AP(E) (see Exercise 7.2). Moreover, if 7 € AP(E),

1 1
A(T)(zy,. .., xp) = o S Il (@n1)s - Tgp)) = = S o lrlr(a, .. ap) = T(x1, . 3p)

and this proves the second claim.

g
Observe that, in general, A(¢ ® ) # A(¢) ® A(y)). However we have
1.10. LEMMA. If ¢1,...,¢, € E*, then:
1
Apre @) =— > [olbo) ® @ bogp)-
P oestn)
PROOF.
1
A1 @ @ ¢p)(@1,...,3p) = — Z lo|d1 ® - @ Pp(To(1), - - > To(p)) =
" oex(p)
1 1
o D 1ol (@em) - bp(@am) = 5 Y loldoq)(@1) - Go@) (@)
" oes(p) I
g

Using the operator A we can define product of exterior forms.

1.11. DEFINITION. The ezterior (or wedge) product is defined as the map

(p+q)!
plq!

A AP(E) x AYE) — APTYE), A(w,T)i=wAT= Alw® 7).

!
(The reason for the coefficient (p —:— ?) will be discuss in Remark 1.19.)

It is easy to prove that the exterior product is distributive (see Exercise 7.3). In particular, suitable
extended, it defines an algebra structure on A*(E) := @AP(E). A*(E) is called the exterior algebra.

It is also true that the exterior product is associative, but this fact is a little bit tricky. The proof
involves a characterization of the kernel of A. The problem is that A is not an algebra homomorphism, hence

we can not conclude, directly, that ker A is an ideal. We will prove that, in fact, ker A is an ideal.



1. EXTERIOR FORMS

32

Consider the ideal Z C E, generated by ¢ ® ¢, ¢ € E*. This is the vector subspace of E, generated by
elements of the form 7 ® ¢ ® ¢, @ Y @ n, ¢, € E* 7,n € E, or, alternatively, it is the intersection of all

ideals containing the elements of the form ¢ ® ¢, ¢ € E*.

1.12. THEOREM. ker A = 7.

PROOF. It is easily seen that Z C ker A. We will prove that ker A C Z. Consider the quotient algebra

E./Z. Denote by - the product in this quotient and by = : E, — E,/Z the projection map, which is an

algebra homomorphism. First observe that, if ¢, € E*:
0=7((¢+¥)@(¢+v))=m(¢RI+RV+YV RO+ @Y) =m(¢®@Y) +7(¢¥ ® ¢),
ie. (¢ ® 1) = —7(1h ® ¢). Therefore, for ¢y, ..., ¢, € E* and o € £(p), we have
(001, ® -+, ®Pa(p) = T (Sa(1)) T (bo(p)) = |o]m(¢1) - 7(¢p) = |o[m($1® - @ ).
Hence

1 1
m(A($1®:--0,)) = 7( D 1olm (o) @+ @ Paip)) = = Y ol @ @) = (1 ®

oex(p) " oeX(p)

So any element in ker A is in Z := ker 7.
1.13. COROLLARY. Letw € E,, 7 € E,. If A(w) =0, Alw®7)=0=A(TQuw).
Proor. This follows from the fact that ker A is an ideal.
At this point we can prove the announced result
1.14. PROPOSITION. The wedge product is associative.
PrROOF. First we observe that:
AAwen) ®0)) =Alwenel) = Alwe A(n®10)).
In fact, by 1.9, A(A(n®60) —n®60) =0 and, by 1.13, we have that:
0=Awe[An®b) —nel]) =Alwe An®n) —wen©l) = Alwe A ®0) - Alwen@0),

which proves the second equality. The first one is proved in a similar way.
Therefore, if w € A¥(E),n € AY(E), 8 € A™(E), we have:

(k+1+m)! (k+1)!
(k+Olm! &

(k+1+m)!

WAn) A= =

A(lwAn) ©0) =

Alwen®0),
and the associativity follows from the associativity of the tensor product.
1.15. EXAMPLE. Let ¢1,¢2 € E* =Eq, 71,29 € E. Then:

61 1 9a(1,22) = 23 (91 (01)0a(w2) — b1 (22)(e1)) = detli(z;).

More generally, an induction on p gives:

® ¢p).
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1.16. PROPOSITION. Let ¢; €e E*,x; € E 4,5 =1,...,p. Then:
PrL A NPy, ..., xp) = det[o;(x;)].
In particular if o € X(p), ¢p1 N+ Ndp = |0|doiy A A bo(p)-
1.17. REMARK. Observe that, by 1.14, the form ¢; A --- A ¢, is well defined.

1.18. REMARK. In the Example 1.7 the form w, .. ;) is just i, A+ A @i,

+q)! . . o . Co
M in 1.11 is convenient in order to avoid unpleasant coefficients in

1.19. REMARK. The coefficient
1.16 and also for a geometric reason: 1et' E be an inner product space, {e1,...,e,} an orthonormal basis and
{¢1,...,¢n} the dual basis (so ¢;(e;) = (e;, e;) = d;;). Given vectors x1,...,2, €E, $1A--Adp(z1,...,25)
is the “volume” of the parallelepiped of edges the zs. The coefficient above is such that the “unit cube”,

i.e. the parallelepiped spanned by the e;’s, has volume 1 (see Definition 1.28).
1.20. PROPOSITION. Let {¢1,...,dn} be a basis for E*. Then
{is A Ay, 11 <y <o <ip <}
is a basis of AP(E). In particular AP(E) has dimension (Z) and AP(E) = {0}, if p > n.

PrROOF. Let {e1,...,e,} be the dual basis. First observe that ¢1 A--- Ay (e1,...,e,) = det[p;(e;)] = 1.
Also observe that ¢; A ¢; = —¢; A ¢; and, in particular, if we interchange two elements in the product
¢i, N -+ N ¢;, the form changes sign. We will prove now that the forms {¢;, A--- A, 141 <--- <ip} are

linearly independent. Suppose

Z Qiyoiy @iy Ao Ny, = 0.

i1 < <ip
We want to show that a;,...;, = 0. We will do it for a;...,, the other cases being analogous. Observe that

Z ail...ip@-l VANEERIWAN ¢i,, A ¢p+1 A=A ¢n(61, ceey en) =a1.p = 0,
i< <ip

since the terms with {i1,...,4,} # {1,...,p} vanish (they contain two equal indexes), and the conclusion
follows. We leave to the reader the task of showing that they span AP(E) (Exercise 7.4).
0

1.21. COROLLARY. The algebra A*(E) is graded commutative® , i.e. if w € AP(E), 7 € AY(E)
wAT= (=P Aw.
In particular the square of a form of odd degree is zero.

PROOF. As we have seen this is true for products of decomposable elements (i.e. elements of the form

¢i, N+ Ni,). The general case follows from the fact that such forms span the exterior algebra. g

1.22. REMARK. There is a restriction, in Proposition 1.20, on the set of indexes with respect to Propo-

sition 1.5 and this is due to the graded commutativity of the exterior algebra.

3An algebra E, with product b: E® E — E is a graded algebra if there is a sequence of vector subspaces E; such that
E = ®E; and b(E;E;) C E; ;. Such an algebra is said to be graded commutative if for w € Ep, 7 € Eq, b(w,T) = (—1)P9b(T,w).
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Let L : E — T be a linear map. Recall that the transpose of L is the map

L* . F(=F;)) — E*(=Ey), L*(¢)(x):=¢(Lx).
This map extends to a linear map

E,(L):F, — E,, E,(L)(w)(z1,...,2p) =w(L(z1),...,L(zp)).
It is simple to see that if w € AP(F) then E,(L)(w) € AP(E). So we get, by restriction, a linear map
AP(L) :=Ep(L)|par(ry : AP(F) — AP(E),
and, by additivity, a linear map A*(L) : A*(F) — A*(E).

When clear from the context we will write Ly, or just L*, for AP(L) and A*(L).

1.23. PROPOSITION. L*(w A7) = L*(w) A L*(7). This means that L induces a graded algebra homomor-
phism L* : A*(F) — A*(E). Moreover we have the following properties, called the funtorial properties®

(1) (Ig)* = Np«()-
(2) If L:E—TF and T :F — G are linear maps, then (T o L)* = L* o T*.

Proor. To prove the first assertion, we just observe that, if ¢; € E*,z; € E, 4,5 = 1,...,p, we have:

Ly(¢1 A ANgp)(2a, ... mp) = det[ds(Laj)] = det[L™(¢4)(x;)] = L¥(d1) A~ -+ A L™ (p) (21, - - -, ).
Since AP(E) is spanned by elements of the form ¢; A --- A ¢, by Proposition 1.20, the conclusion follows by

linearity. The functorial properties are obvious. O

1.24. REMARK. We will meet often, along these notes, “functorial properties”. These properties are
usually trivial to prove, but important. For example, in the context of Proposition 1.23, they imply that, if

L is an isomorphism, then L* is also an isomorphism (see Exercise 7.15).
Let E be a finite dimensional real vector space with an inner product (-,-) : E x E — R.

1.25. DEFINITION. The isomorphisms
b:E—FE* bx)(y) =(z,y), #:E*—E, f:=b"1
are called the musical isomorphisms.

We define an inner product in E* by requiring b to be an isometry. We can also define an inner product

in AP(E) extending, by bi-linearity, the formula

(@1 Np, 1 Ao Npy) = det((¢i, 1))
Observe that, if {w;} is an orthonormal basis for E*, the basis {w;, A---Awj, : i1 < -+ <y} is orthonormal.
We recall that two bases of a n-dimensional real vector space E are equioriented if the matrix that gives
the change of bases has positive determinant. This relation is an equivalence relation and the set of bases of

E is divided into two equivalence classes.

4In the language of category theory this means that the low that associate to a finite dimensional real vector space E
the graded algebra A*(E) and to a linear maps L : E — F the map L* is a contravariant functor from the category of finite

dimensional real vector spaces and linear maps, to the category of algebras and their homomorphisms.
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1.26. DEFINITION. An orientation on E is the choice of one of two equivalence classes of equioriented

bases. E is oriented if such a choice has been made and the bases in the chosen class will be called positive.

1.27. REMARK. Naturally an orientation in E induces an orientation on E*, by declaring positive the

bases that are dual of positive bases of E.

1.28. DEFINITION. Let E be a n-dimensional oriented inner product space and let {wi,...,w,} be a

positive orthonormal basis of E*. The volume form of E is the n-form v = w1 A -+ Awy,.
1.29. LEMMA. The volume form is well defined, i.e. it does not depend on the choice of the basis.
PROOF. Let {w;}, {#;} be bases of E* and A = (a;;) such that ¢, = > apjw;. Then

QLN Ny = Z |o]a15(1) - Gnom)wi A+ Awp = det(A)wr A=+ A wpy.
oceX(n)

If the bases are orthonormal and positive, then A € SO(n). In particular det(A) = 1. O

1.30. DEFINITION. Let E be a n-dimensional oriented inner product space. The Hodge (star) operator
is the operator

syt AP(E) — APUE),  x,(n) (x4, . .. T (np)) = MAD(TL) A AD(Z(—py), V),
where v is the volume form. When clear from the context, we will write simply * instead of *,.
1.31. REMARK. Let {w;} be a positive orthonormal basis for E*. Then the Hodge operator may be

defined by extending, linearly, the map

*(wil AN /\wip) = le AR /\wjnfp,
where {i1,...,9p,71,-.-Jn—p} is an even permutation of {1,...,n}.
The following properties are easily established

1.32. PROPOSITION. x is a linear isometry and %,_p o %, = (—1)p("_p)]lAp(]E).

2. Differential forms and the de Rham cohomology

2.1. DEFINITION. A differential p-form on an open set U C R" is a smooth map w : U — AP(R") &

RG). When clear from the context we will just say that w is a differential form or simply a form.

2.2. REMARK. According to Remark 3.2 of Chapter 0, we can complicate the definition in order to have

one that make sense in the context of smooth manifold. Consider the bundle of exterior p-forms
Ap(U) = UmGUAp(TxU)

that can be identified with U x AP(R™). Then a differential p-form is a smooth map @ : U — AP(U) such
that w(x) € AP(T,U), i.e, ©(x) = (z,w(z)), w(z) < AP(R").
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We will denote by QP(U) the set of differential p-forms on U. QP(U) has an obvious structure of real
vector space. Moreover we can multiply a differential form by a function and this operation is associative
and distributive, in the appropriate sense, i.e. QP(U) is a module over F(U).

A differential form w € QP(U) induces a F(U)-multilinear map, denoted by the same symbol,
wiHU) % xHU) — FU), wXi,...,Xp)(r) =w@)(Xi(z),..., X,(x)).
Conversely, we have
2.3. THEOREM. [Tensoriality Criterion] A R-multilinear map
w:HU) X xHU) — FU),
is induced by a differential form if and only if it is F(U)-multilinear.

PROOF. Clearly, if w is induced by a form, it is F(U)-multilinear. Suppose that w is F(U)-multilinear.

Let z € U, X; € T,U. Extend the X;’s to vector fields X; € H(U), X;(y) = > jaij(y)e;, and define:

w(@)(Xq,...,Xp) = w(Xl, . ,Xp)(x).

In order to show that the above equality defines a form it is sufficient to show that it does not depend on

the extensions. In fact, by F(U)-multilinearity,

WXy, LX) (@) = Y an, (@) g, (@)wer, o eiy).

i1yemip=1

2.4. EXAMPLE. Since A°(R") =R, Q°(U) = F(U).

The basic example of a differential form is the following. Let f € F(U). Then the differential of f is
the the 1-form
(df)(@)(X) := X(z)(f), X € Der(U).
In particular, we can consider the coordinate functions x; : R® — R. At each point x € U, the
differentials at o, da;(x) ® are a basis of A'(R™). Therefore {dz;, (z) A---Adz;, (z) 1 1 <4 <+ <ip <n}

is a basis of AP(R™). So we have

2.5. PROPOSITION. Let w € QP(U). Then w can be written in a unique way as:

w= E Wiy,.ipdTiy A Adag,

i1 < <ip
where w, ...i, € F(U).
2.6. ExampLE. If f € F(U), df = Z 3 dx;.
x;
1

2.7. REMARK. As a real vector space, QP(U) is infinite dimensional (if n > 0!), but as a F(U)-module,

n
it is a free module of dimension ( >
p

5Since x; is linear, do; = z;, and da; is the form that associates to a vector its i*" coordinate in the canonical basis.
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Let U CR™, V C R™ be open sets and F : U — V a smooth function, F(z) = (Fi(x),..., Fn(z)).
Then dF(z) : R® — R™ is a linear map and we have an induced map F* : AP(R™) — AP(R™). This map

induces a linear map:

F* QP(V) — QP(U),  F*(w)(X1,...,X,)(@) == w(dF(z)(X1),...,dF(z)(X,)).

If x1,...,2n, ¥y1,...Ym are the canonical coordinates in R”, R™ respectively, we have
n
OF;
(1) F*(dyz) = ldl‘j,
=1 3xj

.....

1,y 5lp

Frw)(@) = > wi.i,(F@)F*(dy;,) A... A F*(dy;,).

i1 5ensip
We have the functorial properties:

o 1y = Torwy,
o If Fy : Uy — Us e Fy : Uy — Us are smooth maps, (Fy o F})* = F} o F.
In particular, if F is a diffeomorphism, F™ is an isomorphism.
2.8. EXAMPLE. Let U C R" and j : U — U x R™,j(x1...,2,) = (21...,2,,0...,0), be the in-

clusion. If w = f(z1,...,Zpqm)dzsy, A - Adag,,ip < --- < iy, j'w = 0, if i > n, and j'w =
f(xy, ... 2n,0,...,0)de;, A--- Aday, is iy < n.

Differentiating a function can be viewed as a R-linear map:
d: Q%U) = F(U) — QYU).
Now we extend extend now this operation to higher dimensional forms.

2.9. THEOREM. There erwists a unique family of R linear operators d? : QP(U) — QPTY(U), p =
0,...,n, such that:
(1) d° =d (the usual differential).
(2) dPtlod? =0.
(3) IfweQP(U), 1€ QIU),dP M w AT =dPw AT+ (—1)Pw AdIT.
Moreover, if F : U — V is a smooth map and w € QP(V'), then dPF*w = F*dPw.

When clear from the context we will write simply d for dP.

PROOF. Let us suppose that such a family exists. If w = f(z)dz;, A--- Adax;,, we have:

dw = (df) Adwg, A--- ANdag, + fd(dag, A--- Adag,).

Now, from (1), df = Z

i=1

of
o2, dz;, and, from (2) and (3)

d(dxil/\.../\dxip)zzztdxil/\.../\ddxij/\.../\dzip:O.
J
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Therefore, if w = Z Wiy .ipdTsy Ao Adag,

1< <ip

dw—z Z Ririp dzg ANdzg, A Adag,.

ki <-<ip

This shows that if such a family exists, it is unique. Conversely, if we define d? by the formula above we
obtain a family of operators that, as it is easily seen, has the desired properties.

The last claim follows from

= d(yi o F) = d(F"(:))

“(dyi) = Za

and the fact that F'* is an algebra homomorphism. O

The operator d is called the de Rham differential or exterior differential or simply the differential.

A simple but useful consequence of the properties above is the following

2.10. COROLLARY. d is a local operator, i.e. if w =7 in an open set U, then dw = d7 in U.

PROOF. The proof is essentially the same as the proof of the first claim in Lemma 3.18 of Chapter 0. [
We can also give an alternative definition of the exterior differential that does not depend on coordinates.

2.11. PROPOSITION. Letw € QP(U), Xo,...,X, € H(U). Then

dw(Xo, ..., Xp) =Y (1) X; - w(Xo, .., Xiy o Xp) + > (=) P (X, X5, Xo, - Xy, XG0, Xp).
i=0 i<j
PROOF. We sketch the proof leaving the details to the reader (Exercise 7.25). First observe that the right
hand side of the equality above is F(U)-multilinear, and so, by the tensoriality criterium, it is a differential
form. In particular, to compute dw(Xo, ..., X)) at a given point z¢ € U, we can take arbitrarily extensions
of the X;(zg). So will be enough to prove the equality for the case the X;’s are coordinate vector fields.
In this case [X;, X;] = 0 so the second term on the right hand side vanishes while the firs term is just the

expression of dw given in Theorem 2.9. O

We have a sequence of vector spaces and R-linear maps:

dO dl 4qrn—

0— W) Lo L Y o) —o

which is a cochain compler, i.e. dP*1 odP = 0, or, equivalently, Ind?~! C ker d” (see next section for the
definition and basic properties of cochain complexes). This sequence is called the de Rham complex of U.
We define

o ZP(U) :=ker dP, the space of p-cocycles or closed p-forms.
e BP(U) :=Im dP~1, the space p-coboundaries or exact p-forms.
e HP(U) :=ZP(U)/BP(U), the p-dimensional (de Rham) cohomology of U.
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2.12. REMARK. Let w, 7 be closed forms in U. Then d(w A 7) = 0, i.e. w A 7 is closed. Moreover if
T=df8, wAT==xd(wApf),ie wATisexact. In particular the wedge product induces a well defined
bilinear map U : HP?(U) ® HY(U) — HPT4(U), [w]U][r] = [w A 7]. This product, suitably extended, define
an algebra structure on H*(U) := @HP?(U). With this structure H*(U) is called the cohomology algebra of
US.

Let U C R™, V C R™ be open sets and F' : U — V a smooth function. As we already observed, F
induces a map F* : QP(V) — QP(U). Since, by Theorem 2.9, F* od = d o F*, F* maps closed forms to
closed forms and exact forms to exact forms. Therefore it induces a R-linear map, that we still denote by
F*,

F*:H?(V) — HP(U).
It is also simple to see that F™* induces an algebra homomorphism F* : H*(V) — H*(U).
The basic functorial properties are easily verified

o ;=1 HP(U)s

o If F : Uy — Us and F; : Us — Us are smooth maps, then (Fy o F})* = Ff o Fy.

In particular, if F' is a diffeomorphism, F* is an isomorphism. So the de Rham cohomology is a

(differential) topological invariant of U.

3. Algebraic aspects of cohomology

The construction of the de Rham cohomology fits into a general algebraic setting called homological
algebra. In this section we will discuss some elementary facts that will be used in these notes. For simplicity
we will restrict to the case of real vector spaces (not necessarily finite dimensional) although most of the
matter could be extended to the case of modules over commutative rings (see Remarks 3.10 and 3.22 ).

The objects we study are sequences of (real) vector spaces and linear maps of the type

£ :={(Er,dP): d? : EP — EPT'}.
When we introduce “objects” it is a good strategy to introduce “morphisms” between such objects, i.e.

maps that preserves the structure of the objects.

3.1. DEFINITION. A morphism ¢ : € — F, between two sequences is a sequence of linear maps ¢? :
[EP — FP such that the diagrams

dP

.— [P £, [Rptl .
LoP Lgrtt
o Y et

commute, i.e. dPo@? = ¢PT1odP (we are using the same symbols d? for the linear maps in the two sequences).

The morphism is an isomorphism if all ¢P are vector spaces isomorphisms.

We have some special sequences.

6This product is usually called the cup product. The use of this terminology, instead of the more natural wedge product, is

due to the fact that the cup product can be defined for different cohomology theories, where the wedge product is not defined.
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3.2. DEFINITION. A sequence & = {EP,dP} is ezact at EP if ImdP~! = kerd?. The sequence is an ezact

sequence if it is exact at each EP.

3.3. EXAMPLES.

(1) A sequence of the type {0} — E . Fis exact at E if and only if ¢ is injective.
(2) A sequence of the type E 2F — {0} is exact at F if and only if ¢ is surjective.
(3) A sequence of the type {0} — E 2 F — {0} is exact if and only if ¢ is an isomorphism.
3.4. DEFINITION. A sequence of the type:
{0} — E—F—G— {0}
is called a short sequence.

3.5. REMARK. Short (exact) sequences are important since they are the “building blocks” of (long exact)

sequences. Let
¢L 1 (25;

o By PR P By

be a sequence. Consider the short sequence

(0} — By /ker it 2= By 25 Im(dn) — {0}

where ¢;_1, ¢; are the induced maps. Since Im(¢;_1) = Im(¢;_1), ker(¢;) = ker(¢;), the (long) sequence is

exact at E; if and only if the short sequence is exact.
3.6. PROPOSITION. A short exact sequence
{0y —E-%TF -G — {0}

s isomorphic to the sequence
{0} —E-“EaG -G — {0},

where i(v) = (v,0) and 7(v,w) = w.

PROOF. Let G be a complement” of Im¢ = kere), i.e F = »(E) ® G. The map 1 |z : G — G is an
isomorphism. Therefore the map k: F — E @ G, k(v + w) = (¢~ (v),¥(w)) (v € ¢(E),w € G) is the

required isomorphism. O

The following result appears often in the applications

3.7. LEMMA. [The five Lemma] Consider the diagram:

E R &R 2R R
L1 1 2 1 ¢3 1 ¢4 1 o5
R 2 F = F 5 F 2R

If the squares commute, the lines are exact and the ¢;’s are isomorphisms for i = 1,2,4,5 then ¢3 is an

isomorphism.

"Recall that a complement of a subspace is obtained by starting from a basis {eq} of the subspace and completing it to a

basis of the ambient space with elements {fg} and then considering the subspace spanned by the {fg}.
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PROOF. Suppose ¢3(ez) = 0. Then ¢4(f5(e3)) = gs(¢s(es)) = 0. Therefore fz(ez) = 0 and, by the
exactness of the first line, e3 = fa(e2). Now ga(p2(e(2)) = ¢3(es) = 0, and therefore ¢a(e2) = g1(p1), for
some 1 € Fy, by the exactness of the second line. Since ¢; is surjective, there exists e; € E; such that
¢1(e1) = p1. Finally

0= fa(filer)) = f2(83 ' g101(e1)) = fae2) = e3

and therefore ¢3 is injective. We will show now that ¢s is surjective. Let usz € Fs, pug = g3(us) and
es € ¢ (a). Now ¢5(fa(es)) = ga(ps) = 0 and therefore fy(eq) = 0, since ¢ is injective. In particular
there exists e3 € E3 such that f5(es) = es. Let i3 = ¢3(e3) and w = pg — fi3. Now g3(w) = 0 and
therefore w = go(u2). Let ex = </52_1(M2)- We have ¢3(fa(e2)) = g2(p2(e2)) = w = ¢(e3) — pg and therefore
p3 = ¢3(es — fa(ez)) € Im ¢3.

d

3.8. REMARK. We observe that in the proof of Theorem 3.7 we use only that ¢2, ¢4 are isomorphisms,

¢1 is surjective and ¢s5 is injective. However the lemma is used, generally, as it is stated.
A more general and very important class of sequences is the class of cochain complexes.

3.9. DEFINITION. A sequence £ = {EP,dP} is semiexact or a cochain complez if IndP~! C kerd?, Vp.

Equivalently, it is a cochain complex if d? o dP~! = 0.

If £ is a cochain complex we define:
o ZP(&) :=kerdP, the group of p-dimensional cocycles,
e BP(£) :=1ImdP~1, the group of p-dimensional coboundaries,
e HP(E):=ZP(E)/BP(E), the p-dimensional cohomology group.

3.10. REMARK. Naturally Z?(&), BP(£), HP(E) are vector spaces. The use of the term “group” is due
to the fact that they can be defined in the more general context of complexes of Abelian groups, or modules

over a commutative ring.
The cohomology gives a measure of how much the complex is not an exact sequence.

3.11. ExAMPLE. The de Rham complex --- — QP(U) < QP+)(U) — -+ is a cochains complex

whose cohomology is the de Rham cohomology H?(U).

Consider now a morphism between two cochain complexes, ¢ : &€ — F. The commutativity condition
implies that cocycles are sent to cocycles and coboundaries to coboudaries. In particular ¢ induces linear
maps

¢*P . HP(E) — HP(F).

When clear from the context we will write simply ¢* or ¢P.

The following “functorial” properties are easily verified:

o 1" =

- 9

o (poth)" =¢ oy
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In particular if ¢ is an isomorphism, ¢* is also an isomorphism.

It is convenient to consider also sequences with “decreasing indexes”, i.e. a sequence of the type

E={Ey,0p):0,:E, — E,_1}.
If such a sequence is semiexact, we will call it a chain complex. For such a chain complex we define:

o Z,(&) :=kerd,, the group of p-dimensional cycles.
o B,(E) :==Im0p41, the group of p-dimensional boundaries.
o H,(E):=Zy(E)/By(€), the p-dimensional homology group.

As in the case of cochains, a morphism ¢ : £ — F, between two chain complexes, sends cycles to cycles
and boundaries to boundaries, so it induces a sequence of maps ¢. , : H,(€) — H,(F) and the functorial

properties are easily verified. When clear from the context we will write simply ¢. or ¢,.

3.12. REMARK. Naturally chain and cochain complexes are, essentially, the same objects. For example,
changing the index p in —p we pass from a chain complex to a cochain complex. But a more interesting

approach is duality and we will discuss this now.

Let £ := {(E,,d,) : 0, : E, — E,_1} be a chain complex. We define the dual complex £* = {(E?,d?)}
where EP := (E,)* is the dual space, and d? = (9,)* is the transpose of d,. It is simple to show that
d? o dP~! = 0 so £* is, in fact, a cochain complex. We will denote with H,, (resp. HP) the homology of £
(resp. the cohomology of £*). Consider the bi-linear map

b:EP xE, — R, b(o,c)=¢(c).
It is easily seen that this map induces a bi-linear map
b:HP x Hy — R, (gl []) = é(c),

and therefore a linear map

K:HY — [H)]",  K([0])([c]) = ¢(c).
3.13. THEOREM. [Universal coefficients Theorem| The map K is an isomorphism.

PROOF. We start observing that we have two short exact sequences

17)
(2) {0} — 2, —E, — B,1 — {0}, {0} — Bp-1 — Zp—1 — Hp-1 — {0}

where the maps are the obvious ones. By Proposition 3.6, we have the decompositions

(3) Ep = Zp D Bpflv prl = Bpfl ® prl

CramM 1.: K is surjective. Let [¢] € [Hp]*. Consider the map ¢ o : Z, — R, where 7 : Z, — H, is

the quotient map. Using the first decomposition in (3), we can extend this map to a map ¢ : E, — R with
¢=0o0n B, ;. Let e € E,. Then d¢(e) = ¢(d(e)) = 0, hence ¢ is a cocycle and K ([4]) = [4).
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CLAIM 2.: K is injective. Let ¢ € ZP be such that ¢(c) =0V ¢ € Z,. The map ¢ =900~ : B,_; — R
is well defined since, by the first sequence in (2), the difference of two elements in 0~1(B,_1) is a cycle.

Using the decompositions in (3), we can extend ¢ to a map q~5 : Bp,_1 — R. Now, Ve € E,, we have:
dd(e) = $(e) =1 0 07" (de) = (e).
Hence [¢] = [d¢] = 0. O
A useful consequence is the following
3.14. COROLLARY. If a sequence is exact, the dual sequence is also exact.

PROOF. An exact sequence is a chain complex with vanishing homology. Therefore the dual sequence

is a cochain complex with vanishing cohomology, by Theorem 3.13, hence an exact sequence 8 O

We will study now when two morphism between cochain (resp. chain) complexes induces the same map

in cohomology (resp. homology).

3.15. DEFINITION. An algebraic homotopy between two morphisms ¢,% : € — F of cochain (resp.

chain) complexes is a family of maps K? : EP — FP~! (resp. K, : E, — Fp.1), such that:
p—tp=doK+Kod (resp. ¢ —tp =00 K+ K o9).
If there exists such an algebraic homotopy, we will say the the two morphisms are (algebraically) homotopic.
From the very definition of induced morphisms we have:

3.16. PROPOSITION. Two algebraically homotopic maps induce the same morphism in cohomology (resp.

in homology).

Consider now a short exact sequence of cochain complexes:

0y —&-2F 2 g— 0.

In particular ¢; is injective and 1); is surjective. In general, at the cohomology level, ¢* is not injective and
1* is not surjective. In any case, we still have a good relation between the cohomology groups of the three

complexes.

3.17. THEOREM. [Algebraic Mayer-Vietoris Theorem| In the situation above there exists a family of
linear maps A*P : HP(G) — HPYL(E) such that the sequence:

s HP(E) 2 P (F) D HP(G) A HPTNE) —

is a (long) exact sequence. When clear from the context we will write dimply AP or A*.

8We could also give a direct proof, and the reader is invited to do so (Exercise 7.17).
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PRrROOF. We have the commutative diagram

0 0 0
+1
Er > prt1 L g2
¢’IJ ¢p+1 ¢7p+2
+1
pr — s ot L
¥p Ypt1 Ypt2
L dP+1
GPp Gpt+1 Gp+2
0 0 0

where the columns are exact and the rows are the cochain complexes under consideration. The idea is to
construct a map from G? to EP*!. A natural choice would be (¢,41) "' od? o). The point is that this map
is not well defined. Let us see how we can overcome this problem. Consider a cocycle ¢ € GP. Since 1, is
surjective, there exists b € F? such that ¢ = 1, (b). The element d?(b) € FP*! is in ker 1,1 since the diagrams
commute and ¢ is a cocycle. Since ker ¢,11 = Im ¢p11 we have dP(b) = ¢,41(a) for some a € EPT! and this
a is unique since ¢, 1 is injective. Observe that d?T!(a) = 0, since ¢p12(dPT!(a)) = AP (¢ppt1(a)) = dPTlo
d?(b) = 0 and ¢; 2 is injective. Therefore a is a cocycle. We define: A*: HP(G) — HPTY(E), A*([c]) = [a].
We have to show that [a] is well defined. The first choice we made was b € FP. If t/ is an other choice, i.e.
YP(b') = ¢P(b), then b—b" € keryp, = Im ¢,,. Therefore b’ —b = ¢,(a’), for some a’ € EP, and b’ = b+ ¢, (a’).
So, changing b by b + ¢,(a’), we change a by a + dP(a’) and this does not change [a]. Next we shall show
that [a] does not depend on the choice of ¢ € [¢]. Consider ¢+ dP(¢'). Since ¢ = tb,_1(b), for some b € FP~1,
we have ¢+ dP~ (') = ¢+ AP (01 (D)) = ¢+ ¥, (AP~ (D)) = b, (b+ dP~1()). Therefore b is substituted by
b+ d?~1(b), and this does not change d”(b) and, therefore, [a).

It is easy to see that A* is linear. We leave to the reader the task of proving the exactness of the

sequence (Exercise 7.22). O
3.18. REMARK. The map A* is well defined in cohomology but not at the cocycles level.

3.19. DEFINITION. The sequence in Theorem 3.17 is called the (algebraic) Mayer- Vietoris sequence. The

maps A*, are the Mayer-Vietoris coboundaries.

3.20. REMARK. Naturally we have a similar sequence in homology, associated to a short exact sequence
of chain complexes. The similar maps A, , or simply A,, are called the Mayer-Vietoris boundaries. We

leave the details to the reader.

An important aspect of the Mayer-Vietoris (co)boundaries is that they are “natural” in the sense of the

following Proposition, whose proof we leave to the reader (Exercise 7.22).

3.21. PROPOSITION. A morphism between short exact sequences of (co)chain complexes induces a mor-
phism between the associated Mayer-Vietoris exact sequences, i.e. the Mayer-Vietoris (co)boundaries com-

mutes with the induced maps.
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3.22. REMARK. As suggested in Remark 3.10, instead of chain and cochain complexes of vector spaces
we could consider chain and cochain complexes of Abelian groups (or modules over a commutative ring).
Almost all we have done in this section extends to the case of complexes of Abelian groups. The “almost”
refers to two exceptions:

e Proposition 3.6 does not hold in this more general setting. For example the sequence of abelian groups
(0} — 72 -7 — 7y — {0}, 2(a) :=2q,
is a short exact sequence, but it is not isomorphic to the sequence
{0} —Z —Z&Zy — Zy — {0}.

A short exact sequence of Abelian groups that verify Proposition 3.6 is called a split short exact sequence.

A sufficient condition for splitting is given by the following simple fact

3.23. PROPOSITION. A short exact sequence of Abelian groups
{0 —A-2B-Y%Cc— {0}
splits if and only if there is a map v : C — B such that 1 or = Lc. This always happens if C is free °.

e We can consider “duality” in the context Abelian groups. If G is such a group, G* := Hom(G,Z) is
the group of homomorphisms from G to Z. Therefore we can define the dual of a chain complex of Abelian
groups. However Theorem 3.13 does not hold in this context. In fact, one of the points in the proof was

that the sequence of vector spaces
{0} — Bp1 — Zpy — Hp1 — {0}

splits. As observed above, this is not the case, in general, for short exact sequences of Abelian groups.
However, if H,_; is a free Abelian group, then the sequence splits, by Proposition 3.23, and the Theorem
holds true. In the general case there is still a relation between the homology of a chain complex of Abelian

groups and the cohomology of the dual complex, still known as the Universal Coefficients Theorem.

4. Basic properties of the de Rham cohomology

The natural problem that the de Rham cohomology attacks is the problem of (indefinite) integration,
i.e. the problem of solving the equation dw = (3, for a given 3 € QPF1(U). A necessary condition for the
existence of a solution w is dG = 0. In general the problem has two aspects:

e The local problem: given x € U, 8 € QPT1(U) do there exist a neighborhood V C U of z and a solution
w € QP(V) of the equation dw = S|V 7 In this case, as we shall see, the condition df = 0 is also sufficient.

e The global problem: given 3 € QP+1(U), does there exist a solution w € QP(U) of the equation dw = 3?
In this case, the condition dg = 0 is no longer sufficient, in general, and the answer will depend on the
particular 8 and/or the topology of U.

We will start computing the de Rham cohomology in some simple cases.

9A free Abelian group G is an Abelian group that admits a basis, i.e. a subset B C G such that for any Abelian group H

and map ¢ : B — H, there exists a homomorphism (;; : G — H, extending ¢.
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4.1. EXAMPLE. For U = R® we have:
R if p=0
HP(R®) ~ np
{0} if p>0
4.2. EXAMPLE. Let U =[], U, be the union of disjoint open sets U,. Then QP(U) =[], QP (Us) (direct

product) and the differential preserves the decomposition, i.e. if w = {wy}, dw = {dw, }. It follows that
HY(U) = [[ HP(U).

4.3. EXAMPLE. Let us analyze the 0-dimensional cohomology. In this case, the only exact O-form is the
zero form so HO(U) is the space of closed O-forms, i.e. functions in F(U) with zero differential. Such a
function is locally constant, in particular it is constant on the connected components of U. It follows that

HO(U) is the direct product of copies of R, as many as the connected components of U.

Let us give a further look at the 0-dimensional cohomology. Let U C R™, V C R™ be open connected
sets, and F' : U — V a smooth map. As we observe in 4.3, the zero dimensional cohomology of U is the
space of constant functions, and the same for V. Given a O-form f € Q%(V) = F(V), F*(f) = foF and
therefore F* : H'(V) — H%(U) is an isomorphism. Modulo the identification of the zero dimensional
cohomology groups with R, we have F* =1 : R — R.

We want to look now at the induced maps in higher dimensional cohomology groups. The question is
the following: when do two smooth maps F; : U — V, i = 0,1 induce the same morphism in cohomology?

We will give a sufficient condition in terms of homotopy.

4.4. DEFINITION. Let U C R™, V C R™ be open sets and F; : U — V, i = 0,1 be smooth functions.

e A homotopy between the two functions is a smooth map?
H:Ux[0,1] CR" —V,

such that H(x,i) = F;(x),i =0, 1.

o We will say that the two functions are homotopic if there exist a homotopy between them. In this
case we write Fy ~ Fy.

o We will say that U and V are homotopy equivalent if there exist functions F: U — V, G : V — U,
such that Go F ~ 1y, FoG ~ ly. F (resp. G) is called a homotopy inverse of G (resp. of F)!!.

e We will say that U is contractible if U is homotopy equivalent to R,

4.5. EXAMPLE. A subset U C R"™ is star shaped if there exists p € U such that, for all ¢ € U, the
segment joining p and ¢ is contained in U. For example convex sets are star shaped. Star shaped subsets
are contractible since the map H(q,t) := tp + (1 — t)q is a homotopy between 1y and the constant map
F(q) = p. Tt follows that 1 and F' are homotopy inverses.

4.6. REMARK. Given a homotopy H : U x [0,1] — V/, there is a smooth function H : U x R — V/,
such that H(z,i) = F;(z),i = 0, 1. In fact, if X : R — [0, 1] is a smooth function such that A\(t) =0 if ¢ <
0, A(t) =1 if t>1, just take H(x,t) = H(x, A(t)).

10A map f:V CRNYN — RM | defined in a non necessarily open subset V. C RN is smooth, if for all p € V, f extends to

a smooth map defined in an open neighborhood of p.

HObserve that a homotopy inverse is not, in general, unique.
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A homotopy between two functions may be viewed as a curve in the space of smooth maps joining the

two functions. Also it may be viewed as a “smooth deformation” of one function to the other.

4.7. THEOREM. [Homotopy invariance for cohomology] If F; : U — V,i = 0,1 are two homotopic
smooth functions, then Ff = Fy : HP(V) — HP(U), for all p.

ProOF. By Remark 4.6 we can suppose that there is a homotopy H : U x R — V. Let j; : U —
UxR, i=0,1, ji(x) = (x,i), be the canonical inclusions. We claim that it is sufficient to prove that
Jjo =71 In fact, if so, we have:

Fy=(Hojo)" =jooH" =jioH" = (Hoj)" = Ff.

