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Abstract
This work is about active set identification strategies aimed at accel-

erating block-coordinate descent methods (BCDM) applied to large-scale
problems. We start by devising an identification function tailored for
bound-constrained composite minimization together with an associated
version of the BCDM, called Active BCDM, that is also globally con-
vergent. The identification function gives rise to an efficient practical
strategy for Lasso and `1-regularized logistic regression. The computa-
tional performance of Active BCDM is contextualized using comparative
sets of experiments that are based on the solution of problems with data
from deterministic instances from the literature. These results have been
compared with those of well-established and state-of-the-art methods that
are particularly suited for the classes of applications under consideration.
Active BCDM has proved useful in achieving fast results due to its identi-
fication strategy. Besides that, an extra second-order step was used, with
favorable cost-benefit.
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1 Introduction
Coordinate descent methods are among the simplest ones in optimization. They
are based on a well-established idea employed by iterative methods for linear
systems, like the ones of Jacobi and Gauss-Seidel. At each iteration, one com-
ponent of the independent variable is updated, in a cyclic way. They also fit
into the framework of first-order methods, having low cost per iteration and low
memory requirements. Besides that, they are easy to implement. Moreover,
coordinate descent methods turn out to be an interesting option for very large
scale problems for which the low cost per iteration pays out, even considering
the large number of iterations needed to achieve a reasonable precision. This is
especially the case for accelerated versions, like the so-called block coordinate
descent methods (BCDM), in which the variables are grouped in convenient
blocks.

The renewed interest in these methods is justified by the crescent demand
on very large-scale optimization problems that come from different areas such
as machine learning [24], compressed sensing [14], group Lasso [40], matrix
completion [7] and truss topology design [29], to name a few. The problem
structure is very much favorable for BCDM. Recent research concerning BCDM
involves convergence and complexity analysis [2, 28], inexact solution of the
subproblems [34], parallelization [31] and other acceleration techniques (see
e.g. [16, 25, 38]).

Our contribution is aligned with the acceleration of BCDM, particularly for
large-scale bound-constrained problems. In such a setting, there are important
cases for which the dimension of the active optimal face is expected to be signif-
icantly smaller than the problem dimension. Consequently, it is worth pursuing
the identification of this face, what is precisely our aim. Moreover, even for
huge-scale unconstrained problems, such as Lasso [35] and `1-regularized logis-
tic regression [26], the search for a sparse solution provides a room for identifying
the zero components by exploring reformulations based on the introduction of
simple bounds. Additionally, in the context of `1-regularized problems, the iden-
tification tool may provide a room for improving hot starts for cross validation
strategies that adjust the regularization parameter.

The outline of this text is the following. In Section 2 we introduce the
problem of interest and the main ingredients to present the BCDM, which is
stated in Section 3, together with some preliminary results. In Section 4 we
present an identification function for the active constraints and show how to
apply it to problems with `1 regularization. In Section 5 we introduce the
algorithm Active BCDM, with the related convergence results. Our analysis
allows for different probabilities to be used at each iteration in the selection
of the blocks, what is a novelty, to the best of our knowledge. Section 6 is
dedicated to the numerical experiments, with comparative results that put our
approach into perspective. Finally, some conclusions are made in Section 7.
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2 Background
The problem we are interested in is

min
x∈Rn

f(x) + ψ(x) (1)

s.t. l ≤ x ≤ u,

where f : Rn → R is a smooth function and ψ : Rn → R is a convex function,
possibly nonsmooth, with a block-separable structure given by

ψ(x) =
m∑
i=1

ψi(x(i)), (2)

where x(i) ∈ Rpi is a subset of coordinates of the vector x ∈ Rn with
∑m
i=1 pi =

n. The vectors l, u have n coordinates in [−∞,+∞], with l ≤ u and infinite
values used to denote the absence of a bound.

Starting from the block decomposition of the vector x in m subsets of coor-
dinates satisfying (2), we define a set of matrices Ui ∈ Rn×pi such that

x =
m∑
i=1

Uix(i).

We also choose a set of m symmetric positive definite matrices Bi ∈ Rpi×pi ,
denoted by Bi ∈ Spi

++, i = 1, . . . ,m. We then define a set of norms with respect
to Rpi , and their respective dual norms, by

‖x(i)‖(i) :=
√
xT(i)Bix(i) and ‖x(i)‖∗(i) :=

√
xT(i)B

−1
i x(i), ∀i ∈ {1, . . . ,m}.

The matrices Bi, besides providing second-order information to the models,
may carry scaling information from the problem variables, especially if they are
diagonal.

We assume that the gradient of the smooth function f is Lipschitz continuous
by blocks. That is, for each i = 1, . . . ,m, there is a constant Li > 0 such that

‖∇if(x+ Uihi)−∇if(x)‖∗(i) ≤ Li‖hi‖(i), hi ∈ Rpi , i = 1, . . . ,m, (3)

for all x such that l ≤ x ≤ u and with ∇if(y) = UTi ∇f(y).
Let B ∈ Rn×n be the block diagonal positive definite matrix defined as

B = diag(L1B1, · · · , LmBm),

in which, for i = 1, . . . ,m, the scalars Li are as in (3), and the matrices Bi
are those chosen above. We also define the following norm in Rn, and its dual,
respectively by

‖z‖B =
√
zTBz and ‖z‖∗B =

√
zTB−1z.
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For the vectors x, y, l, u, which may be indexed by coordinates or by blocks,
we have adopted the convention that the subindex (i) refers to the i-th block,
whereas i refers to the i-th component. The remaining vectors, matrices, func-
tions and scalars used along the text, namely, hi, wi, pi, si, Bi, Ui, ψi, ∇if , Li,
are only indexed by blocks. Therefore, we use simply i to refer to the i-th block
for not overloading the notation.