To prove that j§ = j7 we will construct an algebraic homotopy between j§ and ji (at the cochain level,

see Definition 3.15 and Proposition 3.16), i.e. an R-linear map H: OP(U x R) — QP~1(U) such that
Hdw+ dHw = jiw — Jow.
Let us construct such a map. If w € QP(U x R), w = dt A a+ 3, with

o = Z Clil 77777 ip_l(x,t)dxil /\"'/\dl’ip_l, 6: Z ﬂjl 11111 jp(x,t)dle /\/\di[,'jp

11 <. <ip_1 J1<-<jp

We define 1
]:[(w) = Z (/ O‘il,...,ip,l (I, t)dt) dxil JARERIAN dIiIFl .
0

1< <ip_1
Then

O, ..y 4
dw=—dtndat+df=—dtn 3 —== dag Adwg Ao Aday, o+
J

Gri1 < <ip

a . .
Y deh/\-~wdx,¢p+v

J1<<Jp

where v does not contain terms with d¢. Therefore

Hdw = Z /1mdt dz; A---Adz;
0 at J1 Jp

j1<"'<jp
18041' 1
1---0p—1
> </0 Tf dt >dxj/\d:z:i1/\~~/\dxip_l,

1 aail,

dﬁw: ' Z 4 (A # dt)dxj/\dfﬂll /\"'/\dxipil,

and (see Example 2.8)

, , Y 0B,y
Hdw+dHw = (/Ojat]dt>dle/\---/\dxjp:

J1<-<Jjp

= Z [ﬂj17-~»7jp (QC, 1) - 6]'1,.,.,3'17 (xv 0)](11']1 ARERNAN dxjp = flkw - ]SW

J1<<Jjp

From 4.7, and the funtorial properties, we have
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4.8. COROLLARY. IfU C R™ V CR™ are homotopically equivalent open sets, then they have isomorphic

cohomology.
In particular we have the so called Poincaré Lemma
4.9. COROLLARY. [Poincaré Lemma] If U is a star shaped open set in R™, HP(U) = {0} ifp > 1.

4.10. REMARK. Theorem 4.7 allows to define the map induced in cohomology by a continuous map.
In fact, as we shall see in the Appendix, a continuous map F' : U — V is homotopic, via a continuous
homotopy H : U x [0,1] — V, to a smooth map F : U — V and if there is a continuous homotopy
between two smooth maps, there is a smooth one. So F* := F* is well defined and invariant by continuous

homotopies.

A basic method to compute the cohomology of an open set U C R"™ is to write U as union of two,
possibly simpler open sets Uy, Us, and look for relations between the cohomology of U, U; and V := Uy NUs.
4.11. LEMMA. Consider the sequence :
(k1 —Fk3)

{0y — orU) " () @ () T ar(v) — (o),

where j; : Uy — U and k; : V. — U; are the inclusions. Then the sequence is a short exact sequence of

cochain complezxes.

PROOF. Observe that jfw = w

v, and, if (wq,wq) € QP(Ur) @ QP (Us), (kT — k3) (w1, we) = w1y — waly
(see Example 2.8). So the exactness of the sequence is obvious, except for the surjectivity of (kf — k3). To
prove that (kf — k3) is surjective we consider a partition of unity dominated by the covering {Uy, U}, i.e.
smooth functions ¢; : U — [0,1], ¢ = 1,2 such that:

p1(x) + ¢o(x) =1 Ve e U, supp(¢;) :={rcU:¢ix)>0}CU;

(see Theorem 6.2 for a proof of the existence of partitions of unity).
Given w € QP(V), we define:

di(r)w(z) ifxeV
wi(z) =
where i # j. Then w; is well defined since ¢; vanishes outside Uj, j # i. Moreover,
(k7 — k3) (w1, —wa) = wi|v + waly = ¢1w + dow = w.
Therefore (kT — k3) is surjective. O
At this point Theorem 3.17 gives:

4.12. THEOREM. [Mayer Vietoris sequence for de Rham cohomology| There ezists a sequence of linear
maps A* : HP(V) — HPYL(U), such that the sequence below is ezact:

(k1

) D gr ) e g ) M grvy AL g o) —



CHAPTER 1. THE DE RHAM COHOMOLOGY FOR OPEN SETS OF RY 49

4.13. DEFINITION. The sequence above is called the Mayer- Vietoris sequence for the de Rham cohomology

and the maps A* are called the Mayer-Vietories coboundaries.

4.14. REMARK. The Mayer-Vietoris coboundaries can be decribed explicitly. If [w] € HP(V), A*[w] is
the class of the form
—d(pow)(z) ifzel;
7(x) =
d(pw)(x) ifzels

Since d commutes with induced maps, so does A*. We invite the reader to check the details.

4.15. EXAMPLE. Let us apply the Mayer-Vietoris sequence to compute the cohomology of ¥,, := R™"\{z =
(@1,...,2pn) €R™ ¢ |y <1}

Consider the open sets:
U ={(x1,...,2n) €Xp i xp > —1/2}, Us={(x1,...,2,) € p : x, < 1/2}.

The following facts are easy to prove:
e ¥, =U; UUs.
e U; is contractible, i = 1,2. In fact the projection (z1,...,z,) ~ (z1,...,%n—1,2) is a homotopy
equivalence between U; and the hyperplane z,, = 2. Similarly for Us.
e U; NUs is homotopy equivalent to ¥(,,_1) (the projection of U; NUs into the hyperplane x, = 0 is
a homotopy equivalence).

If n =1, ¥ is the disjoint union of two contractible sets, hence by Corollary 4.8 and Example 4.3
ReR ifp=0

HP (%) = @ np
{0} ifp>0

For the case n > 2 we will prove that

HY(S,) = R ifp=0n-1
" {0} ifp£0,n—1

We proceed by induction. Let n = 2. Since X3 and the U;’s are connected, H%(Xs) = HO(U;) = R.
Consider the Mayer-Vietoris sequence:
{0} — HO(%s) — H(Uh) @ H(U2) — HO(%1) — H'(32) — H'(Uy) @ H'(Uz) —
— oo — HPTH(S) — HP(X3) — HP(Uy) © HP(Ug) — - -+ .

The first row reduces to:
{0} —R—RO®R — ROR — H'(Z,) — {0}.

The first arrow is injective hence the kernel of the second one, as well as its image, are 1-dimensional.
Hence the the third one is surjective with 1-dimensional kernel and H!(X5) & R.

From the second row we get H?(X2) = {0} if p > 1. Hence the formula holds true.

Suppose now n > 3 and that the formula holds true for n — 1. Consider again the Mayer-Vietoris

sequence:

HPY(S,) — HPY(U)) @ HPY(Uy) — HPY(D,,_1) — HP(%,) — HP(U,) ® H?P(Uy) —
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If p > 1 we have HP(Z,) & HP~}(%,_1), and, for p = 1 we get
{0} —R—Ra&R—R— H(Z,) — {0}.
Hence H'(X,) = {0} and the formula holds true for n.

4.16. REMARK. Observe that the inclusion ¥, — R™ \ {0} is a homotopy equivalence (Exercise 7.28).

5. An application: the Jordan-Alexander duality Theorem

It is convenient, as we shall see, in order to avoid special arguments for the 0-dimensional case and to

have more clean statements, to introduce reduced cohomology. Define
QN U):=R AV YU) — QU), dTV(a):=aecQU).

Then the sequence

d

)t L) — -

0y — o 1) L o)

is a cochain compex called the augmented de Rham complex.

5.1. DEFINITION. The reduced de Rham cohomology of U, ﬁp(U), is the cohomology of the augmented

de Rham complex.

5.2. REMARK. It is clear that H=*(U) = {0}, HO(U) = H°(U) ® R and H?(U) = HP(U), if p > 0. In
particular HP(U) = {0}, ¥V p >0, if U is contractible.

The basic properties, such as homotopy invariance and the Mayer-Vietoris exact sequence, continue to
hold true for the reduced cohomology and we will leave the proofs to the reader (see Exercise 7.24).

We will discuss now a nice application of the Mayer-Vietoris argument, the so called Jordan-Alexander
duality principle, that has, as a simple consequence, the celebrated Jordan closed curve Theorem. We will
follow closely [4].

Let F;, i = 1,2 be closed subsets of R™. Suppose that there exists a homeomorphism ¢ : F; — F5.
It is natural to ask if there exists some relation between the complementary sets R™ \ F;. The illusion
that they are homeomorphic or, at least, homotopy equivalent is soon frustrated. For example consider
Fi={zeR?:|z|=1}U{z eR?: |jz]| =2} and F, = {z € R? : ||z|| = 1} U {z € R% : ||z — (3,0)|| = 1}.
The complement of F; is homotopy equivalent to the disjoint union of a point and two circles, while the
complement of Fy is homotopy equivalent to the disjoint union of two points and the wedge 2 of two circles.

It is easily seen that these spaces are not homotopy equivalent.

5.3. REMARK. (For the reader familiar with the concept of foundamental group,) The fact that the
complements of two homeomorphic closed set are not homotopy equivalent is important in several contexts,
for example in Knot Theory. Recall that a knot in R? is a function 7 : ' — R? which is a homeomorphism
onto its image. Two knots are equivalent if there exists an isotopy, i.e. a homotopy through homeomorphisms,
which takes one into the other. One of the most important invariants for equivalence classes of knots is the

fundamental group of the complement of the image. Now, the images of two knots are homeomorphic and

12Recall that the wedge of two topological spaces is the space obtained from the disjoint union identifying a fixed point in

the first space with one in the second one.



CHAPTER 1. THE DE RHAM COHOMOLOGY FOR OPEN SETS OF RY 51

if the complements were homotopy equivalent, they would have isomorphic fundamental group and so the

invariant would be trivial.
There is, however, an interesting relation between the complements of homeomorphic closed sets.

5.4. THEOREM. [Jordan Alexander duality Theorem] Let F;,i = 1,2, be closed sets in R™ and ¢ : Fy —
F5 an homeomorphism. Then:

HYR™\ F) = H*R"\ Fy).

PRrOOF. We will consider R™ as the subspace of vectors in R"** with the last k coordinates zero. The

proof of the Theorem will be an easy consequence of the following two Lemmas.
5.5. LEMMA. Let F C R™ be a closed subset. Then Ht' (R \ F) = HY(R"\ F), i> —1.

ProoF. Consider the subsets of R**1:
o Z, =R\ Fx{teR:t<0}.
o Z_ =R\ Fx{teR:t>0}.
o Z:=Z,UZ_ =R"\F
Z.NZ_ ~R"\F.

The orthogonal projection of Z, onto the hyperplane x,; = 1 is a homotopy equivalence. Hence the
reduced cohomology of Z, vanishes in all dimensions. The same is true for Z_ and the Lemma follows from

the Mayer-Vietoris sequence for the reduced cohomology:

H(Z)® H(Z)={0} — H(Z, nZ_) — H*Y2) — H*Y(Z,)® H*(Z_) = {0}.

5.6. COROLLARY. If F C R" is a closed set, then H'tF(R"F\ F) = F{(R"\ F), Vi> —k.

5.7. LEMMA. Let F; C R™ i = 1,2 be closed subsets and ¢ : F; — Fy an homeomorphism. Then
R2"\ Fy x {0} is homeomorphic to R?™ \ {0} x Fy.

PROOF. Let ¢ = ¢~'. The homeomorphisms ¢, extend, by Tietze’s Theorem'3, to continuous maps
®, ¥ : R" — R™. Define:
o L:R™™ — R L(x,y) = (z,y — ®(x)).
e R:R>" — R2n7 R(l’,y) = (!L‘ - ‘l/(y)ay)
The maps L, R are homeomorphisms. In fact L™1(z,y) = (z,y + ®(z)), R~ (z,y) = (z + ¥(y),y). Consider
Fi={(z,y) R :z € [, y=¢(x)} = {(z,y) ER* :y € Fy, v = (y)}. We have L(F; x {0}) =T =
R({0} x F3) and therefore a homeomorphism:
R2"\ [y x {0} L5 B2\ T 705 R20\ {0} x Fo.
O

13Tjetze’s Theorem states that a continuous real valued function defined in a closed subset of R” extends to a continuous

function defined in the all of R™ (this fact is true, more generally, for normal topological spaces).
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The proof of the Theorem is, at this point, immediate:
ﬁz(Rn \ Fl) ~ _Hi+n(R2n \ Fl) ~ Hi+n(R2n \ FQ) ~ I:Iz(Rn \ F2)
O

As an immediate consequence of the Jordan-Alexander duality we have have the celebrated Jordan curve

Theorem.

5.8. THEOREM. [Jordan curve Theorem] Let y : S' — R? be a homeomorphism onto its image'®. Then

R2\ v(SY) has ezxactly two connected components.

PROOF. Consider the unit circle ST C R2. It is clear that the complement of S' in R? has exactly two
connected components and therefore H(R? \ S') = R. By the duality Theorem 5.4, H(R? \ v(S')) = R

and therefore the complement of v(S') in R? has also exactly two connected components. |

5.9. REMARK. It is clear that the argument in the proof of Theorem 5.8 may be extended to the case
of a closed hypersurface M™ C R"™! (see Chapter 3 for definitions) any time we have a “model”, i.e. a
close hypersurface homeomorphic to M™ and information on the complement of the model. For example
this happens in the case of closed oriented surfaces in R? or in the case of closed hypersurfaces of R**1,

homeomorphic to a sphere. A different approach will be discussed in Chapter 4 (Theorem 3.1).

6. Appendix: partitions of unity and smooth approximations

In order not to interrupt the flow of the arguments, we left, in the previous sections, a couple of “gaps”,
namely the proof of existence of partitions of unity (in the proof of Theorem 4.12) and the approximation
of continuous maps by smooth ones (see Remark 4.10). In this Appendix we will fill up these gaps.

Partitions of unity is a basic tool that allows you to glue together locally defined objects (such as

functions, forms etc.) in order to obtain a globally defined object. We start with the basic definition.

6.1. DEFINITION. Let U C R™ be an open set and let {V,} be an open covering of U. A partition of
unity dominated by the covering {V,} is a family of smooth functions A; : R — [0, 1] such that:
(1) For all 7 there exist « such that supp(};) := {x € R": A\;(x) # 0} C V.
(2) For all z € U there exist a neighborhood U, of z such that U, N supp(\;) = @ for all but finitely
many of the \;’s.
(3) Forz € U, >, Xi(x) =1 (observe that, by (2), the sum is finite).

Our aim is to prove the following result:

6.2. THEOREM. Let U C R™ be an open set and let {V,} be an open covering of U. Then there exist a
partition of unity dominated by {Vy}.

PrOOF. We will use the following notations:

Bp,r)={x eR": ||z —p| <r}, Dpr)={zeR":|z—p| <r}=DBpr).

MSuch a map is usually called a Jordan curve.
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We recall (Exercise 4.13 of Chapter 0) that given d1,02 € R, 0 < d; < d9,and p € R™, there exists a smooth
function ¢ : R™ — [0, 1] such that ¢(z) =0 in B(p,d1) and ¢(x) =1 in R™ \ B(p, d2).

CrLAM 1. Let K C R™ be a compact set and V' C R™ an open set with K C V. Then there exist a
smooth function ¢ : R” — [0, 1] such that ¢(z) =1, if z € K and ¢(x) =0if z ¢ V.

PROOF. For any p € K consider 6(p) such that D(p,26(p)) C V. Then there is a finite number of points,
P1,...,0r € K, such that K C |JD(p;,d(pi)). For each i we have a function ¢; : R® — [0, 1] such that
¢i(x) =0, € D(p;,d(p;)) and ¢(y) =1, y & D(p;,25(p;)). Then the function

Y(x) =1-¢1(z) - ¢r(x)
has the required properties. O
CLAIM 2. There exist a continuous proper function!® ¢ : U — [0, 00).

PROOF. Since R"™ is homeomorphic to the open ball B(0,1) (Exercise 4.14, Chapter 1) and the composi-
tion of a proper continuous function with a homeomorphism is still proper, we can assume that U C B(0,1)
. For x € U, define d(x) to be the distance of x to the boundary of U. Then d : U — R is a positive contin-
uous function. Consider ¢ : U — [0,00), ¢(x) = d(x)~!. Then ¢ is continuous and for all n € N, ¢~1[0, n]

is a closed bounded set in U, hence compact. So ¢ is proper. 0

We will now prove the Theorem. Consider a proper function ¢ : U — [0, 00) and set

1 3
Ap=0¢" nn+1], Wa=0¢"'(n—5n+3).

Then A, is compact and therefore may be covered with a finite number of balls By, ,, such that each disk
Dy, = m is contained in some V,, NW,,. For each such disk we have a smooth function ¢y, : U — [0, 1]
vanishing outside V, N W,, and identically 1 in Dy, ,,. It is clear from the construction that the A,’s cover
U and so, for all z € U, there is at least one of the ¢, x’s not vanishing at x. Also W,, N W, 12 = 0 so the
supports of the ¢, j are a locally finite covering and Zk,n ¢rn(T) < 00, Vo € U. So the family of functions

¢n k
Mg = ="
" Zz j Pij
is a well defined partition of unity dominated by the covering V. g

6.3. REMARK. Observe that the partition of unity we constructed is a countable set of smooth functions.

We shall prove now that a continuous function may be approximate by a smooth function, homotopic

to it. The proof is a good example of how to use partition of unity.

6.4. THEOREM. Let U C R"™ be an open set and let F': U — W C R™ be a continuous function which
is smooth on a closed subset N C U. Then, given a real valued positive continuous function § : U — R
there exists a smooth function G : U — W such that |[F(z) — G(x)|| < d(x), Ve € U and F(z) = G(z) if
x € N. Moreover G ~ F.

15A function is proper if the inverse image of a compact set is compact.
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PRrROOF. We recall that F' smooth on N means that for all x € N there exists a neighborhood V, of x
and a smooth extension h, of F|[V, N N]. For x € U we consider a neighborhood V,, of z and a function
hg : V — R with the following conditions:

(1) F(V,) is contained in a subset of an open ball contained in W.

(2) If x € N, h, is a smooth extension of F|[V, N N] and ||h,(y) — F(x)| < M

2
3) fz g N, V., NN =0 and h,(y) = F(x), Vy € V,.
()
(4) Yy € Va, [IF(y) - F(2)ll < == < 4(y).
Consider a smooth partition of unity, \;, dominated by the covering V,,. Then V i there exists x = ()

with supp(A;) € V(). For every i fix such a z(7) and set

z) = Z Ai(2)haiy(2)

Then G is a smooth function since in a neighborhood of a point G is a finite sum of smooth functions.

Let z € N and \;,, ...\, be the functions of the partition which do non vanish at z. Then h,,) is an
extension of F, hence equal, in z, to F(z). Hence G(z) = F(z) and G is an extension of F|N.

Let y € M\ N. If X\i(y) #0, y € supp(\i) C V). Hence ||F(y) — hayll < d(x(i))/2. Hence

IF6) = Gl = | AGFG) = SNk @] < SAGIFG) ~ o] < 25 <600

Finally H(x,t) = tF(x) + (1 — t)G(x) is the required homotopy.

O

6.5. COROLLARY. If two smooth maps F,G : U — W are homotopic via a continuous homotopy, then

they are homotopic via a smooth one.

7. Exercises

7.1. Prove that the tensor product of tensors is associative and distributive.

7.2. Prove that w € E, is an exterior form if and only if

W(T1, ey iy ey Ty ) = —wW(T1, e Ty Ty o Tp).

7.3. Prove that the exterior product is distributive with respect to the sum.

7.4. Complete the proof of Proposition 1.20.

7.5. Prove that ¢1,...,¢, € E* are linearly independent if and only if ¢1 A--- A ¢, # 0.

7.6. Prove that two sets of linearly independent elements of E*, {¢1,...,¢,} and {¢1,...,%,} span the
same subspace of E*, if and only if ¢1 A---Agpp, =d Y1 A--- Ay, d € R. In this case, d is the determinant

of the matrix that gives the change of basis for the subspace.
7.7. Let w € A*(E), w =Y wi, w; € A’(E). Prove that w is invertible in A*(E)'¢ if and only if wy # 0.

16j ¢. there exists w1 € A*(E) such that w A w1 = 1.
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7.8. Let E be a n-dimensional vector space. Let 7 : E* x -+« x E* — AP(E) be the p-linear extension
of (¢1,...,¢p) — @1 A -+ A ¢p. Prove that the following universal property of the exterior algebra holds:
e (UPA) If K is a vector space and b : E* x --- x E* — K is an alternated p-linear map, then there

exists a unique linear map [ : AP(E) — K such that l o7 = b.

7.9. Prove that the universal property (UPA) characterizes AP(E) i.e., given a vector space L and a
p-linear map 7 : E* x --- x E* — L such that (7, L) verifies UPA, then L = AP(E).

7.10. Prove that AP(E*) = [AP(E)]*.
7.11. Let v € A™(E) \ {0}. Define a map:
by : AP(E) x AV P)(E) — R, by(w,7)v:=wAT.
Prove that b, is non degenerate and hence defines an isomorphism b, : AP(E) — [AP)(R)]*.

7.12. Let ¢1,...,¢, € E* be linearly independent. Let v1,...,%, € E* be such that ) . ¢; A1 = 0.
Prove that ’lﬁz = Zj aij¢j with Qj5 = Qjj-

7.13. A form w € AP(E) is decomposable if w = ¢1 A -+ A ¢, ¢; € E*. By Proposition 1.20, any p-form

is a sum of decomposable forms.
(1) Show that, if dim(E) = n, any (n — 1)-form is decomposable.
(2) Show that, if dim(E) =4 and {¢1, ..., ¢4} is a basis of E*| then ¢1 Ad2+@3A @4 is not decomposable.

7.14. Let E be a n-dimensional vector space. A vector space G(E), with an associative product denoted

by A, is called a Grassman algebra for E if

(1) G(E) contains a subspace isomorphic to R @ E and is generated, as an algebra, by this subspace,
(2) 1Nz=z,2 ANz =0, Vz € E,
(3) dim(G(E)) = 2™.

Prove that G(E) is isomorphic, as an algebra, to A*(E*).

7.15. Prove, using the functorial properties, that if L : E — T is an isomorphism, L* : A*(F) — A*(E)

is an isomorphism (see Remark 1.24).

7.16. Let ¢ € E* \ {0} and w € AP(E). Show that, if ¢ Aw = 0, then there exists 7 € AP~! such that
w = ¢ A 7. Conclude that the sequence:

. — APYE) 25 AP(E) 25 APHYE) — -
is exact. Hint: choose a basis containing ¢.

7.17. Prove directly, i.e. without using Theorem 3.13, Proposition 3.14.

7.18. Let L be a finite dimensional real Lie algebra, i.e. a finite dimensional real vector space with a
bi-linear map [ , |:LxL —L, (X,Y)— [X,Y]such that,V X.,Y,Z €L we have:
(1) [X, Y] =-[y, X],
(2) [[X,Y]Z]+][Y, Z], X]+[[Z,X], Y] = 0 (Jacobi identity).
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Define a map d? : AP(L) — APTY(L),

(W) (X1, Xpa) = Y (DX, X1, X0 X X X ).
i<j
Show, at least for p = 1, that d?*! o dP = 0.
In particular the sequence above is a cochain complex and its cohomology is called the cohomology of
the Lie algebra L.

7.19. Let L be a Lie algebra. w € AP(L) is said to be Ad-invariant if, V Y, X3,..., X, € L, we have
S (D) (Y, X)X, Xy, X)) =0,
(The terminology will be clear in the section on Lie groups).
(1) Show that if w € AP(L) is Ad-invariant, then d?w = 0.
(2) Show that span {[X,Y]: X,Y € L} =L if and only if the only Ad-invariant 1-form is zero.
(3) Show that if the only Ad-invariant 1-form is the zero form, the only Ad-invariant 2-form is zero.

REMARK: Under suitable hypothesis the cohomology of the Lie algebra is isomorphic to the space of Ad-

invariant forms.

7.20. Let £ = {0} — E,, — --- — Eq — {0} be a chain complex. Assume that the E;’s are finite

dimensional and let H; be the homology groups of the complex. Prove that

X(E) = (-1)! dim(E;) = Y (—1)" dim(H;).
0 0

X(€) is called the Fuler characteristic of the complex.

7.21. Let £, F be chain complexes as in Exercise 7.20, and let ¢ : £ — F be a morphism. Prove that:

A(@) ==Y (~1)'trace(¢;) = Y _(—1)"trace(¢u.;)-

A(¢) is called the Leftchetz number of ¢ (this number is of great importance in fixed point theory).

7.22. Show that the (algebraic) Mayer-Vietoris sequence (Theorem 3.17) is exact and the (co)boundaries

are natural (Proposition 3.21).
7.23. Prove that the Mayer-Vietoris cobundary, for the de Rham cohomology, are given by
7.24. Show that the Mayer-Vietoris sequence for the reduced cohomology (see Definition 5.2) is exact.
7.25. Give details of the proof of Proposition 2.11.

7.26. Use Example 4.15 and Remark 4.16 to prove the Theorem of invariance of dimension:

THEOREM: If h: R™ — R™ is a homeomorphism, then n = m.
7.27. Redo the computations in Example 4.15, using reduced cohomology.

7.28. Prove the Claim in Remark 4.16
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7.29. Let U C R"™ be an open set and v = dx; A --- Adx, be the volume form. We will identify vectors
fields and 1-forms via the “musical isomorphisms” b : H(U) — Q' (U) and its inverse § : Q1 (U) — H(U).

Also * will denote the Hodge operator. We define the classical differential operators of calculus:

e The gradient V : F(U) — H(U), Vf:=4df = Z aa;cf ai_'
4 i 8XZ

, . . 0
e The divergence div : H(U) — F(U), div (Z Xime - Z Po
e The (geometers) Laplacian A : F(U) — F(U), Af=—divVf.
e The rotational rot : Ql(U) — Q"fz(U) rot w = xdw.

Prove that:

o

— Oz}

2) A(fg) =gAf+ fAg—2(Vf,Vg).

(1)
(2)
(3) w is closed if and only if rot w = 0.
(4)
()

Af=—ds(df) = -

4) rot Vf =0.
5) If n = 3 compute rot Z Xl-i and show that divrot w = 0.
ox

7.30. Let U C R™ be an open set. Show that H™(U) = {0} if and only if V f € F(U) there exists a
vector field X € H(U) such that divX = f.

REMARK: It can be shown that the Laplacian A : F(U) — F(U) is surjective (this is a non trivial
fact). In particular the equation div X = f has a solution V f € F(U). Hence H"(U) = {0}.

7.31. Identify R? with the complex line C, (z,y) — x +iy,i = v/—1. If U C R? is an open set and
f:U — C, we will write f(2) := f(z,y) = u(z,y) + iv(x,y),u,v € F(U). f is said to be holomorphic if it
is C* and

Ou  Ov ov ou

o ay and e ~ oy (Cauchy-Riemann equations).

It can be shown that a holomorphic function is smooth, and, even more than that, complex analytic, i.e. it
is locally the sum of its (complex) Taylor series.
(1) Show that the Cauchy-Riemann equations just say that the differential df(z) : R? — R? is C-linear
(i.e. commutes with multiplication by i = /—1).

(2) Define complex 1-forms:
dz:=dz +idy, fdz:=(u+iv)dz := (udz —vdy) + i(udy + vdz).

and the complex derivative f’(z) by the identity f’(2)dz = df. Prove that f is holomorphic if and

0 0
only if the real and imaginary parts of fdz are closed. In this case f'(z) = a—u — za—u
€T Y
(3) Prove that if f = u + iv is holomorphic, then w,v : U — R are harmonic functions (i.e. Au =

Av =0).
(4) Show that, if U is star shaped, given a harmonic function u : U — R, there exists a harmonic
function v : U — R such that f(z,y) = u(x, y)+iv(z,y) is holomorphic. The function v is unique,

up to an additive constant (if U is connected), and is called the harmonic conjugate of w.
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7.32. Let E be a real vector space and J : E — E a linear map such that J? = —1. Prove that the

dimension of E is even an J induces a structure of complex vector space on E.

7.33. Let E be a real vector space with an inner product, dimE = 2n and let J : E — E be a linear
isometry such that J2 = —11.
(1) Prove that there exist orthonormal vectors {ey, ..., e,} C E such that the set {e;, J(e;),i = 1,...n}
is an orthonormal basis for E.
(2) Prove that w(zx,y) := (z, J(y)) is an exterior form.
(3) Let ¢; = be;,1p; =bJ(e;). Prove that w = — > ¢; A 1);.
(4) Prove that w™ = (=1)"n! % 1



CHAPTER 2

Integration and the singular homology of open sets of R”

In Remark 1.8 of Chapter 1, we observed that p-forms are “p-dimensional (oriented) volume elements”
and hence the natural integrands for the (oriented) multiple integrals. In this Chapter we will make this
statement precise, we will introduce the singular homology of open sets in R™ and see how integration gives

a duality between singular homology and the de Rham cohomology.

1. Integration on singular chains and Stokes Theorem

1.1. DEFINITION. Let U C R™ be an open set and w = f(z)dzy A--- Adz, € Q*(U). Let D C U be the

closure of an open bounded set. We define

/W:/f(xlw"vxn)dxl"'dxnv
D D

where the integral on the right hand side is the usual Riemann integral.

1.2. REMARK. The integral defined above is “oriented” in the sense that if w, = f(2)dw,1) A -+ A

dz,(n), 0 € X(n), then
/w: |a|/ Wo-
D D

In particular the integral depends on the ordering of the coordinates, i.e., it depends on the choice of an
orientation in R"™, while the usual Riemann integral of a function does not depend on such a choice (see also
Exercise 6.5).

In order to define the integral of a p-form, we first define the “domain of integration”.

1.3. DEFINITION.

e A p-simplex in R™ is the convex hull' of (p+ 1) points {vg,...,v,} C R™ in general position®. The
points v; are called the vertices of the simplex. Any subset of ¢ + 1 (distinct) vertices determines
a g-simplex called a face of the original one.

e Let {e1,...,e,} be the canonical basis of RP and eg = 0. The standard p-simplex, AP C RP is the
simplex with vertices {eg,e1,...,€p}.

o A differentiable singular p-simplex in U is a smooth map o : AP — U (i.e. o extends to a smooth
map of an open neighborhood of AP) . If it is clear from the context we shall omit the term
differentiable.

1We recall that the convex hull of a subset of R™ is the smallest convex set that contains the given set. More precisely, it

is the intersection of all convex sets that contain the given set.

2The points {vo, ..., vp} are in general position if they are not contained in any affine subspace of dimension less than p.

This is equivalent to the fact that the vectors {v; —vg : 4 = 1,...p} are linearly independent.

59
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1.4. REMARK. Given a p-simplex with vertices {v,,...,v,}, a point in the simplex can be written in
a unique way in the form v = Zf:o Awv; with A; € [0,1] € R and Zf:o Ai = 1. The numbers A; are the

barycentric coordinates of v.

1.5. EXAMPLE. An important example of a singular simplex is the following: Let {vo,...,v,} be points
of R™, not necessarily in general position. Define L(vy,...,vp) to be the singular simplex of R™ that maps
the point of AP with barycentric coordinates {A, ..., A,} to the point %  Av; € R™. This simplex will

be called the linear simplex with vertices {vo,...,vp}.

1.6. DEFINITION. Let w € QP(U) be a differential p-form and o : A? — U a singular p-simplex. We

define
/w::/ oc*w,
o AP

where the integral on the right hand side is in the sense of Definition 1.1.

1.7. ExampLE. If f € F(U) is a smooth function, i.e. a 0-form, and p € U a fixed point, i.e. a 0-simplex,
then the integral of the form on the simplex is just f(p).

1.8. EXAMPLE. If w = Y w;dz; € Q1(U) is a 1-form and o : Al — U a smooth 1-simplex, then

n

0w =a(t)dt, with &(t) = o*w(t)(1) = w(o(t)(da(t)(1) = w(e()(E(1) = Y wila(®))éi(),

=1

where o;(t) = (o(t), e;) is the i" coordinate of o. Hence

/U W= /0 1 [iwi(a(t))di(t)] dt.

The fundamental result in the elementary integration theory is Stokes Theorem. It relates the integral
of a p-form on a domain to the integral of a primitive on the boundary. For p = 1 Stokes Theorem is just
the foundamental Theorem of calculus

/b df(t)dt = / f= f(b) - f(a) (see Example 1.7).
a dla,b]
We will define now the ingredients necessary to state this Theorem in higher dimensions. We start by

introducing more general domains of integration for a p-form.

1.9. DEFINITION. A singular p-chain is a (formal) finite linear combination of singular p-simplices, with

real coefficients. The set C,(U) of all such p-chains is a real vector space, with the obvious operations.

IfweQP(U),ce Cy(U), ¢ =Y aio;, we define the integral of w on ¢ by:

I(e,w) = /Cw::Zai/Jiw.

Next we have to define the boundary of a p chain. Intuitively, the boundary of a singular simplex will
be the restriction of the simplex to the boundary of the standard p-simplex AP (which is a chain and not a

simplex). More precisely
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1.10. DEFINITION. The boundary operator 0, : C,(U) — C,_1(U) is defined as the linear extension of

P
Op 0= Z(—l)ia o I},
0
where o is a singular p-simplex and F; : AP~! — AP is the linear simplex F; = L(eg, ..., €i,...,€p).

1.11. REMARK. The signs in the definition above guarantee that the (p — 1) faces of AP are taken with

the induced orientations.

1.12. EXAMPLE. For a linear simplex, we have the formula:
P

OpL(vo, ..., vp) =Y (=1)'L(vo, ..., b1, ..., vp).

=0

In our context we have the following version of the classical Stokes Theorem:

1.13. THEOREM. [Stokes Theorem] If ¢ € Cp11(U), w € QP(U), then

I(0ec,w) /w-/dw—lcdw)
Oc

PROOF. By linearity, it is sufficient to prove the Theorem when c is a singular simplex o : AP*! — U.

/dw:/ J*dw:/ do*w
Ap+1 Apr+1

(see Theorem 2.9 of Chapter 1 for the last equality). Also

do 6AP+1

where OAPF! is the linear chain ZPH( 1)1 L(€gy ..., €y ...pt1) € Cp(APTL),
Now n:=c*w=>, fi(z1,...,xpy1)dz1 A--- dx; - A dzp41. Again by linearity, it is sufficient to prove

In this case

the Theorem for each monomial. Since we can permute coordinates, up to sign, it is not restrictive to assume
n=f(z1,...,zpp1)dz1 A--- Adzy,.

Then:
of

dn = (=17
n=( )8%+1

dzi Ao A dl‘p+1.

Hence, by Fubini’s Theorem

Ap+1 Ap+1 OTpi1 AP

= (—1)17/A [f(ml,...,xp,l—in)—f(gch...,xp,O)] dzy -+ - dxp,
v i=1

where AP is the standard simplex {eo,...e,} C RP C RPHL,

Now OAPT! = L(eq,...ept1) + (=1)PT1 L(eq,. .., e,) + v where 7 is a chain of linear simplices that are

1= Py 6f
/0\ axp<l>1d$1)_|_1‘| dﬂ?l tee dl‘p =

faces of APT! containing both eg and e, 1. Since on each of such faces at least one of the first p coordinates

vanishes, 7 = 0 on . Hence:

/ 77:/ n+(—1)”+1/ n=
oAr+t L(e1,...ep+1) L(eo,-..ep)
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P
= (-1)? . flar, .. xp, 1 — Zmi)dxyndprr (fl)p+1 f(z1,...,2p,0)dz - - - dap :/ dn.
i=1

AP AP+1

2. Singular homology

We will now look a little more deeply at the boundary operator.
2.1. LEMMA. 9(,—1)0 0y = 0.

PROOF. Let o be a singular simplex. From Example 1.12 we have
9p(0) =D (—1)igoLleo, ... Ei,-...ep).

Therefore:
p

Op-1)0p(0) =D (=)' (=1)c 0 L(eg, ..., €, ... €. ep)+

i=0 J<i

P

+3 (D) Vo0 Lieo, . i 6y ep).

i=0 j>i
Note that the term oo L(eg, ..., €;,...,€j,...,€p), 4,j fixed, appears twice in the above sum with opposite
signs, and therefore d,_1)0,(c) = 0.
O
In particular the sequence:

O(p+1 Op Ap_1
- — Clp11)(U) s Cp(U) =5 Cp_1y(U) (VR ,

is a chain complex and we define:

o Z,(U) :=ker 0, the group of p-dimensional cycles.
o By(U) :=Im 9,41y the group of p-dimensional boundaries.
e H,(U):= Z,(U)/B,(U) the p*"dimensional (singular smooth) homology group.

From Stokes Theorem 1.13 we get:

2.2. THEOREM. If a € Z,(U), I(a,dw) = 0. If 0 € ZP(U), I(db,0) = 0. Therefore the operator
I:Cy(U) xQP(U) — R induces a R-bilinear operator:

I:H,(U)x HP(U) — R, I([c],[w]) := I(c,w).
2.3. REMARK. The classical Theorem of de Rham states that the linear map induced by I,

dRy : HP(U) — [H,(U)]*, dRy(lw])([c]) = /wv

is an isomorphism, called de de Rham isomorphism. We will prove this Theorem in the next section.
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Let F: U C R" — V C R™ be a smooth map. Then F' induces a linear map F, : C,,(U) — Cp(V),
obtained by extending by linearity the map which sends a singular simplex o : AP — U to the singular
simplex Floo : AP — V. It is easy to check that F, commutes with the boundary operator and hence it is
a morphism between chain complexes. Therefore it induces a morphism in homology, that we will denote
with the same symbol,

F,:H,(U) — Hy(V).

The following functorial properties are easily established®

o (Iy)s=1py, (),
e (GoF)=G,0F,.

An important feature of the de Rham map is that it is natural with respect to smooth maps.

2.4. PROPOSITION. Let F': U — V be a smooth map. Then
[F.]*(dRy(w)) = dRy (F*w).

PrOOF. Let o € Cp(U),w € QP(V). Then

/ w:/F*w
Foo o

(essentially by definition), and the conclusion follows. O

Now we will look at some examples that are the analogs, for homology, of Examples 4.1 4.2, and 4.3 of
Chapter 1.

2.5. EXAMPLE. Let U = R?. Then there is a unique singular p-simplex, the constant one. His boundary
is the alternated sum of (p+ 1) elements, all equal to the (unique) (p — 1)-simplex. Therefore the boundary
operator is null if p is odd and it is the identity if p is even. The complex of singular chains is given by:

0

1
— Clapsy(U) =R~ Cap(U) =R = Clop1)(U) =R — -« =5 Cy(U) =R — {0}.

Therefore:

R if p=0

0y ~
%w){m}ﬁp>0

2.6. REMARK. It might appear more natural and, in fact, some times more convenient, to define chains
and homology using singular cubes, i.e., smooth maps of the unit cube [0,1]? C RP into U. Since a p-cube
has always an even number of (p — 1)-faces, this construction gives, for U = R a chain complex with
p-dimensional chain group R and null boundary operators. So the homology would be isomorphic to R in
all dimensions, which is not what we would like to have. However if we take the quotient of the complex
of singular cubes by a suitable subcomplex, we obtain a new complex whose homology is the same as the

homology of the complex of singular simplices.

3This means that the homology is a covariant functor from the category of open sets of R™ and smooth maps into the

category of (graded) vector spaces and linear maps.
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2.7. EXAMPLE. Let U = [[, U, be the disjoint union of the open sets U,. Since AP is connected, the
image of a singular simplex is contained in some U,. Therefore C,(U) = @, Cp(Us) (direct sum) and the

boundary maps preserve the decomposition, i.e. if ¢ = {c,}, Oc = {dc,}. It follows that
H,(U) = P H,(Ua).

2.8. REMARK. We observe explicitly that we are dealing with finite linear combinations of simplices,
hence we have a direct sum instead of a direct product, as in the case of cohomology. Furthermore, this is
in agreement with the de Rham Theorem 2.3, since the dual of the direct sum of vector spaces is the direct

product of the duals.