Throughout the text, ‖ · ‖ denotes either the Euclidean vector norm or the
induced matrix norm. We use |I| to refer to the cardinality of the set I. We
also denote the feasible set of problem (1) by

X := {x ∈ Rn | l ≤ x ≤ u}, (4)

and its objective function by F (x) = f(x) + ψ(x).
Finally, let us recall the classic definition of stationarity for a general opti-

mization problem.

Definition 1. Given a subset C of Rn and a vector x∗ in C, a vector y ∈ Rn is
said to be a tangent of C at x∗ if either y = 0 or there exists a sequence {xk} ⊂ C
such that xk 6= x∗ for all k and

xk → x∗,
xk − x∗

‖xk − x∗‖
→ y

‖y‖
.

The set of all tangents of C at the point x∗ is called the tangent cone of C at x∗,
and is denoted by TC(x∗).

Definition 2. Consider the problem of minimizing a function ϕ : Rn → R on
a set C ⊂ Rn. A point x∗ ∈ C is said to be stationary for this problem if the
one-sided directional derivative

ϕ′(x∗; d) = lim
t↓0

ϕ(x∗ + td)− ϕ(x∗)
t

(5)

exists and is nonnegative for all d ∈ TC(x∗). This condition is also sufficient if
C is a closed and convex set and ϕ is a convex function.

We can use the optimality condition above and apply it to our main prob-
lem (1) to see that the following result holds.

Lemma 1. Let x∗ ∈ X be a minimizer of (1), then for all x ∈ X

∇f(x∗)T (x− x∗) + ψ(x)− ψ(x∗) ≥ 0.

Proof. Just apply the optimality condition of Definition 2 to the equivalent
problem

min
x,z

f(x) + z

s.t ψ(x) ≤ z
x ∈ X .
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3 Block coordinate descent methods
The aforementioned elements provide all the necessary ingredients to state the
framework of the Block Coordinate Descent Method (BCDM), described in Al-
gorithm 1.

Given a point x ∈ Rn, we define the vector hi(x) as the minimizer of the
subproblem

min
h∈Rpi

∇if(x)Th+ Li
2 h

TBih+ ψi(x(i) + h)− ψi(x(i)),

s.t. l ≤ x+ Uih ≤ u.
(6)

Algorithm 1 (General) Block Coordinate Descent Method (BCDM)
1: Choose an initial point l ≤ x0 ≤ u and the parameters ε ∈ R+ and δmax ∈ N.

Set a vector v ∈ Rn with 2ε in all positions. Set k = 1.
2: repeat
3: Choose a block i ∈ {1, . . . ,m} by some strategy.
4: Find ĥi ≡ hi(xk), a solution to the subproblem (6)
5: Set xk+1 = xk + Uiĥi and v(i) = ĥi. Update k = k + 1
6: until ‖v‖ ≤ ε or k = δmax

Next, we establish an auxiliary result. It is based on [36, Lemma 3], where
unconstrained problems are analyzed. We have adapted this lemma to take into
account the bound constraints present in problem (1). The proof is included
not only for completeness, but also because part of its reasoning is employed
subsequently in the text.

Lemma 2. A point x∗ that is feasible for (1) is stationary if, and only if,
hi(x∗) = 0 for all i = 1, . . . ,m.

Proof. First, for each i = 1, . . .m, let h∗i denote hi(x∗) in this proof.
We start assuming that h∗i = 0, for i = 1, . . . ,m. Let s ∈ Rn be such

that l ≤ x∗ + s ≤ u and let si ∈ Rpi be such that s =
∑m
i=1 Uisi. For each

i = 1, . . . ,m, we can use the optimality of h∗i , for the problem given in (6), to
conclude that

0 = ∇if(x∗)Th∗i + Li
2 ‖h

∗
i ‖2

(i) + ψi(x∗(i) + h∗i )− ψi(x∗(i))

≤ ∇if(x∗)T si + Li
2 ‖si‖

2
(i) + ψi(x∗(i) + si)− ψi(x∗(i)).

Summing these inequalities for i = 1, . . . ,m and rearranging terms, we get
m∑
i=1

ψi(x∗(i) + si)−
m∑
i=1

ψi(x∗(i)) ≥ −
m∑
i=1
∇if(x∗)T si −

m∑
i=1

Li
2 ‖si‖

2
(i),
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which implies

ψ(x∗ + s)− ψ(x∗) ≥ −∇f(x∗)T s− 1
2‖s‖

2
B . (7)

Now, let d ∈ Rn be a direction for which there exists t > 0 such that x+ td
is feasible for (1). We have

F ′(x∗; d) = lim
t↓0

F (x∗ + td)− F (x∗)
t

= lim
t↓0

f(x∗ + td) + ψ(x∗ + td)− f(x∗)− ψ(x∗)
t

≥ lim
t↓0

f(x∗ + td)− f(x∗)− t∇f(x∗)T d− ((t2)/2)‖d‖2
B

t
[Using (7)]

= 0.

We conclude that x∗ is stationary for (1).
Now, let us prove the remaining implication. We then assume that x∗ is

stationary for (1) and consider, for the sake of a contradiction, that there is a
block i ∈ {1, . . . ,m} for which h∗i 6= 0. The definition of h∗i implies that

∇if(x∗)Th∗i + ψi(x∗(i) + h∗i )− ψi(x∗(i)) ≤ −
Li
2 ‖h

∗
i ‖2

(i) < 0. (8)

On the other hand, for d = Uih
∗
i and t ∈ (0, 1),

F (x∗ + td) = f(x∗ + td) + ψ(x∗ + td)

≤ f(x∗) + t∇if(x∗)Th∗i + t2Li
2 ‖h

∗
i ‖2

(i)

+
m∑

j=1,j 6=i
ψj(x∗(j)) + tψi(x∗(i) + h∗i ) + (1− t)ψi(x∗(i)),

where the last inequality uses the Lipschitz continuity by blocks of f and the
convexity of ψi. Hence,

F (x∗+td)−F (x∗) ≤ t∇if(x∗)Th∗i + t2Li
2 ‖h

∗
i ‖2

(i) +tψi(x∗(i) +h∗i )−tψi(x∗(i)). (9)

Dividing by t, taking the limit for t ↓ 0 and using (8), it follows that

F ′(x∗; d) ≤ −Li2 ‖h
∗
i ‖2

(i) < 0.

We see that d = Uih
∗
i is a descent direction from x∗, contradicting the assump-

tion that x∗ is stationary for (1).

Another related result is set below, concerning the sufficient decrease achieved
by the minimizer of subproblem (6).
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Lemma 3. Let x be a feasible point for (1) such that, for some i ∈ {1, . . . ,m},
hi(x) 6= 0. Then,

F (x+ Uihi(x)) ≤ F (x)− Li
2 ‖hi(x)‖2

(i).

Proof. Let us again simplify the notation and use hi to denote hi(x). We start
from the definition of hi to see that, for all t ∈ (0, 1),

∇if(x)Thi+
Li
2 ‖hi‖

2
(i)+ψi(x(i)+hi) ≤ t∇if(x)Thi+

t2Li
2 ‖hi‖

2
(i)+ψi(x(i)+thi).

Now, from the convexity of ψi we have

ψi(x(i) + thi) ≤ tψi(x(i) + hi) + (1− t)ψi(x(i)).

Combining the last two inequalities, grouping similar terms together and divid-
ing by 1− t, it follows that

∇if(x)Thi + (1 + t)Li2 ‖hi‖
2
(i) + ψi(x(i) + hi)− ψi(x(i)) ≤ 0.

Taking limit for t ↑ 1 we get

∇if(x)Thi + Li
2 ‖hi‖

2
(i) + ψi(x(i) + hi)− ψi(x(i)) ≤ −

Li
2 ‖hi‖

2
(i). (10)

On the other hand, following the same reasoning in the deduction of inequal-
ity (9) present in the proof of the previous lemma, we can conclude that for all
t ∈ (0, 1)

F (x+ tUihi)− F (x) ≤ t∇if(x)Thi + t2Li
2 ‖hi‖

2
(i) + tψi(x(i) + hi)− tψi(x(i)).

Taking again the limit for t ↑ 1, this says that

F (x+ Uihi)− F (x) ≤ ∇if(x)Thi + Li
2 ‖hi‖

2
(i) + ψi(x(i) + hi)− ψi(x(i)),

which together with (10) gives the desired result.

4 Identification functions
Our objective in this section is to define an identification function to unveil
the active constraints at stationary points of (1). The concept of identification
function for the set of KKT pairs of a general smooth nonlinear programming
problem was introduced in [15]. Using of the set

S = {x ∈ Rn | x is a stationary point of the problem (1)},

we slightly adapt the definition from [15] below, so that only the primal part of
the stationary points are taken into consideration.
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Definition 3. We say that ρ(x;x∗) : Rn → R− is an identification function for
a point x∗ ∈ S ⊂ Rn, with respect to the set S, if

(i) ρ is continuous in an open set containing x∗;

(ii) ρ(x;x∗) = 0⇒ x ∈ S;

(iii) ρ(x∗;x∗) = 0;

(iv) lim
xk→x∗

−ρ(xk;x∗)
‖xk − x∗‖

= +∞, for all xk → x∗, with x∗ ∈ S and xk 6∈ S, ∀k.

Identification functions are used in the context of optimization to uncover
the set of active constraints at the limit of sequences generated by algorithms.
In order to see this, let us consider a feasible set defined by inequality constraints

F = {x ∈ Rn | g(x) ≤ 0},

where g : Rn → Rp is assumed to be of class C1. In particular, this setting takes
into account the feasible set X of problem (1), which may be described by the
function g : Rn → R2n given by

gi(x) :=
{
li − xi, if 1 ≤ i ≤ n;
xi − ui, if n+ 1 ≤ i ≤ 2n.

Let S ⊂ F , that will play later the role of the set of possible limit points
generated by an algorithm, and let x∗ ∈ S be a feasible point for which we have
an identification function ρ with respect to S.

The next result states that it is possible to determine which constraints are
active at x∗, based only on the information given by the identification function
in a neighborhood of x∗. To simplify the presentation, we define first two index
sets with respect to a point x ∈ Rn.

Definition 4. Given x ∈ Rn, let A(x) and Â(x) be the following sets

A(x) = {i ∈ {1, . . . ,m} | gi(x) = 0} ,

Â(x) = {i ∈ {1, . . . ,m} | gi(x) ≥ ρ(x;x∗)} .

Proposition 1. Let ρ be an identification function for x∗ ∈ S with respect to
S. Then there exists an ε > 0 such that

A(x∗) ≡ Â(x),∀x ∈ B(x∗, ε),with x 6∈ S.