2.9. EXAMPLE. Let us analyze the 0-dimensional homology. Let us suppose first that U is connected.
A 0-simplex is a constant map, i.e. a point in U. Such a simplex is a cycle, by definition. On the other
hand, given two points in U they can be joined by a smooth curve, i.e. a 1-simplex. The boundary of such
simplex is the difference of the two points, so the two points are in the same homology class. It follows
that Ho(U) = R. Also, as in the case of cohomology, if U C R®, V C R™ are connected open sets and
F:U — V is a smooth map, the induced map F; : Hy(U) — Hp(V) is an isomorphism.

If U is not connected, let us say with connected components U, it follows from Example 2.7 that
Ho(U) = PR

Next we will prove the homotopy invariance for homology:

2.10. THEOREM. Let F,G : U — V be homotopic smooth maps. Then F, = G,.

PrOOF. Let H : U x [0,1] — V be a homotopy between F and G. We will construct an algebraic
homotopy between the induced maps, i.e. a map H, : Cp(U) — Cp+1)(V) such that

doH(c)=G.(0) — F.(0) — H o do.

The Theorem then follows since if ¢ € Z,(U), Gi(c) — Fi(c) € Bp(V), i.e. [Gi(c)] = [Fi(c)] in Hy(V).

Consider the product AP x [0,1] € RP*L. If ¢ is a singular p-simplex of U, we consider the map
Ho (o x 1) : AP x [0,1] — V. The problem is that AP x [0,1] is not a simplex®. The strategy will be to
subdivide A? x [0,1] into simplices and to take a suitable alternated sums of the restrictions of H o (o x 1)
to such simplices.

Consider v; = (e;,0), w; = (e;,1), and the linear (p+1)-simplices L(vo, . .., v, w;, ... wp). If o : AP — U
is a singular p-simplex, we define

P

H(o) =) (-1)'Ho (o x 1) o L(vg, ..., vi, Wi, ..., wp) € Cpr1 (V).
=0

Extending the formula by linearity we get a morphism H : Cp(U) — Cpi1(V).
We observe that, geometrically, the left hand side of the first equation is the restriction of o x 1 to the
boundary of the prism AP x [0, 1] while the right hand side is, with appropriate signs, the restriction of o x 1

4This is a case in which would be more convenient to work with singular cubes instead that simplices since the product of

two cubes is a cube (Remark 2.6).
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to the bases of the prism, A x {0, 1}, essentially G.(c) — Fi(0), plus the restriction of o x 1 to the “lateral
faces” OAP x [0,1]. We will make this precise.
Using 1.12 and the functorial properties, we get:

ZZ ~1)YHo (o0 x 1) o L(vg, .-+, Ujy ..., Vi, Wi, ... wp)+

i j<i

+ZZ —1)"" Ho (0 x 1) o L(vg, ..., 05 Wiy ... Wy, ..., Wp).

i j>i
For ¢ = j the terms on the right hand side cancel except for

Ho (o x 1)oL(%,wo,...,wp) =Goo and —Ho(ocx1)oL(vy,...,vp,w,) =—Foo.

The rest of the sum is the opposite of

ZZ ]Ho(oxll)oL(vo,...,A- Vi Wiy o Wp)+

i j<i
-I-ZZ —1YHo (o x 1) o L(vo, ..., 05 We, ..., Wj,..., Wp) :f[@(c).
i g>1
H is then the required homotopy. O

From Theorem 2.10 and the funtorial properties we have

2.11. COROLLARY. If F : U — V is a homotopy equivalence, then F, : H,(U) — H,(V) is an

isomorphism. In particular, a contractible space has the same homology as R.

2.12. REMARK. As in the case of cohomology, the homotopy invariance allows us to define the map

induced in homology by a continuous map (see Remark 4.10 in Chapter 1).

We also have a Mayer-Vietoris exact sequence for homology. Let U; C R™,i = 1,2 be open sets and
define U = Uy UU,, V = U; NUs. Consider the sequence of chain complexes

(kl)i}k2)>«)

{0} — ¢,(v) Y oy @ () ¢ C(U) — {0},

where j; : V — U;, k; : U; — U are the inclusions and the boundary maps are the obvious ones.

We would like to proceed like in the case of cohomology. The problem we have here is that the sequence
above is not exact. More precisely, ((k1)+ — (k2)+) is not surjective, since a chain in U might not be the sum
of chains in U;. To overcome this problem, we consider the chain complex C,(U; + Us) C C,(U) spanned by
the singular simplices of U; and Us. Substituting C,,(U) with this complex, we have a short exact sequence

of chain complexes. The point that makes this idea work is the following result

2.13. THEOREM. [Small simplicies Theorem] The inclusion C,(Uy + Us) — Cp(U) induces an isomor-

phism in homology.

The proof requires some new constructions and we will give it in the Appendix in order not to interrupt
the flow of our discussion.

Using Theorem 2.13 and Theorem 3.17 of Chapter 1, we deduce, as for cohomology
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2.14. THEOREM. There are linear maps A, , : H,(U) — H,_1)(V') such that the sequence

o= (k2). Asp
c— (V) P B, ) @ Hy () ) 22 (V) — -

is a (long) exact sequence. Again, we often write A, or Ay for A, p.

2.15. DEFINITION. The exact sequence above is called the Mayer-Vietoris sequence for singular homology

and the maps A,, the Mayer-Vietoris boundary operators.

3. The de Rham Theorem for open sets of R™
Let U C R™ be an open set. As we have seen, integration induces a linear map:
AR: HY(U) — [HU))', dR(() = [ w

We have already announced that this map is an isomorphism and the aim of this section is to prove this

fact. We will start with a Lemma, known as the Mayer Vietoris argument, useful in several situations.

3.1. LEMMA. [Mayer Vietoris argument]® Let U C R™ be an open set and P a statement about the open
subsets V. C U. Suppose that:
(1) P is true for open convex sets,
(2) If P is true for disjoint sets, then it is true for their union,

(3) If P is true for two sets and for their intersection, then it is true for their union.

Then P is true for U.

PROOF. First we observe that P is true for the union of n convex sets. In fact, for n = 2 this follows
from (3) observing that the intersection of two convex sets is convex. Suppose that P is true for the union
of (n — 1) convex sets. Let Vi,...,V, be convex sets and V =V U...UV,,_1). Then P is true for V,, and,
by the inductive hypothesis, for V. But it is also true for V NV, since

VAaV,=MWnNVy)U...U (Vi nVy)

is the union of (n — 1) convex sets. From (3), P is true for the union of all the V;’s.

Let ¢ : U — [0, 00) be a proper function (see Claim 2. in the proof of Theorem 6.2, Chapter 1). Define:
Ay = ¢~ ([n,n +1)).

Since ¢ is proper, A,, is compact and we can cover it with a finite number of open convex sets, Uy, ,,, contained
in ¢! ((n — %,n + %)) Let U,, = UpU,. Now P is true for U,, since it is a finite union of convex sets.
Let us consider Ueyen, = UpUs, and Upgq = UpUszpy1. Then, by (2), P is true for Ugyen and Uygq since
each one is a disjoint union of sets for which P is true. Finally Ucyen N Usdda = Un k,n Uk 2n N Un 2ny1 and
therefore it is a disjoint union of sets that are finite unions of convex sets. Therefore, by (3), P is true for
U = Uecypen U Uopgq. O

We can now prove the de Rham Theorem.

3.2. THEOREM. The map dR : HP(U) — [H,(U)|* is an isomorphism.

5The lemma is also called the onion lemma and the reason for this will be clear from the proof (see [2]).
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PROOF. Since we will work with several open sets, it is convenient to denote with dRy the de Rham

map relative to the open set V. C U C R™. We are going to use Lemma 3.1. Let us consider the statement

P(V):=dRy : HP(V) — [Hp(V)]" is an isomorphism.

Clearly the statement is true for convex sets. In fact they are contractible and we have to check the
statement in dimension 0, which is trivial. Also, if it is true for a family of disjoint open sets, it is also true
for their union (recall that the dual of the direct sum is the direct product).

Let us suppose that P is true for the open sets V, W and for VN W. Consider the diagram:

= HP(VAW) —= HP (VUW) —— HPY(V) @ HPH (W) —— -
\L dRvw i dRvuw l dRv ®dRw
= [H,(VOW))]" — [Hpr (VU W) — [Hppt(W)]" & [Hpa (W) — -

where the upper row is the Mayer-Vietoris sequence for cohomology and the lower row is the dual of the
Mayer-Vietoris sequence in homology. The latter is exact by Proposition 3.14 of Chapter 1. Since integration
commutes with induced maps (Proposition 2.4), the diagram above are commutative. Since dRy~w and
dRy @ dRw are isomorphisms by hypothesis, it follows from the five Lemma (Lemma 3.7 of Chapter 1)
that dRyuw is an isomorphism. So P verifies the hypothesis of Lemma 3.1 and hence dR = dRy is an

isomorphism. O

3.3. REMARK. Starting with the singular complex C(U) = {C,(U), 9, }, we can consider the dual complex
C*(U) = {Cp(U)*, 05} (see Remark 3.12 of Chapter 1). The cohomology of C*(U) is called the singular
cohomology of U and it is isomorphic, by Theorem 3.13 of Chapter 1, to the dual of the singular homology
of U. So the de Rham Theorem states that the singular cohomology and the de Rham cohomology are
isomorphic. The de Rham cohomology H*(U) = ®,>0H?(U) has a natural product, induced by the exterior
product of forms, which is distributive, associative and graded commutative, (see Remark 2.12 of Chapter
1). In the singular cohomology it is possible to introduce, by geometric arguments, a product, also called
the cup product, which is distributive, associative and graded commutative. The de Rham Theorem actually

says that dR, extended by linearity, is an isomorphism of algebras.

3.4. REMARK. Singular homology is usually defined by starting with continuous simplices i.e., continuous
maps o : AP — U °. The singular (continuous) chain complex C®(U) = {Cy(U), d,} is defined in the obvious
way, i.e. the spaces Cg (U) are the vector spaces with basis the singular continuous simplices and the boundary
operator is defined just as in the smooth case. The basic properties, such as homotopy invariance and the
Mayer-Vietoris exact sequence, are also proved just as in the smooth case. The inclusion C(U) — C°(U) is a
morphism of chain complexes, so it induces a map between the homology groups. Using the same arguments
as in the proof of the de Rham Theorem, it is easy to prove that the inclusion induces an isomorphism in

homology.

SHere U can be any topological space.
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4. Tensor product of vector spaces and the Kiinnet’s Theorem

A natural question to ask is the following: given open sets U; C R™ and Uy C R™ find a relation between
the cohomology groups of Uy, Us and Uy x Uy C R™ x R™.
To answer this question we need some preliminary algebraic facts. To start with we need a slightly

different approach to tensors.

4.1. DEFINITION. Let E,F be two real vector spaces (not necessarily finite dimensional). Consider the
vector space freely generated by {(x,y) : x € E,y € F} and the subspace generated by the elements
o (z1+22,9) — (21,9) — (@2,9),  (zy1+y2) — (z,91) — (@,42), i €K,y €F.
o r(z,y) — (re,y), r(x,y)—(z,ry), x €E, y €F, reR.
The quotient space is called the tensor product of E and F and will be denoted by E ® F. The class of (z,y)
in E®F will be denoted by = ® y.

In other words we may think of E ® F as the space of finite (formal) linear combinations of elements of
the type z ® y with the “calculus rules”
o (114 12)RYy=21QY+120Yy, QW +y2) =2y +2Q Yy,
e r(zRY)=rrRy=xry.

The following facts are easily verified

4.2. PROPOSITION.

(1) ERF=FQE, EQRXE.

(2 (E@F)QP=E® (FQP).

3)E®(FoP)*EQFaEQP.

(4) If{e;},{f;} are bases for E,F respectively, then {e;® f;} is a basis for EQF. In particular, if E, F
are finite dimensional, dim(E ® F) = dim(E) dim(F).

(5) IfE is finite dimensional, E* @ E* = E,.

— — ~— ~—

Let 7 : ExF — E®TF be the bi-linear extension of 7(z,y) = z ® y.

4.3. PROPOSITION. The following universal property of the tensor product holds
o (UP®) IfK is a vector space and b : E x F — K, is a bilinear map, then there exists a unique linear

map | : EQF — K such that lom = b.

PROOF. Set l(x ® y) = b(x,y). By the “calculus rules”, [ extend to a linear map of E® F into K such
that lor =b. If ' : E®F — K is a linear map with I’ o = b, then I'(x ® y) = b(z,y) = I(z ® y). Since
the elements of the type z ® y span E® IF, we have [ = ['. O

The general philosophy is that objects defined by universal properties are unique.

4.4. PROPOSITION. If H is a vector space and ™ : E x F — H is a bi-linear map such that UP® is
verified for (w,H), then HXEQF.

PROOF. From the universal property for 7 : E x F — E ® F follows that there is a unique linear map

|l : E®F — H such that [ o w = 7. From the universal property of 7 : E x F — H follows that there
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is a unique map I’ : H — E ® F such that I’ o7 = 7. Now, lol’ : H — H is such that 7o (lol') = 7.
But also 7 o 1 = 7. Hence, by uniqueness, (I ol’) = 1. Analogously I’ ol = 1, hence | and I’ are inverse

isomorphisms. O

The important feature of the tensor product is that it allows us to transform a bi-linear problem into a
linear problem, which is, generally, easier to solve.

Let E;, F;, ¢ =1,2 be vector spaces and let L; : E; — F; be linear map. We define
L1®L22E1 ®E2—>IF1 ®F2, L1®L2(v®w) = Ll(v)®L2(w)

We will need also the following result , whose proof we will leave to the reader (Exercise 7.23)

4.5. PROPOSITION. Let --- — [E4 2, Eo X, E3 — --- be an exact sequence and let F be a vector
space. Then the sequence --- — E; Q F @ Ey®F l@» Es®F — --- is exact.

The result we have promised, called the Kiinnet Theorem, or also the Kinnet formula, is the following

4.6. THEOREM. [Kiinnet’s Theorem| Let Uy C R™ and Us C R™ be open set. Then
H*(U1 x Us) = @y =1 HY (U1) @ HY(Us).

PrOOF. Let us denote by m; : Uy x Uy — U; the projection maps. Let W C U; be an open set and

consider the map
kw : W) @ QUU) — QYW x Uy), k=p+q, rw(w®T)="riwArsT.
Since 7 commutes with d, ky induces a morphism in cohomology. Summing up these morphism, for
P+ q =k, we get a map, still denoted by xyy,
Kw : @prg=k HP (W) @ HY(Uy) — H*(W @ Uy).

We want to prove that kg, is an isomorphism. For this we will use the Mayer Vietoris argument (Lemma
3.1) as in the proof of the de Rham Theorem. Let us consider the statement
P(W) = kw : ©prget HP(W) @ HI(Uy) — H¥(W ® Uy)  is an isomorphism.

We have to show that the conditions of the Lemma 3.1 are verified. Clearly P(W) is true if W is convex.
Also if W, are disjoint open sets such that P(W,) is true, the same holds for W = U,W,. It remains to
show that if V,W C U are open sets such that P(V), P(W) and P(V NW) are true, them P(V U W) is

true. Consider the Mayer-Vietoris sequence

S HP(VUW) — HP(V) @ HP (W) — HP(VAW) 25 HPAYVUW) — -
Tensoring with H?(Us) and summing for p + ¢ = k we obtain the diagram

ea*ell

c Bpyg=k HP(VAW) @ HI(Uz) "==7 @prq=p HPTH(VUW) @ HI(U) — -+
| kveaw | Kooy
e Hk((VﬁW)xUQ) A—) Hk+1((VUW)><U2) .

The upper line is exact by Corollary 4.5, the lower one is exact being the Mayer-Vietoris sequence of

V x Uy, W x Uy € (VUW) x Us. Moreover kynw and ky @ Ky are isomorphisms, by hypothesis. So we
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can use the five Lemma to conclude that Ky is an isomorphism, once we show that the squares commute.
This is obvious for all squares but the one that appear in the picture above. For this square we have

e kyuw o (A" @ 1)(w® ¢) = T Aw A 730,

o Ao kyaw(w ® ¢) = A*miw A T30,

The conclusion follows from the fact that A* commutes with induced maps (Remark 4.14 of Chapter 1). O

5. Integration of 1-forms and some applications

Let U C R™ be an open set. A smooth curve v : [a,b] — U can be seen as the smooth 1-simplex
5 =~ o L(a,b) where L(a,b) = (1 — t)a + tb. If w € Q' (U) is a 1-form, we define
1 b
[o=[o= [ [Zeaemso]a= [ [Suammo]
where the second integral is the integral of w on the 1-simplex 4 and the last equality comes from the formula
of change of variable in 1-dimensional integrals (see also Example 1.8). For the rest of this section, when
clear from the context, we will make no difference between the curve v and the 1-simplex 7.

Let 7 : [a,b] C R — U be a piecewise smooth curve, i.e. a continuous curve such that there exists a
partition tg = a < t; < -+ <ty = b of [a, b] such that ~y; := 7|[t;, t;+1] is smooth. Then v can be viewed either
as the (smooth) 1-chain v = > +; or as a continuous 1-simplex. Clearly, in both cases, 9y = v(b) — v(a).

Let v : [a,b] C R — U be a continuous closed curve, i.e. y(a) = v(b). Consider the map = : [a,b] —
St = {x € R?: ||z|| = 1}, n((1 — t)a + tb)) = (cos 27t,sin 27t). Since 7 is closed, ¥ = yo 7! is a well
defined continuous map of S* into U. Conversely, any such map defines a continuous closed curve. From this
point of view, continuous closed curves and continuous maps of the circle into U look like the same thing.
However, there are some differences:

e If v is a smooth curve & will be just piecewise smooth. It will be smooth if and only if the derivatives
of all orders of v at a, coincide with the derivatives of the corresponding order of ~ at b.

e Any curve v : [a,b] — U is homotopic to a constant (see Exercise 7.3). This is not the case for maps

of St into U. The following result,whose proof is quite obvious, relates the two situations:

5.1. LEMMA. Let%,:S' — U, i = 0,1 be continuous maps and ~; be the corresponding closed curves.
Then ¥, ~ 7, if and only if there is a homotopy H : [a,b] x [0,1] — U between o and v1 such that
H(a,s) = H(b,s) Vs e€|0,1].

5.2. REMARK. A homotopy like the one in Lemma 5.1 is called a free homotopy and the maps 7, are
said to be freely homotopic. The word “free” is to distinguish this concept from the one of based homotopy,

frequently used in homotopy theory, for example in the definition of the fundamental group.

When clear from the context we will make no distinction between v and 7.
Let « : [a,b] — U be a closed piecewise smooth curve. Then, if we think of v as a smooth 1-chain,

07 = 0 and therefore it determines an element [y] € Hy (U).

5.3. LEMMA. If~y and v, are freely homotopic piecewise smooth closed curves, then [yo] = [v1] in H1(U).
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PRrROOF. Let H : [a,b] x [0,1] — U be a free homotopy between the two curves. Subdividing [a, b] x [0, 1]
into triangles and using linear simplices as in the proof of homotopy invariance for singular homology (see
Theorem 2.10), we get a chain H with dH = v, — 7. O

An other important variant of the concept of homotopy of curves is the following:

5.4. DEFINITION. Let v; : [a,b] — U, i = 0,1 be curves such that yg(a) = v1(a), v(b) = y1(b).
An endpoints fizing homotopy between the two curves is a homotopy H : [a,b] x [0,1] — U such that
H(a,s) = vo(a), H(b,s) = y(b), Vsel0,1].

If such homotopy exists, we will say that the curves are homotopic relative to the endpoints.

The following (well known) facts follow easily from the Theorem of de Rham (we invite the reader to

give a more elementary proof, see Exercise 7.11).

5.5. PROPOSITION. Let w € QY (U) be a closed 1-form.

(1) Ifvi, i = 0,1 are freely homotopic piecewise smooth closed curves (resp. curves homotopic relative

/w:/ w.
Yo 71

(2) w is exact if and only if for all closed curves v

/sz.
¥

5.6. DEFINITION. A connected open set U C R™ is simply connected if every closed curve is freely

homotopic to a constant curve 7

to the endpoints) then:

From Proposition 5.5 we have:
5.7. COROLLARY. If U is simply connected, then H'(U) = {0}.

5.8. REMARK. A natural question is whether H(U) = {0} implies that U is simply connected. The
answer to this question is affirmative for n = 2 (see Exercise 7.25) and negative if n > 3. For example there
are, in R3, (complicated) closed sets, homeomorphic to the 3-dimensional closed disk, whose complements
are not simply connected (for example the so called “horned sphere”). The complement of such a disk has,
by the Jordan-Alexander duality (see Theorem 5.4 of Chapter 1), the same cohomology as the complement
of the standard 3-dimensional disk, hence vanishing first cohomology group (see Example 4.15 of Chapter
1). We do not know of any simpler example in dimension 3. For n > 4 there are simpler examples that we

will discuss in Chapter 4.

We will focus now on closed curves in U = R?\ {0}. In U there is an important 1-form, the angle form

—__ Y z
w=— Jry2d33—|— x2+y2dy.

"The concept of simply connectedness is usually defined in terms of the vanishing of the fundamental group. In this group,
two freely homotopic closed curves are in the same conjugacy class (and conversely), but they may not be the same element of
the group. However, the vanishing of the fundamental group is equivalent to the fact that every two closed curves are freely

homotopic.
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It is easily seen that dw = 0, in fact, locally, w = darctan(y/z). But w is not exact since, if y(t) =

(cos 27t sin 27t),
1
/w = / 2r[sin?(27t) + cos?(27t)]dt = 27 # 0.
0% 0

In particular, dR([w])([y]) = 27. Since H}(U) = R, by Examples 4.15 of Chapter 1, [w] spans H(U)
and [v] spans H1(U) =2 R.

5.9. DEFINITION. Let v : [0,1] — U be a piecewise smooth curve. An angular function for v is a
piecewise smooth function 6 : [0,1] — R such that 6(¢) is one of the determinations, in radians, of the

(oriented) angle between e and ().

5.10. LEMMA. Any piecewise smooth curve «y : [0,1] — U admits angular functions and two angular

functions for v differ by an entire multiple of 2.

PROOF. Let 0y € [0,27) be the angle between e; and (0), and w the angle form. Define

H(t):/ v+ b
71[0,]

Since, locally, w = darctan(y/z), 0 is an angular function for . Finally we observe that two angular
functions, at a given time, are determinations of the same angle, so they differ, at that time, by an entire
multiple of 27r. This multiple does not depend on the time since the difference of the two angular functions

is, divided by 2, an integers valued continuous function defined on a connected set, hence constant. O

5.11. REMARK. The advantage of having angular functions is that we can write « in polar coordinates
Y(#) = 7@ €@ = v (®)] (cos b(t),sin (1))

Let v : [0,1] — U be a closed curve and 6 an angular function. Since v(0) = v(1), 6(1) — 6(0) is an

entire multiple of 2.

5.12. DEFINITION. The winding number of -y is the integer

6(1) — 6(0)
o '

w(y) =

5.13. REMARK. Since two angular functions differ by a multiple of 27, the winding number does not

depend on the particular angular function. Moreover

wm;Au

5.14. EXAMPLE. Consider the curve &,(t) = (cos2mnt,sin2nnt), t € [0,1], n a given integer. Then

0(t) = 2wnt is an angular function and w(&,) = n.
The main fact about winding numbers is the following

5.15. THEOREM. [Homotopy classification] Two piecewise smooth closed curves~; : [0,1] — U, i=0,1,

are freely homotopic if and only if they have the same winding number.
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PROOF. If the two curves are freely homotopic, by Proposition 5.5 and Remark 5.13, they have the same
winding number. Let v be a piecewise smooth closed curve with angular function § and winding number
w(y) =n € Z. Let &, be as in Example 5.14. Define

H:[0,1] x [0,1] — U, H(t,s) = [s||l7@®)| + (1 — s)](cos(s0(t) + (1 — s)2mnt),sin(sO(t) + (1 — s)2mwnt)).

Then H(t,0) = &,(t), H(t,1) = v(¢) and the condition w(y) = n implies H(0,s) = H(1l,s), V s € [0,1].
Hence H is a free homotopy between &, and 7. This concludes the proof since the relation of being freely

homotopic is an equivalence relation. O

5.16. REMARK. Any continuous curve in U admits continuous angular functions. Once we have angular
functions, we can define the winding number for a continuous closed curve. Theorem 5.15 holds true in this

more general situation (see Exercise 7.15).

We will see now some applications of the homotopy invariance of the winding number.

Let D2(r) := {z € R? : ||z|| < r} be the disk of radius 7 and S1(r) := {z € R? : ||z|| = r} be its
boundary. Consider a smooth function® f : D?(r) — R2. A basic question is to find solutions of the
equation f(z) = 0. In the case of a function f : [-r,r] C R — R, the celebrated Theorem of Bolzano
states that if f(r)f(—r) < 0 the equation has a solution. We will prove a similar result for our case, similar
in the sense that we shall give a condition on f, at the boundary of the disk, that is be sufficient (but not

necessary, in general) for the existence of solutions of our equation.

5.17. DEFINITION. Let f : D?(r) — R? be a smooth function. Suppose f(z) # 0 if ||| = r. The
degree of f, dg(f), is defined as the winding number of the closed curve:

vp:[0,1] — U :=R2\ {0},  ~4(t) = f(r(cos2nt,sin 27t))

5.18. ExaAMPLE. Consider the complex plane C = R? with complex variable z = = + 4y, and the map

g(z) = 2". Then v4(t) = r(cos2mnt,sin 27nt). Hence dg(g) = n.
The announced result is the following:
5.19. THEOREM. If dg(f) # 0 then the equation f(x) =0 has a solution.
PROOF. Suppose dg(f) # 0, f(x) # 0V x € D?(r). Consider the map
H:[0,1] x [0,1] — R?*\ {0},  H(t,s) = f(sr(cos2rt,sin2nt)).

Since f(z) # 0, for ||z|| < r, H is a free homotopy, in R?\ {0}, between v; and the constant curve a(t) = f(0).
Therefore, by Theorem 5.15, dg(f) := w(vf) = w(e) = 0, a contradiction. O

In order to compute degrees, the following fact is often useful

5.20. LEMMA. [Lemma of Poincaré-Bohl] Let ; : [0,1] — R2\ {0}, i = 0,1 be two closed curves. If
o) — v (| < |70 (t)]] ¥V t €0,1], the two curves are freely homotopic.

8By Remark 5.16 we only need continuity of the function.
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PRrROOF. Consider the map:
H:[0,1] x [0,1] — R?,  H(t,s) = sy1(t) + (1 — s)70(t).

The condition ||vo(t) — 1 (t)|| < [|70(¢)|| implies that the segment joining ~o(¢) and 71 (t) does not contain
the origin. Hence H([0,1] x [0,1]) C R?\ {0} and H is a free homotopy between the two curves. O

As an application of Theorem 5.19, we prove now the Fundamental Theorem of Algebra:

5.21. THEOREM. Let f(z) = 2"+ a12" '+ -+ +an_12 + a, be a polynomial in the complex variable z.

If n > 1, f has a complex root.

PrOOF. Let r > 1+ > |a;|. If f(z) = 0, for some z € S'(r), there is nothing to prove. Suppose

f(2) #0 for ||z|| = r and consider the function g(z) = 2". For ||z|| = r we have:
1£(z) =gl < Y ladlllz]* < r™ = [lg(2)]-
1

Hence, by Lemma 5.20, f and g have the same degree and dg(g) = n # 0, by Example 5.18. Hence, by
Theorem 5.19, the polynomial f has a root in D?(r). d

5.22. REMARK. We can take a slightly different approach to the winding number. Let v : ST — R?\ {0}

be a closed smooth curve. Then we can extend v to a map
I':R?*\ {0} — R?\ {0}, T(tz)=1ty(z), =€ S
Hence we have an induced map
I, : H(R*\ {0}) 2R — H(R*\ {0}) =R

which is multiplication by a real number, which is, as it is easily seen, the winding number of 7. In this
context the winding number is also called the degree of v and is denoted by dg(7). This point of view is

useful in extending the concept to higher dimensions (see Exercise 7.21).

6. Appendix: baricentric subdivision and the proof of Theorem 2.13

Let U = Uy UU,, U, U; open sets in R™. We want to show that the inclusion ¢ : C,(Uy 4+ Uz) — Cp(U)
induces an isomorphism in homology. The idea of the proof goes as follow: consider a singular simplex
o : AP — U and the covering of AP given by o ~'U;,i = 1,2. We “subdivide” AP into sub simplices of very
small diameter, smaller than the Lebesgue number of the covering, so that o sends each one of the small
simplecis into Uy or Us. With this operation we pass from a chain ¢ € C,(U) to a chain é € Cp(Uy + Us).
Finally we must show that if ¢ is a cycle, ¢ is also a cycle that represent, in H,(U), the same class of ¢ and
if ¢ is the boundary of a chain in Cp41(U) it is also the boundary of a chain in Cp41(Us + Us). To formalize
this idea we start introducing the concept of baricentric subdivision.

Let I = [vg, ..., vp] be an (affine) p-simplex in R™.
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7. Exercises

7.1. Let w =dz1 A--- Adx, € QP(R™) and AP be the standard p-simplex. Show that

1

/ w=— (= volume of AP).
AP b

7.2. Let U,V C R"™ be connected open sets and F' : U — V be a diffeomorphism. Let D C U be the

closure of a bounded open set and f : V — R a smooth function. The change of variables Theorem for

multiple integrals states that:

/ f(yl,...,yn)dy1~-~dyn:/ f(F(z1,...,z,))|det(dF)|dzy - - - da,.
F(D) D

/ w= :l:/ F*w,
F(D) D

with the sign + (resp. —) if F' preserves (resp. reverse) the orientation, i.e. det(dF') > 0 (resp. det(dF) < 0).

Let w € Q™(V). Prove that:

7.3. Let U CR™, V C R™ be open sets and F : U — V a continuous map. Prove that if U (resp. V)

is contractible, then F' is homotopic to a constant map.

7.4. Let D"t = {z e R . ||z < 1}, S = {z e R*™!: ||lz| = 1} = OD"! and V C R™. Show that
a continuous map F' : S™ — V is continuously homotopic to a constant map if and only if it extends to a

continuous map F : D"t — V.
7.5. Prove that an open set U C R™ is connected if and only if Ho(U) = R (see Example 2.9).

7.6. Let U CR™, V CR™ be open sets and F : U — V a smooth map. Prove that if U is connected,
F,: Hy(U) — Hy(V) is injective. Study the case in which U is not connected (see Example 2.9).

7.7. For an open set U C R™ define the reduced homology, H,(U), as the homology of the augmented

chain complex
- — Gp(U) — Cpa(U) — -+ — Co(U) — R — {0},

where the last map sends any singular 0-simplex to 1 € R and is extended by linearity (the other maps are
the usual boundaries). Find the relation between H,(U) and H,(U) and prove the homotopy invariance and

the exactness of Mayer-Vietoris sequence for reduced homology.

7.8. Compute the homology of ¥,, C R™ using the Mayer Vietoris sequence for reduced homology (see
Example 4.15 of Chapter 1 for the definition of %,,).

7.9. Let U C R™ be an open set and p € U. Assume known that H,, (U) = {0} (see Remark in Exercise
7.30 of Chapter 1). Find the relation between Hy (U \ {p}) and of Hy(U).

7.10. Prove the claim made in Remak 3.4 that the homology of the complex of continuous singular

simplices is isomorphic to the homology of the complex of the smooth singular simplices.

7.11. Give a proof, without using the Theorem of de Rham, of Proposition 5.5.
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7.12. Let U C R™ be an open set and let a, 3 : [0,1] — V be continuous curves with «(1) = £(0).
Define o * 3 as

2t 0<t<
axB(t) = o(2t) SeUSEs
B2t—1) sei<t<1
and a~!(t) = a(1 — t). Assuming that the products below are well defined. Prove that
(1) If o~ ﬁl, Qg ~ ﬁg, then Q1 X% Qg ~ 61 *ﬁg.
2) (axB)xy~ax(Bxy)
(3)
1

(4) axa ™t ~e ~alxa

N[

Oé*ﬁpNO[Nep*Oé.

where the homotopies are relative to the endpoints and ¢, is the constant path €,(t) = p.

Hint: consider the homotopies

(1) If H,; are homotopies between «; e 3,

H,(2t, o<t<i
Ht,s) = { h@hs) se0sisy
Hy(2t —1,s) se%ﬁtﬁl
(2)
a(sitl) se0<4t< s+1
H(t,s) =< PB4t—s—1) ses+1<4t<s+2
(=2 ses+2<4t<4
(3)
€p(t) se0<2t<1—3s
Hit,s) = § 2—14s
a(ﬁ) sel —s<2t<2
(4)
a(2t) e0<t< e
H(t,s) =4 a(l —s) se1 SStS
at(2t—-1) selfE<t<1

Give a “geometric” interpretation of the homotopies above.

7.13. Let U C R™ be an open set and p € U. Consider the set Q(U,p) = {y : [0,1] — U :
v is continuous and v(0) = (1) = p}. Prove that * induces a group structure on the quotient set
m1(U,p) := Q(U,p) modulo the equivalence relation a ~ (3 if and only if «, 3 are homotopic relative to
the endpoints.

REMARK. With this structure, m (U) is called the fundamental group of U with respect to p.

7.14. Prove that an open set U C R™ is simply connected if and only if any two curves ; : [0,1] —
U, i = 0,1 with with the same endpoints are homotopic relative to the endpoints.

7.15. Prove that any continuous curve 7 : [a,b] — R?\ {0} admits angular functions (hint: use polar
coordinates to prove the claim when the image of 7 is contained in a half plane. Then...). Extend Theorem

5.15, Definition 5.17 and Theorem 5.19 to the case of continuous functions.
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7.16. Let v : S — R?\ {0} be an odd closed curve, i.e. v(—t) = —v(t), t € S'. Prove that w(y) is
odd.

7.17. Prove the following Theorem of Borsuk: if f,g : S — R are odd continuous functions, there
exists p € S such that f(p) = 0 = g(p) (hint: use the projection of the closed upper hemisphere onto the
unit disk to define a function of the disk in R?).

7.18. Let f,g : S — R be continuous functions. Prove that there exists p € S? such that f(p) =
f(=p), 9(p) = 9(-p).

7.19. Prove that there are no injective continuous functions F : §? — R2.

7.20. Let w = a(x,y)dr + b(z,y)dy be a smooth closed 1-form in R? \ {0}. Suppose that, for 0 <
22 + y? < K, the functions a,b are bounded. Prove that w is exact (hint: use homotopy invariance to show
that for all closed curves v : S — R?\ {0}, f,yw =0).

7.21. Let F : S — S™ be a smooth function and F : R"1\ {0} — R\ {0}, F(tx) = tF(z).
Then we have an induced linear map F, : H,(R"*'\ {0}) =% R — H,(R"*'\ {0}) = R. This map is
multiplication by a real number dg(F), called the degree of F. It is known that dg(F) € Z ? . Let D"*!
be the unit disk and G : D"*! — R"*! a smooth function not vanishing on the unit sphere S™ = 9D"*1.
Then the degree of G, dg(G), is defined as the degree of the map G(z) = % Prove that, if dg(G) # 0,
then the equation G(x) = 0 has a solution.

7.22. Prove that there are no smooth maps F : D"*! — §" = 9D"*! such that F(z) =2 Va € S™.
Use this fact to prove the celebrated Brouwer fized point Theorem: any continuous map G : D"+! — Dntl
has a fixed point, i.e. a point x € D"! such that G(z) = z (hint for the Brouwer fixed point Theorem:
suppose G(z) #z ¥V x € D"!. For z D"*! consider the ray starting at G(x) containing = and define F(x)
to be the intersection of this half line with S™. Then ...).

7.23. Let L : E; — Es be a linear map and let F be a given vector space. Prove that ker(L ® 1) =
ker(L) ® F and Im(L ® 1) = Im(L) ® F. Prove Proposition 4.5.

7.24. Compute the cohomology of R™\ {0} x R™ \ {0}.

7.25. Let v : [0,1] — R2 be a Jordan curve. Then, by Theorem 5.8 of Chapter 1, R? \ ~(]0,1]) has
two connected components. It is easily seen that one component is bounded and the other is unbounded.
Assume the following (non trivial) Theorem

THEOREM. The bounded component of R?\ v([0, 1]) is homeomorphic to a disk.

Let U C R? be an open set such that H'(U) = {0}. Prove that any smooth Jordan curve v : S* — U
is homotopic, in U, to a constant curve (hint: by the Theorem above, y(S*) is the boundary of a disk in R2.
If the disk is contained in U, the curve is contractible by Exercise 7.4. If not, use the angle form to get a
contradiction).

REMARK: This fact implies that U is simply connected (see Remark 5.8), and, by the Riemann mapping

theorem, U is diffeomorphic to R2.

91t follows, from homotopy invariance, that homotopic maps have the same degree. A basic fact in homotopy theory is

the Theorem of Hopf: if two maps from S™ to S™ have the same degree, then they are homotopic.
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7.26. Let U C R? be an open set and X : U — R? a smooth vector field. Let D, C U be a disk of

radius e,

with center p € U, and assume that X(q) # 0, Vg € D, \ {p}. The point p is called an (isolated)

singularity of X. The index of X at p, i(X,p), is defined as the degree of X|p_, i.e. the winding number of
the curve X (p + ecos 27, p + esin27t), ¢ € [0, 1].

(1)

(2)

Let v : [0,1] — U be a piecewise smooth, positively oriented closed Jordan curve bounding a disk

in U containing p in its interior. Prove that i(X,p) is the winding number of X o ~.
If X(z,y) = (f(2,),9(x,y)), prove that

. 1
Z(:C?p) = %/97
vy

where v is as in the preceding item and

_ —gdzx fdy _ oy
_f2+g2 f2+92_ W,

where w is the angle form.

Prove that if X (p) # 0, then (X, p) = 0.

Let X : R? — R? be a linear isomorphism. Prove that i(z,0) = 1 if det X > 0 and i(z,0) = —1 if
det X < 0.

Assume that X (p) = 0 and dX(p) is invertible. In this case we say that p is a simple singularity
of X, positive, if detdX (p) > 0, negative otherwise. Prove that a simple singularity is isolated
and i(X,p) = =+1, depending on whether p is a positive or negative simple singularity (hint:
by Taylor’s formula X(q) = dX(0)(¢) + R(¢)|lgl|, with lim, .o R(g) = 0. Prove that H(g,s) =
dX(0)(q) + (1 —t)R(q)|lqll # 0, if ||g|| is sufficiently small. Hence...).

Prove the following formula, called the Kronecker formula.

Let D C R? be a closed disk, with center ¢ and radius r, and X : D — R? be a vector field with

only simple singularities, none of which is in 9D. Then

1
T Jy

where v(t) = p+r(cos2nt,sin 27t), P is the number of the positive singularities and N the number

of the negative ones.

REMARK: The condition (X, p) = 0 does not imply X (p) # 0 (find an example!). However, if i(X,p) = 0,

given € > (0, we can find a vector field X which coincides with X outside a disk of radius € and center p and

has no zeros in that disk.

7.27. Let f : U C C = R? — C be a holomorphic function (see Exercise 7.31 of Chapter 1), f = u + iv.

(1)

(2)

Prove the following Theorem:
THEOREM: [Cauchy] If U is simply connected and 7 : S* — U is a closed piecewise smooth curve
then

[yf(z)dz = [Y(udx — vdy) +i/(udy + vdz) = 0.

v
Suppose that f/(z) # 0 for z in a disk D C U and f(z) # 0 for z € 9U. Prove that the number of

zeros in D is given by
L o[odf
2mi Jop |
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(hint: prove that the singularities of the vector field X (z,y) = (u(z,y), (v(x,y)) are all simple and
positive. Then....).

7.28. Use Exercise 7.21 to define the index of a vector field X : U C R™ — R™ at a point p € U and

try to extend, as much as you can, the facts claimed in Exercise 7.26 for this situation.