Proof. As g ∈ C1, it is also locally Lipschitz continuous. Thus, fixed an ε1 > 0
there is a constant c > 0 such that

− gi(x) ≤ −gi(x∗) + c‖x− x∗‖, i = 1, . . . , p (11)

for all x ∈ B(x∗, ε1).
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Let i ∈ A(x∗). By Definition 4, gi(x∗) = 0, and by Definition 3 (iv), there
exists ε2 > 0 such that

c‖x− x∗‖ ≤ −ρ(x;x∗),∀x ∈ B(x∗, ε2) and x 6∈ S. (12)

Taking the intersection of the neighborhoods of (11) and (12), we have that

gi(x) ≥ ρ(x;x∗),

for all x 6∈ S and x ∈ B(x∗,min{ε1, ε2}). Therefore, i ∈ Â(x).
Now, we prove that Â(x) ⊂ A(x∗) for x close to x∗. Let i 6∈ A(x∗). Then

gi(x∗) < 0. By Definition 3, items (i) and (iii), we know that ρ( · ;x∗) is contin-
uous in an open set that contains x∗, and ρ(x∗;x∗) = 0. These facts, together
with the continuity of the function g, assure the existence of an ε3 > 0 for which,
for all x ∈ B(x∗, ε3), gi(x) < ρ(x;x∗). Hence i 6∈ Â(x).

The result follows by taking ε = min{ε1, ε2, ε3}.

We point out that identification functions always exist. Actually, it is
straightforward to prove that, for a fixed α ∈ (0, 1), the function ρcan

α : Rn →
R−, given by

ρcan
α (x;x∗) := −‖x− x∗‖α (13)

is an identification function for a point x∗ ∈ S. This function, however, uses x∗
in its formula, and typically the point of interest, x∗, is not readily available.
Hence this ideal function is not computable. Below we will define an identifica-
tion function for stationary points x∗ of (1), that we are trying to approximate,
using an optimization algorithm.

In order to introduce such computable identification function, given a feasible
x ∈ X , we will define as h(x), the minimizer of

min
h∈Rn

m∑
i=1

(
∇if(x)Thi + Li

2 ‖hi‖
2
(i) + ψi(x(i) + hi)

)
s.t. l(i) ≤ x(i) + hi ≤ u(i), i ∈ {1, . . . ,m}.

(14)

Observe that this problem is closely related to (6). Actually, using the sepa-
rability by blocks of (14) it is clear that the i-th block of h(x) is exactly the
solution to (6), i.e. hi(x).

With this notation, we assert that, for a fixed α ∈ (0, 1), the function ρα :
Rn → R− defined as

ρα(x) := −‖h(x)‖α (15)

is an identification function for any stationary point x∗ with respect to the set of
all stationary points of (1), that we will denote from now on simply as S. Since
ρα does not depend on the specific x∗ ∈ S, we dropped the second argument
from its definition. The role of the exponent α is to ensure that (15) satisfies
the properties of Definition 3.

The following result provides useful bounds for the analysis, and it is similar
to Lemma 2.1 of [37].
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Proposition 2. Let x∗ be a stationary point for the problem (1), and Li ∈
R++ and Bi ∈ Spi

++ be given. Assume that the function ∇f is locally Lipschitz
continuous in a neighborhood of x∗, i.e., there exist c > 0 and ε > 0 such that

‖∇f(x)−∇f(y)‖ ≤ c‖x− y‖,∀x, y ∈ B(x∗, ε), (16)

and, for some σ > 0, the function ∇f satisfies

(∇f(y)−∇f(x∗))T (y − x∗) ≥ σ‖y − x∗‖2, ∀y ∈ B(x∗, ε). (17)

Then, there exist ζ > 0 and δ > 0 such that

(i) ‖x+ h(x)− y − h(y)‖ ≤ ζ‖x− y‖,∀x, y ∈ B(x∗, ε);

(ii) ‖x− x∗‖ ≤ δ‖h(x)‖,∀x ∈ B(x∗, ε).

Proof. Let us start by applying Lemma 1 to the problems that define x+ :=
x+ h(x) and y+ := y + h(y). We get

∇f(x)T (y+ − x+) +
m∑
i=1

Lihi(x)TBi(y+
(i) − x

+
(i)) + ψ(y+)− ψ(x+) ≥ 0,

∇f(y)T (x+ − y+) +
m∑
i=1

Lihi(y)TBi(x+
(i) − y

+
(i)) + ψ(x+)− ψ(y+) ≥ 0.

Adding these two inequalities, it follows that

(∇f(x)−∇f(y))T (y+ − x+) +
m∑
i=1

Li(hi(x)− hi(y))TBi(y+
(i) − x

+
(i)) ≥ 0.

Recalling that hi(x) = x+
(i)− x(i) and hi(y) = y+

(i) − y(i), the inequality above is
equivalent to

(∇f(x)−∇f(y))T (y+ − x+) +
m∑
i=1

Li(y(i) − x(i))TBi(y+
(i) − x

+
(i)) ≥

m∑
i=1

Li(y+
(i) − x

+
(i))

TBi(y+
(i) − x

+
(i)).