CHAPTER 3

A short course on differentiable manifolds

The concept of a differentiable manifold is a natural extension of the concept of a regular surface in R?
or, more generally, of a submanifold of RY. In this Chapter we will recall, briefly, some basic facts about
submanifolds of RY, introduce (abstract) differentiable manifolds, as a natural extension of the concept of
submanifold, and discuss the basic facts of the theory of differentiable manifolds.

We will use the words smooth and differentiable as synonymous of C*°.

1. Submanifolds of Euclidean spaces

1.1. DEFINITION. An n-dimensional submanifold of RN is a subset M™ C RY such that Vp € M there
exist an open set U C R, an open set A C R™ and a smooth map ¢ : U — R™, p € ¢(U), such that:

(1) ¢ is a homeomorphism of U onto AN M, i.e. ¢ has a continuous inverse ¢~ : ANM — U,

(2) VxeU, do(x): R* — R¥ is injective.
e The integer n is called the dimension of M™.
e The map ¢, or better the pair (U, ¢), is called a (local regular) parametrization or a (local) chart and, if
p € dU), (x1,...,2,) = ¢ (p) are called the local coordinates of p in the chart (U, ).

e A set of regular parameterizations whose images cover M will be called an atlas.

1.2. REMARK. It may appear, at first, that the first condition in the definition is, at least locally, a
consequence of the second one. In fact it follows from Theorem 1.26 of Chapter 0 that there is a neigh-
borhood U’ of z and a local diffeomorphism ® of a neighborhood of ¢(z) such that ® o ¢(z1,...,2,) =
(1,...,2n,0,...,0) Vo € U’. The point is that the image of U’ may not be the intersection of M with an
open set of RY. For example the set M = {(x,y) € R? : zy = 0} may be covered with images of maps with
injective differentials but it is not a submanifold of R?, since the intersection of an open set containing (0,0)
with M is not homeomorphic to an open interval. We will came back to this question later on, when we will

talk about immersions and embeddings of manifolds (see Remark 4.2).

1.3. DEFINITION. If ¢; : U; C R®™ — M, i = 1,2 are regular parameterizations of M, the map qb;l o1,
defined in ¢ (¢1(U1) N ¢o(Us)), is called a change of coordinates.

It follows easily from Theorem 1.26 of Chapter 0 that, for a local regular parametrization ¢, ¢! is,

locally, the restriction of a smooth map defined on an open set of RY. Therefore

1.4. LEMMA. If ¢; : U; C R*" — M, i = 1,2 are reqular parameterizations of M, the change of

coordinates ¢51 o ¢1 is a diffeomorphism from its domain onto its image.

81
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1.5. DEFINITION. Let M be a submanifold of RV, p € M and ¢ : U — M be a regular parametrization

with image in a neighborhood of p. Set x = ¢~!(p). The n-dimensional vector space
T,M := (d¢)(z)(R") C RY,
is called the tangent space of M at p.
1.6. REMARK. It is easy to see that the definition does not depend on the choice of the local chart.
Observe that, in general, p ¢ T,M. The “geometric tangent space” is the affine subspace p+ d¢(z)(R™).

1.7. DEFINITION. Let M be a submanifold of RY and F : M — RX a function. We will say that F is
smooth if, ¥V p € M, there exists a regular parametrization ¢ : U C R" — M of a neighborhood of p in M,
such that the function ¢ o F': U — RX is smooth!. Moreover

e Amap F: M CR®” — N C RX between submanifolds is smooth if it is smooth as a map into R¥.

e A smooth map F': M — N is a diffeomorphism if it has a smooth inverse.

1.8. REMARK. It follows from Lemma 1.4 that the definition of smooth maps does not depend on the

parametrization.

1.9. REMARK. We can give an “intrinsic” definition of smooth maps between submanifolds that will be

useful later on. In fact, as it is easily seen, the definition above is equivalent to the following one

1.10. DEFINITION. F'is smooth if and only if, given regular parameterizations ¢ : U — M, ¢ : ¥ — N
of neighborhoods of p and f(p), the map 1! o F o ¢ is smooth, where defined.

1.11. REMARK. If U C M is an open set, p € U, we can consider the algebra of smooth real valued
functions defined on U, F(U), the algebra of germs at p € U, F,, and their derivations, Der(U), D, (see
Chapter 0, Definitions 3.15 and 3.19). At this point we can look at the tangent space in three ways

e As in the definition: 7, M = d¢(x)(R™) C RN, p = ¢(x). A basis for this space is given by the vectors

(@6)(@)e) = 5 (@) = 6, (2), i= Lo

We will call those vectors the coordinate tangent vectors.
o T,M = {§(0) : v: (—€,¢) — M CRY is a smooth curve with ~(0) = p}.
o As the space D, of derivations of the algebra of germs at p. Given a regular parametrization ¢ : U C

R™ — RY of a neighborhood of p and a smooth function f : U — R, we define the derivations

0 _Ofo¢
2 =212

These derivations are a basis of D,.

(6 ' (p), i=1,...n.

We leave to the reader the task of proving the equivalence of these definitions (Exercise 10.2).

We shall define the differential of a smooth map.

LThis is equivalent, again by Theorem 1.26, to the fact that V p € M there exist a smooth extension of F' to an open
neighborhood of p € RN,
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1.12. DEFINITION. Let M, N be submanifolds of R™ and R™ respectively and F : M — N a smooth
map. We define the differential of F at p

dF(p) : T,M — Tep N,  dF(p)(de(¢~" () (v) = dp (v (F(p))d(¥~" o F o ¢)(¢~" (p))(v)

where ¢ : U — M, 1 : ¥ — N are regular parameterizations of neighborhoods of p and F'(p) respectively

and v € R”. It is easily seen that the definition does not depend on the choice of the charts.

1.13. REMARK. Since we have alternative definitions of T, M (see Remark 1.11) it is convenient to have
alternative definitions of dF(p).

o If we look at T),M as the space of tangent vectors to smooth curves v : (—¢,e) — M,~v(0) = p,

AF(p)(3(0)) = SlecoF 070

o If we look at T}, M as derivations, we have

dF(p)(Xp)(9) = Xp(Fog).

We leave to the reader the task of proving the equivalences.
We will discuss now a few examples.

1.14. EXAMPLE. If M is a submanifold of RY, any open subset U of M is a submanifold of RY (of the

same dimension) and T,U =T, M.
1.15. EXAMPLE. Let U C R™ be an open set and f : U — R a smooth function. Then
¢:U—)Rn+17 ¢(I):(x17"'7xn7f(z))7 $:(I1,...,In)€U,

is a regular parametrization of the graph of the function f, T'(f) = {(x, f(x)) : € U} C R*"*L. The vectors
{(es, g—f(x)) € R" x R}, where {e;} is the canonical bases of R™, span the tangent space at (z, f(z)).
-

3

1.16. EXaMPLE. If M C R¥i 4 = 1,2 are two submanifolds, then M x Mz* C RN1+N2 jg
submanifold. Local charts for M x M3 are given by products of local charts for the M;’s. The tangent
space at (z,y) is isomorphic to T, My x T, Ms.

1.17. EXaMPLE. Consider S = {z € R"™! : ||z| = 1}. We shall to show that S™ is a submanifold.
Consider a point z € S™. Up to an orthogonal transformation we can suppose x = e, 1, the last vector of

the canonical bases. Then the neighborhood U = S N {x € R"*! : x,,.; > 0} is parameterized by

¢ B ={yeR" |yl <1} — U, 6y, yn) = .-y, (1= > _4D)7).

For any other point x € S™ we can define a parametrization ¢, = A, o ¢ where A, is an orthogonal
operator such that A,(e,11) = x. Observe that, in order to cover S™, we need at least 2(n + 1) of such
parameterizations.

A more economic way of parameterize S™ is via the stereographic projections. The stereographic projec-

tion from the point e, 41,7, ,, : ™\ {ens1} — R™ = {z € R"™' : (2, e,41) = 0} is the map that associate
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to z € S™\ {en+1} the point of intersection of the straight line tx + (1 — t)e,4+1 with R™. The condition
<t$ + (1 - t)€n+1, en+1> =0 gives
Tent1 (‘T) = [1 - <m>en+1>]_1m - <$7€n+1>[1 - <l‘, en+1>]_1en+1>

whose inverse is given by

o (W) = 201+ ylP] ™y + lyl® = 100+ lyl*] ensa

€n+41

Clearly : R* — 5™\ {en4+1} is a regular parametrization. Taking the inverse of the stereographic

projection from —e, ;1 we get an other regular parametrization, and the two parametrization are an atlas
for S™.

Let z € S™ and v : (—€,¢) — S™ be a smooth curve with v(0) = z. Differentiating the identity
(v(),y(t)) =1 at t =0, we get (z,7(0)) = 0. It follows that

T.8" =2t = {v e R"" : (z,v) = 0}.
1.18. EXAMPLE. Let M C R” be an n-dimensional submanifold. Consider the tangent bundle
T™ :={(p,X)e M xRN : X e T,M} C RN x RV,

This is a 2n-dimensional submanifold of R?V. 1l fact, if ¢ : U C R™ — M is a regular parametrization,
O:UXR"—TM, ®(@1,... . Tn,t1,.. 1) = ($(x), > tids,) € RN x RV,
1

is a regular parametrization for TM. If {(U;, ¢;)} is an atlas for M, the corresponding parameterizations
{(U; x R™,®;)} form an atlas for TM. We also observe that the tangent bundle comes with a natural
projection m : TM — M, m(p, X) = p, which is a smooth map. TM is a prototype of what is called a
(smooth) vector bundle. Although locally T'M is diffeomorphic to a product, it is not so globally, in general,

as we will see along those notes.

1.19. EXAMPLE. A similar example is the normal bundle of a submanifold M C RY. It is defined as
yM = {(p,&) € M x RN : € € [T,M]*}.

We want to produce regular parameterizations for vM. Let ¢ : U — M, ¢(x) = p, be a parameterizations
of a neighborhood of p € M.

CLAIM. There is a neighborhood U’ C U of x and smooth functions i, ...,&v—p : U — RY, such that
the &(y)” span [Ty, M|+, YVyeU'.

PROOF. The maps ¢,, are smooth maps that span Ty, M, V y € U. Using the orthonormalization
process we can find smooth maps X; : U — R" such that (X;(y), X;(y)) = d;; and they span Ty, M, Yy €
U. Fix now a basis {¢;} of [T}s(,)M]* and define & (y) = & — 226 X5 () X (y). Clearly &i(y) € [T M)+
Since &;(x) = &;, they are linearly independent at z, hence in a neighborhood U’ C U of . (I

At this point we define local parameterizations (with the notations of the Claim) by

QU X RYT" —uM,  B(y,ty,.. . tvon) = (8(y), Y 5(1)-

Also the normal bundle cames with a natural projection 7 : vM — M which is a smooth map.
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1.20. EXaAMPLE. We will discuss now an example that will be useful later on. Consider the space
M (p,n,R) of p x n matrices with real entries, and its natural identification with RP". Consider the subspace
M (p, n; k) of the matrices of rank k. We want to show that M(p, n; k) is a submanifold of M (p,n,R). Let

Ay By
Co Dy

be in M(p,n; k). We will suppose initially that Ay € GL(k,R), i.e. det Ag # 0. In particular there is € > 0
such that, if |A — Ao|| <€, A € Gi(k,R). Set

Ey =

A B
U= e M(p,n,R) : ||A— Al < €}
(|5 | MR-l <
U is an open neighborhood of Fy in M(p, n,R).
A B
Cram. If A € GL(k), then E = c D € M(p,n; k) if and only if D = CA™1B.
PRrROOF. Consider
1 ol[laB] [ 4 B
X 1||Cc D| | XA+C XB+D
Since the first matrix is invertible,
A B
rankF = rank .

XA+C XB+D
Take now X = —CA~!. The matrix at the right hand side become

A B
0 D-CA™'B

Hence E has rank k if and only if CA=™'B — D = 0. g
We exhibit now a (local) regular parametrization of a neighborhood of Ey. Identify RF¥(P*7=*) with the

DA = Aol < €}

A
space of matrices of the type [ c oo ] , and consider the open subset U = {
Consider the map

A B A B

c 0 )Z C CA'B

It is easily seen that ¢ is a homeomorphism onto its image. Moreover

“(le DU o)

Hence d¢ is injective ¢ is a regular parametrization with image U N M (p, n; k).

¢: U — M(p,n,R), ¢<

A B
c 0

XY
Z 0

X Y
7 %

In the general case we can proceed in the following way. Let E € M(p,n;k). Then there exists a
submatrix A € GL(k). By suitably permutations of rows and columns, which do not affect the rank, we
can construct an isomorphism L of M (p,n,R) in itself that takes E onto a matrix L(E) € M(p, n;k) such
that the upper left block is in GL(k). Then, by the argument above, we have a regular parametrization of
a neighborhood of L(E). Composing this parametrization with L~! we obtain a regular parametrization of
a neighborhood of F.
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Hence M (p,n; k) is a submanifold of M (p,n,R) and its dimension is k(p + n — k).
A useful tool for constructing examples of submanifolds is given by the following

1.21. PROPOSITION. Let U C RYN be an open set and F : U — RP a smooth map. Let ¢ € RP be a reqular
value of F, i.e. dF(x) is surjective ¥ x € F~1(c). Then M := F~*(c) is a (N — p)-dimensional submanifold
of RN and T,M = ker dF(p).

PROOF. Let p € M. We can suppose, without loss of generality, p = 0, F'(0) = 0. By Theorem 1.27 there
is a neighborhood of U of 0 and a local diffeomorphism ¥ : U — ¥(U) C RN such that FoWU(z,,...,2N) =
(1,...,xn—p). Then ¢(z1,...,xn_p) = @ (z1,...,2N_p,0,...0) is a regular parametrization of U N
F7(c). We also claim that T,M = kerdf(p). In fact, if y(—e,e) — M is a smooth curve with y(0) =
p, f((t)) = c. Therefore df(p)(§(0)) = L|i=of(7(t)) = 0. Hence T,M C kerdf(p)® Since both subspaces
are (N — p)-dimensional, they agree. O

1.22. EXAMPLE. Consider again the sphere S” = {z € R""! : ||z|| = 1}. Then S" = F~1(1) where
F(x) = ||z||*>. Now 1 is a regular value of F. In fact, since dF(z)(v) = 2(z,v), dF(z) : R"*! — R is non
zero, if  # 0, hence surjective. Finally T,S" = ker dF(z) =t := {v € R"*! : (,9) = 0}.

1.23. EXAMPLE. Let M (n,R) be the space of n x n matrices with real entries, identified with R™’.
Consider the group of linear isometries of R™, O(n) = {4 € M(n,R) : AA* = 1} (A* being the transpose of
A). We want to show that O(n) is a submanifold of M (n,R). It is natural to consider the function

F:M@nR) — M(n,R), F(A)=AA".

Then O(n) = F~1(1). The first idea would be to show that 1 is a regular value of F. This is not the case

since, if it were, O(n) would be 0-dimensional. More formally, a simple computation gives
dF(A)(B) = BA' + AB".

Observe that BA' + AB? is a symmetric matrix, so the image of dF(A) is not the whole M (n,R). But this
observation suggests a way out. First observe that F'(A) belongs to the subspace Sym(n,R) C M(n,R) of
symmetric matrices. So we may consider F' as a map with values in Sym(n,R). As such, 1 € Sym(n,R)
is a regular value, since, given A € O(n) and C € Sym(n,R), dF(A)(B) = C, for B = 1CA, hence
dF(A) : M(n,R) — Sym(n,R) is surjective. Since Sym(n,R) has dimension n(n + 1)/2, O(n) has
dimension n(n — 1)/2.

Finally since ker dF'(11) is the space Skw(n,R) of antisymmetric matrices, T O(n) = Skw(n,R).

1.24. EXxaAMPLE. Consider the set V2, = {(z,y) e R"®R" : ||z|| = 1 = ||ly|l, (z,y) = 0}. This set is
called the Stiefel manifold of 2-frame (orthonormal) in R™. We will show that Va,, is a submanifold of R?"
of dimension 2n — 3. Observe that V5 = O(2), which is two (disjoint) copies of S*. Consider the function

F:R"®R" —’R?)v F($>y) = (Hx||2,||y||27(x,y))
Clearly Va2, = F71(1,1,0). We shall show that (1,1,0) is a regular value of F. A simple computation gives
dF(z,y)(X,Y) = (2{x, X), 2(y,Y), (X,y) + (z,Y)).

2We are using the second definition of T, M in Remark 1.11
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Now, given (z,y) € Van, (a,b,c) € R3, we have dF(z,y)(X,Y) = (a,b,c) for X = az/2 + cy/2, ¥ =
by/2 + cx/2. Then (1,1,0) is a regular value for F and V3, is a submanifold of dimension 2n - 3.

More in general, we can consider Vi, = {(@1,...,2;) € R* : (z;,2;) = ;5. Vi, is a submanifold of
RF™,

1.25. DEFINITION. Let M be a submanifold of RN. A smooth (tangent) vector field on M is a smooth
map X : M — RY such that X(p) € T,M, V p € M. We will denote by H(M) the real vector space of

such vector fields on M.

1.26. REMARK. If W C M is an open set (in M), then W is a submanifold of R™ and we can talk about

vector fields on W and of the restrictions of vector fields on M to W.

1.27. REMARK. We can think of a tangent vector field as a smooth map X : M — TM, such that
mo X = 1 (see Example 1.18). This point of view will be useful in the theory of (abstract) differentiable

manifolds.

1.28. EXAMPLE. Let M be a submanifold and W C M an open subset, image of a regular parametrization
¢ :UCR" — W. Then ¢,,, ¢ = 1,...,n, are tangent vector fields on W. Since they are, at each point
p € W, a basis for T,,M (= T,W), any other vector field in H(W) may be written as X = >} X;¢,,, where

the X; : W — R are smooth functions. If we think of tangent vectors as derivations we can write
n
0
X = Xi—.
20

The vector fields are called coordinate vector fields.

0
8$i

As we have observed previously, the tangent bundle to a n-dimensional submanifold M™ C RY, may
not be, globally, diffeomorphic to the product M™ x R"™.

1.29. DEFINITION. A submanifold M™ C R¥ is parallelizable if there exists a diffeomorphism ¢ : M™ x
R™ — TM™ such that ¢|{p} x R" is a (linear) isomorphism onto T, M". Such a diffeomorphism is called a

trivialization of T M™.

1.30. PROPOSITION. Let M™ C R¥Y be a submanifold. Them M" is parallelizable if and only if there
exist vector fields X1,..., X, € H(M™) such that ¥ p € M", X1(p),...,Xn(p) are linearly independent.

PROOF. Let t : M™ x R™ — TM™ be a trivialization. Then X;(x) = t(x,e;) are smooth vector fields
linearly independent at each point. Conversely, given n vector fields, X,..., X,,, linearly independent at
each point, we define ¢(z,t1,...,t,) = Y t; X;(x). t is clearly smooth, a bijection and t|{p} x R™ is a linear
isomorphism onto T, M. We have just to show that t~1 is smooth. Let ¢ : U C R® — M be a local chart
and ® : U x R — T'M be the associated local chart for TM as in Example 1.18. Then ¢,, =) a;; X; for

some smooth functions a;; : U — R. Therefore
() =N (B(@), Y tide,) =t (0(2), Y tiai X;) = (2, Y tiai, ... Y tidin).
i ij i i

It follows that t~! is smooth and this conclude the proof. O
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1.31. EXAMPLE. If M can be cover by only one regular parametrization, in particular if it is an open
set of R™, then M is parallelizable.

1.32. ExaMpPLE. Consider the unit sphere S” C R™*!. As we have seen in Example 1.22, T, 5" = z* =
{v e R"": (z,v) = 0}. Hence a vector field on S™ can be viewed as a smooth map X : S™ — R"*! such

that (X (z),z) = 0. If n = 2k — 1 a nowhere zero vector field is given by
X (21,225 - ooy Tog—1, T2k) = (—T2,T1, ..., — T2k, T2k—1)-

We will see later that, if n = 2k, every vector field has must have a zero. Hence, by Proposition 1.30,
even dimensional spheres are not parallelizable. Tt turns out that the only parallelizable spheres of positive
dimension are S*,S3,S7. This is a highly non trivial result, connected with the existence of a division

algebra structure® on R"*1 (see also the comments in Remark 2.13).

1.33. EXAMPLE. Consider the submanifold O(n) C R" (Example 1.23). We have seen that Ty O(n) =
Skw(n,R). For A € O(n), consider the map Ly : O(n) — O(n), La(B) = AB. Then L4 is a smooth
map, being the restriction of a linear map, and, in fact, it is a diffeomorphism, with [La]™! = L,-1. Let
{E1,..., B}, k =n(n—1)/2, be a basis of TjO(n). The maps E; : O(n) — TO(n), Ei(A) = dLa(E;)
are smooth vector fields on O(n) * and, since dLa(11) : T O(n) — T4O(n) is an isomorphism, they are

linearly independent at each point. Therefore O(n) is parallelizable °.

2. Differentiable manifolds

The careful reader has probably noted that all we have done up to now depends, essentially, only on
the fact that the change of coordinates are smooth functions. This observation leads to the concept of an
abstract differentiable manifold, that we will introduce in this section.

In what follows we will always assume that the topological spaces involved are Hausdorff and second
countable. We recall that a topological space is second countable if there is a countable bases® for the
topology. Such spaces, as it easily seen, have the Lindeloff property: any open covering contains a countable
subcovering. The reader more familiar with metric spaces may think of separable metric spaces (which are
Hausdorff and second countable). This assumption is not restrictive (see Remark 3.3).

We start with a few definitions.

2.1. DEFINITION. Let M be a topological space. A topological atlas, or simply an atlas, for M is a

collection of open sets U, C R™ and continuous maps ¢, : U, — M such that:

(1) ¢a(Uy) is open in M and ¢, is a homeomorphism onto its image,

(2) Ua ¢a(Ua) = M.

3An algebra A is a division algebra if the maps Lo (z) = az and R, (z) = za are surjective, if a # 0. If the algebra has a
multiplicative unit, this is equivalent to the fact that any non zero element is invertible.
40bserve that, since multiplication of matrices is bilinear, hence smooth, L 4 is smooth also with respect to A.

5This is a particular case of the fact that a Lie group is parallelizable (see section 5).
O1f X is a topological space, a bases for the topology of X is a family of open sets such that every open set of X is union

of elements of the bases.
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The maps ¢, : Uy, — M are called charts or local coordinates and the maps qb;l 0 ¢ (where defined)
are the change of coordinates.

A topological space which admits an atlas is called a topological manifold.

2.2. DEFINITION. An atlas is a differentiable (or a smooth) atlas if the change of coordinates qbgl 0 g
are smooth functions (where defined).
Two smooth atlases on M are said to be equivalent if their union is a smooth atlas.

An equivalence class of smooth atlases is called a differentiable or smooth structure.

2.3. REMARK. It is clear that each equivalence class of differentiable atlases contains a maximal element,

the union of all atlases in the class. We can think that a differential structure is such a maximal atlas.
At this point we can give the desired definition.

2.4. DEFINITION. A differentiable or smooth manifold is a topological manifold together with a differen-

tiable structure.

2.5. REMARK. A word on the topological conditions in the definition of smooth manifold. The Hausdorff
condition is a natural one to avoid pathologies. It is clear that the existence of an atlas on M implies that
M is a locally Hausdorff spaces, i.e. V p € M there exists an open neighborhood U of p which is an
Hausdorff space (for example the image of a chart). However there are spaces that admit atlases which are
not Hausdorff. A classical example is the real line with two origins, i.e. the quotient of R x {—1,1} modulo
the equivalence relation (¢,a) ~ (s,8) < t=s#0or (t,a) = (s,6). In fact M =R x {-1,1}/ ~, with
the quotient topology’, can be covered by the charts ¢+ : R — M, ¢ (t) = [t,%1]%. But [0,1] and [0, —1]
can not be separated by disjoint open sets.

The second countability condition will allow us to construct partitions of unity, a basic tool in order to

glue together locally defined objects to obtain a globally defined one.

Clearly submanifolds of R™V are example of smooth manifolds. We will carry on the program of extending
to this context what we have done for submanifolds.

For differentiable manifolds we can copy Definition 1.10 in order to define smooth maps.

2.6. DEFINITION. Let M, N be a differentiable manifolds. A map F : M — N is smooth if for every
pair of chart ¢, : Uy — M and 93 : X3 — N, 1/151 o F o ¢, is smooth, where defined.

F is a diffeomorphism if it is smooth and has a smooth inverse.

2.7. REMARK. Since change of coordinates are smooth, it is sufficient to check differentiability for given

local charts (see also Remark 1.8).

"Let X be a topolgical space and ~ an equivalence relation.Consider the quotient set X/ ~ and the quotient map
7 : X — X/ ~. The quotient topology on X/ ~ is the topology such that U C X/ ~ is open if and only if #—1(U) is open in
X. This topology is characterized by the property that given a topological space Y and a map f: X/ ~— Y, f is continuous
if and only if fow : X — Y is continuous.

8[t, €] is the class of (t,€) in M.
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2.8. REMARK. The natural equivalence relation in the theory of smooth manifolds is the relation of being
diffeomorphic, i.e. we consider two smooth manifolds M, N to be the same if there exists a diffeomorphism
F : M — N. This relation is not to be confused with equivalence of atlases. We make this point
clear. Suppose that M is a topological manifold with two smooth atlases, A, B. Then the two atlases are
equivalent if and only if 1 : (M, A) — (M, B) is a diffeomorphism. This is more restrictive that requiring
the existence of a diffeomorphism F : (M, A) — (M, B). For example consider in R the two differentiable
structures containing ¢(t) = t and (t) = t3 respectively. Those structure are not the same since the changes
of coordinates 1 ~1¢(t) = ¥/t is not differentiable at 0 € R. However the two structure are diffeomorphic,
since the map F(t) = ¥/t is a diffeomorphism. We invite the reader to check the details.

The considerations above lead us to the following questions

(1) Given a topological manifold M there exists a smooth structure on M?

(2) Given a topological manifold M there are differentiable structures on M that are not diffeomorphic?

Both questions have a definitive answer in low dimension.

2.9. THEOREM. A n-dimensional topological manifold admits a unique (up to diffeomorphism) differen-

tiable structure if n < 3.

But the situation in higher dimensions is quite complicated and it is still object of active research. To
give a very approximative idea we will state some known facts and an important open question.
e There are very many n-dimensional topological manifolds, n > 4, which do not admit differentiable
structures.
e R” ha a unique differentiable structure (up to diffeomorphisms), if n # 4. R* has infinitely many non
diffeomorphic differentiable structure, in fact an uncountable number.
e The number I',, of (non diffeomorphic) differentiable structures on S™ is finite, if n # 4. T, = 1 if

n=>5,6, 'y = 28. It is still an open question if I'y = 1 (differentiable Poincaré conjecture).

2.10. EXAMPLE. The real projective space RP™ is defined as the quotient of R"*!\ {0} modulo the
equivalence relation x ~ Az, A € R\ {0}. The topology is the quotient topology. It can be seen also as
the quotient of S™ = {z € R"*! : ||z|| = 1} modulo the equivalence relation  ~ +z. In fact the inclusion
S" — R\ {0} induces a homeomorphism of the second model onto the first one. RP™ is compact,
being the image, by the quotient map, of S™, which is compact. It is easily seen that RP"™ is Hausdorff and
second countable. We shall define a smooth atlas on RP"™. We will denote by [zo,...,x,] the equivalence
class determined by (zo,...,z,) € R*1\ {0}.

Let A; CRP™ = {[xg,...,7,] € RP™: 2; # 0}. Observe that A; is well defined sice if the i*" coordinate
of a (non zero) vector is non zero, it is non zero for all equivalent vectors. Moreover A; is open in RP™ since

the inverse image via the quotient map 7 : R"™1\ {0} — RP™ is open in R"*1 \ {0}. Define the maps
¢i:Rn—>Ai7 ¢i(y17"'ayn):[y17'-'7yi—1717yi7"'ayn]a i=0,...,n.
Then ¢; is a bijection and its inverse is given by

o H[zo, ..., xn)) = m;l(xo, ey L1, gy e L)
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The changes of coordinates are given by

d);l O¢i(y17"'7yn) = yjl(y17"'7yi7171ayi7"’7yj717yj+17"‘7yn) (/L <j)7

hence they are smooth. Observe that RP™ = U; 4;, so {(R™, ¢;),i = 0,...n} is a smooth atlas and determines

a smooth structure on RP".
2.11. REMARK. The numbers (o, ...,z,) are called the homogeneous coordinates of [z].

If we think at RP"™ as the quotient of S™, as above, we can use the parameterizations of S™ as in Example
1.17, to produce an atlas for RP™. In fact we can define maps
1
7/}2' : Bn(]-) — ana wi(yla s 7yn) = [yla sy Yio1, (1 - Zy?)27yia s ayn]-
J#i
the inverse maps are

v ([0, -y 20)) = ‘£;:|

The change of coordinates are the same as the ones in Example 1.17, hence smooth.

(T1y e s i1, T 1, e o5 T

2.12. EXAMPLE. We can consider the complez projective space, CP™, as the quotient of C"*1\ {0} by
the equivalence relation z ~ Az, A € C\ {0}. This is equivalent to consider the unit sphere S?"*1 = {2 =
(20,...,2n) € C"1 2 3" 2% = 1} and the equivalence relation z ~ Az,A € S' = {w € C : |w| = 1}.
In particular CP™ is compact, as a quotient of a compact space, and, as it is easily seen, Hausdorff and
second countable. Proceeding, formally, as in the Example above, we can construct smooth atlases on CP™.
Thus CP™ has, at least, one differentiable structure and with this structure it is a differentiable manifold of

dimension 2n.

2.13. REMARK. The the construction of real and complex projective spaces relays on the fact that we
have an associative division algebra structure’ on R and in C = R2. The existence of such a structure is
a stringent constrain on the dimension n. In fact it can be proved that such a product exist if and only if
n=1,2,4,8 (a non trivial result).

For n =1 (resp. n = 2), a product is given by the usual product of real (resp. complex) numbers.

For n = 4 such a structure can be defined in the following way: let us denote by {1,4, 7, k} the canonical

bases of R*. Define 1 to be the neutral element for the product and
ij=k=—ji, jk=i=-kj, ki=j=—ik.
We can extend this product, by bi-linearity, to a product in R*. With this product R* is a division algebra,
associative but not commutative, called the algebra of quaternions, that we will denote by H. In analogy to
the case of complex numbers we can define conjugation: if ¢ = xg+x1i+x2j+ 3k, §= x9—T1i—22) —23k.
Then q7 = [lg]>. For ¢ € H\ {0} we have ¢! = gllq|| 2.
For n = 8 the situation is a bit more complicated. We can define the algebra of octonions or the Caley

algebra as O = H @ H, as a vector space, equipped with the product
(a,b) * (¢,d) = (ac — db,da — bc).

9An algebra A is a division algebra if for a € A\ {0}, the maps L,(z) = az and Rq(z) = wa are surjective. If A has a

(multiplicative) neutral element, this is equivalent to require that any nonzero element is invertible.
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With this product Q@ becomes a non commutative, non associative division algebra.

We can define the quaternionic projective space HP™ as the quotient of H"*1 \ {0} by the equivalence
relation  ~ Az, A € H\ {0}. Proceeding formally as above we can construct a smooth structure on HP"
that, with this structure, is a differentiable manifold of dimension 4n.

We can try to define the Caley projective space QP™ as the quotient of Q"1 \ {0} by the relation
z ~ Xz, A € O\ {0}. Tt turns out that, for the lack of associativity, this relation is not an equivalence
relation. We can still define the Caley projective line (n = 1) as the 1-point compactification @, which is S®,
in analogy to the cases of the real, complex and quaternionic projective lines. Also it is possible to define a
16-dimensional manifold which deserves the name of Caley projective plane, and it is denoted by QP2, but

not higher dimensional Caley projective spaces.

Once we have the concept of real valued differentiable functions, we have the concept of algebra of germs

of smooth functions at p € M, F, and we can use it to define the tangent space.
2.14. DEFINITION. The tangent space of M at p is the space of derivations of F,.

Also, given a smooth map between differentiable manifolds, F' : M — N, we can define the differential

of F at p € M as the linear map:
dF(p)(X)(f) =X (foF), VXeT,M, f€Fry).

Also we can define the tangent vector to a curve v : (a,b) CR — M, at t € (a,b), as the tangent vector
4(¢) that, on a function f € F(M), takes the value:

d
V() (f) = — o= :
S0 = e f ()
Naturally, if M is a submanifold of RY, #(¢) is the usual tangent vector to 7.

2.15. REMARK. Starting with the observation above we will suggest, in Exercise 10.4, a more geometric
definition of T}, M.

2.16. DEFINITION. The tangent bundle of a smooth manifold M is the the set
TM ={(p,V):pe M,V € T,M}.

So the tangent bundle is, roughly speaking, the disjoint union of all tangent spaces. We want to put a

topology and a differentiable structure on TM. Consider a maximal smooth atlas (Uy, ¢ ) for M. Define
Do : Uy xR — TM, Dy(z,X) = (¢pa(z),dd(z)(X)).

It is easily seen that @, is a bijection onto {(p,V) € TM : p € ¢o(Us)} € TM. We define a topology on
TM declaring open the sets that are union of images of open sets in U, x R™. With this topology the ®, s
are homeomorphisms onto their images (which are open). Therefore we have a topological atlas. The change

of coordinates are given by

(I)El o (I)a($7X) = ((b[;l o ¢a(x)7d[¢[;l © ¢a](l‘)(X))

Hence the change of coordinates are smooth and the atlas define a differentiable structure on T'M.
Also we define the projection map # : TM — M, w(p,V) = p. It is obvious that 7 is smooth (with
the smooth structure on TM defined above).
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3. Special atlas and partitions of unity

In this section we will prove the existence of partition of unity for smooth manifolds. For the case
M =U C R" (see Appendix of Chapter 1) the essential fact in proving the existence of partitions of unity
was that we could write U as the union of an incrising sequence of compact sets. We will extend this fact to
the case of smooth manifolds and proceed as in the case of open sets of R™. We start recalling a few concept

and facts in General Topology.

3.1. DEFINITION. Lat X be a topological space and let i = {U,,« € A} be a covering of X.
(1) The covering U is locally finite if ¥V x € X there exists a neighborhood U of x such that UNU,, =

for all but a finite number of the o's.
(2) A covering V = {V,,i € T} is a refinement of U if for each i € T there exists a € A such that
Vi C U,.

(3) An Hausdorff space is paracompact if every open covering has a locally finite refinement.
3.2. THEOREM. An Hausdorff space which is second countable and locally compact'® is paracompact.

PrOOF. We start by proving the following
CLAIM. There exists a sequence of compact sets K; such that U; K; = X and K; C Int(KiH).H

PRrOOF. Let {U;, i € N} be a countable bases for the open sets. Since X is locally compact, every point
x € X has a relatively compact neighborhood U. Then there is U; such that x € U; C U. Hence X is
covered by a sequence of relatively compact open sets and we can suppose, to start with, that U; is compact.
Define K; = U;. We define K, inductively. Given K; compact, let k be the smaller integer such that
K, CUU---UUyg. Define K; 11 = Uy U---U U, UU;41. Then the sequence K; has the required property. [

We conclude now the proof of the Theorem. Let & = {U,,a € K} be an open covering of X. Cover
the compact set K;y1 \ Int(K;) by open sets Vi,..., Vi such that V; C U,, for some a € K and V; C
Ko\ Int(K;_1). Let P; be the collection of such sets. Then {P;} is a locally finite refinement of U. O

3.3. REMARK. We should mention also a classical result due to Uryson.

3.4. THEOREM. [Uryson’s Theorem| An Hausdorff, paracompact and second countable topological space
X is metrizable, i.e. there is a metric d on X such that the identity map 1x : (X,d) — X is a homeomor-

phisms.
In particular differentiable manifolds are metrizable spaces.
We will need special atlases.

3.5. DEFINITION. A countable smooth atlas {(R", ¢;)} on a smooth manifold M is a special atlas if

(1) YV ={¢:(B™(3))} is a locally finite open covering of M,
(2) W ={¢;(B"(1))} is a (necessarily locally finite) covering of M.

100 topological space is locally compact if every point has an open neighborhood with compact closure.

UThe interior of a subset Y C X, Int(Y) is the union of all open sets contained in Y.
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For such an atlas we will use, consistently, the notations
Vi=¢i(B"(3)), Ui=0a(B(2), Wi=a:i(B"(1)).

If U is a covering such that V refines U we will say that the special atlas is dominated by U.

Also, since the domain of the charts is fixed, we will denote a special atlas simply by {¢;}.

3.6. PROPOSITION. Let M be an n-dimensional smooth manifold and let U = {Uy} be an open covering
of M. Then there exists a special atlas such that V = {V;} refines U.

PrOOF. We start with the following
CrAaM 1. Given p € M there is a chart ¢ : R — M with ¢(0) = p.

PROOF. Let ¢ : U — M be a chart such that ¢(x) = p. Let r € R be positive and such that
B(z,7) C U. Consider a diffeomorphism F' : R™ — B(x,r), F(0) = x (see Exercise 4.14 in Chapter 0).
Then ¢p = ¢po F : R® — M is a chart with the desired property. (I

Then we can proceed as in the proof of Theorem 3.2 and construct a special atlas such that V refines
U. We really need a little extra attention in order to guarantee that WV is a covering of M. For this we need
the following fact

CLAIM 2. Given a chart ¢ : R* — M and an opens set W DO W, the exist ¢ > 0 and a chart
¢ : R" — M such that ¢|B(1 +¢€) = ¢|B(1 + €) and ¢(B(3)) C W.

We leave to the reader the tasks of proving the Claim and to conclude the proof of the Proposition. [

3.7. DEFINITION. Let M be an n-dimensional smooth manifold and & = {U,} an open covering of M.
A partition of unity dominated by U is a countable family of smooth functions A; : M — [0, 1] such that
(1) supp(\;) :={x € M : \;(x) # 0} C U, for some o = « (i),
(2) V & € M there exists an open neighborhood U > x such that supp(\;) N U = @ for all but a finite
number of 4’s.
(3) Forallz € M, 3 . Ai(xz) =1 (V x the sum is finite by (2)).

Our aim is to prove the following result
3.8. THEOREM. Given an open covering U of M there exists a partition of unity dominated by U.
PROOF. Let {¢;} be a special atlas such that V refines ¢ and A : R” — R a smooth function such that
Mz)=1 if ||| <1, Az)=0 if [|z|| >2, A(z) € (0,1) if ||z]| € (1,2)
(see Exercise 4.13, Chapter 1, for the existence of such a function). Define N M —R,

{ Nog;H(z) if zeV;

Ni(z) = . _
0 it e M\T,

Clearly ); is a well defined smooth function. Set A(x) = > Ai(z) (observe that there are only finitely
many non zero summands at every point). Then S\(x) is a well defined positive smooth function, since the
Wy’s cover M, and {\; = \;/A} is a partition of unity dominated by . O
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The following approximation Theorem is proved just like in the case of open sets of R™ and we will leave
the details to the reader.

3.9. THEOREM. Let M be a smooth manifold, F': M — R™ a continuous function and § : M — R a
continuous positive function. Suppose that F' is smooth on a closed set N C M. Then there exists a smooth
function G : M — R such that ||F(z) — G(z)|| < 6(x), Yo € U and F(z) = G(x) if x € N. Moreover G can

be chosen homotopic to F.

3.10. REMARK. Theorem 3.9 holds also if the target space is a differentiable manifold P, modulo in-
terpreting appropriately “approximation”. For example if P is a submanifold of some RY, we can consider
the induced metric space structure and define approximation in this context. In the next section we will see

that, in fact, any differentiable manifold is a submanifolds of some R¥.