We can now use the Cauchy-Schwarz inequality, and the definition of ‖ · ‖B to
conclude that

‖∇f(x)−∇f(y)‖‖y+ − x+‖+ ‖x− y‖‖B(y+ − x+)‖ ≥
m∑
i=1

Li(y+
(i) − x

+
(i))

TBi(y+
(i) − x

+
(i)) = ‖y+ − x+‖2

B . (18)

From the consistency of the used norms, let c1 be a positive constant such that

c1‖z‖ ≤ ‖z‖B , ∀z ∈ Rn.
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Additionally, ‖Bz‖ ≤ ‖B‖‖z‖ holds for all z ∈ Rn. Hence, the relationship (18)
yields

‖∇f(x) − ∇f(y)‖‖y+ − x+‖ + ‖x − y‖‖B‖‖y+ − x+‖ ≥ c2
1‖y+ − x+‖2.

Dividing it by ‖y+−x+‖, and applying the Lipschitz condition (16), we have

c‖x− y‖+ ‖B‖‖x− y‖ ≥ c2
1‖x+ − y+‖,

which gives us (i), with ζ = (c+ ‖B‖)/c2
1.

Le us now prove (ii). We start again using Lemma 1 for the definition of x∗
and x+ to get

∇f(x∗)T (x+ − x∗) + ψ(x+)− ψ(x∗) ≥ 0,

∇f(x)T (x∗ − x+) +
m∑
i=1

Lihi(x)TBi(x∗(i) − x
+
(i)) + ψ(x∗)− ψ(x+) ≥ 0.

Adding these inequalities and recalling that x+ = x+ h(x) we get

(∇f(x∗)−∇f(x))T (x+ h(x)− x∗) +
m∑
i=1

Lihi(x)TBi(x∗(i) − x(i) − hi(x)) ≥ 0.

Rearranging terms and using the fact that Bi, i = 1, . . . ,m, are positive definite

(∇f(x∗)−∇f(x))Th(x) +
m∑
i=1

Lihi(x)TBi(x∗(i) − x(i)) ≥

(∇f(x)−∇f(x∗))T (x− x∗).

We can now use (17), the Cauchy-Schwarz inequality, and the Lipschitz conti-
nuity of ∇f to deduce from the latter inequality that

c‖x− x∗‖‖h(x)‖+ ‖h(x)‖‖B(x− x∗)‖ ≥ σ‖x− x∗‖2.

Using the consistency of norms and dividing the inequality above by ‖x − x∗‖
we obtain

(c+ ‖B‖)
σ

‖h(x)‖ ≥ ‖x− x∗‖,

which is (ii) with δ = (c+ ‖B‖)/σ. The proof is complete.

We are now ready to establish sufficient conditions under which ρα, defined
in (15), is an identification function for x∗ ∈ S.

Proposition 3. Assume that x∗ ∈ S satisfies the hypotheses of Proposition 2.
Then, ρα defined in (15) is an identification function for x∗, for any given
α ∈ (0, 1).
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Proof. Lemma 2 ensures that items (ii) and (iii) of Definition 3 hold. From
Proposition 2 there exists ε > 0 such that, for all x, y ∈ B(x∗, ε),∣∣‖h(x)‖ − ‖h(y)‖

∣∣ ≤ ‖h(x)− h(y)‖
≤ ‖x+ h(x)− y − h(y)‖+ ‖x− y‖
≤ ζ‖x− y‖+ ‖x− y‖
= (1 + ζ)‖x− y‖.

The previous inequality, together with the fact that, for any given α ∈ (0, 1),
the function ϕ(t) = −tα is continuous, imply that ρα is continuous in a neigh-
borhood of x∗, ensuring the validity of item (i) of Definition 3.

Now, let xk → x∗ for which xk 6∈ S. Using item (i) of Proposition 2, we
know that for k large enough

1
δ‖h(xk)‖ ≤

1
‖xk − x∗‖

⇔ 1
δ‖h(xk)‖1−α ≤

‖h(xk)‖α

‖xk − x∗‖
.

Taking the limit in the previous inequality, we obtain

+∞ = lim
xk→x∗

1
δ‖h(xk)‖1−α ≤ lim

xk→x∗

−ρα(xk)
‖xk − x∗‖

,

showing that item (iv) of Definition 3 is verified, concluding the proof.

5 Active BCDM
Using the identification function defined in the last section, we can now present
a simple variation of the BCDM that aims to incorporate the identification of
active constraints. This is achieved by decreasing the probability of selecting
variables that have already been considered active and fixed at a bound when
selecting the coordinates to update. The main idea is that, after a given number
of iterations, controlled by a frequency parameter δF , the identification func-
tion is computed, suggesting that some variables are already active and at their
bounds. The probability of selecting these variables is thus decreased in the
subsequent iterations, controlled by a preference factor δDP . The algorithm
allows the selection of only a subset of the constraints suggested by the identifi-
cation function. This flexibility will show beneficial in the numerical tests. This
method will be called Active BCDM and it is fully described in Algorithm 2.

Next we proceed to prove that the (General) BCDM, Algorithm 1, globally
converges with probability one to stationary points for problem (1) whenever
the probability of choosing any block in a given iteration is bounded away from
zero. In particular, the convergence result stated below allows for different
probabilities of choosing a block, or subset of blocks, at each iteration, and en-
compasses the strategy adopted within the Active BCDM algorithm. Adaptive
probabilities within coordinate descent methods were already considered e.g. in
[10] and [19]. In the former, the probabilities of selecting the dual variables

12



Algorithm 2 BCDM with Identification of Active Variables (Active BCDM)
1: Choose an initial point l ≤ x0 ≤ u, an initial cycle size c0, the parameters
`max ∈ N, ε ∈ R+, and α ∈ (0, 1) and two natural numbers δF , δDP . Initial-
ize a vector v ∈ Rn with 2ε in all positions, the sets I = {1, . . . ,m}, J = ∅,
the cycle size cs = c0, and the counter ` = 0.