4. Immersions, embeddings and the Theorems of Whitney

In this sections we will prove some results, essentially due to Whitney, on the existence of immersions
and embeddings of smooth manifolds into Euclidean spaces. As a consequence we will see that any smooth
manifold is diffeomorphic to a submanifold of RY, for some N sufficiently large. We will follow closely [?].

We will start with some definitions.

4.1. DEFINITION. Let M, N be smooth manifolds and F': M — N be a smooth map. We will say that
e Fis an immersion if dF(x) : T,M — Tp(;)N is injective, V z € M,
e ['is a I-1 immersion if it is an injective immersion,
e [ is an embedding if F' is an immersion and a homeomorphism onto its image (with the relative

topology).

4.2. REMARK. A few observations and examples.

e By Theorem 1.26, an immersion is locally injective. In fact a little bit more: for any x € M there
exists a neighborhood U of z, such that F|U : U — N is an embedding. But an immersion may
not be injective . For example the map F : R — R2, F(t) = (cost,sint) in an immersion which
is not injective (see also Remark 1.2).

e An injective immersion may not be an embedding. However, if M is compact, an injective immersion
is an embedding (see Exercise 10.14).

e A diffeomorphism is a surjective embedding.
4.3. DEFINITION. A submanifold of a smooth manifold N is the image of an embedding F': M — N.

4.4. REMARK. Sometimes submanifolds are defined, roughly speaking, as images of injective immersion.
Such immersions are important because they appear naturally in many contexts, for example in the case
of integration of vector fields an distributions (see next section). To be coherent with our definition of

submanifolds of RV, we will stick with Definition 4.3.
A fact that will be useful in few occasions is the following

4.5. LEMMA. Let F : M — N be an immersion and let N C M be a closed subset. Then, if F|n is a

1-1 immersion, there exists an open neighborhood U of N such that F|y is a 1-1 immersion.
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PROOF. O

The first result we will prove in this section is that any function F' : U C R™ — RP can be “approximate”
by an immersion, if p > 2n. We need a few preliminaries.

We will denote by C'(a) C R™ a cube of side a and define the volume of C(a), v(C(z,a)) := a™.

4.6. DEFINITION. A set A C R™ has measure zero if, given € > 0, there exists a countable family of

cubes, C™(a;), that cover A, with total volume > al* < e. If this is the case, we will write m(A4) = 0.

4.7. REMARK. A few observations are in order.
(1) f BC ACR" and m(A) =0 then m(B) = 0.
(2) if m(A) =0 then A does not contain open sets. In particular R \ A is dense.
(3) if A; is a countable family of subsets with m(A;) = 0, then m(U;4;) = 0.
(4) if A is a proper affine subspace of R™, then m(A) = 0.

We leave to the reader the task of proving the claims above (Exercise 10.10).
4.8. LEMMA. Let F: U CR" — R" be a smooth map and A C U with m(A) = 0. Then m(F(A)) = 0.

PRrROOF. Let C' = C(a) be a cube contained in U. Let b = sup{||dF(y)|| : y € C}. By the mean value
Theorem ||F(z) — F(y)|| < b|lz —y| if ,y € C. In particular F(C) is contained in a cube of side ba.

Let € > 0 be given. Since m(ANC) has measure 0, we can cover it with cubes C(a;) with Y~ a’ < b "e.
Then F (AN C) can be covered with cubes of total volume less then ¢, hence F(A N C) has measure zero.

Now F'(A) is countable union of sets of the type F'(A N C) and, therefore, has measure zero. O
4.9. COROLLARY. If F : U CR"™ — R™ be a smooth map, m > n, m(F(U)) = 0.

PROOF. Consider G : U x R™™" — R™, G(z,y) = F(z). By Lemma 4.8 and Remark 4.7 (4),
0=m(G(U x {0}) =m(F(U)). O

4.10. DEFINITION. Let M be a smooth manifold and A C M be a subset contained in the image of a
local chart ¢ : U C R® — M. We say that m(A) = 0 if m(¢~1A) = 0.
A subset A C M has measure zero if for every chart ¢ : U — M, m(ANo(U)) =0.

4.11. REMARK. By Lemma 4.8, this definition does not depends on the choice of the local chart. Observe
also that we have defined sets of measure zero but not the “measure of a set”, and we can not really define
measure of a set, in our context, since any reasonable definition of “measure of a set” is hardly invariant for

diffeomorphisms. To define measures we need some extra structure.

4.12. REMARK. The claims in Remark 4.7 continue to be true in this more general context (substituting
affine subspace in claim (4) by submanifold of lower dimension). Also Corollary 4.9 extends immediately to

the case of smooth functions between smooth manifolds. More precisely
4.13. COROLLARY. Let F': M™ — N™ be a smooth map with n < m. Then m(F(M)) = 0.
Observe that the condition that a manifold is a second countable topological space plays is essential.

We will prove now a “local version” of the Whitney immersion Theorem.
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4.14. LEMMA. Let U C R™ be an open set and F : U — RP be a smooth map, p > 2n. Then, given
€ > 0, there exist A € L(R",RP) with | A|| < € and such that the map G(z) = F(z) + Ax is an immersion.

PROOF. We want to determine A such that G = F+ A is an immersion. Consider the manifold M (p, n; k)
of Example 1.20 and the map

Fk:M(pan;k)XU*)M(Z%naR)ﬂ Fk(Qa‘r):Qde(aj)
Cram: If & < n, the image of Fj has measure zero.

PRrROOF. We will show that, if & < n, the dimension of M (p, n; k) xU is smaller than pn = dim(M (p, n, R))
and the conclusion will follow from Corollary 4.13. In fact, as we have seen in Example 1.20, dim(M (p, n; k)) =
k(p+mn —k). Hence the domain of Fy, has dimension k(p+n — k) +n. The latter expression is an increasing
function of k as long as k < n (take derivative with respect to k), hence it is, at most, 2n — p + pn — 1, as

long as k < n. But we are assuming p > 2n, hence 2n — p + pn — 1 < pn = dim(M (p, n, R)). O

We conclude now the proof of the Theorem. By the Claim there exists A € M(p,n,R) with ||A]| < e
and not in the image of Fj, k < n. If dG(x) = A+ dF(x) has rank k£ < n, then A = F;(dG(z),x), a

contradiction. Hence G is an immersion. O

We want to prove a “global” version of Lemma 4.14.

4.15. THEOREM. [Whitney immersion Theorem] Let M™ be a smooth manifold and let F : M™ — RP,
be a smooth function, p > 2n. Given a positive continuous function 6 : M — R, there exists an immersion
G : M — R? such that ||F(z) — G(z)|| < é(x). Moreover, if dF has rank n on a closed subset N C M, we
can choose G such that GIN = F|N.

PROOF. The idea of the proof is to construct a sequence of functions, Fy : M — RP, by subsequent
local modifications of F', using Lemma 4.14, in such a way that G = limy_. o, F} is a well defined smooth
function with the required properties. Let go to work.

If rank dFF = n in N, the same happens in an open neighborhood A of N. We consider the open
covering of M given by A and M \ N. Let {¢;} be a special atlas dominated by the covering (see Definition
3.5 and Proposition 3.6, also for notations). Without loss of generality we can suppose that i € Z and
Vi == ¢;(B(3)) € A if and only if : <0.

Let Fy = F. We will define, inductively, a sequence of functions F} : M — R? whose limit, as k — oo,
will be a well defined function G with the desired properties.

Let €; be the minimum of § in U; = ¢;(B(2)). Suppose we have defined Fj,_; such that
(1) dFi—1(x) has rank n on Ni_1 = Uj<ij
(2) I1Fir(2) — Fea(@)]l < 2 Ferr.
Let A : R™ — [0, 1] be a smooth function which is identically 1 on B™(1), identically zero outside B™(2).
CLAIM. There exists A € L(R™,RP) such that the function

Fy:B"(3) — RP,  Fy(x) = Fr_10¢p(z) + M)Az

has the following properties

(1) F4 is an immersion in K = (b,;l(Nk,l) N B"(2),
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(2) Az]l < 2 Fes, Vo € B(3),

(3) F4 is an immersion on B™(1).
ProoOF. Consider the function
®: K xM(p,nR)— M(p,n,R), &z, A)=dFs(x).

Observe that ®(K x {0}) C M(p,n;n). Since M (p,n;n) is open in M(p,n,R), dF4(x) € M(p,n;n), Va €
K, if ||A|| is sufficiently small. So there exist 7 > 0 such that, if |A|| < 5, Fa verifies the first two
conditions. Lemma 4.14 guarantee that there exist A € M(p,n,R) such that ||A|| < n and Fy4 satisfies the

last condition. O

Fix A € L(R™,RP) that verifies the condition of the claim and define

-1 .
Fk(p):{ Faog, (p) if peVi

Fi._1(p) if pe M\ U,

Observe that Fy, is a well defined smooth map since the two functions above are smooth and coincide on the

intersection of the domains. Moreover

e dF} has rank n on Ni_; (by the first condition on A).
o |Fx(p) — Fx_1(p)|| < 27%6(p) ¥ p € M (by the second condition on A).
e dF}, has rank n on W}, (by the third condition on A), hence on Nj.

Define G(p) = limy—.o0 Fi,(p). Observe that, due to the fact that the covering {V;} is locally finite, there
exist a neighborhood U, of p such that G|U, = Fy|U, for k sufficiently large. So G is a well defined smooth

function and has the required properties. O

A natural question to ask is whether we can approximate an immersion by a 1-1 immersion. For example,
if we have a regular curve in R? with a self intersections point, say p, we can not, in general, approximate
it by a regular curve without self intersections. But if we look at the picture as being in R we can “lift” a
branch of the curve near p to obtain a new curve in R?, which is an approximation of the given one, without

self intersections. This is, essentially, the content of our next result.

4.16. THEOREM. [Whitney injective immersions Theorem| Let M™ be a differentiable manifold, F :
M — RP an immersion and § : M — R a positive continuous function. If p > 2n, there is a 1-1
immersion G : M — RP such that |F(p) — G(p)|| < 6(p), Yp € M. Moreover, if N C M is a closed set
such that F|N is 1-1, we can chose G such that GIN = F|N.

PROOF. Since F|N is 1-1, there exist, by Lemma 4.5, an open neighborhood A of N such that F|A is
1-1. Since F is a local embedding there exist an open covering {V,, } of M, that refines {4, M \ N}, such that
F|V, is an embedding. Let {¢;} be a special atlas that refines this covering. We will use the same notations
as in the proof of Theorem 4.15. Define Ay : M — R as the obvious extension of A o ¢,;1 Vi — R

Let Fy = F. We define, inductively, the sequence of functions

Fi(p) = Fr—1(p) + M\i(p)bi,
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where by, € R? has to be chosen. To explain this choice we start considering the set P, = {(p,q) € M x M :
Mi(p) # Ak(q)}. Then Py is an open subset of M x M hence a 2n-dimensional manifold. Consider the map

~ Fi-i(p) — Fi-1(q)
Ak(p) = Ae(q)

By Lemma 4.13, the image of ®; has measure zero in R? (since p > 2n).

q>k:Pk—>Rpa (bk(paQ):

Therefore we can choose by in such a way that
e [} is an immersion,
e Fjisa 5/2’“ approximation of Fj_1,
e b is not in the image of ®y.

It follows that Fy(p) = Fi(q) if and only if A\x(p) = M(q) and Fr_1(p) = Fr—_1(q). By a backward
induction, the same hold for any h,0 < h < k.

Define G(p) = limg—, o0 Fi(p). As in the proof of the preceding Theorem, G is a well defined immersion
and G|N = F|N. We want to show that G is 1-1. Suppose G(p) = G(q), p # g. Then, for some k sufficiently
large, Fi(p) = Fx(q). Then F(p) = F(q) and p and ¢ can not be in the same U;. Since ¢r(p) = ox(q), p, ¢
do not belong to Uy, for k > 0. Therefore p,q € U, a contradiction. g

The next natural question is if we can approximate an immersion by an embedding. In order to answer

this question we need some preliminary ingredients.

4.17. DEFINITION. Let F': M — RP? be a continuous map. The limit set of F', L(F), is the set of points
y € RP such that y = limy_ o, F(xx) where {zy} C M is a sequence without limit points.

We will prove now the basic properties of the limit set that we will need in the proof of the Whitney
embedding Theorem.

4.18. PROPOSITION. Let F': M — RP? be a continuous map. Then
(1) F(M) is closed in RP if and only if L(F) C F(M).
(2) F is a homeomorphism onto its image if and only if it is injective and L(F) N F(M) = (.
(3) If L(F) =0 and G : M — RPis a continuous function such that |[F(x)—F(2)| < K V z € M, K
a constant, then L(G) = (.

PROOF. Observe that L(F) C F(M). Hence, if F(M) is closed, L(F) C F(M). Conversely, suppose
L(F) C F(M) and let y € F(M). Then y = limy_, F(z). If the sequence has no limit points, y € L(F) C
F(M). Suppose there is a subsequence xy; converging to x € M. Then y = F(x) € F(M). Therefore F'(M)
is closed.

Suppose now that F is a bijection onto its image. Let {x,} be a sequence in M with y = lim,, o f(z,).
If y € F(M) and F~! is continuous, the sequence {z,} converges to F~!(y) hence y & L(F). Conversely
ify e F(M) and I and L(F) N F(M) = @, then any subsequence of {z,} converges and the limit points
coincide, since F is injective. This imply that F~! is continuous.

Let y € L(G). Then there exist a sequence {z,} in M, without limit points, such that G(z,) converges
to y. Consider {F(x,)}. This is a bounded sequence in R?, hence has a convergent subsequence and the

limit is in L(F), a contradiction. Hence L(G) = 0. O



5. INTEGRATION OF VECTOR FIELDS AN DISTRIBUTIONS 100

4.19. THEOREM. [Whitney closed embedding Theorem| Let M be a n-dimensional differentiable mani-
fold. Then there exists an embedding G : M — R?"*1 such that G(M) is closed.

PROOF. We start with the following general fact
CLAIM. There exists a smooth function F': M — R with L(F) = ().

PRrOOF. Let {¢;}, i € N, be a special atlas and {);} a partition of unity dominated by this atlas. Define
F(z) =, i\i(x). We claim that L(F) = 0. Set K; = Uj<;W;. If {z,,} is a sequence without limit points,
Vi there exist x,;) ¢ K;, since K; is compact. In particular F(z,,) is unbounded and F(x,) does not

converges. 0

Consider now the function F : M — R C R?"*! F as in the Claim. By Theorem 4.16 there exist a
1-1 immersion G : M — R*"*! such that ||G(z) — F(z)|| < 1. Then L(G) = 0, by item (3) of Proposition
4.18. By item (2) of the same Proposition, G is an embedding, and by item (1) G(M) is closed. O

4.20. REMARK. We have proved that every n-dimensional manifold admit an immersion in R?" and
an embedding in R?"*!. Those results are not sharp. In fact it is possible to prove that there are always
immersions of an n-dimensional manifold into R?”~! and embeddings into R?". These results, known as the
strong Whitney Theorems, are sharp. For example the real projective space RP™ does not immerse into
R?"~2 and does not embed into R?"~1 if n = 2*. However a question arise naturally: given n the exist an
integer p(n) such that every n-dimensional manifold can be immersed into RP(™ and there are n-dimensional
manifolds that can not be immersed in RP(™~1? As remarked above, p(n) = 2n — 1 if n is “very even”, i.e.
n = 2% so there is a suspect that p(n) depends on “haw even” is n. Let be a bit more precise. Let a(n) be
the number of 1’s in the in the binary expression of n, i.e. if we write n = 2% 4+ ... 424, 0<4; <... <1,
then a(n) = I. Observe that a(2¥) = 1. Using algebraic topological methods (characteristic classes) it can be
seen that p(n) > 2n — a(n) and it was conjectured, for some times, that p(n) = 2n — a(n). In 1985 R. Cohen
proved that a compact n-dimensional manifold can be immersed in R2*~*(") | giving so a positive answer to
the conjecture, at least in the compact case. For the embedding problem it can be shown that a compact
orientable'? n-dimensional manifold embeds into R?"~! (observe the even dimensional real projective spaces

are not orientable).

5. Integration of vector fields an distributions

5.1. DEFINITION. Let M be a smooth manifold and U C M be an open set. A (tangent) vector field on
U is a smooth map X : U — T'M such that m o X = ;. The space of vector fields on U will be denoted
by H(U).

5.2. REMARK. A tangent field is essentially a function that associate to p € U a derivation of the
algebra F,. It is easy to see that such a vector field define a derivation of the algebra of smooth real valued
function defined in U i.e. an element of Der(U) and, conversely, an element of Der(U) defines a vector
field. So we can identify H(U) with Der(U). Therefore we can define the Lie product of vector fields, as the

commutator of derivations, Therefore define a Lie algebra structure on H(U), and prove, using local charts,

12We will define orientability later on.
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that if FF: M — N is a smooth map, the Lie product of F-related vector fields is F-related to the Lie
product of the vector fields (see Proposition ?? of Chapter 0).

5.3. DEFINITION. Let X € H(M) and p € M. An integral curve of X with initial condition p is a smooth
curve v : (a,b) CR — M such that 0 € (a,b), v(0) = p and §(t) = X (y(¢)).

Using local charts and Theorem ?? of Chapter 0, we have

5.4. THEOREM. For all p € M there exists an integral curve v of X with initial condition p and such a
curve is unique in the sense that two integral curves with the same initial condition agree on the intersection
of their domains. In particular there is a unique maximal integral curve with initial condition p and this

curve depends smoothly on p.

Then we can define complete vector fields as these vector fields whose integral curves are defined in the
whole of R and prove that vector fields with compact support are complete, just like in the case of vector

fields on open sets of R™. For complete vector fields we have the flow map
I''MxR— M, T(pt)=n"(t),
where 7, is the integral curve of X with initial condition p.

5.5. REMARK. It is now a good time to spend a word on the behavior of the integral curves of a vector
field. Let X € H(M) and assume, for simplicity, that X is complete. If X(p) = 0 then, by unicity, the
integral curve of X with initial condition p is the constant curve v(t) = p. Suppose now X (p) # 0 and let
v be the integral curve of X with initial condition p. Then, again by unicity, (¢) # 0, V ¢ € R. Therefore

v is an immersion. Then we have two possibilities

o y(t) #(s),s #t, and v is a 1-1 immersion of R into M (it may not be an embedding),
e v(t) = v(s) for some s > t. It will be not restrictive to assume t = 0, y(r) # v(0), Vr € (0,s). In
this case, again by unicity, §(s) = 4(0) and ~ is a periodic curve if period s. In particular v is a

closed curve and induces an embedding 7 : S* — M.
Next we consider next the case of distributions.

5.6. DEFINITION. Let M be a n-dimensional manifold. A smooth k-dimensional distribution D on M is
the choice of a k-dimensional subspace D, C T, M, V p € M, that depends smoothly on p. This means that,
V p € M, there are smooth vector fields {X;,..., X}, defined in a neighborhood U of p, such that D, is
spanned by {X1(q),...,Xk(q)}, YqeU.

A distribution is a subset of T'M, hence we ca talk about vector field (with values) in the distribution.

5.7. DEFINITION.

(1) The distribution D is involutive if the Lie product of two vector fields in the distribution is a vector
field in the distribution.

(2) An integral manifold (N, ¢) for the distribution D is a k-dimensional smooth manifold N and a 1-1
immersion ¢ : N — M such that d¢(z)(TN) = Dy(a)-
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(3) A mazimal integral manifold for D is an integral manifold (N, ¢) such that N is connected and

¢(IN) is not properly contained in the image of any connected integral manifold of D.

As we have seen in Chapter 0, Theorem 7?7, a necessary and sufficient condition for the existence of
integral manifolds for D is D to be involutive. The delicate question is the existence of maximal integral

manifolds. This is the content of the next result.

5.8. THEOREM. [Frobenius Theorem, global version] Let D be an involutive k-dimensional distribution

on a manifold M and pg € M. Then the exist a unique mazimal integral manifold of D containing pg.

PROOF. We start by defining the candidate to be the integral manifold we are looking for. Consider
N = {p € M : there exist a piecewise smooth curve ~y : [0, 1] — M with 7(0) = po,v(1) = p, ¥(t) € Dy }-

From Theorem ?? in Chapter 0 and the fact that M is second countable it follows that the exists a

countable atlas
¢i : U:{(xl,...,xn) e R": |£CZ| < 1} — M,

such that the images of the slices x;; = constant are integral manifolds of D.

We want to define a topology on N. We do this by defining a system of open neighborhoods for p € N.
Without loss of generality we can suppose p = ¢;(0). Observe that ¢(U N RF) C N and we declare open
neighborhoods of p in N, the images of open sets in U N R* containing 0. In particular ¢;|g+ is a smooth
atlas for N. This topology is Hausdorff since two points in distinct slices have disjoint open neighborhoods.
We observe also that a piecewise smooth curve 7, joining pg with p and with tangent vector in the distribution,
is contained in N and is a continuous curve in this topology. Therefore N is connected. The delicate point
in the proof is the following

CLAIM The topology on N defined above is second countable.

PROOF. O

6. Lie groups

A very important class of differentiable manifolds is the class of Lie group that we will study in this
section. These are object with two structure: a structure of differentiable manifold and a structure of group.
We require that the two structures are compatible, in the sense that the algebraic operations are smooth

maps. More precisely

6.1. DEFINITION. A Lie group is a smooth manifold G with a preferred element e € G and smooth maps:
m:GxG— G, r:G— G,
such that the axioms of groups are verified, i.e.
e m(g,m(h, k)) = m(m(g, h), k),

e m(e,g) = g =m(g,e),
e m(g,7(g9)) = e=m(r(g),9).
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As usual in group theory we will use the notation gh for m(g, h) and g=! for r(g). In the case of Abelian

groups, i.e. m(g,h) =m(h,g) V g,h € G, we will also use the notation m(g,h) : =g+ h, r(g) = —g.

6.2. DEFINITION. Let G be a Lie group. We define the left translation by g € G as the map L, : G —
G, Ly(x) = go. Similarly the right translation by g is the map R, (z) = zg.

6.3. LEMMA. Ly and R, are diffeomorphisms of G.

PROOF. L, is the composition of m, which is smooth, with the smooth map (¢, 1) : G — G X G, ¢4
being the constant map c4(h) = g. Hence L, is smooth. Also (Lg)~" = Ly-1 so Ly has a smooth inverse.

Analogously for R,. g

6.4. DEFINITION. A vector field X € H(G) is said to be left invariantif V g, h € G, X (gh) = dLgy(X (h)).
Analogously, X is right invariant it V g, h € G, X(gh) = dRp(X(g)).

We will denote by £(G) the space of left invariant vector fields. Obviously £(G) is a (real) vector subspace
of H(G).

Since a left invariant vector field X is Lg4-related to itself, we have
6.5. LEMMA. If X\ Y € L(G), [X,Y] € L(G). In particular LG is a Lie subalgebra of H(G).
6.6. LEMMA. L(G) is canonically isomorphic to T.G, as a vector space.

PRrROOF. Consider the evaluation map ev : L(G) — T.G, ev(X) = X(e). Clearly ev is linear and
has a linear inverse ev™!(X.)(g) = dLy(e)(X.). We should only check that dL,(e)(X,) is a smooth vector
field. For this we consider a smooth function f : G — R and a smooth curve 7 : (—¢,e) — G such that
7(0) = e,4(0) = X.. Then

AL, (€) (X)) = X 0 L) = 5 o= (29,

which is smooth in g. Therefore dL,(e)(X.) is a derivation of F(G), hence a smooth vector field. O

6.7. DEFINITION. T.G, endowed with the (Lie) product induced by ev, is a Lie algebra, called the Lie

algebra of G, and will be denoted by G.

6.8. REMARK. The Lie algebra of a Lie group is a basic invariant. In fact it is known that there exist
a bijection between isomorphism classes of (finite dimensional real) Lie algebras and simply connected Lie

groups, up to smooth isomorphisms. We will comment a bit more on this fact later on.
We will study now the integral curves of a left invariant vector field .

6.9. PROPOSITION. Let X € L(G) be a left invariant vector field and v : (a,b) — G be an integral curve
of X with initial condition e € G.

(1) The curve g = Lg oy is an integral curve of X with initial condition g € G.

(2) Ift,s,t+s€(a,b), y(t+s)=7(t)(s).
(3) X is complete, i.e. the integral curves are defined on all R.
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PROOF. Since X is left invariant, %Lg ov =dLy(§(t)) = X, hence L, o7 is an integral curve of X.
The second Claim follows by observing that, for a fixed s, ~(t + s) and ~y(t)y(s) are integral curves of X
with the same initial condition. We will prove now that X is complete.

Let tg = sup{t € R : v is defined in [0,¢)}, and suppose, by absurd, that t; < co. Let € be a small

positive constant and consider the curve

y(t), if t<to—e
V(1) = .
Y(to —e)y(t —to+e€) if tg—e<t<2p—e

Then v is an integral curve of X defined in [0, 2ty — €) 2 [0,t0), a contradiction. O

6.10. ExAMPLE. Consider GL(n,R) = {A € M(n,R) : det(A) # 0}. Then GL(n,R) is an open subset of
M(n,R) = R"z, hence a differentiable manifold. The product and inversion are smooth maps (see Example

??, Chapter 1). Hence GL(n,R) is a n?-dimensional Lie group. Here some simple observations.

(1) If Ae GL(n,R), La(B)= AB. In particular L4 is linear and dL4(C) = L4, VC € GL(n,R).
(2) If A€ TyGL(n,R) = M(n,R), the left invariant field (uniquely) determined by A is A(C) = CA.
(3) The integral curve of the left invariant extension A of A, with initial condition 1, is 'yA(t) =
exp(tA) ==Y o [k!]~1t* A*. Therefore the integral curve with initial condition C' is C exp(tA).
(4) The flow of A is ¢71(B) = Bexp(tA).
We can then compute the Lie algebra structure on GL/(ER) = Ty GL(n,R) = M(n,R) using Proposition
?? of Chapter 1. If A, B € T GL(n,R) = M(n,R),

14,8] = (A, BI(1) = S o exp(t4) B exp(~14) =

= [Aexp(tA)Bexp(—tA) — exp(tA)BAexp(—tA)]|t=o = AB — BA.

An observation on the topology of GL(n,R). Since det : GL(n,R) — R\ {0} is a continuous surjective
map, GL(n,R) is not connected. Consider GLT(n,R) = {A € GL(n,R) : det A > 0} and GL™ (n,R) =
{A € GL(n,R) : det A < 0}. These are disjoint open submanifolds of GL(n,R), and we claim that they
are connected. Let R; be the diagonal matrix with entries a; = 1,7 # i,a; = —1. Multiplication by R; is
a diffeomorphism of GLT(n,R) onto GL~(n,R). So it is sufficient to show that GL¥(n,R) is connected.
Let A € GL*(n,R). We want to show that A belongs to the connected component of 1 in GL*(n,R). By
basic linear algebra we know that if A € GL(n,R) there is an invertible matrix P such that P~1 AP is upper
triangular. Conjugation by P sends GL™(n,R) into itself (and fix 1), so we can suppose that A is upper
triangular. Multiplying by ¢ € [0, 1] the non diagonal elements we get a path joining a diagonal matrix to A,
and, along this path, the determinant is constant. So we can suppose that A is diagonal. By convex linear
combination we can find a path in GL* (n, R) between A and a diagonal matrix with entries +1. The matrix
R;R; is in the connected component of 1, since the rotation of an angle 6 € [0, 7] in the plane {e;,e;} is a
curve in GL"(n,R) between 1 and R;R;. So multiplication by R;R; sends the connected component of 1
into itself. Now we multiply A by the R;’s, for i corresponding to the negative eigenvalues. Since there are
an even number of such R;’s, this map sends the connected component of 1 into itself and A to 1. Hence A

belongs to the connected component of 1 and this component coincides with GL™* (n,R).
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Once we introduce “objects” (Lie groups), it is good strategy to introduce “sub objects” and morphisms,

i.e. maps that preserve the structure.

6.11. DEFINITION. Let G, H be Lie groups.
o A Lie groups homomorphism ¢ : G — H is a smooth map which is a group homomorphism. If ¢
has an inverse, which is a Lie groups homomorphism, we will say that ¢ is a Lie groups isomorphism.
o A Lie subgroup of H is a pair (G, ¢) where G is a Lie group and ¢ : G — H is a group homomor-

phism which is a 1-1 immersion.

We will prove some results on uniqueness of subgroups that verify certain condition. So we will make

clear what we mean that two subgroups are “equal”.

6.12. DEFINITION. Let H be a Lie group and (G;, ¢;), ¢ = 1,2 be two subgroup. We will say that two

subgroups are equivalent if there exists a Lie group isomorphism v : G; — G5 such that ¢ 0 = ¢.

6.13. PROPOSITION. If ¢ : G — H is a Lie group homomorphism, then d¢(e) : G — H is a Lie

algebras homomorphism.

PROOF. Let X € G and X be the left invariant field in H with X (e) = d¢(e) X () (we are denoting by
e the identity element both in G and in H). Since ¢ is a homomorphism, Ly o ¢ = ¢ o L,. Hence

X(6(9)) = dLy(g) X (e) = dLy(g)de(e) (X (e)) =

=d(Lg(g) 0 9)(€)(X(e)) = d(¢ o Ly)(e) (X (e)) = de(g)(X (9))-
Hence X and X are ¢-related. In particular, if X,Y € @,

—_~—

[X,Y](e) = [X,Y](e) = de(e) (IX, Y)).
O

A Lie subgroup ¢ : H — @G, determines a Lie subalgebra dqﬁ(e)(ﬁ) C @, by Proposition 6.13. We will

prove that, conversely, a Lie subalgebra determines a Lie subgroup. We will start with a preliminary result.

6.14. LEMMA. Let G be a connected Lie group and U an open neighborhood of e € G. Then G = U2, U",

where U™ is the set of products on n elements in U.

PROOF. Consider U~! := {g7! : g € U}. Then U~! is also an open neighborhood of e and so is
V:=UnNU"' We will show that G = U2, V"™ C U2, U™, Set H = U2, V", Then

e H is an abstract subgroup (if g,h € H,gh™! € H).

e Hisopen (if g€ H,gV C H).

Now G is covered by the cosets {gH },g € G. Since H is open these cosets are open. In particular G\ H is

an open set, since is union of the cosets of H, different from H. Since G is connected and H # (), G=H. O

6.15. THEOREM. Let G be a Lie group and let HcCG bea subalgebra. Then there erists a unique
connected subgroup (H,¢) of G such that dg(e)(H) = H.
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PrOOF. Consider the distribution
D(g) = dLg(e)(PI)-
Since H is a subalgebra, it follows easily that D is involutive. Let (H, ¢) a maximal integral manifold of
D containing e. Set e = ¢~ 1(e).

CLAIM 1: ¢(H) is an abstract subgroup of G.

PROOF. Let g € ¢(H). Consider the map L,-1 o ¢. This map is an injective immersion whose image
contains e. Moreover
dL,-1 0 ¢(e)(T.P) = dL,-1(H) = D(g7 "),
so it is also an integral manifold of D. By maximality L,-10¢(H) C ¢(H). Hence, given g,h € ¢(H),g *h €
¢(H) and the Claim is proved. O

CLAIM 2: H is a Lie group.

PROOF. We can define an abstract group structure on H by requiring that ¢ : H — ¢(H) to be
an abstract groups isomorphism. Since H is a smooth manifold, we have only to check that the map
B:HxH — H, f(g,h):= g 'h, is smooth. This follows from Lemma ??. |

To conclude the proof of the Theorem we need to prove unicity (in the sense of Definition 6.12). Suppose
that (K, ) is an other such subgroup. Then (K, ) must be an other integral manifold of D, with e € ¥ (K).
Since (H, ¢) is maximal, ¢(K) C ¢(K). From Lemma ?? oh Chapter 2, it follows that we have a well defined
smooth map k : K — H such that ¢ o k = ¢. It follows that x is an injective Lie groups homomorphism.
We want to show that x is onto. Now dx(e) is an isomorphism an so, by the inverse function Theorem it
maps a neighborhood of e € H diffeomorphically onto a neighborhood of e € H. Now, by Lemma 6.14, both
K and H are generated by such neighborhoods, a fact that clearly implies that « is onto. (I

6.16. COROLLARY. Let G be a Lie group. Then there is a 1-1 correspondence between connected Lie

subgroups of G and Lie subalgebras of G.
A particularly interesting case is the following
6.17. DEFINITION. A 1-parameter subgroup of a Lie group G is a 1-dimensional Lie subgroup.

Let X € G and X be the left invariant extension of X. By Proposition 6.9 X is complete hence the
integral curve of X thought e € G is a smooth map vx : R — G which, again by Proposition 6.9, it is
an abstract group homomorphism. Moreover, if X # 0, X is everywhere nonzero and ~ is an immersion.
Now the integral curves of a nonzero complete vector field are either injective or periodic (see Remark ??
of Chapter 2). In the first case (R,~yx) is a Lie subgroup. In the second case, vx induces an embedding
Fx : 81 — G. Let p be the period of yx. We can define a Lie group structure on S!, identifying it with
R/pZ and, with this structure, (S*,7y) is a Lie subgroup of G.

6.18. DEFINITION. Let G be a Lie group. We define the exponential map :
exp: T, — G, exp(X)=vyx(1),

where vy is the integral curve of the left invariant extension of X with vx(0) = e.
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6.19. LEMMA. exp(tX) = vx(¢).

PRrROOF. Fix t an define o(s) = yx(st). Then o is an integral curve of tX (which is left invariant) with
0(0) = e. Hence exp(tX) = o(1) = (). O

6.20. LEMMA. The exponential map is smooth and dexp(0) : ToT.G = ToG — ToG is the identity map.

PRrROOF. dexp(0)(X) is the tangent vector, at e € G, of the curve exp(tX) = vx (t). Hence the conclusion.
U

In particular exp is a diffeomorphism of a neighborhood of 0 € T.G onto a neighborhood of e € G.
Composition of this chart with left translations give an atlas for G.

A useful property of the exponential map is that it is natural with respect to Lie groups homomorphisms
6.21. PROPOSITION. Let ¢ : G — H be a Lie groups homomorphism. Then ¢ o exp = exp odg(e).

PROOF. Let X € G. Then y(t) = ¢(exp(tX)) is a smooth curve in H with 4(0) = dé(e)(X). Since ¢ is
a homomorphism, v is also a 1-parameter subgroup, hence ¢(exp(tX)) = exp(tdg(e)(X)). O

Proposition 6.21 allows us to prove that, under natural conditions, an abstract subgroup of a Lie group

is, in fact, a Lie subgroup.

6.22. THEOREM. Let G be a Lie group and H C G be an (abstract) subgroup which is a closed subset.

Then there exists a unique manifold structure in H such that the inclusion i : H — G is a Lie subgroup.
PRrooOF. O
A useful consequence is the following

6.23. PROPOSITION. Let ¥ : G — H be a Lie groups homomorphism. Then ker is a Lie subgroup of
G with Lie algebra ker di(e).

PRrROOF. Set K = kervy. Then K is a closed subgroup, hence a Lie subgroup, by Theorem 6.22. Now
X € K if and only if exp(tX) € K, by Proposition 6.21, and this occurs if and only if X € kerdi(e). O

7. The adjoint representation

Let E be a (finite dimensional) vector space. We will denote by End(E) the space of linear maps of E
into itself and by Aut(E) the subspace of the invertible ones. Once fixed a bases of E we will identify such
spaces with M (n,R) and GL(n,R) respectively.

7.1. DEFINITION. Let G be a Lie group. A representation of G in E is a Lie groups homomorphism
p: G — Aut(E).
We will introduce now a very important representation. Consider a Lie group G and the map k4 : G —

G, kg(h) =ghg™". Clearly ky(e) =e V g€G.

7.2. DEFINITION. The adjoint representation of G is the representation Ad : G — Aut(é)7 Ad(g) =
drg(e).
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We also define the map
ad : G — End(G) = Ty Aut(G),  ad(X) = dAd(e).

By Proposition 6.21 we have the commutative diagrams

G 24 Aut(G) ¢ & G
exp | T exp exp | T exp
A ad A 5~ Adlg) A
G — End(G) G — G

In particular
exp(tAd(g)X) = gexp(tX)g ™.
In the case G = GL(n,R) we have

d d
Ad(X)(Y) = E\t:oX exp(tY)X ! = &hzo exp(tXYX 1) = Xy x—!

ad(X)(Y) = %h:oAd(l +tX)(Y) = %hzo(ﬂ +tX)Y (1L +tX) ' =XY -YX =[X,Y].
The last formula is a general fact.
7.3. PROPOSITION. If G is a Lie group, X,Y € G, ad(X)(Y) = [X,Y].
PRrROOF. First observe that
ad(X)(Y) = dAd(e) (X)(¥) = [0 Ad(exp(tX))(¥) =
= oo Adep(E))Y) = S lemod(expo) ()
We extend X, Y to left invariant fields X, Y and denote by ¢, is the flux of X. Then

d d ~
ad(X)(Y) = &‘t:OdRexp(—tX) [¢] dLexp(tX)(Y) = &|t:0dReXp(_tx)Y(eXp(tX)) =

= i h=0dd (Y (94(e)) = [X, Y],

O

We will study now some special subgroups. Let G be a group and let G be a Lie algebra, We define

o the center of G, Z(G) ={g € G:gh=hg, ¥ heG},

o the center of G, Z(G)={X € G:[X,Y]=0, V Y € G}.

G is Abelian if and only if Z(G) = G. By analogy we will say that G is an Abelian Lie algebra if
Z(G) = G.

If G is a Lie group, Z(G) is a closed subgroup, hence, by Theorem 6.22 a Lie subgroup.

~

7.4. PROPOSITION. If G is a connected Lie group, ker Ad = Z(G) and Z(G) = Z/(\G)

PROOF. Let g € Z(G). Then exp(tX) = gexp(tX)g—! = exp(tAd(g)(X)). If t is sufficiently small,
tX,tAd(g)(X) belong to a neighborhood of 0 € G where exp is a diffeomorphism onto its image. Hence
tX = Ad(g)(X), i,e g € ker Ad. Conversely, suppose g € KerAd. Then exp(X) = exp(Ad(g)(X)) =

gexp(H)g~!. In particular g commutes with elements in the image of exp. But the image of exp contain an
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open neighborhood U of e. Since G is connected, any element h € G is product of elements in U, by Lemma

~

6.14, and g € Z(G). The last Claim follows from Proposition 6.23 applied to Ad : G — Aut(G). O
7.5. COROLLARY. A connected Lie group is Abelian if and only is its Lie algebra is Abelian.

7.6. COROLLARY. If G is a Lie group and X,Y € G are commuting tangent vectors (i.e. [X,Y] =0),
then exp(X +Y) = exp(X) exp(Y).

PROOF. Consider H = span{X,Y}. Then H is an Abelian subalgebra of G and the associated subgroup
H is Abelian. Then the map
a:R— H, «aft) =exp(tX)exp(tY)
is a smooth homomorphism. Therefore a(t) = exp(t&(0)) = exp(t(X +Y)). O

7.7. PROPOSITION. Let H be a connected Lie subgroup of a connected Lie group G. Then H is normal
if and only lfﬁ is an ideal of G.

PROOF. Assume that H is an ideal of G. We want to prove that H is normal. Let Y € I;f, X e @,g =
exp(X). Then

gexp(Y)g~! = exp(Ad(exp(X))Y) = exp(exp(ad(X))Y) = exp(d_ [k~ ad(X)*(Y).
k=0

Since H is an ideal, ad(X)k(Y) € I;T, as follows from Proposition 7.3. Hence ghg~!' € H, for g, h in small
neighborhoods of e in G and H respectively. But G, H are connected, hence ghg™' € H, Vg€ G, h € H,
by Lemma 6.14, and H is normal.