2: repeat
3: for k = `+ 1, . . . , `+ cs do
4: Choose a block i that satisfies the probability distribution

P (i) =


δDP

δDP |I|+ |J |
, if i ∈ I,

1
δDP |I|+ |J |

, if i ∈ J .

5: Find ĥi ≡ hi(xk), a solution to the subproblem (6)
6: Set xk+1 = xk + Uiĥi and v(i) = ĥi.
7: end for
8: Set ` = `+ cs.
9: Obtain the set C(x`) ⊂ {1, . . . ,m} with the identification function ρα(x),

where

C(x`) =
{
i | gj(x`) ≥ ρα(x`),∀x`j s.t. j belongs to the ith-block

}
.

10: Define J ⊂ C(x`) and I = {1, . . . ,m} − J . Set cs =
max {min{δF |I|,m}, c0}.

11: until ‖v‖ ≤ ε or ` ≥ `max

are adaptively tuned along the iterative process, whereas the latter speeds up
the method taking into account how much each coordinate contributes to the
objective descent.

Assumption 1. In this section, the function ψ is supposed to be continuous in
the feasible set of problem (1).

We will now prepare for the main convergence result, presenting two auxiliary
lemmas.

Lemma 4. Let x be a non-stationary point for (1) and i ∈ {1, 2, . . . ,m} be
a block index such that hi(x) 6= 0. Then, there are δ, γ > 0 such that for all
feasible y ∈ B(x, δ), ‖hi(y)‖(i) ≥ γ‖hi(x)‖(i).

Proof. Let us suppose by contradiction that the result is not true. Then, there
must be a feasible sequence yk → x and a sequence of scalars γk ↓ 0 such that

‖hi(yk)‖(i) ≤ γk‖hi(x)‖(i).

Therefore hi(yk)→ 0.
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On the other hand, since the function that is minimized in the definition of
hi(·) is strictly convex, there exists δ > 0, such that

∇if(x)Thi(x) + Li
2 ‖hi(x)‖2

(i) + ψi(x(i) + hi(x)) ≤ ψ(x(i))− 2δ.

Now, as yk is feasible, converges to x, and ψ is continuous in the feasible set,
for k large enough it is true that

∇if(yk)Thi(x) + Li
2 ‖hi(x)‖2

(i) + ψi(yk(i) + hi(x)) < ψ(yk(i))− δ.

Using the fact that hi(yk)→ 0, and once again the continuity of ψ, we also have
that for k large enough

ψ(yk(i))− δ < ∇if(yk)Thi(yk) + Li
2 ‖hi(y

k)‖2
(i) + ψi(yk(i) + hi(yk)).

The last two inequalities combined contradict the optimality in the definition
of hi(yk).

Lemma 5. Let K ⊂ N be an infinite set of indexes of iterations of the (General)
BCDM and i ∈ {1, 2, . . . ,m} a fixed block index that has probability at least ε > 0
to be selected at every iteration in K. The probability that i will be selected
infinitely many times in K is 1.

Proof. For k to be chosen a finite number of times, it must not be chosen after
a last iteration K ∈ K.

By the hypothesis, the probability that i is not chosen at a given iteration
k ∈ K is at most 1 − ε. Therefore the probability that it is not chosen for all
K 3 k > K is at most ∏

K3k>K

(1− ε) = 0.

We have then proved that the probability that i is chosen only a finite number
of times in K is at most zero, hence the probability that is chosen infinitely
many times is one.

We are ready to prove the main convergence theorem for the (General)
BCDM that select the blocks with a probability bounded away from zero.

Theorem 1. Let {xk} be a sequence generated by the (General) BCDM for
which every block index i ∈ {1, 2, . . . ,m} has probability at least ε to be chosen.
Let x∗ be one of its accumulation points, and suppose that the function F is
bounded below in the set X = {x | l ≤ x ≤ u}. The probability that x∗ is
stationary for problem (1) is 1.

Proof. Let K ⊂ N be the set of indexes associated with a subsequence of {xk}
that converges to x∗.

If x∗ is not stationary we can, without loss of generality, assume that for
all k ∈ K, xk ∈ B(x∗, δ), the neighborhood given by Lemma 4. Moreover, at
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every iteration in which the block index i defined in the aforementioned lemma
is considered by the Active BCDM, we can see from Lemma 3 that the objective
function F decreases at least the constant value γ2Li/2‖hi(x∗)‖2

(i) > 0.
As the (General) BCDM never allows F to increase, by Steps 4 and 5, it

follows from the assumption that F is bounded below that the number of times
this block index is considered has to be finite. But Lemma 5 says that this can
only happen with probability 0. Therefore, x∗ can only be non-stationary with
probability 0 and has to be stationary with probability 1.

In turn, the Active BCDM admits a strictly positive probability ε = 1/(mδDP )
of choosing every index block i ∈ {1, 2, . . . ,m}, hence the next result follows
directly from Theorem 1 and Proposition 1.

Corollary 1. Let {xk} be a sequence generated by the Active BCDM, x∗ be one
of its accumulation points, and suppose that the function F is bounded below
in the set X = {x | l ≤ x ≤ u}. The probability that x∗ is stationary for
problem (1) is 1. Moreover, for k large enough, the index set defined at Step 9
verifies C(xk) = A(x∗) with probability 1.