Conversely, suppose H normal in G. Let Y € ﬁ, X e @,t, s€R,g =exp(tX). Then
gexp(sY)g ™' = exp(Ad(g)(sY)) = exp(slexp((ad(tX)(Y))]) € H.

Hence exp((ad(tX)(Y)) € H, forall t € R. Now

exp((ad(tX)(Y)) = exp(t ad(X)(Y)) =Y +t ad(X)(Y) + Z[k!]fltkad(X)k(Y)
k=2

is a smooth curve in H with tangent vector, at zero, ad(X)(Y) = [X,Y]. Hence [X,H] € H and H is an
ideal. O

8. Covering groups

In this subsection we will study coverings of a Lie group. We refer to the Appendix for the basic facts
on covering spaces theory.

We will start with a simple fact.

8.1. PROPOSITION. Let ¢ : G — H be a surjective Lie group homomorphism. The following conditions
are equivalent
(1) ker ¢ is discrete,
(2) do(e) : G — H is an isomorphism,

(3) ¢ is a covering map.
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PROOF. Since ¢ is smooth and surjective, dim(G) > dim(H) by Theorem ?? of Chapter 2. Let K :=
ker ¢. If K is discrete, {0} = K = ker do(e) and dg(e) is an isomorphism. Conversely, suppose that de¢(e) is
an isomorphism. Then ¢ is a diffeomorphism of a neighborhood U of e € G onto an open neighborhood V'
of e € H. In particular UNK = {e}. Let g € K. Then gUNK = {g}. In fact, if h€e gUNK,g'he UNK
and therefore g = h. Therefore K is discrete. Suppose now that ¢ is a covering map. Then K = ¢~ !(e) is
discrete, being the fibre over e. So we are left to prove that condition (1) (or (2)) implies that ¢ is a covering
map. Let U,V be as above. Then ¢~ (V) = Uze g gU. Now the (distinct) gU’s are disjoint, by the argument
used above, and ¢|gU : gU — V is a diffeomorphism, hence V' is evenly covered. Let h € H and consider
the open neighborhood hV. Then ¢~ (V) = Ugegp-1(n)gU. Then these open sets are disjoint, ¢ restricted

to each of them is a diffeomorphism onto AV, and the latter is evenly covered. So ¢ is a covering map. 0O

8.2. COROLLARY. Let G be a simply connected Abelian Lie group. Then G is isomorphic to the additive
group R™.

PrOOF. We consider the (additive) vector group G =~ R". Since G is Abelian, exp : G — Gis
a group homomorphism, by Corollary 7.6. We will show that it is surjective. Let ¢ € G. Since G is
connected, g is product of elements in a small neighborhood of e, which is in the image of exp. Hence
g =exp(Xy)---exp(Xg) = exp(Xy + -+ + Xi). Since dexp(0) = 1, exp is a covering map by Proposition
8.1. Since G is simply connected, exp is a diffeomorphism and, being a homomorphism, it is a Lie groups

isomorphism. (I
We will classify now all Abelian Lie groups. We need the following

8.3. LEMMA. Let K C R™ be a discrete non trivial subgroup. Then there exist linearly independent

vectors, vi,..., v, that generates K.

PROOF. We proceed by induction on n. Let n = 1 and let g € K \ {e} be an element minimal norm.
Suppose h € K N (mg, (m + 1)g then h —mg € K and |h — mg| < |g|, contradicting the minimality of |g|.
Hence h € gZ and K is generated by g. Suppose the Lemma holds for discrete subgroups of R"~!. Take

again an element g € K \ {e} of minimal norm. Let 7 : R® — g be the orthogonal projection. O

8.4. THEOREM. An Abelian Lie group G is isomorphic to the direct product of the k-torus S x---x S, (k
factors), and R"~F.

PROOF. First observe that, by Corollary 7.6 exp : G—Gisa homomorphism. Also exp is surjective,
by the same argument used in Corollary 8.2. Hence K = kerexp is a discrete subgroup and G = G /K. By
Lemma 8.3 K is generated by k independent vectors. Consider a linear isomorphism L : G — R" which
sends these vectors in the first k£ vectors of the canonical basis. Then L induces a Lie group isomorphism
L:H /K — R"/T" where T is the subgroup spanned by the first k& vectors of the canonical basis. The

conclusion follows from the simple fact that R™ /T is Lie isomorphic to S! x --- x 1 x R*~*. O

8.5. THEOREM. Let G be a Lie group and let m : G — G be a covering map. Then G has a (unique)

manifold structure such that w is a Lie groups homomorphism.

PRrROOF. (Sketch) Consider the commutative diagram
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In particular, since manifolds are locally semi simply connected, there is a (unique) simply connected

Lie group G , that covers G. For simply connected groups we have the following important result

8.6. THEOREM. Let G,H be Lie groups with G simply connected. If v : G — H is a Lie algebras
homomorphism, then there exists a unique Lie groups homomorphism ¢ : G — H such that ¢ = d¢(e). In

particular simply connected Lie groups with isomorphic Lie algebras are Lie isomorphic.
PROOF. O

8.7. REMARK. A celebrated result of Ado, that we will not prove here, states that a (finite dimensional)
Lie algebra Hisa subalgebra of GL(n,R), for some n. In particular there is a Lie group H with Lie algebra

H, by 77, and , in particular, a (unique) simply connected one, by Theorem 8.6. Hence
8.8. THEOREM. There is a 1-1 correspondence between finite dimensional Lie algebras and simply con-
nected Lie groups.
9. Group actions and homogeneous spaces

Let G be a Lie group, H a subgroup and 7 : G — G/H be the quotient map. If H is not normal, the
quotient set G/H does not have a natural group structure. However has a natural topology, the quotient

topology. In this topology the open sets are the ones whose inverse image is open.

9.1. THEOREM. If (H,¢) is a Lie subgroup of G, and ¢ is an embedding with closed image'® , then the

quotient space G/p(H) has a unique smooth structure such that

(1) 7 is smooth,
(2) there are local smooth sections, i.e., for every point in the quotient there exists an open neighborhood

U and a smooth map s : U — G such that mos = 1y.
PROOF. Since ¢ is an embedding we will identify H with its image ¢(H). O
The following corollary will be useful to prove connectness of some Lie groups
9.2. COROLLARY. If H,G/H are connected, then G is connected.
PROOF. O

9.3. DEFINITION. Manifolds of the type G/H where G is a Lie group and H is a closed subgroup, are

called homogeneous manifolds.
Let M be a smooth manifold and G a Lie group.

9.4. DEFINITION. A smooth left action of G on M is a smooth map p: G x M — M such that

(1) pwle,x)=a V¥V ze€ M,
(2) p(g, p(h,2)) = p(gh,z) vV z €M, g, heG.

1314 is known that ¢ is an embedding if and only if it has closed image. We will not prove this fact in those notes.
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When the action is fixed we will write gz for p(g, x).
We can define the “left translations” p, : M — M, pg4(z) = gx. These are clearly smooth maps an,

in fact, diffeomorphisms, since (uy)~*

= pg-1, as follows easily from the definition. So we can think of an
action as a homomorphism of the group into the group of diffeomorphism of the manifold (with suitable

conditions of differentiability).

9.5. DEFINITION. Given an action of G on M we define
(1) O(x) :={gzx : g € G}, the orbit of x,
(2) H(x):={g € G: gx = x}, the isotropy (sub)group of x.

Moreover we will say that the action is transitive is O(z) = M,

9.6. REMARK. If the action is transitive then O(y) = M, Vy € M. In fact, given z € M,z = hx,y = kx
and z = hk~ly € O(y).

9.7. EXAMPLE. Identify S = SO(2) with the group of rotations of R? around the z-axis. Then S! acts
on S? in a natural way. If p € S? is not on the z-axes, O(p) is the “parallel” trough p. If p is the north or
south pole, then O(p) = p. In the first case the isotropy subgroup is the identity, in the second one is the
all S*.

This action induces an action on RP2. If we look at RP? as the upper hemisphere ST, modulo the
identification & ~ f+x,z € ST, we have that S' still fixes the north pole, whose isotropy is the all S!, the
other orbits are copies of S', with trivial isotropy, except for the orbit of z € dST that is a RP!, which is
diffeomorphic to S!, but the isotropy is {£1} C S*.

9.8. THEOREM. Let M be a differentiable manifold and G a Lie group that acts transitively on M. Fix
p € M an let H= H(p) be the isotropy subgroup. Then the map

h:G/H— M, h(gH)=gp
1s well defined and a diffeomorphism.

PROOF. O

9.9. REMARK. Let G be a Lie group and H a closed subgroup. Then there is a natural transitive action
GxG/H— G/H, g(hH)= (gh)H.

In particular a manifold M is (diffeomorphic to) a homogeneous manifold if and only if there is a Lie group
G that acts transitively on M. We want to stress the fact that G has to be a Lie group and not only a
topological group. In fact, for any connected manifold M, the group of diffeomorphism of M, which is a
topological group with a suitable topology, acts transitively on M (see Exercise 7?7 of Chapter 2). However
this group is not a Lie group.

Naturally there may be several groups that acts transitively on the same differentiable manifold.

9.10. EXAMPLE. Let S™ C R™"! be the unit sphere. There is a natural action of O(n+1) on S™, namely
w(A,x) = A(x). Let e; = (1,0,...,0) € S™. This action is clearly transitive. The isotropy group is the
H(e) = {[aij] € O(n+1) :a1; = a;1 = 61; which is clearly isomorphic to O(n). Then S™ is diffeomorphic to



CHAPTER 3. A SHORT COURSE ON DIFFERENTIABLE MANIFOLDS 113

O(n+1)/0(n). The action above induces a transitive action of O(n+ 1) on RP™ = §™/{+1}. The isotropy
group is H([e1]) = {[ai;] € O(n+ 1) : a1; = a;1 = £01;-
The subgroup SO(n + 1) € O(n + 1) also acts transitively on S™ and RP™. We leave to the reader the

task of determine the isotropy subgroups.
The following result is useful to prove connectness of some Lie groups.

9.11. PROPOSITION. let G be a Lie group and H C G a closed subgroup. If H and F/H are connected,

then G is connected.
PRrOOF. O

9.12. EXAMPLE. As an example we will use the result above to prove to prove that SO(n) is connected.
We proceed by induction. SO(2) = S! hence it is connected. Suppose SO(n — 1) connected and consider
the homogeneous manifold S"~1 = SO(n)/SO(n — 1) (see Example 9.10). Since S"~! and SO(n — 1) are
connected, the latter by the inductive hypothesis, it follows that SO(n) is connected.

10. Exercises

10.1. Prove that a smooth (sub)manifold is connected if and only if it is path-connected.
10.2. Prove that the definitions of tangent space given in Remark 1.11 are equivalent.

10.3. Let M C RY be a submanifold. For p € M let {X;}, {&;} be bases for T,M and [T, M]* respec-
tively. Show that {(X;,0), (0, X;)} and {(X3,0), (0,¢;)} are bases for T\, 0yT'M and T{, )M respectively.

10.4. Let M be a smooth manifold and p € M. Consider the set 1/}_,7\/4 ={v:I — M : ~yis smooth and 7(0) =

p}, where I C R is an interval containing 0. In 1/“;]\/4 define the relation

dlg" o4] ) _ digto0]
Tro e SRR = 2%,

for a chart ¢ : @ — M with p € ¢(Q).

(1) Prove that ~ does not depend on the chart and it is an equivalence relation.
(2) Define a vector space structure on 7/},\]\/4/ ~ such that 7/},\]\/4/ ~ =T,M.

10.5. Prove that RP! is diffeomorphic to S' and CP! is diffeomorphic to S?. What about the quater-

nionic and Cayley projective lines?

10.6. Prove that if X is a smooth vector field in RP™ and 7 : S™ — RP" is the projection, then there
exist a smooth vector field X on S™ such that d=(X) = X. Under which condition a vector field on S™ is
induced in this way by a vector field on RP™?

10.7. Prove that S® and S” are parallelizable.
10.8. Prove that if RP™ is parallelizable, then S™ is parallelizible.
10.9. Prove that RP3 and RP7 are parallelizable.

10.10. Prove the claims in Remark 4.7.
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10.11. Let M, N be smooth manifolds and let f : M — N be a smooth map. Suppose that f is a
bijection and df(z) is injective, V& € M. Prove that f is a diffeomorphism (hint: use Remark 4.12 to prove

that df(x) is an isomorphism, i.e. M, N have the same dimension).

10.12. Prove that if F : M — R¥ is an embedding, F'(M) is a submanifold of RY in the sense of
Definition 1.1.

10.13. Let M be a compact manifold and NV a connected non compact manifold of the same dimension.

Prove that there are no immersions of M into N.
10.14. Prove that if M is compact and F : M — N is a 1-1 immersion, then F' is an embedding.

10.15. Consider the map V : S"~1 CR" — M (n,R), V(z) = x'z, where z = [21,...,z,] is viewed as

an 1 x n matrix and ! is the transpose of z.

(1) Prove that V is an immersion (called the Veronese immersion).

(2) Prove that V induces an embedding V : RP"~! — M (n,R) (called the Veronese embedding).
n(n+1)
mrre

5 ]-dimensional affine subspace

(3) Prove that the image of V is contained in a sphere of an |
of M(n,R).

10.16. Consider the sphere S?"~! C C". Define V : §?"~1 — M(n,C), V(z) = 2*z, where 2z =

[21,...,2n] and 2z* is the transpose conjugate of z.

(1) Prove that V induces an embedding V : CP"~* — M (n,C), the Veronese embedding.
(2) Use the same idea to define an embedding of the quaternionic projective space into M (n,H), the

space of n X n matrices with quaternionic entries.

10.17. Give an example of a 1-1 immersion ¢ : R — R? such that there exists a smooth curve o :

(—€,€) — R? with image contained in ¢(R), but &(0) not tangent to ~ at o(0).

10.18. Let 7 : M — N be a surjective local diffeomorphism. We will say that X e H(M) project onto

X € H(N), if dn(z)(X) = X (n(x)).
(1) Prove that, if 7 is surjective, ¥ X € H(N) there is a unique X € H(M) that project onto X.

(2) Prove that if X projects onto X, the map 7 sends integral curves of X onto integral curves of X.

10.19. Consider the torus 7% = S1xS* C R* and the map 7 : R? — R*, (¢, s) = (cost, sint, cos s,sin s).

(1) Prove that 7 is an immersion.

(2) Prove that 7, as a map onto T2, is a local diffeomorphism.

(3) Let X = (20,v0) € R? and extend X to a constant vector field in R?. Prove that X projects, via
m, onto a vector field on the torus.

(4) Prove that, if yo/x¢ is rational, the image of the integral curve v(¢) = tX is an (embedded) closed
curve.

(5) Prove that, if yo/zo is irrational, the image of the integral curve v(¢) = tX is an 1-1 immersed

curve with dense image (in 7). Conclude that such an integral curve is not embedded.
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10.20. Prove that, for all z,y € R™ there exists a diffeorphism ¢ : R™ — R"™ such that ¢(z) = y and
¢(z) = z for ||z|| sufficiently large (hint: consider the (constant) vector field X =y — z. If 4 is the flow of
X, 7 (z) = y. Take now a vector field that coincide with X in a ball containing z,y and vanish outside a

bigger ball).

10.21. Let M be a connected smooth manifold, p,q € M. Prove that there is a diffeomorfism ¢ : M —
M such that ¢(p) = ¢ (hint: use the result above for the case in which p and ¢ belong to the image of a
given chart and use this fact to show that the set of points ¢’ such that there exist a diffeomorphism taking

a fixed p to ¢’ is open and closed in M).

10.22. Let G be a Lie Group. Prove that the connected component of the identity, G, is a normal open

and closed subgroup. in particular, if G is compact, G, is compact

10.23. Determine, up to isomorphisms, all 1-dimensional Lie groups and 2-dimensional simply connected

Lie groups.

10.24. Let K be the field of real or complex numbers.Consider the canonical scalar product in K", (z,y) =
> Ti¥i. Prove that a K-linear map A : K® — K" preserves the scalar product if and only is AA* = 1,

where A* is the conjugate transpose (with respect to (-,-)) of A.

10.25. Consider the groups G = {A € L(K™ ,K") : AA* = 1}. Define a Lie group structure on G and
determine G (as a Lie algebra). These groups are called the orthogonal an the unitary group, respectively,
and are denoted by O(n), U(n).

10.26. Prove that O(n) and U(n) are compact, U(n) is connected and O(n) has two connected com-
ponents. The connected components of O(n) that contains 1 is called the special orthogonal group and is
denoted by SO(n).

10.27. Consider SU(n) = {A € U(n) : det(A) = 1}.
(1) Prove that SU(n) is a Lie subgroup of U(n).
(2) Prove that the map m : S x SU(n) — U(n), m(z, A) = zA is a surjective Lie group homomor-
phism.

(3) Prove that kerm is a cyclic group of order n.

10.28. Let Zo = {£1} be the multiplicative group with two elements.

(1) Prove that O(2n + 1) is isomorphic, as Lie group, to SO(2n + 1) X Z,.

(2) Prove that O(2n) is diffeomorphic to SO(2n) x Zs.

(3) Define a Lie group structure on SO(2n) X Zs in such a way that it is isomorphic to SO(2n).
10.29. Prove that SL(n,R) := {A € M(n,R) : det(A) = 1} is a connected Lie subgroup of GL(n,R) and

—

compute SL(n,R) (hint: compute ddet(A)(A)). This group is called the special linear group.

10.30. Prove directly that A € Skw(n,R) if and only if exp(A) € O(n) and det(A) = 1 if and only if
trace(A) = 0.
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10.31. Let A € M(n,R) be a positive symmetric matrix. Prove that exp~!(A) # (). Use this fact to

prove that there exists a positive symmetric matrix B such that B?> = A. The matrix B is also denoted by

VA.

10.32. Let Sym(n,R)™ be the set of positive definite symmetric matrices (observe that it is an open set

of the vector space of symmetric matrices, hence a differentiable manifold).

(1) Prove the polarization formula: Given A € GL(n,R), there exist P € Sym(n,R)*, R € O(n) such
that A= PR (hint set P = VAA! and R = P~1A).
(2) Prove that m : Sym(n,R)* x O(n) — GL(n,R), m(P,T) = PT is a diffeomorphism.

10.33. Let D be the group of real upper triangular matrices with positive diagonal entries.

(1) Prove that, given A € GL(n,R), there exists a unique pair of matrices (P, R) € D x O(n) such that
A = PR (hint: this is equivalent to the Gram-Schmidt orthonormalization process).

(2) Prove that that m : D x O(n) — GL(n,R), m(P,T) = PT is a diffeomorphism. In particular
GL(n,R) is diffeomorphic to R*™+1)/2 x O(n).

10.34. Let K = R, C. Consider K* = K\ {0}. Identify K* with the multiple of 1 € GL(n,K). Show that
K* is a normal subgroup and define PGL(n,K) = GL(n,K)/K*. Prove that GL(n,K)/K* is a Lie group.

This group is called the projective linear group.

10.35. Consider S® as the space of unit quaternions (see Remark 2.13 of Chapter 2 for the definition of

quaternions).

(1) Prove that S3 is a (non commutative) Lie group (with the induced product).

(2) Compute 53 and show that it is isomorphic, as a Lie algebra, to R? with the usual vector product.
(3) Prove that {£1} C S3 is a normal subgroup.

(4) Define a Lie group structure on RP3 such that the quotient map ¢ : S® — RP3 is a Lie group

homomorphism.

10.36. Consider S? as above. If ¢ € S3, define L, : H 2 R* — H, L,(z) = qaq.
(1) Prove that Ly € O(4) and L,(1) = 1.
(2) Define L, = L J1-(1+ = {p € H: p = i + yj + 2k} = R3). Prove that the map 7 : §% —
SO(3), 7(q) = L, is a Lie group homomorphism.
(3) Prove that SO(3) is isomorphic, as a Lie group to RP3.

10.37. Consider the map L, ,: H — H, L, ,(z) = pxg.
(1) Prove that, if p,q € S, L, , € SO(4).
(2) Prove that the map L : S*x.S® — SO(4), L(p,q) = Ly,q is a surjective Lie group homomorphism.
(3) Compute ker L and show that L induces a diffeomorphism of SO(4) onto S x RP3.
(4) Determine a Lie group structure on S% x RP3 that makes the diffeomorphism above a Lie group

isomorphism.

10.38. Exhibit the Stieffel and Grasmann manifold as homogeneous manifolds (see Chapter 2 for defini-

tion). Prove that they are compact and connected.
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10.39. Define transitive actions of PGL(n + 1,K) on KP™. Determine the isotropy subgroups.

-2 0
10.40. Prove that the matrix [ 0 1 1 is not not in the image of exp : M(2,R) — GL(2,R).

REMARK: Just for the records. If G is a connected compact Lie group, exp : G—Gis surjective.






CHAPTER 4

The theory of de Rham for differentiable manifolds

In this Chapter we will extend the concepts and results of the first two Chapters to the case of differ-
entiable manifolds. Since we have done most of the hard work in the first two Chapters, this extension will

very “smooth.”

1. Cohomology and homology for differentiable manifolds

1.1. DEFINITION. Let M be a differentiable manifold. A differential p-form is a law that associate to
each z € M an exterior p-form w(x) € AP(T, M) that depends differentiably on z. This means that, given
smooth vector fields X7, ...,X, € H(M), the function y ~» w(y)(X1(y),..., X,(y)) is smooth.

We will denote by QP (M) the set of differential p-forms on M.

QP(M) has an obvious structure of real vector space. Moreover we can multiply a differential form by
a smooth function and this operation is associative and distributive, in the appropriate sense, i.e. QP(M)
is a module over F(M). Finally, the wedge product induces a wedge product of differential forms. So
(M) := ®QP(M) is an associative, graded commutative algebra.

A differential form w € QP(M) induces a F (M )-multilinear map
O:HM) X xHM) — F(M), o(Xq,...,Xp)(z) =w(x)(Xi(z),..., Xp(x)).
As for the case of open sets of R™ we have the simple but important converse
1.2. THEOREM. [Tensoriality criterion] A R-multilinear map
O:HM) X xH(M) — F(M),
is induced by a differential form if and only if it is F(M)-multilinear.
1.3. EXAMPLE. Since A°(R") =R, Q°(M) = F(M).
1.4. ExamMpPLE. If f € F(M), df is the differential 1-form df(X) = X(f).

Let F': M — N be a smooth map. Then, for all x € M we have a linear map dF'(x) : T,M — Tp)N

and an induced linear map

F*:QP(N) — QP(M), F*(w)(X;,...,Xp) =wdF(X1),...,dF(X;)).
It is easily seen that such map commutes with multiplications by functions in F(N), in the sense that
F*(fw)(z) = (f o F)F*(w). Also, F*(w A T) = F*(w) A F*(1), i.e. F*: Q*(N) — Q*(M) is an algebras
homomorphism.

Finally we have the functorial properties

119
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L4 117\4 = IlQp(M),
o If Fi : My — M and Fy : My — M3 are smooth maps, (Fy o Fy)* = F} o F.
In particular, if F' is a diffeomorphism, F* is an isomorphism.

Also we have thAs for the case of open sets of R™ we have the exterior differential of a differential form.

1.5. THEOREM. There exists a unique sequence of R-linear operators d? : QP(M) — QPTL (M) p =
0,...,n, such that:

(1) d° =d (the usual differential, see Example 1.4).

(2) dPtlodr = 0.

(3) fweQP(U), 1€ WWU),dPTw AT =dPw AT+ (—1)Pw A diT.
Moreover, if F: M — N is a smooth map and w € QP(N), dPF*w = F*dPw.

When clear from the context we will write simply d for dP.

Proor. We will sketch a couple of possible approach to the proof, leaving the details to the reader. We
can use the hint given by Proposition 2.11 in Chapter 1 and define, for w € QP (M),
P
dw(Xo, ... Xp) =Y _(-1)'X; - w(Xo,..., Xi,. .. Xp) + > (-1 Mw((Xi, X, Xo, .., Xy, XG0 Xp).
i=0 i<j
Alternatively, we can proceed as follows: if w has support in the image of a chart ¢ : U C R — M,
we can define dw = (¢71)*d¢*w (dp*w is the exterior differential of a form defined in U C R™). Again two
ways to prove that this definition does not depend on the choice of the chart. Either we can prove that this
definition coincides with the one given above, or we can use the unicity part of Theorem 2.9 of Chapter 1.

Finally observe that any form is a (locally finite) sum of forms supported in images of charts. O
1.6. REMARK. Just like in the case of open sets in R”, d is a local operator (Lemma 2.10 of Chapter 1).

So we have a sequence of vector spaces and R-linear maps:

0— o) % ot Y on() — 0
which is a cochain complex, called the de Rham complex of M. We define, as in Chapter 1,

o ZP(M) :=ker dP, the space of p-cocycles or closed p-forms.
e BP(M):=1Im dP~!, the space p-coboundaries or exact p-forms.
o HP(M) := ZP(M)/BP(M), the p-dimensional (de Rham) cohomology of M.
Let F': M — N be a smooth function and F; : QP(N) — QP(M) the induced map. It follows from
the last claim in Theorem 1.5, that F* sends closed forms to closed forms and exact forms to exact forms.

Hence it induces a linear map, denoted by the same symbol,
F* 5 BP(N) — HP (M), F*([a]) = [F*a],
where [7] denotes the class of the form 7 in the quotient space.
The basic functorial properties

o W5 = lgvuy,
o If Fi : My — M and F5 : My — M3 are smooth maps, then (Fy o Fy)* = Fy o Fy,
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are obvious. In particular, if F' is a diffeomorphism, F* is an isomorphism. So the de Rham cohomology is
a (differential) topological invariant of M.
The basic properties of the de Rham cohomology proved in Chapter 1 hold true with essentially the

same proofs.

1.7. PROPOSITION.
o If M is a point, HY (M) =R, HP(M)=1{0}, p>0.
e M is connected if and only if H*(M) = R.
If M =[] M, (disjoint union) then HP(M) = [[ HP(M,, (direct product).
If M,N are connected and F : M — N is a smooth map, F* : H°(N) — H°(M) is an

isomorphism.

1.8. THEOREM. [Homotopy invariance for cohomology] Let F,G : M — N be a smooth maps between
smooth manifolds. If F is homotopic to G, then F* = G* : HP(N) — HP(M), ¥ p. In particular, if
F: M — N is a homotopy equivalence, F* : HP(N) — HP?(M) is an isomorphism.

PROOF. It is enough to show, just like in the case of open sets of R™, that the inclusions j; : M —
M xR, ji(x)= (x,7), i = 0,1, induce the same homomorphism in cohomology. For this is enough to
produce an algebraic homotopy H:Qr (M x R) — QP~1(M) between the maps induced by the inclusions.
We fix an atlas {U;, ¢;} and a partition of unity \; dominated by the atlas. Given w € QP(M x R) set
w; = A\w. Then w; is supported in ¢;(U;) X R and w = > w;. For fixed i, we have defined an algebraic
homotopy H; : QF(U; x R) — QP~1(U;). We define H(w;) = (¢; 1)*Hi(ds x 1)*w; and H(w) = 3 H(w;). Tt

is easy to see that H is a well defined algebraic homotopy between the maps induced by the inclusions. [

1.9. THEOREM. [Mayer Vietoris sequence for de Rham cohomology| Let M be a differentiable manifold,
Ui, Uy open sets such that M = Uy UUs. Let V. =U NUy and k; 'V — U;, j; : Uy — M be the
inclusions. Then there exists a sequence of linear maps A* : HP(V) —s HPTY(M), such that the sequence
below is exact:
— 1 (M) BB ey @ 1Y Uy) N g vy AL ) —

PROOF. The result is a purely algebraic consequence of the exactness of the sequence

(k1

(0} — o) 2 or ) @ 0r (Us) M5 or vy — (o).

The exactness of this sequence is proved exactly as in the case of open sets of R". O

1.10. ExaMPLE. Let S™ be the unit sphere. The map 7 : R"™\ {0} — S", r(z) = Hx—H is a homotopy
x

equivalence. Hence (see Example 4.15 and Exercise 7.28 in Chapter 1)

R if p=0,
HP(S™) = npe=an
{0} ifp#0,n
1.11. EXAMPLE. Consider the complex projective space CP™. CP! = 52 and its cohomology was

computed in the example above. We will prove, by induction, that
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HP(CP™) =
( ) {0}  otherwise

{ R ifp=2k 0<k<n
We can look at CP™ in two different ways
e as the quotient of the (closed) unit disk D C C™ modulo the equivalence relation x ~ y <= x =y or
Joll = lyll =1 and & = Ay, A € C,
e as the quotient of the unit sphere S?**+1 C C"*! modulo the equivalence relation z ~ y <= = = Ay, A € C.
Look at the first model and define Uy = {[z] € CP™ : ||z|| < 1}, Uy = CP™\ {0}. Then we have
e U; is diffeomorphic to the open ball, hence contractible.

e The map r: D\ {0} — S*~ ' r(z) is a homotopy equivalence which induces an homotopy

o
[l

equivalence between Uy and CP"~! (second model)

e UiNUy={z€D:0< |z]| <1}, hence homotopy equivalent to S2"~1.

For this decomposition the Mayer Vietoris sequence is
-~ HPTL(§*Y . gP(CP™) — HP(Uy) @ HP(CP™ ') — HP(S*" ') — HPTY(CP") — ---
Hence, if 0 < p < 2n — 2, HP(CP") — HP(U;) ® HP(CP" ') = HP(CP"!) is an isomorphism. For
p=2n — 1 we have
{0} _ H2n72(52n71) N H2n71((cpn) _ {0}’
hence H*"~1(CP™) = {0}. For p = 2n we have
H2n—1(U1) @HQn—l((CPn—l) _ {0} N H2n—1(52n—1) N HZn((CPn) _ H2n(U1) EBHQn(CPn—l) _ {O},

hence H?"(CP™) = R. The conclusion follows by the inductive hypothesis (observe that H°(CP") = R, by

connectedness).

1.12. EXAMPLE. Essentially the same argument used in the example above allow us to compute the

cohomology of the quaternionic projective space HP™. We obtain

HP(HP"):{ R ifp=4k 0<k<n
{0}  otherwise

For the singular homology we also have very little new. If M is a differentiable manifold, a smooth
p-simplex is a smooth map o : AP — M, AP being the standard p-simplex, and the space of p-chains of
M, C,(M), is the real vector space with basis the singular simplices. We can define the boundary operator
Op : Cp(M) — Cp_1(M) just like in Chapter 2 and obtain the singular chain complex of M

Opi1 0y
- Cpr1 (M) =5 Cp(M) = Cpor (M) — -

whose homology, H,(M), is the singular homology of M.
olso, if FF': M — N is a smooth manifold, we have an induced morphism F, : Cp(M) — C,(N)
(composing a singular simplex with F) and this morphism induces a linear map (denoted by the same
symbol) F, F, : Hp(M) — H,(N). This construction verifies the functorial properties
o Iy =1y, an,

o (Fo@), =F.oG,.

The basic properties of homology also hold true, with the same proofs as in the case of open sets of R"™.
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1.13. PROPOSITION.
o If M is a point, Hy(M) =R, H,(M)={0}, p>0.
e M is connected if and only if Ho(M) = R.
If M = [[ M, (disjoint union) then H,(M) = &H,(M, (direct sum).
e If M,N are connected and F : M — N is a smooth map, Fy : Hy(N) — Ho(M) is an isomor-

phism.

1.14. THEOREM. [Homotopy invariance for homology] Let F,G : M — N be a smooth maps between
smooth manifolds. If F is homotopic to G, then F, = G, : H,(N) — H,(M), V p. In particular, if
F: M — N is a homotopy equivalence, Fy : H,(N) — Hp(M) is an isomorphism.

1.15. THEOREM. [Mayer Vietoris sequence for singular homology| Let M be a differentiable manifold,
Ui, Uy open sets such that M = Uy UUs. Let V. =U  NUy and k; 'V — U;, j; : Uy — M be the
inclusions. Then there exists a sequence of linear maps A, : Hy(M) — Hp_1(M), such that the sequence
below is exact
k1)s,(k2)« 1)« —(J2) « *
RN Hp(V) [( 1)_(>2) ]Hp(Ul) @HP(UQ) [(Jl)_()]?) ]Hp(M) A_} p_l(V) N

2. The Theorems of de Rham and Kiinnet for differentiable manifolds

As in the case of open sets of R™ we can define, for a differentiable manifold M, integration of p-forms

over p-chains of M. This construction induces, via the Theorem of Stokes, a de Rham map
dRy : HP(M) — [Hy(M)]",

which is natural with respect to smooth maps.

The de Rham Theorem, proved in Chapter 2 for open sets of R™, states that, in the latter case, dR is an
isomorphism. In this section we will extend this result, and the Kiinnet formula, to the case of differentiable
manifolds.

We can try to reproduce the proofs given for the case of open sets of R™. The careful reader understand
quickly the this reproduction is immediate once we have a result of the type of Lemma 3.1 of Chapter 2. For
the latter we encounter a couple of problems.

e We need a proper function.
e We need a concept of conver sets

The first problem is easily solved. In fact, by Whitney’s Theorem we can assume that M is a submanifold
of RY, which is a closed subset. Then the the restriction to M of the function ¢(x) = ||z||? is a smooth
proper function.

For the second we need a family of subsets of M, {C,,,a € A} with the following properties

e each C, is contractible,

e the intersection of two sets in the family is still in the family,
e V x € M and neighborhood U C M of x, there exist a such that C, C U.

It can be proved that such a family indeed exists, the geodetically convex sets for example, and we will

comment on this class in Chapter 5.
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In this section we will take a different approach, which is interesting in itself. In fact we will prove that
a smooth n-dimensional manifold M is homotopy equivalent to an open subset of R, N sufficiently large,
and use directly the case of open sets of RY to obtain the desired generalizations.

Let M be a n-dimensional manifold. By Whitney’s Theorem we can assume, without loss of generality,
that M is a submanifold of RY and a closed subset. Consider the normal bundle (see Example 1.19 of

Chapter 3) and the endpoint map
vM ={(p,&) e M xRN : ¢ ¢ [T,M]*}, E:vM — RN E(p,&) =p+¢

Observe that F is a smooth map between manifolds of the same dimension. Let € : M — R be a positive

continuous function. We set
veM = {(p,€) € M xRN : € € [T, M]™*, ||€]| < e(p)}

2.1. THEOREM. [Tubular neighborhood Theorem] There exists a positive continuous function € : M —
R such that E|lv.M is a diffeomorphism onto an open set Tub(M) := Tub(M). C RYN.

PrROOF. We first compute dE(p,0), p € M. Let {X;}, {¢;} be bases for T, M and [T, M]* respectively.
Then T{, oyvM is spanned by {(X;,0),(0,&;)} (see Exercise 10.3 of Chapter 3). Let ; : (—¢,¢) — M be
curves such that 4,(0) = X;. Then

d d
dE(p,0)(0,&;) = a|t:0t€j =¢, dE(p, O)(Xi70)&|t:0%<t) = X;.

Therefore dE(p,0) is an isomorphism and, by the inverse map Theorem, F maps a neighborhood U of
(p,0) diffeomorphically onto an open neighborhood of p € R¥. U contains a neighborhood of the type
Urpy = 1(q,€) e vM : q € U, ||¢]| < r(p)} where U’ is a neighborhood of p € M and r(p) > 0.

We will assume, for the moment, that M is compact. Then we can cover {(p,0): p € M} C vM with a
finite number of neighborhoods U,(,,). Let 7 < r(p;). Then E|v,M is a local diffeomorphism for s <, in
particular an open map. Then the Theorem will follows from the following fact

CLAIM 1. There exists a constant € € (0,r) such that E|v.M is a diffeomorphism onto the open set
Tub(M) = E(v.M) C RN,

PRrOOF. It is sufficient to prove that there exists € > 0 such that F|v.M is injective. Suppose that
this not the case. Then, for all n there are distinct points (pn,&n), (qn,nn) With [|&a], 7.l < 1/n and
E(pn,&n) = E(qn,nn). By compactness, there are subsequences converging, for n — oo, to points (p,0) and
(¢,0) respectively and, by continuity E(p,0) = E(g,0). But this implies p = g. Then, for n sufficiently large,

(Pn>&n)s (Gn,mn) are distinct points in the same U,.(p,), a contradiction since E|U,.,) is injective. O

(pi

We consider now the case when M is not necessarily compact. We will start with some notations. Given

p € M and € > 0 we define the normal ball at p of radius € as
By (e)={p+€&e RV £ [LM]*" €] <e).

Given K C M we will say that ex is an admissible radius if B]j- (ex) N Bj-(eK) =0ifp,ge K, p+# q. We

will also set Tk = UpeKBpL (ex).
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As in the proof of Theorem 3.2 of Chapter 3 we have a sequence of compact sets K3 C --- C K; C -+~
with M = UK; and K; C Int(K;y1). Then, as in the proof of Claim 1., we can find constant €¢; > 0 such that
E|{(p,&) : p € Int(K;), ||€]| < €} is a diffeomorphism onto an open set U; C RY. We can suppose, without
loss of generality, €; > €;41.

CLAIM 2. There is a sequence of constants a; > ;41 such that if p € K;, ¢ € Kj,p # g, Bj;(ozi) N
By (aj) = 0.

PROOF. Set a1 = €3, a9 = €3. Suppose to have defined a; > as > .-+ > a, and the Claim holds for
1, < s. Define

0 < asy1 < min{esya, as, d(Ksyq \ intKs, Uf;llTKiai)},

where d is the distance in RV,
We want to show that the Claim holds for i, j < s+ 1. For ¢, j < s this is the inductive hypothesis. For
i =5,7 = s+ 1 the Claim follows from the fact that as < €,41. Finally, suppose p € Kqy1 \ IntKs, q €
K;, 1<s.
O

O
2.2. DEFINITION. The set Tub(M) is called a tubular neighborhood of M.
2.3. COROLLARY. The inclusion i : M — Tub(M) is a homotopy equivalence.

PROOF. Define 7 : Tub(M) — M,r(E(p,§)) = p. Then roi = Iy and i 07 ~ lpuap via the
homotopy H (p,&) = E(p, s§). O

At this point we can prove the announced results

2.4. THEOREM. [de Rham Theorem for smooth manifolds] Let M be a smooth manifold. The de Rham
map dRy : HP(M) — [H,(M)]* is an isomorphism.

PROOF. Since integration commutes with induced maps, we have a commutative diagram

HY(Tub(M)) 0 H (Tub(M))]*
i* | | (i)*
H?(M) Ry [H,(M))*

Since the vertical maps, as well as the top horizontal one, are isomorphisms, the same is true for the

bottom horizontal one. g
Using essentially the same argument we have

2.5. THEOREM. [Kiinnet Theorem for smooth manifolds| Let M;, i = 1,2 be smooth submanifolds of
RN, Then

HP (M) x My) = @y =p H* (M) @ H' (Ms).
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3. The Jordan separation Theorem revisited

As a further application of the existence of a tubular neighborhood, we prove now a version of the
Theorem of Jordan. The proof is interesting since it put light on the topological properties that make the

Theorem work.

3.1. THEOREM. [Jordan Theorem for smooth hypersurfaces] Let M™ C R"*! be a connected submanifold
which is a closed subset. Suppose that there ewist a smooth function n : M — R 1 such that n(p) €
[T, M)+, |[n(p)|| = 1. Then R"*1\ M has evactly two connected components.

PROOF. We start observing that the map ¢ : M xR — v M, t(p,t) = (p,tn) is a diffeomorphism. Then
vM\ M x {0} has exactly two connected components vy = {(p,&) € vM : ({,n) > 0 (respectively < 0)}.

Consider a tubular neighborhood E|, a : veM — Tub.(M). It is easily seen that v.M \ M x {0}
has also exactly two connected components which are the intersection of v.M with vy. Since E|v.M is a
diffeomorphism onto its image and E|(, 0ye,ar} is a diffeomorphism onto M, Tub(M)\ M has also exactly
two connected components, say T+. The Theorem will follows from the Claims below.