Due to the difficulty of estimating the required number of iterations for the
stabilization of the set C(·), the complexity analysis of the Algorithm Active
BCDM must take into account that the sets I and J might not have been
properly selected yet, and the method is just taking the worst possible decision.
A similar situation occurs if we try to adapt the local (linear) convergence
analysis of [27, Theorem 3]. To encompass this worst case situation, the linear
rate constant worsens, giving the false impression that the Active BCDM should
be slower than the regular BCDM. This is not the case when the algorithm is
applied to problems with real data, as we extensively show in Section 6.

6 Numerical tests
The numerical experiments were performed on a DELL notebook with an In-
tel(R) Core(TM) i7-4610M CPU clocked at 3.00GHz, 8Gb of RAM, and running
Ubuntu Linux 16.04. We have implemented the Active BCDM in Fortran 90
and created an interface with MATLAB, version 9.0.0.341360 (R2016a), using
mex files.1 We focus on two classes of problems. The first one, known as Lasso
[35], is given by

min
x

1
2‖Ax− b‖

2
2 + λ‖x‖1. (19)

The second, called `1-regularized logistic regression [26], is described by

min
x

s∑
i=1

log(1 + exp(−biAi∗x)) + λ‖x‖1. (20)

1The code is available at http://www.ime.unicamp.br/~pjssilva/code/abcd.
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In both problems, A ∈ Rs×n, b ∈ Rs, λ > 0, and Ai∗ denotes the ith-row of the
matrix A.

These problems are well tailored to be solved by a block-coordinate descent
method, allowing for any separation by blocks. They yield closed formulas
for the solutions of the related subproblems whenever the matrices Bi’s are
diagonal. The Lipschitz constants for the gradient by blocks in both cases are
easily computable if the blocks are small. The gradient of the smooth part can
be updated with little computational effort if a single block changes. For more
details see e.g. [30].

We discuss in the next subsection possibilities for choosing the set J in
Active BCDM that estimates the active constraints of the problem.

6.1 Choosing the set J
The natural choice for the set J is to use Propositions 1 and 3 to define

J ≡ C(x), (21)

where C is defined in Step 9 of the algorithm Active BCDM. This variation of
the method will be called BCDM+IF, where IF stands for identification function.
Observe that, as usual in Coordinate Descent Methods, we use the null vector
as the starting point for the BCDM+IF. Moreover, the set C(x) always contains
the indexes i of the coordinates of xi = 0. This could lead to the false identifi-
cation of coordinates as active whenever the identification phase runs before all
variables are visited at least once by the method. In order to avoid this, we set
c0 = n and we select the variables in the first run of the loop that performs the
coordinate descent steps deterministically, going from 1 to n.

Also, to be able to use (21), we need to focus on problems that fulfill the
assumptions of Proposition 2. Therefore, we will restrict our attention in this
subsection to problems of the form

min
x

1
2‖Ax− b‖

2
2 + λ‖x‖1 (22)

s.t. x ≥ 0

with λ := 0.1‖AT b‖∞, A ∈ Rs×n and s > n. This choice for the regularization
parameter has been adopted in the literature, see e.g. [21, Section V.C] and [5,
Chapter 11].

We will compare the choice for J given in (21), and setting α = 0.99, with
the alternative

J = {i | xi = 0 and hi(x) = 0} ⊂ C(x). (23)

The inclusion is valid because any identification function will classify as active
a constraint that is satisfied as equality at the current point. This opens up
the path for using the information of any identification function, even one that
we cannot compute explicitly, like the expression given in (13). We add the
condition hi(x) = 0 to avoid the aforementioned drawback of fixing a coordinate
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when the method says that it can be improved. This also allows the use of a
short initial cycle, as it avoids the risk of falsely identifying a coordinate as active
only because it was not visited by the method yet. In our implementation the
initial cycle length is c0 = 10. This identification strategy is associated with
ideas that have already been used in the BCDM context, see [30]. This variation
of the Active BCDM method will be denoted by BCDM+ST, with ST standing for
stationarity.

We have selected problems that were used in [20, 33] to compare these two
strategies. We have chosen those with s > n, and for which the data (A, b)
were available in a deterministic way, summing up to 12 problems. The tests
are originally least-squares problems with non-negativity constraints, i.e.

min
x

1
2‖Ax− b‖

2
2 (24)

s.t. x ≥ 0.

In order to obtain a problem of the form (22), we added the extra term λ‖x‖1.
Table 1 presents the list of problems with the respective name, dimension, the
original source, the target value for the stopping criteria (F ∗), and the percent-
age of null coordinates at x∗, the solution of the problem (nz(x∗)).

One main difficulty when trying to compare variations of the coordinate
descent method, and other first-order methods, is the termination criterion.
In this paper we will use a target objective value for termination, like in [12].
To define the target, we compute a high quality solution of each problem by
letting a standard method, like the BCDM, to run for a very large number
of iterations. We then round the final objective function to four significant
digits and we add one to this last, fourth, digit. This procedure creates an
upper bound for the optimal value that is correct up the third digit and has
error of one in the fourth digit. Hence, any method that is able to compute
a feasible point with objective smaller than this bound will solve the problem
with relative error smaller than 10−4 when considering the objective value. This
is a reasonable goal for a first-order method. We adopt this stopping criterion
in all our numerical experiments. As already mentioned, this target value is
presented in Table 1 at the column labeled as F ∗.