CLAIM 1. Any connected component of R™ \ M contains either T or T_. In particular R™ \ M has, at

most, two connected components.

PROOF. Let C be a connected component of R® \ M and z € C. Let v : [0,1] — R™ a curve with
v(0) = z,v(1) € M. Let to = sup{t € [0,1] : v(s) € Tub.(M) V s < t}. Then, for r sufficiently small
][0, to + 7] does not intersect M and v(to + ) € Ty Let say y(to +7) € T4. Then CNTy # (). Since T4
is connected, Ty C C. Finally, given three connected components of R™ \ M two of them, by the argument

above, contains 7 or 7_, hence have non empty intersection and therefore they coincide. O
CLAIM 2. R™\ M is not connected.

PRrROOF. We will prove that there exists a smooth function f : R” — R such that f assumes positive and
negative values and f(z) = 0 if and only if € M. This will prove the claim since a continuous real valued
function defined on a connected set and assuming positive and negative values must vanish somewhere.

On Tub. (M) we have such a function, namely § = mo 0t~! o [E|v.M] ™!, where 7y : M x R — R is the
projection on the second factor. The problem is how to extend g to a function defined on all R™. We could be
tempted to use general results on existence of extensions of continuous functions but we can not guarantee
that such an extension does not vanish outside M. The strategy we will use is to modify the function g near
the boundary of T'ub.(M) in such a way that the new function, call it g, still has the properties we want and
it is locally constant near 0T ube(M).

Suppose we have constructed such a function g. Again we have problem extending it. In order to
construct such an extension we will proceed as follows: consider the 1-form w = dg € Q(Tub.(M). Since g
is locally constant near in a neighborhood U of  Tub.(M), w = 0 in U and we can extend w to a form defined
in all R" setting w = 0 outside Tub.(M). This form is clearly closed and therefore, since H'(R") = {0},
there exists a function f : R” — R such that w = df. Moreover this function is unique up to a constant and
therefore unique if we require f(p) = 0 for some p € M. Observe that, with this choice, f agree with g on
Tub.M. In particular f assumes positive and negative values and, on T'ub. (M), does not vanish outside M.
We want to show that f does not vanish outside Tub.(M). Let 2z € R™ \ Tub.(M) and let v : [0,1] — R"
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be a curve with v(0) = z,v(1) € M. As in Claim 1., let to = sup{t € [0,1] : ¥(s) & Tube(M) Vs < t}. Then,
for r sufficiently small +|[0, tg 4 r] does not intersect M and 7(to + s) € U for s < r. Hence
f@ =6+~ [ o= f0lte ) 20
Y1[0,t0+7]
since w = 0 along ([0, tg + 7]).

We will prove now that a function g with the properties required above exists. We will identify v, M
with Tub.(M). For p € M we consider the piecewise affine function A, : R — R which is the identity in
(—€(p)/2, €(p)/2), it is identically 1 for t > 2¢(p)/3 and identically -1 for t < —2¢(p)/3. Then A(p,t) := A\, ()
is a continuous function, smooth for (p,t) € V = {(q,s) : s € (—2¢(q)/3,—¢(q)/2) U (e(q)/2,2¢(q)/3)}.
Using Theorem 3.9 of Chapter 3, we can approximate A by a smooth function A which coincide with A in
M xR\V.Wedefineg: M xR—R, g(p,&) = A(p,3(p,€)). In this way we have a smooth function on
Tub. (M), which assume positive and negative values, vanishes only on M and is constant un a neighborhood
of 0T ub.(M).

O

O

3.2. REMARK. The condition of the existence of the function 7, equivalent to the fact that M is orientable
(see next section), is a consequence of the fact that M is closed in R"*1. We will prove this fact in the next
section. With respect to the situation discussed in Remark 5.9 of Chapter 1, we observe that we do not
need a “model” for our conclusion. However we need differentiability hypothesis, which were no needed in
Remark 5.9.

A natural question is if the Theorem holds for a connected closed hypersurface M of a connected
differentiable manifold N. We will assume that N is embedded as a closed subset of some RY. For this

situation we can define the normal bundle of M in N as
vM = {(p,€) € TN : £ € [T,M]*}.

Using a suitable endpoint map! we can define tubular neighborhood also in this context, and try to
reproduce the proof given above. There are two essential points needed
e the fact that the tubular neighborhood are diffeomorphic to M x R,

e the fact that any closed 1-form in N is exact.

For the first point it is sufficient to assume that both M and N are orientable. For the second one we
need to assume that H'(N) = {0}. With these two assumption is possible to reproduce the proof given
above and conclude that N \ M has exactly two components (if M, N are connected). The two conditions

are essential as the following two examples show.

e Consider the real projective plane RP? as the quotient of the closed disk {z € R? : ||z|| < 1} modulo
the equivalence relation z ~ y <& x = y or & = +y, ||z|| = 1. Consider the map v : [0,1] — RP? v(t) =
[cos t, sin 7rt] (where [-] is the equivalence class). Then 7 induces an embedding of the circle into RP? whose

complement is the open disk, hence a connected set. The problem here is that RP? is not orientable.

IThe Riemannian exponential map that will be defined in the next chapter
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e Consider the torus 72 = S x S* and the embedded circle I' = S* x {(0,1). Then T2\ T is connected.
The problem here is that H!(T?) = R @® R # {0}, by the Kiinnet formula.

Observe that in both examples, the complement of the submanifold is connected. This a general fact
since the simple existence of the tubular neighborhoods implies that the complement of the submanifold has,

at most, two connected components (see the proof of Claim 1).

4. Orientable manifolds, integration of n-forms and the Theorem of Stokes

We want to define the integral of a differential n-form on an n-dimensional manifold. We will start

recalling the change of coordinate formula for multiple integrals in R™.

4.1. THEOREM. Let F be a diffeomorphism of an open set A C R™ onto an open subset of R™. We will
denote by J[F]: A — R the Jacobian detrminant, J[F] := det[dF]. Then, if D C A is the closure of an

open bounded set and [ : ¢(D) — R is a continuous function,

/F(D) f= /DfoFlJ[FN

Let now w € Q"(M) be a differential form and let ¢ : U C R™ — M be a local chart. Suppose first
that w has compact support contained in ¢(U). It is natural to (try to) define

/wz/gb*wz/ flxy,...,zy) dag - day,, o*'w=fdaxs A+ Ada,.
M U U

We would like to prove to prove that the definition does not depend on the chart. If ¢ : V. — M is an

other chart containing the support of w, we should have

oo

that is, using the formula of change of variables in the multiple integrals, J[1)~! o ¢] = |J[tp~! 0 ¢]|, and this
is not, in general, the case. However these considerations lead to the concept of orientable manifolds.

We recall that an orientation on a vector space is a choice of an equivalence class of equioriented bases
(see Definition 1.26 in Chapter 1).

4.2. DEFINITION. Let M be a differentiable manifold. An orientation on M is the choice of an orientation
on each T, M that depends differentiably on z. This means that for all x € M there is a neighborhood U of
x and smooth vector fields X1,..., X, € H(U) such that {X1(y),..., Xn(y)} is a positive bases, V y € U.

We will say that M is orientable if such an orientation exists, and that it is oriented if an orientation has
been fixed. If F': M — N is a diffeomorphism, we will say that f preserve the orientation or is orientation

preserving if dF sends positive bases onto positive bases. Otherwise we will say that F' invert the orientation.

4.3. REMARK. R" comes with a canonical orientation, the one defined by the canonical basis. If F' is a

diffeomorphism between open sets of R™, it preserves the orientation if and only if J[F] > 0.
4.4. EXAMPLE. A parallelizable manifold, in particular a Lie group, is orientable.

4.5. EXAMPLE. The sphere S" = {z € R"*! : ||z|| = 1} is orientable. In fact T,5" = {z € R*"*! :
(z,p) = 0}. Define {X3,... X,,} € T,5™ to be positive if and only if {X1,...,X,,,p} is a positive bases
of R™*!. More in general a submanifold M™ C R"*! is orientable if and only if there exist a smooth map
N : M — R"*! such that N(p) € [T,M]* and N(p) #0, Vpe M.



CHAPTER 4. THE THEORY OF DE RHAM FOR DIFFERENTIABLE MANIFOLDS 129

The example above is a particular case of a much more general fact mentioned in Remark 3.2
4.6. THEOREM. Let M™ C R+ pe g submanifold which is a closed subset. Then M is orientable.
PROOF. O

4.7. THEOREM. Let M be a n-dimensional differentiable manifold. Then the following conditions are

equivalent

(1) M is orientable.
(2) There is a differential form w € Q"(M) such that w(z) #0, V z € M.
(3) There is a spacial atlas {¢;} such that J[zb;l o 1| is positive, where defined.

PrOOF. By Whitney’s Theorem we may assume that M is a submanifold of RY. Let p € M and let
{X1,...,X,} ba alocal positive frame of vector fields in a neighborhood of p. Using the orthonormalization
process we may assume that the frame is orthonormal. If {wi,...,wy,} is the dual frame, we define w =
w1 A+ Awy. It is sufficient to prove that w is well defined, i.e. does not depend on the chosen frame. In fact,
if {Y1,...,Y,} is an other orthonormal positive frame and @ is the associated n-form, @ = det A w where
A is the matrix of the change of bases. Since both bases are orthonormal and positive, A € SO(n), hence
det A=1.So (1) = (2).

We will show now that (2) = (3). Let w be a nowhere zero n-form. Start with a special atlas {¢;, R"}.
Let F : R — R", F(z1,22,...,%n) = (—1,%2,...%,). So F reverses the orientation. Now ¢fw =
fidxy A -+ A dx, where f; : R® — R is a nowhere vanishing function. Define ¢; = ¢; if f; > 0 and
;= ¢; 0 F if f; < 0. It is easily seen that the (special) atlas {1;} has the required property.

Finally we will show that (3) = (1). Start with a special atlas {t;} as constructed above. Consider the
local orientation on M defined by the local frame {X} = di;(e;)} where {e;} is the canonical basis of R".
In 9;(R™) N9;(R™) the frames are related by the matrix [d(¢; Lo t;)] which has, by hypothesis, positive

determinant. So the two local orientations agree on the intersection. O

At this point we can define the integral of n-form on an oriented differentiable n-dimensional manifold.
Let M be such a manifold and w € Q"™ (M). To avoid convergence problem we will assume that w has compact
support. Consider a special atlas {¢} with J[1); ' 04;] > 0. Let {)\;} be a partition of unity dominated by

such a covering. Then, by the considerations above, the integral of \;w over M is well defined.

4.8. DEFINITION. With the notations above we define

/Mw N ;/M A

It is easily seen that the definition does not depends on the partition of unity.
At this point we would like to have, in this context, a suitable version of the Theorem of Stokes. For
this we need to define the concept of manifold with boundary or O-manifold. Consider the (closed) half space

and its boundary,
H" = {(21,...2,) ER" 12, >0}, OH" = {(x1,...2,) € H" : 2, =0} X R" L,

The following lemma will be useful
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4.9. LEMMA. Let F : H* — H" be a homeomorphism. If p € OH", then F(p) € OH".

PROOF. Suppose F(p) ¢ OH". Then H" \ {F(p)} is homotopy equivalent to S"~1 while H" \ {p} is

contractible. O

4.10. DEFINITION. Let M be a topological (metric is enough) space.
(1) A O-chart is a map ¢ : U C H* — M, U open in H", such that (U) is open and ¢ is a
homeomorphis onto its image.
(2) A topological 0-atlas is a collection of d-charts whose images cover M. If such an atlas exists, we

will say that M is a topological 0-manifold.
Just as in the case of smooth manifolds we have the associated “differentiable concepts” for d-manifolds.

4.11. DEFINITION. Let M be a topological d-manifold.
(1) A differentiable 0-atlas is a topological d-atlas such that the change of coordinates are smooth.
(2) Two differentiable 0-atlases are equivalent if their union is a differentiable J-atlas.
(3) A differentiable O-structure is an equivalence class of differentiable 0-atlases (or a maximal one).
(4) A differentiable (or smooth) 0-manifold is a topological d-manifold together with a differentiable

O-structure.

Smooth maps between (smooth) d-manifolds and the tangent space of a d-manifold are defined as in
the case of empty boundary. Therefore we can talk, also in this context, of smooth curves and their tangent
vectors, vector field on d-manifolds, differential of a smooth map etc.. Let M be a 0-manifold and p € OM.
A smooth curve v : [0,¢) — M with v(0) = p is called an inner curve if 4(0) ¢ T,0M. In this case we will
say that 4(0) is an inner vector. In particular T, M is spanned by T,0M and an inner vector. It is easy to

see that if v : [0,€) — M is an inner curve, v((0,7)) € M \ OM if n is sufficiently small.

4.12. EXAMPLE. Let M be a d-manifold, p € M and let ¢ : U — M be a chart with z = ¥ ~1(p).

Then ¢ (z + te,),t > 0 is an inner curve and d¢(z)(e,) = ¥(0) is an inner vector.

4.13. LEMMA. Let M be a smooth 0-manifold. Define the boundary of M as
OM = {p € M : there exist a chart ¢ : U C H" — M such that ¢~ *(p) € OH"}.

Then OM is well defined, it is a differentiable manifold with O(OM) = 0, and, if M is orientable, OM is

orientable.

PrOOF. The fact that OM is well defined follows from Lemma 4.9. Also, given a chart ¢ : U C H"® —
M, v|UNOH"™ : U NJH" — OM is a chart for 9M. It is also clear that, given two charts for M such that
the change of coordinates is smooth, so happens for the induced charts for M. Finally, if M is orientable
and p € OM we can define a basis {X1,..., X,_1} of T,0M to be positive if {X7,..., X,,_1, X} is a positive
basis for T, M, where X is an inner vector. We leave to the reader the task of proving the differentiability

condition in the definition of orientability. O

The concept of special atlas and partition of unity dominated by an open covering are the same as in

the case of manifolds without boundary. It is worth to observe that a partition of unity for M, restricted to
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OM is a partition of unity for M. Also we can define integration of a n-form with compact support on a
O-manifold, if it is oriented.

At this point we can state the Theorem of Stokes in our context.

4.14. THEOREM. [Stokes Theorem| Let M be a O-manifold of dimension n and w € Q"~Y(M) a form

with compact support. Then
/ dw :/ w,
M oM

where 1 : OM — M is the inclusion. In particular if OM = (), dw = 0.
M

PRrROOF. We start proving the Theorem “locally”.
CrAM 1. Let w € Q" 1(R") be a form with compact support. Then

/ dw = 0.

PROOF. We can suppose, without loss of generality, that supp(w) C Int(A™), where A™ is the standard

n-simplex. Then, by Stokes Theorem for chains (see Theorem ?? of Chapter 2),
/ dw = dw = / w=0
n An oA
since w = 0 on OA™. g
CLAIM 2. Let w € Q™(H™) be a form with compact support. Then

/ dw:/ w.
n aHn

PROOF. Again, without loss of generality, we can suppose that supp(w) C Int(A™) U Int(A"~1). Then,
by Stokes Theorem for chains,

/dwz/ dw:/ w:/ w:/ w,

n n BATL Anfl aH’n

since w = 0 on all faces of A™ having e,, as a vertex. Il
At this point we can “glue together” the local information using a partition of unity. Fix a special atlas

{U, ¢;} with U = R™ or H" and let {)\;} be a partition of unity dominated by ¢;(U;). Set w; = A\;w. Since

integration is additive, we have to prove the Theorem just for w;. From the Claims and the definition of

/ dw; = / dgtwi = [ drun= / .
M U, oU; oM

integral, we have
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5. Invariant cohomology and the cohomology of compact Lie groups

Let G be a Lie group, M a smooth manifold and p: G x M — M a smooth action.

5.1. DEFINITION. A differential form w € QP (M) is p-invariant, or simply invariant when clear from the

context, if pyw =w, vV g € G. We will denote by Q,(M) the space of invariant differential p-forms.

Here two simple facts whose proof is left to the reader.

e The exterior product of invariant forms is invariant.
o Ifwe (M), dwe QT (M)

In particular the sequence
e () Y2 op () - et
Ty, ( ) - ,u( ) — 8y ( ) —
is well defined and it is a subcomplex of the de Rham complex of M, the invariant de Rham complex.

5.2. DEFINITION. The cohomology of the invariant de Rham complex is called the invariant cohomology
of M and will be denoted by HZE(M).

5.3. EXAMPLE. A particular but important case is when M = G and the action is by left translations.
In this case an invariant form is called a left invariant form and the space of left invariant p-forms will be
denoted by QF (G). We can also consider the action of G on itself by right translations, u : G x G —
G, u(g,h) = hg~! (the inverse is needed for the map satisfy the conditions to be an action). Differential
p-forms invariant for this action will be called right invariant forms and the space of such forms will be
denoted by QF(G).

A left (resp. right) invariant p-form is uniquely determined by its value at the identity. More precisely
the evaluation map ev : QO (G) — AP(G), ev(w) = w(e) is an isomorphism of algebras (with respect to
the exterior products). Since a left invariant form is constant on left invariant vector fields, the differential
of w e QY (G) is given by

o~ —

dw(Xo,...,Xp) = Zw([Xi>Xj]7X07-~~7Xia~~-7Xj7-'~aXp)

where X, is the left invariant extention of Xy (observe that, since dw is a form, dw(Xo,...,X,) does not

depend on the extensions of the Xj’s). If we identify QY (G) with AP(G), the invariant de Rham complex

becomes
L AYG) YD AP(G) Y AYG) — -
where

Pw(Xo, ..., XP) =Y w((Xs, X1, Xoy oo, Xiro o, X, Xp).

i<

The cohomology of the complex above is called the cohomology of G.

We want to compare the invariant cohomology with the usual de Rham cohomology. For this we need

to introduce integration of functions on a Lie group.
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Let G be a n-dimensional Lie group. A left invariant n-form is uniquely determined up to a multiplicative

constant. Let w # 0 be such a form, fixed once for all. For a smooth function f : G — R, with compact

=L

The Haar integral is well defined since a Lie group is orientable and it is linear on the space of compactly

support, we define the Haar integral of f,

supported smooth real valued functions. Moreover, as it easily seen, the integral is left invariant, i.e.

/Gf:/GfoLg.

We will be interested in the case of compact Lie groups. For such a group we can choose w such that
/ w=1.
G
5.4. LEMMA. If G is a compact Lie group, the Haar integral is right invariant.
ProOOF. Consider the right action R,(z) = xg~'. Since the left and right actions commutes, we have
Ly (Ryw) = Ry(Ljw) = Ryw

since w is left invariant. Then Rjw is left invariant, hence, by unicity of left invariant n-forms (up to constant),
Ryw = c(g)w, where ¢ : G — R\ {0}. Since R}, = R} o Ry, ¢ is a homomorphism into the multiplicative

group R\ {0}. But the only compact subgroups of this group are {1}, {£1}. Since G is connected, ¢(G) = 1.

| tor= [ (roRiRiw= [ Ritro)= [ o= [ £

Let p: Gx M — M be a smooth action, G compact. Using integration we can “average” a differential

Hence

O

p-form to obtain an invariant one.For g € G, X € H(M), we set X9 := dpy(X). Consider the operator
I:QP(M) — QP(M), I(w)(Xi,...,Xp):= / w(XY,..., X9).
G

5.5. PROPOSITION.

(1) f(w) € Q8 (M

).
(2) fwe (M), [(w)=uw.

(3) dl(w) = I(dw), i.e I is a morphism of the complex *(M) into the complex Q7 (M).
PrOOF. For the first claim we have
(W) (X1, ..., Xp) = Iw)(X{,...,X0) = /Gw(th,...Xgh) = /Gw(X{L,...,XZ’}) =I(w)(X1,...,X,).

The second claim is immediate and for the last one we have

p
d(I(w))(Xo, ,Xp):Z(—l)’XiI(w)(XO,..., Xp)+ Y (D)) (X3, X1, Xy X X
1=0 1<j
p ) _ _
:Z(—nzxi/w(xg,.. LXTEY (- lﬂ/ (X3, X509, ., X7, XY, X9) =
i=0 G i<j
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_ / dw(X0, ..., X9) = I(dw) (Xo,. ... X,).
G
O

The group G acts on HP(M) in a natural way, glw] = [u;w]. We will denote by [HP(M)]* the fixed

points set of this action, i.e. [HP(M)* = {jw] € HP(M) : glw] = [w] V g € G}.
5.6. THEOREM. The inclusion J: Qb (M) — QP(M) induces an isomorphism
J: HE(M) — [HP(M)]*,

PRrRoOOF. First notice that J is a chain map, i.e. doJ = Jod and hence induces a morphism J* :
HE(M) — [HP(M)]. Since IoJ =1, I"oJ" =1 and J* is injective. We will show that ImJ* = [HP(M)]*.

Let [a] € [HP(M)]*. Then [a] = [uja] and hence o — pyor = df for some 3 depending on g. For any
cycle ¢ € Z,(M) and any g € G we have

Ja-ma=[as=[ 50
c c dc
by Stokes Theorem. Hence

Jor= [ forie= o= [ Lo Lo fr= [

Therefore, by the Theorem of de Rham, [I(«)] = [a]. Observe now that JI(w) = I(w). Hence J*([I(w)]) =
[Hw] = [w]. O

5.7. LEMMA. Il G is connected, [HP(M)]* = HP(M).

PROOF. Let g € G and let 7 : [0,1] — G be a curve with y(0) = g, v(1) = e. Then H(x,t) := ) (x)
is a homotopy between p, and 1. Hence py = 1, in cohomology, and the action of G'on H P(M) is trivial. O

5.8. COROLLARY. If G is a compact connected Lie group, its cohomology is isomorphic to the cohomology
of its Lie algebra.

PROOF. Let L denote the action by left translations. Since G is connected, [HP(G)]* = HP(G) and
HY (G) is the cohomology of G. O

In particular, the cohomology of a compact connected Lie group can be computed by purely algebraic

means. In fact we can do even better. Consider the action
ki (GXG)xG— G, k((g1,92),h) = gihg; "

If G is compact and connected, the cohomology of G is the cohomology of the complex of x-invariant forms.
Such forms are left and right invariant and therefore are determined by their values at e € G. We extend

the adjoint representation to act on forms
Ad: G x AP(G) — AP(G),  Ad(g)w(Xi,...,X,) = w(Ad(g~)X1,..., Ad(g~")X,).

It is easily seen that w € AP(@) is k-invariant if and only if it is Ad-invariant. We want a characterization

of Ad-invariant forms. First a Lemma of general character.
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5.9. LEMMA. Let E be a vector space, G be a Lie group and 8 : G — End(E) be a representation. Then
O(g)v=v, VgeGqGifand only if dd(e)(X)v =0 VX € G.

PROOF. Fix X € G. Then 6(exptX) is a 1-parameter subgroup of End(E), hence f(exptX) = exptA :=
> neo tF[KY LA for some A € End(E). Therefore

dé(e)(X)v = %\tZOH(exth)v = Av.
If v is fixed by 6(g), Vg€ G, di(e)(X)v = %v =0, VX € G. Conversely, if Av =0, exp(tA)v = v
which implies 8(g)v = v, Vg € G. O

5.10. THEOREM. w € AP(A) is Ad-invariant if and only if
P
Zw Xp,on X, [V, X, Xy, -0, X)) = 0.
i=1

PROOF. Let 6 be the adjoint action on E = AP(G). Then

d d
di(e)Yw(Xy,..., X)) = &\t:og(exp Yw(Xy,...,Xp) = &hzow(Ad(exp(—tY)Xl, . Ad(exp(—tY) X,) =

d
=Y w(Xy,..., =0 Ad(exp(—tY)X;, .., X)) = > w(Xy,. . ad(-Y) X, LX) =

=1 =1
= Zw(X17...,[Xi7Y], LX),

where the third equality follow from the fact that w is multilinear. Then the Theorem follows from the
preceding Lemma.
O

To compute the cohomology of G from the complex of Ad-invariant forms we need to compute the

differential of such a form.
5.11. PROPOSITION. If w € AP(G) is Ad-invariant, then dw = 0.
PROOF. Set ¢;; = 0, €ij = (—].)j, 1 < J, €ij = (—1)j+1,i > 7. Then

dw(Xo, ... X,) =27 (—Dew((Xi, X,), Koo Xiy oo Xy, Xp) =
i#]

=271) (-1 Zem (X6, X;], X0, -, Xiy oo Xy, Xp) = 0,
by Theorem 5.10. O

5.12. COROLLARY. The cohomology of a compact connected Lie group G is isomorphic to the space of

Ad-invariant forms.

5.13. REMARK. If G is not connected, we can apply the Corollary to the connected component of the
identity, G (which is a compact connected subgroup, see Exercise 10.22 of Chapter 3). Since all connected
components are diffeomorphic, the cohomology of G is the direct product of as many copies of the cohomology

of G, as many connected components there are.
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We will give now an application of Corollary 5.12. First a Definition.

5.14. DEFINITION. Let G be a Lie group. The derived algebra is the subalgebra D¢g of G defined by
De={ZeG:Z=[X,Y], X,Y €G}.

5.15. PROPOSITION. Let G be a compact, connected Lie group. Then
(1) HY(@) = {0} if and only if Dg = G.
(2) If HY(G) = {0}, then H*(G) = {0}.

ProOF. If Dg # G there is a nonzero 1-form w € Al(CA;’) vanishing on Dg. By Proposition 5.11, w is
Ad-invariant and defines a nonzero cohomology class. Conversely, if there is a nonzero Ad-invariant form,
this form vanishes on D¢, hence Dy # G.

Suppose now Dg = G and let w be an Ad-invariant 2-form. Then
0= dLU(X, Y7 Z) = _w([X7 Y]7Z) - {w([Z’ X]7Y) + w(Xa [Za Y])} = _w([X7 Y]7Z)7
where the last equality follows from Proposition 5.11. Since Dg = G, w = 0 and H? (G) ={0}. O

In the next Chapter we will give a “geometric” characterization of Ad-invariant forms (see Remark 7).
6. Exercises

6.1. Prove that if M is a compact manifold, dim(HP(M)) is finite.

6.2. Prove the Kiinnet formula for smooth manifolds (Theorem 2.5).

6.3. Prove that, if a manifold can be covered by two local charts such that the intersection of the domains

is connected, then it is orientable. Use this fact to give an alternative proof that S™, n > 1, is orientable.

6.4. The (open) Mdebius band M is defined as the quotient of the square {(¢,s) € R? : t € [0,1],s € (0,1)}
modulo the equivalence relation generated by (0,s) ~ (1,1 — s). Prove that M admits a smooth atlas

consisting of two charts, but it is not orientable. Find an embedding i : M — R3.

6.5. Let U,V C R™ be connected open set and F' : U — V be a diffeomorphism. Let w € Q*(V) be a
form with compact support. Prove that:
/ w== / F*w,
F(U) U

with the sign + (resp. —) if F' preserves (resp. inverts) the orientation. Extend the result to the case of

smooth oriented manifolds.

6.6. Let M be a compact, orientable n-dimensional manifold and p € M. Let ¢ : R™ — M, ¢(0) =p
be a local chart. Let f: R™ — R be a smooth non negative function with compact support and f(0) # 0.
Consider the form w = fdz; A---Adz, € Q*(R"). Prove that (¢~1)*w extends tho a smooth form in Q" (M)
which represent a nonzero element of H™(M).

REMARK It can be shown that, if M is a compact connected smooth manifold, H"(M) = R if M is
orientable and H™(M) = {0} if M is not orientable. The first claim follows from Poincaré duality, a fact
that we will prove in the next Chapter (Theorem 3.9).
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6.7. Prove that the antipodal map A : S™ — S™, A(x) = —z is orientation preserving if and only if n
is odd. Prove that A* = (—=1)"*!1: H"(S") *R — H"(S™) @ R.

6.8. Consider the vector field X : S2F=1 — TS2F=1 X(zy,...,29) = (=22, 21, ..., —Top, Tor_1) (see
Example 1.32). Prove that H(z,t) = (cosmtx +sinmt X (x)) is a homotopy between A and 1. Conclude that

A ~ 1 if and only if n is odd, and, if n is even, every vector field on S™ has a zero.






CHAPTER 5

Harmonic forms and the Theorem of Hodge

In this Chapter we will introduce the Laplace-Beltrami operator, a generalization at level of differentiable
p-forms of the classical Laplacian of functions. Hence we will have the concept of harmonic forms, i.e. forms
in the kernel of this operator and we will give a very rough idea of the proof of the classical Theorem of
Hodge which states that in each cohomology class of a compact Riemannian manifold, there is a unique
harmonic form. We will give also some applications of this Theorem to the topology of manifold with

“positive curvature”.

1. Some basic facts in Riemannian geometry

In this section we will describe the basic concepts and results in Riemannian geometry that we will use

in this Chapter. It is not intended to be an introduction to the subject.

1.1. The Levi-Civita connection of a submanifold. For vector fields X,Y € H(R"), we will denote
by Vy X the usual directional derivative, i.e. if v : (—¢,e) — R is a smooth curve with v(0) = p, §(0) =

Y(p),
d

VyX(p) = pn

li=o X (7(2)).

1.1. REMARK. It is well known that Vy X (p) depends only on Y (p) and the values of X along any curve
v i (—€,€) — RY with 4(0) = Y (p).

Let M C RY be an n-dimensional submanifold and X,Y € H(M). By Remark 1.1 we can compute
Vy X (p), since we only have to know X along a curve v with 4(0) = Y (p) and this curve can be taken in

M. This is not, in general, a tangent vector to M. But we can project it on 7, M.

1.2. DEFINITION. We define the covariant derivative, at p, of X in the direction Y as

Vy X (p) = P, (Vy X (p)),

where PJ : RN — T,,M is the orthogonal projection.

1.3. REMARK. Vy X is smooth, as a function of p, hence Vy X € H(M). Hence we have a R-bilinear
map
V:H(M)x H(M) — H(M), V(,X):=VyX

1.4. DEFINITION. The operator V is called the Levi-Civita (or Riemannian) connection of M

1.5. PROPOSITION. The Levi-Civita connection verify the following properties:

139
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1) V is R-bilinear and F(M) linear in the first variable,
2) if fe F(M) then Vy fX =Y (/)X + fVy X,
3) VyX — VxY = [X,Y],

)

(
(
(
4) Y(X,Z)=(VvX,Z)+ (X, Vv Z).

PROOF. The properties are obvious for V and are preserved by PI;'_ ‘RN — T,M. O

Those properties characterize the Levi-Civita connection in view of the following result, sometimes called

the Fundamental Theorem of Riemannian Geometry:

1.6. THEOREM. There exist a unique operator V : H(M) x H(M) — H(M) with the properties of
Proposition 1.5

PROOF. Let V : H(U) x H(U) — H(U) be an operator satisfying the properties above. For X,Y, Z €
H(M) we have:

X(Y,Z) = (VxY,Z) + (Y, Vx ),
Y(Z,X)=(VyZ,X)+(Z,VyX),
Z(X,)Y)=(VzX,Y) + (X,VzX).
Adding the first two and subtracting the last one we have
UVxZ,Y)=X(Y,Z)+Y(X,Z) - Z(Y,X) + ([X,Y], 2) — (X, Z),Y) + ([Z,Y], X).
On the other hand the same formula holds for the Levi-Civita connection V, hence V = V. O

1.7. REMARK. The formula obtained in the proof of Theorem 1.6 is called the Kozul formula. An
important observation is that the right hand side of the Kozul formula depends only on the fact that we
have a scalar product on each tangent space and on the differential topological properties of M (Lie product
of vector fields).

1.8. LEMMA. Vy is a local operator, i.e. if two vector fields X, Z coincide on an open set U C M then
VyX = VyZ mU.

PROOF. The statement is true for V and preserved by P T, hence is true for V. (]
1.9. REMARK. Lemma 1.8 allows us to take covariant derivatives of locally defined vector fields.

Let ¢ : X CR"” — U = ¢(X) C M be a local chart and
Define the functions T'}; : U — R by the condition:

the associated coordinate vector fields.

L4

n

Vo 830] kz Uax
al‘i -

1.10. DEFINITION. The functions Ffj are called the Christoffel symbols of the connection.
It is convenient to define the covariant derivative of vector fields along a curve. Let v : (a,b) CR — M

be a smooth curve. We recall that a vector field along 7 is a smooth map X : (a,b) — R such that
X(t) e TyyM, Vte(a,b). We will denote by H(7) the space of such vector fields.
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1.11. THEOREM. There is a unique R-linear operator % : H(y) — H(y) such that:
(1) if X € H(y), § € Fl(@ b)), 2 fX = [LAX+ X,

d \Y% \Y%

SX.Y(0) = (LX), Y(0) + (X0, VY (1), VX, ¥ € H(7),

(3) if X eatends to a vector field in a neighborhood of v(t), then %X =V X.

\Y d
PROOF. It is clear the the operator &X(t) = PWT(t) (&X(t)) verifies the properties in question. Suppose

that % is an other operator with the same properties. It is easily seen that it is a local operator in the
sense that if two vector fields along v coincide in an open neighborhood of ¢y, so do their images. So we
can work in a coordinate neighborhood. Let {x1,...,2,} be local coordinates in that neighborhood, and

v(t) = {z1(t),...,2,(t)} the local coordinate expression of 4. Then

n

. B, \Y, d ) 9
X)) = X;(t)=— d —X= —X;|— + X;Vip—.
( ) ; ( )8.17z an dt ;[dt ]61‘1 + V’Y(t) 8332

Since the same holds for YX , we have zX = zX . O
dt dt dt

\Y
1.12. REMARK. We stress the difference between V. and T In fact a vector field along v may not be,
even locally, the restriction of a vector field in M. The extreme case is when ~ is a constant curve and X is

v
a non constant vector field along . Then 4 = 0 but, in general, EX # 0.

1.13. REMARK. We can take also covariant derivatives of exterior forms. For a 1-form w € Q(M),
and X € T,M, we have the dual vector field ¥ = § w (f is the inverse of the “musical isomorphism”
b:T,M — [T,M]*) and it is natural to define Vxw to be dual of VxY. This lead to the formula:

Vxw](W) = (V< Y)(W) = (VxY, W) = X(Y, W) — (Y, VxW) = Xo(W) — w(VxW).

Next we observe that any w € QP(M) is, locally, sum of decomposable forms, i.e. exterior products of
1-form. On such decomposable form we can extend Vx to act as a derivation, i.e. Vx(wi A+ Awp) =

S jwi A AVxwg A« w,y. A direct calculation gives the expression:

Vxw(X1,.. o Xp) = X((X1,.. ., X)) = > w(X1,. ., Xio1, VX, Xiga, ., Xp).

i=1
It is easy to check that Vxw, given by the formula above, is an alternating F (M) multilinear map,

hence a differential form. So the formula above can be taken as definition of V xw.
1.2. The curvature tensor.
1.14. DEFINITION. The curvature of the Levi-Civita connection is the map
R(X,Y)Z :=VxVyZ -VyVxZ —-Vixv|Z, X,Y,ZcH(M).
1.15. REMARK. Some authors use the opposite sign in the definition of R.

The basic property is that R is a tensor, i.e.:
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1.16. LEMMA. R is F(M)-trilinear.

PROOF. R is clearly R-trilinear. The linearity with respect to F (M) follows by a direct calculation

using the properties of the connection and of the Lie product. (Il

1.17. REMARK. Lemma 1.16 implies that the value of R(X,Y)Z at a given point p € M depends only
on the value of X,Y,Z at that point, i.e. to compute [R(X,Y)Z](p) we can use arbitrary extensions of
X(p), Y(p) and Z(p) (see Theorem 1.2 of Chapter 1). For example, if M is an open set of R” we can
extends vectors to constant vector fields and therefore we have the expected fact that the curvature of an

open subset of R™ is zero.
The curvatures tensors have interesting symmetries:

1.18. PROPOSITION. For X,Y,Z, W € H(M) we have:

1) R(X,Y)Z =—R(Y,X)Z,

2) (R(X,Y)Z,W) = —(R(X, Y)W, Z),

3) RIX,Y)Z+ R(Y,Z)X + R(Z,X)Y =0 (first Bianchi identity),
4) (R(X,Y)Z,W) = (R(Z,W)X,Y).

~ ~~ —~~

PROOF. (1) follows directly from the definition. (2) is equivalent to (R(X,Y)Z,Z) = 0. The latter

follows from a direct calculations taking in account

1 1
<vaYza Z> = X<VYZ7 Z> - <VYZ7 VXZ> = §XY<Z7 Z> - <VYZ7 vXZ>7 <V[X,Y]Z7 Z> = §[X7Y]<Z7 Z>
Next we prove (3).

R(X,Y)Z + R(Y, Z)X + R(Z, X)Y = VxVyZ — VyVxZ — Vjxy 2+
+VyVzX = VzVy X = Vy, 51X +VzVxY = VxVzY - Viz )Y =
=Vy[Z X]+ Vz[X, Y]+ VX[V, Z] + Vix.2)Y + Vixy1Z + Vizy1 X =
=X, [V, Z]] + [V, [Z, X]]| + [2,[X, Y]] = 0,

where the last equality is the Jacobi identity for the Lie product of vector fields (see ? Chapter 7).
We will sketch now the proof of (4), leaving the details to the reader. Consider the Bianchi identity

(R(X,Y)Z,W) + (R(Y, Z)X,W) + (R(Z, X)Y,W) = 0.

Permuting cyclically the vectors X, Y, Z and W, we obtain three more equations. Summing the four equations

we obtain
(R(X, Z)Y, W) + (R(Y,W)Z,X) = 0

and the conclusion follows from (2). O
It will be useful, later on, to look at the curvature tensor in a slight different way. For p € M we define
o NA(T,M7) — AX(L,M7), (X AY),Z AW) = (R(X, Y)W, Z).
By Proposition 1.18, p, is a well defined linear symmetric endomorphism of A%(T,M*).

1.19. DEFINITION. The operator p is called the curvature operator of M.
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Associated to the curvature tensor there are several “measures of curvature”. We will describe three of
the most important.
e The sectional curvature, K. This is a function defined, in principle, on pairs of linearly independent
vectors tangent at the same point
KXy PEAV).XAY) | (ROLYYVX)
X AY|? [XIPIY]]? = (X, Y)?
It follows from Exercise 7.6 of Chapter 1, that K(X,Y) depends only on the plane spanned by X and Y.

The sectional curvature K is then a real valued function defined on 2-dimensional tangent subspaces.

e The Ricci curvature, Ricc. For fixed X,Y € T,M consider the linear map Lxy : T,M —
T,M, Lxy(Z) = R(Z,X)Y. The Ricci tensor is defined as

Q(X,Y) = trace Lx y.

By Proposition 1.18, Q is a symmetric tensor. The Ricci curvature is defined as the quadratic form

Rice(X) = Q(X, X).
A couple of observations will be useful. Fix an orthonormal basis {X1,..., X, }. Then the map
Q:T,M —T,M, Q(X)= ZR(Xa Xi)Xi

is well defined and Q(X,Y) = (Q(X),Y). Also, if X = X1, Ricci(X) = Y5 K(X, X;).
The Ricci curvature is then a real valued funtion defined on the tangent bundle.
e The scalar curvature S. This is a function defined on the manifold M as the average of the Ricci

curvatures. If Xy,...X,, is an orthonormal basis, then
n
S = trace@ = Z Rice(X;).
1
The scalar curvature is a real valued function defined on the manifold.

1.20. REMARK. If n = 2 the sectional curvature coincides with the scalar curvature and is usually called

the Gaussian curvature of the surface.

1.21. REMARK. Some authors define the Ricci and scalar curvatures dividing our expressions by n — 1

and n(n — 1) respectively.

1.3. Parallel tranlation and geodesics. Let v : [a,b] C R — M be a smooth curve. We have

v . o . R
introduced the operator: T H(y) — H(7) of covariant derivative along 7. When no confusion will arise,

we will set zX =X'.
dt

1.22. DEFINITION. Let v : [a,b] C R — M be a smooth curve. A vector field X € H(v) is parallel along
\%

vif X' = &X:O.

1.23. REMARK. If M is an open set of R", a vector field is parallel if and only if it is constant. But
in general we should not confuse parallel fields in the manifold with parallel field in the ambient Euclidean
space. For example, if M = S™, the unit sphere in R"*1, and () = sin(t)e; + cos(t)es, the tangent vector

4(t) is parallel along v, in the sense of the definition, but not parallel in R"*!. However parallelism has
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a “mechanical interpretation”. Suppose, for simplicity, we have a surface M C R?, a curve v in M and a
vector field X along . We can “roll” the surface on a plane along the curve obtaining a curve in the plain
and a vector field along this curve. Then the original vector field is parallel if and only if the the vector field
obtained by this process is parallel in the sense of the plain, i.e. is constant. The reader is invited to think
in the example above: we can “roll” the sphere S? on a plane in such a way that the curve ~ correspond to
a straight line and the tangent vector field to the tangent to the line. Then the latter is parallel in the sense

of the plain. These intuitive arguments can be made precise.

1.24. REMARK. It is convenient to have an expression of the equation of parallelism in terms of local

coordinates. Let y(t) = (x1(t),...,z,(t)) be the expression of the curve in local coordinates and let X (t) =

ZX() 0 EH( ). Then

.9 ) 9
(0= K # 2KV 0 gy = 2K D BN
k % (ijaxj) k 2]

J

The equation X’ = 0 is a system of ordinary differential equations. For such systems we have we have
(local) existence and unicity for the solutions with given initial conditions. We also have smooth dependence
on the initial conditions. In our case, since the system is linear, the solutions are defined on the entire interval

of definition of the coefficients.

1.25. PROPOSITION. Let v : [a,b] — M be a smooth curve and X, € Ty q)M, The there exists a unique
vector field X € H(%)) such that X' =0 and X (a) = X,.

ProoF. Cover 7([a,b]) with a finite number of charts {U;, ¢;}. Then v~ 1¢;(U;) is an open covering of
[a,b]. Then there exist a subdivision tg = a < t; < --+ < tx = b such that y([t;, ti+1]) € ¢:(U;). By Remark
1.24 there is a unique parallel vector field X; € H(v|[to,t1 +€)), € > 0, with X(a) = X,. By the same
reason there is a parallel vector field Xy € H(v|(t1 — €,t2 + €)) with X5(¢1) = X;(¢1). The two vector fields
coincide in (¢; —¢€,t1 + €) since in this interval they are parallel and coincide at t1. So we have a well definite
smooth parallel vector field in [a,ts + €). Proceeding in the same way, we obtain, after a finite number of

steps, a vector field X € H(y) with the required properties. O
Proposition 1.25 allows us to define a map
Py TyM — Tyw),

which associate to a given vector X, € T),(,)M the value of the parallel translation of X, at the value t = b

of the parameter. This map is called parallel translation along ~y. P, is linear, since the equation X’ = 0 is
linear, and it is an isometry since, if X,Y € H(y) are parallel vector fields,

d

dt

1.26. REMARK. The word “connection” came from the fact that, using parallel translation, we can

(X(1),Y (1)) = (X"(1),Y(1)) + (X (), Y'(2)) = 0.

“connect” tangent spaces at different points. We should point out, however, that this “connection” depends

strongly on the curve.

1Unicity has to be intended as the fact that two solutions with the same initial condition coincide in the intersection of

the domains of definition.
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The next results link parallel translation with curvature and will be of use later on. First some prelimi-
naries. Let U C R? and F' : U — M a smooth map (sometimes called a surface). A vector field along F is a
smooth map X : U — T'M such that X (t,s) € T, M. We will denote by H(F) the vector space of vector

\v
fields along F. We have the operators TP the covariant derivative along the curves F(¢,sq), F(to,s).
s
1.27. DEFINITION. A vector field X € H(F) is parallel along F if
\v \v4
—X=0=—X.
dt ds

The existence of parallel vector fields along surfaces is not at all obvious since the equations involved
are not any more ordinary differential equations, but they are partial differential equations. The results we

are after are integrability conditions for the existence of solutions for such differential equations.

1.28. LEMMA. If X € H(F),
\YAAY \VAAY oF OF
—X - ——X=R(—,—)X.
dt ds ds dt R( ot’ Os )
Proor. Compute both sides in local coordinates. O

F OF
Suppose that X € H(F) is parallel. Then, by Lemma 1.28, R(aa—t, %)X = 0. So the vanishing of some
s

curvatures is a necessary condition for the existence of parallel vector fields alon a surface. We will show
next that, in some sense, they are also sufficient.

Let F : R2 — M be a surface and let X, be a vector in Tr,0M. The natural way to try to
construct a parallel vector field along F', with initial condition X is to parallel translate X, along the curve
o(t) = F(t,0) obtaining a vector field X (¢,0), parallel along . Then parallel translate X (¢,0) along the
curve y(s) = F(t,s) (¢t fixed). In such a way we obtain a vector field X € H(F') with X (0,0) = X.

1.29. THEOREM. The vector field X defined above is parallel along F if

Qoo
ot’ 9s

PROOF. We have seen that the condition is necessary. We will show that it is sufficient. By construction

\Y

&X = 0 so we have to show that %X = 0. This is true, again by construction, along o. Moreover
VvV vV Vv OF OF \VAAY,
ds dt dt ds R( ot Os ) dt ds 0

\Y% \Y
Therefore &X is parallel along the curves ;. But, along these curves, &X vanishes at s = 0, hence

\Y \Y
§X = 0 along the all curve ;. Therefore aX =0. 0

A concept very much related to the one of parallel translation is the one of geodesic.
1.30. DEFINITION. A curve 7 : (a,b) CR — M is a geodesic if + is parallel along .

1.31. REMARK. If 7 is a geodesic, * is parallel along v and therefore has constant norm, since parallel
translation is an isometry. It follows that the geodesics came with a special parametrization, a parametrization

proportional to arc length, i.e. ||¥(¢)|| is constant.
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1.32. REMARK. It is useful to have a local coordinate expression for the geodesic equation %' = 0. Let
¥(t) = (21(t),...2,(t)) be the expression of v in some local coordinate system. Then, from Remark 1.24,

the equation 4/ = 0 takes the form

B+ Y Thid; =0, k=1,...,n.
i,
The equation above is a system of second order ordinary differential equations, easily reduced to a system
of the first order by introducing the auxiliary variable y = & (in this way we double the number of equations).
Then we have existence, unicity and smooth dependence on the initial conditions. However the system is

not linear and we do not have existence in the large. A simple example is the following.

1.33. EXAMPLE. Consider M = R?\ {0}. The geodesic with initial condition p = (—¢,0), X(p) = (1,0)
is vx(t) = (—e+¢,0) and is defined for ¢ < e.

1.34. EXAMPLE. Consider the unit sphere in R"*1. Then the curve v(t) = sin(t)e; +cos(t)es, is a geodesic
(see Remark 1.23).

1.35. REMARK. In general the integration of the geodesic equations is a quite hard task even for very

simple surfaces.

Let vx : [0,a) — M Dbe the geodesic with initial conditions v(0) = p, 4(0) = X. Fix s € R and
consider the curve o(t) = yx(st). Then o is a solution of the geodesics equation with initial condition sX,

and it is defined in the interval [0,a/s). This observation leads to the following
1.36. LEMMA. The exists € > 0 such that, if || X|| < €, the geodesic yx is defined fort = 1.

ProoF. For Z € T, M, with || Z|| = 1, define r(Z) = sup{t € [0,00) : 7z is defined in [0,¢)}. The r is a
well defined function on the unit sphere of T, M. Moreover, by the smooth dependence from the initial data,

r is continuous, hence has a positive minimum € = ¢(p). d
1.37. DEFINITION. Let p € M and € as in Lemma 1.36. We define
exp, (X €T,M : |X]| < e} — M,  exp(X) = 7x(1).

1.38. REMARK. Observe that exp,(tX) = yx(t) (when defined). This means, geometrically, that exp,
sends the ray {tX} C T,M, “linearly”, onto the geodesic yx.

Again, by the smooth dependence, exp,, is a smooth function.
1.39. LEMMA. dexp,(0) = 1 (modulo the identification ToT,M = T,M ).

PrOOF. dexp,(0)X is the tangent vector to exp(tX) at t =0, i.e. X. O

In particular, by the inverse function Theorem, exp,, is a diffeomorphism of a small ball V' = {YeT,M:

|Y]| < 0} onto an open neighborhood exp, (V) C M. In other words, (V,exp, |V) is a chart for M.

1.40. DEFINITION. The set expp(V) is called a normal neighborhood of p and the local coordinates are

called normal coordinates.
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1.41. REMARK. The name exponential come from the fact that, in the case of O(n) C R’ (see Example
? of Chapter ?), expy (X) = Yo X* X € Skw(n,R) = T3 O(n). This is a particular case of a more general

fact that we will discuss in subsection 1.5
The following result is often useful to simplify computations.

1.42. PROPOSITION. Let {E1,...,E,} be an orthonormal basis for T,M. Then there exist local orthonor-
mal vector fields X1, ..., X, such that X;(p) = E;, and

Vx, X (p) =0.

PROOF. Let U be a normal neighborhood of p. At ¢ = exp,,(Y') we define X;(g) as the parallel translated
of E; along the curve exp,(tY). The vector fields X; are smooth since geodesics and parallel translation
depends smoothly on the initial conditions. Moreover, since parallel translation is an isometry, they are

orthonormal. Finally

\Y
dt
since X is parallel along exp(tY). O

Vy Xi(p) = + Xi(p) =0,

1.4. Riemannian manifolds. The careful reader has probably realized that all we have done up to

now depend only on the existence of a scalar product in each tangent space. This suggest the following

1.43. DEFINITION. A Riemannian manifold is a differentiable manifold together with a scalar product
(+,)p on each tangent space T, M, that depends smoothly on p. This means that, given smooth vector fields
X, Y € H(M), the function that associate to p € M the number (X (p), Y (p)), is smooth. When clear from
the context we will omit the subindex p.

We will call this assignment of scalar products a Riemannian metric

In a Riemannian manifold, we can define the Levi-Civita connection using the Kozul formula (see Remark
1.7), prove the basic properties stated in Proposition 1.5 and show the uniqueness as in Theorem 1.6.

Once we have the Levi-Civita connection, we can define the curvature tensor, parallel translation,
geodesics etc.. The proofs of the respective properties go just as in the case of submanifolds.

A priori the “universe” of Riemannian manifold is larger than the one of submanifolds of Euclidean

space. It turns out that this is not the case. We will discuss shortly this fact now.

1.44. DEFINITION. Let M, N be Riemannian manifolds and f : M — N a smooth map.

o We will say that f is an isometry if it is a diffeomorphism and
(df(X),df(Y)) =(X.Y) VXY eHM),

(we use the same symbol for the Riemannian metrics of M and N).

e We will say that f is a local isometry if V p € M there exist an open neighborhood U C M of p such
that f(U) is open and f|y is an isometry onto F(U).

e We will say that f is an isometric immersion (resp. an isometric embedding) if f is an immersion

(resp. an embedding) and the formula above holds.
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It follows from the unicity of the Levi-Civita connection that a isometry sends covariant derivative of
vector fields into the covariant derivative of the images via the differential. In particular it preserve curvature
and sends geodesics to geodesics. For the case of isometric immersions the image of a geodesic is a geodesic

of the image which is not, in general, a geodesic of the ambient space.

1.45. REMARK. It is worthwhile to observe, for the case of submanifolds, that the existence of an isometry
between two submanifolds does not means that they sit similarly in the ambient space?. The classical example
is the strip S = {(t,0,0) € R® : 0 € (0,7)} and the cylinder C = {(cos®,sin6,t) € R? : § € (0,7)}. The
map F(t,6,0) = (cosf,sinf,t) is an isometry, but the two submanifolds do not differ by an isometry of
R3. The way that a submanifold sits inside the ambient manifold is described by the so called second
fundamental form which is the difference between the connection in the ambient space and the connection
of the submanifold. If the second fundamental form vanish, the submanifold is called totally geodesic and,

in this case, the geodesics of the submanifold are geodesic of the ambient manifold (and viceversa).

In principle the category of Riemannian manifolds, up to isometries, seems larger that the one of sub-
manifolds of Euclidean spaces. However, as in the case of differentiable manifolds, this is not the case, due

to the following result of J. Nash (that we will not prove here):

1.46. THEOREM. [Nash| Let M be a Riemannian manifold. Then there exist an isometric embedding
F:M — RN, for N sufficiently large.

1.47. REMARK. If F : M — N is an isometric embedding, F/(M) is a submanifold of N and F : M —
F(M) is an isometry.

1.5. Lie groups. Let G be a Lie group.

1.48. DEFINITION. A Riemannian metric on G is left (resp. right) invariant if the left (resp. right)

translations are isometries. A Riemannian metric is bi-invariant if it is left and right invariant.

Fix an inner product (-,-). on G= T.G. The we can define a Riemannian metric on G setting
(X,Y)y =(dLy1 X,dLy1Y)e.

This metric is, essentially by definition, a left invariant metric. Let now {F1,..., E,} be an orthonormal
basis for G. Then the left invariant translations are an orthonormal basis of vector fields. If {wi,...,wn}, n=
dim G is the dual basis, w = wy A -+ Aw, is a left invariant form, called the volume form (see 7). Naturally
the same considerations work for right invariant objects. However, in general does not exist a bi-invariant

metric. A particular interesting case when such a metric exists is the following.
1.49. PROPOSITION. Let G be a compact Lie group. Then there exist a bi-invariant metric on G.

PRrROOF. Start with a left invariant metric and “average” it under right translations, i.e. define a new
metric by

(X,Y)) = /G (AR, X, dR, X )dw.

2j.e. there exist an isometry of the ambient space that takes one onto the other.
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For Lie groups with bi-invariant metric, the relevant geometric objects as connection, geodesics and
curvature may be described in algebraic terms. For the rest of this subsection, G will denote a Lie group

with a bi-invariant metric (that we will denote by (-, -)).

1.50. LEMMA. Let X,Y,Z € L(G). Then
(X, Y], 2) = (X, [Y, Z)).

PROOF. Let v(t) = exp(tY’). Since the metric is bi-invariant

<XV7 Z> = <dRA/(,t) o dLW(t)X, dR,y(,t) o dL,y(t)Z> = <Ad(’y(t))X, Ad(’y(t))Z> = constant.
Differentiating with respect to ¢, and computing for ¢ = 0, we have
0 = ([dAd)(€)(Y)X, Ad(€) Z)+(Ad(e)X, [dAd)(€) (V) Z) = (ad(Y)X, Z)+(X, ad(Y)Z) = ([Y, X], Z)+(X. [V, Z)).
O

1.51. REMARK. It is not difficult to show that a left invariant metric for which the conclusion of Lemma

1.50 holds is actually a bi-invariant metric.

1.52. THEOREM. Let X,Y,Z € L(G). Then
(1) 2VxY = [X,Y],
(2) 4R(X,Y)Z =[Z,[X,Y]].
PROOF. First we prove that Vx X = 0. In fact
2(VxX,Y) = (X, [V, X]) = =(X,[X, Y]) = 0,
where the first equality is the Kozul formula (see Remark 1.7) and the last one is by Lemma 1.50. In particular
0=Vxiv(X+Y)=VxY +VyX.
On the other hand
VxY -VyX =[X,Y].
Adding the two equation we have (1). In order to prove (2) we compute
R(X,Y)Z =VxVyZ -VyVxZ -V xy|Z

using (1). Thus we obtain

1 1 1
and the conclusion follows from the Jacobi identity. O
1.53. COROLLARY. The geodesics of G are left translated of 1-parameter subgroups. In particular they

are defined for all values of the parameter®.

PrOOF. Let X € £(G). Then the integral curves of X, which are translated of the 1-parameter subgroup
exp(tX), are geodesics since, by Theorem 1.52, Vx X = 0. O

3Riemannian manifolds for which the geodesics are defined for all values of the parameter are called complete.
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1.54. COROLLARY. Let X,Y € L(G) be orthonormal. Then the sectional curvature of the plane spanned
by X,Y is given by K(X,Y) = ||[X,Y]||?. In particular
(1) K(X,Y) >0 and K(X,Y) =0 if and only if [ X, Y] = 0.

(2) The Ricci curvature is non negative and positive if and only if the center ofé is trivial.

PROOF. The claims for the sectional curvature come directly from Theorem 1.52 (2). Let X € G be a
unit vector and let {X; = X, ..., X,,} be an orthonormal basis for G. Then

Rice(X) =Y K(X,X;)=Y_[[X,Xi]|* > 0.
2 2
Moreover Rice(X) = 0 if and only if X commutes with all the X;’s, i.e. X is in the center of G. O

2. The Laplace-Beltrami Operator

We want to define the (geometers) Laplacian of a function on a Riemannian manifold. We proceed as
in the case of R™ (see Exercise 7.29 of Chapter 1). We have the gradient operator, Vf = #df, and we will
define the divergence of a vector field.

Let © € M and X € H(M). Consider the linear transformation Ly : T, M — T, M given by Lx(Y) =
Vy X and define

div (X) = trace Lx.

In particular, if {X,..., X, } is an orthonormal basis,

divX =) (Vx, X, X)),

i=1

2.1. DEFINITION. TheLaplacian is the operator
A:QY M) =F(M) — QUM)=F(M), Af=—divdf.

2.2. REMARK. Let {X1,...,X,} be orthonormal vector fields. Then

n

Af == X.X(f)+ Vx, X ().

1

In particular if the X;’s are like in Lemma 1.42, Af(p) = — Y7 X X(f)(p). Also the product formula in

Exercise 7.29 of Chapter? extend to our case.
2.3. LEMMA. Given f,g € F(M),A(fg) = gAf+ fAg—2(Vf,Vg).

We want to extend the Laplacian to an operator on p-forms. Since we have the differential we need to
define the divergence of a p-form.
For 1-forms w, the divergence is defined as the divergence of the dual vector field fw (which is a function,

that is a O-form). For p-forms we give the following
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2.4. DEFINITION. Letw € QP(M), X1,...,X, 1 € T,M. Consider the bi-linear map Lx, .. x,_,(X,Y) =
[Vxw](Y,X1,...,Xp—1). The divergence of w is defined as the (p — 1)-form

divw(Xy,...,Xp_1) =trace Lx,, . x, ;-

s X
In particular, if {X,...,X,} is an orthonormal basis of T,, M, we have the formula:
n
(divw)(Xi,, .., Xi, ) = Y (Vx,w) (X, Xy, X, ).
j=1
It is useful to have an expression of the differential in terms of the connection.

2.5. LEMMA. Ifw € QP(M),

p
dw(Xo,... Xp) = > (-1)'Vx,w(Xo,. ., Xi, ..., Xp).
0

PrROOF. Let p € M. Choosing suitable normal coordinates, we can extend the X/s to vector fields such
that, at p, Vx, X;(p) = 0. In particular, [X;, X;](p) = 0. Since we are working with differential forms, the
values, at p, do not depend on the extensions. Hence, at p, formula (2.5) coincide with the one that defines

d (see Definition ?? of Chapter 3). O

2.6. DEFINITION.

e The codifferential is the operator:
§:QP(M) — QP Y M) w=—divw.
e The Laplace-Beltrami operator, or simply the Laplacian, is the operator:
A:QP(M) — QP(M) Aw=dodw+dodw.
o A form w € QP(M) is coclosed if éw = 0 and harmonic if Aw = 0.
2.7. REMARK. If w € Q°, §w =0 and the definitions of the Laplacian in 2.6 and 2.1coincide.

Suppose now that M is oriented and let *: QP(M) — Q" P(M) be the Hodge operator (see 7?7 of
Chapter 1).

2.8. PROPOSITION. divw = (—=1)"P~D xdxw Vw € QP(M).

PrOOF. Let {Xi,...,X,,} be a positive orthonormal basis of T, M and extend the X’s to local vector
fields such that (Vx,X;)(p) = 0 (see Remark 1.42). Then, up to terms vanishing at p,

n—p+1
(x divew) (X1, .. Xnpr1) = divew(Xn—pra, - Xn) = > Xpw(Xp, Xoopias -, Xn),

k=1

n—p+1

(d*w)(Xlw--;anerl) = Z (_1)k+1VXk(*OJ)(X1,-.-,X]g,u-,anerl)
k=
n—p+1
= ) (C)FEPRR G (X, X pras o Xi).
k=1

Then xdivw = (—1)"Pd x w. Applying * to both sides we get the conclusion. O
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2.9. REMARK. In principle, to make sense to the statement of Proposition 2.8, we need M to be oriented.
However, we observe that * appears twice and therefore the formula does not depend on the choice of the

orientation.

2.10. COROLLARY. A form w € QP(M) is closed (resp. coclosed) if and only if xw is coclosed (resp.
closed).

PRrROOF. Suppose dw = 0. Then, up to sign, § x w = * x § * w = *dw = 0. The other statement is proved

in a similar way. O

We will suppose, from now on, that M is a compact, oriented * Riemannian manifold. We will define
the L? inner product in QP(M). We recall that the volume form of M is the n-form dM := x1, i.e. the

form that takes the value 1 on orthonormal positive basis. We define:

(4) (wl,wg) = / <W1(IZ?),WQ(IE)>C1M = / w1 A\ *W9g.
M M
Now (-,-) is a symmetric, positive definite bi-linear map, i.e. a scalar product in QP(M).

2.11. REMARK. We observe explicitly that QP(M) is not complete, in relation to the induced metric
structure, if dim(M) > 0. In particular, with this scalar product, QP(M) is a pre-Hilbert space and not an
Hilbert space. This is the main difficulty in the proof of the Theorem of Hodge that we will discuss in the

next section.

2.12. PROPOSITION. For w € QP~Y(M), 7 € QP(M) we have:
(dw,T) = (w,0T).
In particular (Awy,ws) = (w1, Aws), i.e A is self adjoint with respect to the L? inner product.
PROOF. We observe that d 7 € Q*~P*D(M). Then
dx7 = (=1)P DO yyd s 7 = (1) P DO=pEDFnE-DH1 50— (L) =141 4 57

Therefore

dwA*7) =dw A7+ (=) PV Ad* 7 = dw A *T — w A %07

and, from Stokes Theorem,

Oz/d(w/\*T)Z/dw/\*T—/w/\*(STz(dw,7)—(w767').

O
2.13. COROLLARY. If M is compact, a p-form w is harmonic if and only if it is closed and coclosed.
PrOOF. It is clear tat if dw = 0 = dw, the Aw = 0. Conversely, if Aw = 0, we have
0 = (Aw,w) = (ddw,w) + (ddw,w) = (dw,dw) + (dw, dw) = ||dw||® + ||6w]?.
Hence o w is closed and coclosed. (]

4Orientability is not really needed for most of what we will do. We will comment on this point later on.
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2.14. REMARK. If M in not compact, still a closed and coclosed form is harmonic. However the converse

is not true. For example the O-form f:R — R, f(z) = z is harmonic but not closed.
2.15. COROLLARY. [Hopf’s Lemma] If M is compact and f € Q°(M), then
/ (Af)*x1=0.
M
In particular, if Af >0, then Af =0 and f is locally constant.

PROOF.
| @ps1=@rn=ran-o
Moreover, if Af >0, Af = 0. Hence f is harmonic, hence closed, and therefore locally constant. O

3. The Theorem of Hodge

Let M be a compact Riemannian manifold. We will denote by HP(M) the space of harmonic p-forms

on M. Since a harmonic form is closed, we have a map:
WP HP(M) — HP(M), hP(w)=[w]
The aim of this section is to give a very rough idea of the following result, known Hodge’s Theorem.
3.1. THEOREM. [Hodge| The map h? is an isomorphism.

3.2. REMARK. Clearly HP (M) is a vector space and hP is linear. But, in general, the wedge product
of harmonic forms is not harmonic, so does not induces a graded algebra structure in H*(M) := @HP(M).

Hence does not make sense to ask if h* := @h? is an algebras morphism.
The geometric idea behind the proof 3.1 is quite simple.

3.3. PROPOSITION. A closed form w is harmonic if and only if it is a minimul of the fuction g(r) =
(7,7) = ||7||? restricted to the cohomology class [w] = {w +dp: g € QP=D(M)}.

PROOF. Let w € QP(M) be a closed form. If 3 € Q=1 (M), we define:

g8 R—R, gs(t) = (w+tdB,w +tdf) = [lw + tdf|*.

Then: d
Z2(0) = 2(w, dB) = 2(dw, ).
. . . dgs .\ (p—1) dgs .\ _ _
If w is a minimum of g in [w], E(O) =0, Ve (M) and, therefore, E(O) =2(0w,B) =0Vp €

QP=D(M). In particular w = 0 and w is coclosed, hence harmonic, being closed. Conversely, if w is
coclosed, then it is a critical point of g restricted to [w]. But [w] is convex and the only critical points of g

are minimums. O
3.4. COROLLARY. The map hP is injective.

PRrROOF. It follows from the general fact that in an inner product space a convex subset has, at most,

one point of minimal norm °. O

5This fact follows essentially from the parallelogram low and is not true, in general, for normed spaces.
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3.5. COROLLARY. HP(M) is finite dimensional.

PROOF. It follows from the fact that H?(M) is finite dimensional (see Exercise 77 of Chapter 3), an the
injectivity of hP. O

To show that h? is surjective we have to show that there exist a form of minimal norm in [w]. This is

not clear since QP(M) is not complete. The natural idea is to complete QP (M) with respect to a suitable

scalar product, and look, in the completition QP (M), for the minimum of the L? norm in [w]. This minimum
exists and is unique by general arguments. However it may not be in QP(M) hence may not be a harmonic
p-form. The fact that the minimum is in QP(M) is a highly non trivial result and came from the reqularity
theory for elliptic partial differential equations.

We have an apparently different, but essentially equivalent approach to the Theorem of Hodge, in
particular to the regularity problem.

From the fact that HP is finite dimensional (see Corollary 3.5), it follows that is closed in QP(M) 6. Then

we have an orthogonal decomposition:

(5) QP(M) = HP(M) @ HP(M)*.

Moreover A(QP(M)) C HP(M)L, since A is self adjoint.
It is well known, from basic linear algebra, that if A : R™ — R™ is a self adjoint linear operator, the
equation Az = y has a solution if and only if y € [ker A]*. The regularity theorem is essentially equivalent

to the fact that the same result holds for A. More precisely:
3.6. THEOREM. If 3 € QP(M), the equation Aw = 3 has a solution if and only if 3 € HP(M)=*.
We have an immediate but important consequence known as the Hodge’s decomposition Theorem:
3.7. THEOREM.
QP (M) = HP (M) & A(QP(M)) = HP(M) & §(Q@TD(M)) & d(QP~H (M)).
PROOF. Theorem 3.6 implies A(QP(M)) = HP(M)=, hence the conclusion. O

3.8. REMARK. Theorem 3.7 gives also a proof of the Theorem of Hodge. In fact, if w is a closed form we
have an orthogonal decomposition w = wg +ws+wq. Since w is closed, (w, 07) = (dw,7) = 0 V1 € QPTD(M).

Hence w = wy + dg, ie. [w] = [wg].

As a first application of the Theorem of Hodge we will give now a fast proof of the Poincaré dualty

Theorem.

3.9. THEOREM. [Poincaré duality] Let M be a compact oriented differentiable manifold. Then there exist
an isomorphism, called Poincaré duality, PP : HP(M) — H®P)(M).

PrOOF. Fix a Riemannian metric on N 7. If w € QP(M) is an harmonic form, Corollary 2.10 implies

that *w is harmonic. Hence PP = % : HP(M) — H™~P)(M) is an isomorphism. |

6Since any finite dimensional normed space is complete, HP (M) is complete, hence closed in QP (M).

"For example look at M as a submanifold of RN .
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3.10. COROLLARY. Let M be a compact, connected, orientable smooth manifold of dimension n. Then
H™(M) = R.

PROOF. Put a Riemannian metric on M. Then H"(M) = H°(M) = R (since M is connected). O

3.11. REMARK. In the arguments related to the Theorem of Hodge orientability allows the use the *-
operator and integration of n-forms (or functions). But this is not essential since we can integrate a function
on a Riemannian manifold with respect to the Riemannian density (whatever this mens) and the x-operator
appears twice in the formula of the Laplacian, so a change of orientation does not affect the formulas.
However, in Theorem 3.9 the x-operator appears only once. It is a fact that this Theorem does not holds for
non orientable manifolds. For example it is possible to prove that a connected non orientable n-dimensional
manifold has vanishing n-dimensional cohomology. In particular, for compact manifolds, orientability is

detected by the topological invariant H™.

4. The Weitzenbok formula

We want to describe the Laplacian of a p-form in terms of geometric object like curvature and covariant
derivative. We start observing that, since we can take covariant differentiation of form, we can define an

action of the curvature tensor on forms.
4.1. DEFINITION. Let XY € H(M),w € QP(M). We define
R(X,Y)w =VxVyw - VyVxw — Vix yw.
We state some facts whose proofs are left to the reader:

4.2. PROPOSITION.
(1) The map R: H(M) x H(M) x QP(M) — QP(M), R(X,Y,w)= R(X,Y)w is is F(M)-trilinear.
In particular it is induced by a R-trilinear map Ry : T,M xT,M x A¥(T,M) — AP(T,M), q € M.
(2) Ifw € QY (M) and Z = fw, then R(X,Y)w =bR(X,Y)Z (b : T,M — [T,M]* = A'(T,M) and
f=b"1 are the “musical isomorphisms”).
(B) Ifw=¢g1 ANy, ¢ €W (M), RX,Y)w= D ¢1 A ARX,Y)pp A=A p.
(4) The map R(X,Y) : QP(M) — QP(M) is antisymmetric.

We will be interested in a “curvature” that generalizes the Ricci curvature.

4.3. DEFINITION. The generalized Ricci curvature is the map

n p
QP (M) — Q (M), QP(W)(Xiy,..., Xi,) =YY R(Xe, Xi)w(Xiy, .o, Xiy, Xy X)),
s=1 k=1

where {X1,...,X,} is an orthonormal basis of T, M.

4.4. REMARK. Observe that QP is a “trace”, in particular the definition does not depends on the choice
of the basis.

We will describe Aw, w € QP (M), in terms of Levi-Civita connection and the generalized Ricci curvature.
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4.5. THEOREM. Let {X1,...,X,} be orthonormal vector fields defined in a neighborhood of ¢ € M and
weQP(M). Then

Aw(q) ==Y Vx,Vx,w(g) + Q"(w)(q)

PROOF. Since we are interest in the value of Aw at ¢ € M, we can assume that the X;’s are like in

Proposition 1.42. Using the expressions of d,§ in 2.4 and 2.5 we have, up to terms vanishing at g,

ddw (X1, Xp) = P (1) (Vx, 0w) (X1, ooy Xiy ooy Xp) =
=3 (DFXGSw( X,y Xy e X)) = S (CDEXG D Vi w(X, Xy ooy Xy oo, Xp)] =
=3 (DY VX Vx, (X, X1, Xy o oo, Xp)-

6dw(X1, ce ,Xp) = _22:1 VXsdw(XS7X1, ce ,Xp) =
= 3" X [ Vxw(Xn, . Xp) 3 (1) X w( X, Xy Xy, Xp)] =
== —ZZZI VXSVXSLU(Xl,...,Xp) —2221 izl(—l)kvavka(Xs,Xl,...,Xk,...,Xp).

The conclusion follows adding the two equations above.

4.6. COROLLARY. [Weitzenbok’s formula] If w € QP (M),
1 n n
(Aw(p),w(p)) = FA(IwI*) + DIVl + (@ w),w),  (Aww) = [Vx,wl® + (Q°(w),w).
k=1 k=1

PRrROOF. Consider vector fields {X1,...,X,} as above. Then

1 1
(Vx,Vx,w,w) = Xo(Vx,w,w) = [[Vxwl* = 5 XX (w,0) = [Vx,@]” = =5A(W]*) = VX0l

where, in the last equality we use Remark 2.2. The first equation follows from Theorem 4.5. The second

equation is obtained from the first one by integration, remembering Hopf’s Lemma 2.15. (]

5. Some applications

From Corollary 4.6 and the Theorem of Hodge it follows that, if M is a compact Riemannian manifold
with QP positive definite, H?(M) = {0}. Since the argument is an integral argument, it follows that the
same is true if QP > 0 and QP > 0 for some point ¢ € M. We want similar results under “more usual”
curvature conditions.

We will start with the case p = 1. In this case, Q! is, essentially, the Ricci curvature (see Exercise 6.6).

5.1. THEOREM. Let M be a Riemannian manifold with Ricc > 0 and Ricc(p) > 0, for some p € M,
then H'(M) = {0}.

5.2. REMARK. An observation is due for the reader familiar with the fundamental group. A classical
result in Riemannian geometry is the Bonnet-Myers Theorem that states that a compact manifold M with
positive Ricci curvature has finite fundamental group. From this fact it follows, by standard algebraic topol-
ogy, that H'(M) = {0}. So, on one side the result above is weaker the the Bonnet-Myers Theorem but, on
the other hand, we need only that the Ricci curvature is non negative and positive at some point to conclude

that H! vanishes.
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If we require that that the Ricci curvature is non negative, then the conclusion does not follows (in fact
it is false). However we still have some relevant informations. Given a harmonic form w € Q(M), it follows
from Corollary 4.6, that it is parallel, or, equivalently, the dual vector field X = fw is globally parallel, i.e
VzX =0, VZ € TM. The existence of parallel vector fields is a very strong restriction on the geometry of

the manifold as we have already seen in Theorem 1.29. In this situation we have

5.3. COROLLARY. Let M be a compact connected n-dimensional manifold with non negative Ricci cur-
vature. Then dim H'(M) < n.

PROOF. A parallel vector field (or 1-form) is uniquely determined by its value at a point. Hence the

space of parallel 1-forms has dimension at most n. O

5.4. REMARK. It is possible to show, in the hypothesis of the Corollary, that if dim H'(M) = n, M is
isometric to the product of n circles. This is simple to see in the case that M is a Lie group since the existence
of n linearly independent parallel vector fields implies that the curvature tensor vanishes identically, hence

the group is Abelian , and therefore isomorphic the product of n circles.

We consider now a compact connected Lie group G with a bi-invariant metric. We have seen that the
cohomology of such group is isomorphic to the space of Ad-invariant forms. Such formas have the following

“geometric” interpretation

5.5. PROPOSITION. A form w € QP(G) is Ad-invariant if and only if it is parallel, if and only if it is

harmonic.

PROOF. The first equivalence follows from Theorem 1.52 and Theorem 5.10 of Chapter 4. For the second
we observe that clearly a parallel form is harmonic and conversely if w is harmonic, there is an Ad-invariant,

hence parallel, form in [w] which, by unicity is w. O

5.6. THEOREM. Let G be a compact connected Lie group G. Then G has trivial center if and only if
HY(G) = {0}. In this case H*(G) = {0}, H3(G) # {0}.

PROOF. Consider a bi-invariant Riemannian metric on G. If G has trivial center, this metric has positive
Ricci curvature, by Theorem 1.54, hence H'(G) = {0}, by Theorem 5.1. If H}(G) = {0}, Dg = G, by
Proposition 5.15 of Chapter 4, hence G has trivial center. In this case H?(G) = {0}, again by Proposition
5.15 of Chapter 4. For the last assertion we consider the tri-linear map w : GxGxG— R, w(X,Y,Z2):=
([X,Y], Z). This map is an Ad-invariant exterior form in A3(G), by Lemma 1.50. Observe that w # 0, since

G is non Abelian, hence w defines a non zero element in H3 (G). O

5.7. REMARK. The last assertion in Theorem 5.6 depends only on the fact that G is not Abelian. In

particular a compact connected two dimensional Lie group must be Abelian, hence isomorphic to S* x S*.
5.8. COROLLARY. S™ admits a Lie group structure if and only if n =0,1,3.

PRrROOF. Forn =0,1,3, S™ is the unit sphere of the real, complex and quaternionic lines respectively, so
it admits a Lie group structure. For n # 0,1,3, H*(S™) = {0}, i = 1, 3, contraddincting Theorem 5.6. [
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5.9. DEFINITION. A Kdhler manifold is a Riemannian manifold M together with a smooth map J :
TM — TM such that
(1) moJ =mand, Vp € M and J, := J|T,M : TpM — T,M is a linear isometry,
(2) J? = -1,
(3) J is parallel in the sense that, if X, Y € H(M), J(VxY)=Vx(J(Y)).

A Kahler manifold has even dimension, say 2n, and w(X,Y) := (X, JY) is a parallel 2-form, called the

Kahler form or fundamental form. Moreover w™ # 0 (see Exercise 7.33 in Chapter 1). In particular we have

5.10. PROPOSITION. If M is a compact Kihler manifold H?*(M) contains the non zero element [w]*, k <

5.11. ExAMPLE. The main example of a compact Kéhler manifold is the complex projective space CP™.

This space is the orbit space of the action
e Sl % 52n+1 . SQn-‘,—l’ /J'<97p) _ eiep.

The orbit O(p) is the great circle {e?p}. We will denote by &(p) the unit tangent vector to the orbit
at p. The tangent space T,5%"*! splits as the orthogonal sum of the real line V,, = {t{(p) : t € R} and
its orthogonal complement H,, in T,5%"*1. The space V,, (resp. H,) is called the vertical (resp. horizontal)

space. Consider the quotient map and its differential,
TS — P, w(p)=[p), dr(p):T,5*""" — T}, CP™

The kernel of dr(p) is the vertical subspace V,, and dn(p) maps H, isomorphically onto 7j,/CP". Given
X € Ty, CP", the horizontal lift of X, at p, is the vector X(p) = [dn(p)|H,]~(X). The fact that g :
§2nt+l . §2n+l is an isometry allows us to define a Riemannian metric on CP". Given X1, X € T, CP"
we define (X1, Xo) := (X1(p), Xa(p)), where the second scalar product is the one in 7,$?"*+!. This scalar
product is well defined, since if ¢ = pg(p), Xi(q) = due(p)(X;) and dpg(p) is an isometry.

We will define now a smooth map J : TCP™ — TCP"™ that will define a structure of Kéahler manifold
on CP". Given X € T[p|CP" we define JX := dn(iX(p)). We have to check, first of all, that J is well
defined and this follows from the fact that dug(p)|H, : H, — H.,is, is C-linear. Clearly J is smooth and
J? = —11. So we are left to prove that J is parallel. This is consequence of more general facts that we will
discuss in Exercise 6.7.

In particular we can compute the product in the algebra H*(CP") = ®H*(CP"). The Kihler form
w generates H?(CP") and its powers, w* generates H**(CP"),k < n. So H*(CP") is isomorphic, as an
algebra, to the algebra of polynomials in one real variable ¢ divided by the ideal generated by ¢"+1.

6. Exercises
6.1. product metric and connections.
6.2. geodesics of O(n).
6.3. Prove that if X € T,M, and wq,w, are forms, Vx (w1 Awsz) = Vxwi Awg +wi A Vxws.

6.4. Prove that for w,7 € Q?(M),X € T,M, X{(w,7)=(Vxw,7)+ (w,VxT).
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6.5. Prove Proposition 4.2

6.6. Prove that, if w € Q'(M) and X = fw, then Q'(w) = bQ(X), where b : T,M — [T,M]* is the

“musical” isomorphism and (@ is the Ricci tensor defined in Section 1.
6.7. Riemannian subimmersion sand CP"

6.8. Prove that H*(S? x §*) = H*(CP3) (as vector spaces). Use the Kiinnet formula to compute the
algebra structure of H*(S? x S%) and Example 5.11 to conclude that S? x S* is not homotopy equivalent to
CP3.
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