Furthermore, to completely define BCDM+IF and BCDM+ST it is necessary
to select good values for the parameters δDP and δF that are used in Algo-
rithm 2. We did this comparing the performance of the methods using perfor-
mance profiles [13] with the parameters varying in δF ∈ {0.2, 1, 5, 25, 125, 625}
and δDP ∈ {1, 10, 102, 103, 104, 105, 106}. A good choice for the parameters in
BCDM+IF turned out to be δDP = 10 and δF = 125, whereas for BCDM+ST it was
δDP = 103 and δF = 5.

Next, we compare the choices for J , using again a performance profile con-
fronting BCDM+IF and BCDM+ST (Figure 1, with log2 scale in the horizontal axis,
for better visualization). It is clear from this figure that the best choice for J
is the one used by BCDM+ST. From now on we will use BCDM+ST as the default
implementation of Algorithm 2 and we will call it simply ActiveBCDM.
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Table 1: Tests of Lasso instances with non-negative constraints
Label Name (nrow, ncol) F ∗ nz(x∗)
NN1 [4] illc1033 (1033, 320) 1.098× 107 88.12%
NN2 [4] illc1850 (1850, 712) 1.771× 107 94.52%
NN3 [4] well1033 (1033, 320) 7.093× 106 93.75%
NN4 [4] well1850 (1850, 712) 8.295× 106 96.91%
NN5 [8] real-sim (72309, 20958) 3.525× 104 99.93%
NN6 [8] mnist (60000, 717) 3.241× 105 95.53%
NN7 [8] webspam-unigram (350000, 138) 3.241× 105 98.55%
NN8 [11] Maragal-3 (1690, 858) 1.009× 101 99.06%
NN9 [11] Maragal-4 (1964, 1027) 1.865× 101 99.22%
NN10 [11] Maragal-5 (4654, 3296) 4.381× 101 99.72%
NN11 [11] Maragal-6 (21255, 10144) 5.968× 101 99.90%
NN12 [11] Maragal-7 (46845, 26525) 1.414× 102 99.95%

Figure 1: Performance profiles for BCDM+IF and BCDM+ST on the problems of
Table 1
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Finally, we compare ActiveBCDM with the original BCDM method without
any identification. This is equivalent to setting J = ∅ for all iterations. We
call this variation UBCDM, as it always uses a uniform distribution to select the
blocks. We still need to tune the parameter δF , as UBCDM needs to compute the
objective function to stop when it achieves the target F ∗. Again, we started
by testing δF ∈ {0.001, 0.01, 0.1, 1, 10} and then compared the performance
profiles. The best variation turned out to be δF = 1. After that, we compared
the tuned UBCDM with ActiveBCDM (Figure 2). Once again, the method that
tries to identify the active constraints is clearly faster.

One important observation for the choice of J defined by (23) is that it opens
up the possibility of applying identification ideas for unconstrained problems
with `1 regularization. In fact, the problem

min
x
f(x) + λ‖x‖1 (25)
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Figure 2: Performance profiles for UBCDM and ActiveBCDM on the problems of
Table 1
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can be reformulated as a problem with simple constraints

min
x+,x−

f(x+ − x−) + λeT (x+ + x−)

s.t. x+ ≥ 0 (26)
x− ≥ 0,

where e = (1, . . . , 1)T . In particular, all solutions x of the problem (25) can be
written in terms of solutions (x+, x−) of (26), using x = x+ − x−.

Let x∗ be a solution of (25). A null coordinate x∗i = 0 will be associated
with two active constraints (x∗+)i = 0 and (x∗−)i = 0 in (26). Hence, we can use
the estimate of the active set J given by (23) implicitly for (26) to identify such
coordinates and speed up the convergence, even for unconstrained problems with
`1 regularization. In the next subsections, we will apply ActiveBCDM aiming to
explore these ideas.

6.2 Lasso
6.2.1 Data set and stopping criteria

Now that we have a choice for the set J in ActiveBCDM that works for problems
in the form (25), we can revert our attention back to the unconstrained Lasso
problem.

For testing our ideas, we have selected a set of 49 real problems from the
literature. We tried to include not only problems for which A has more lines than
columns, that have a stronger least-squares flavor, but also problems for which
the matrix has more columns than rows, that are closer to variable selection.
The problems are listed in Tables 2 and 3, together with information about
source, dimensions, target objective F ∗Las and the percentage of null coordinates
at x∗Las, the solution of the problem, denoted by nz(x∗Las). The information in
the last two columns of the aforementioned tables will be detailed and used in
Subsection 6.3. The target was computed to be an upper bound on the real
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objective that is correct up to the third digit, like in the last section, and it
was used to define the stopping criterion in the implementations. The problems
were preprocessed, with the deletion of any null column that appeared in the
data. Moreover, as in the previous section, we use λ = 0.1‖AT b‖∞, i.e. λ =
0.1‖∇f(0)‖∞, for all tests.

Table 2: Test problems with more rows than columns
Label Name (nrow, ncol) F ∗Las nz(x∗Las) F ∗Log nz(x∗Log)
SR1 [8] a1a.t (30956, 123) 1.061× 104 95.12% 1.605× 104 95.12%
SR2 [8] a2a.t (30296, 123) 1.037× 104 95.12% 1.569× 104 95.12%
SR3 [8] a4a.t (27780, 123) 9.499× 103 95.12% 1.439× 104 95.12%
SR4 [8] connect-4 (67557, 126) 2.537× 104 91.26% ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
SR5 [8] dna.scale (2000, 180) 2.355× 103 32.77% ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
SR6 [8] mnist (60000, 717) 3.241× 105 95.53% ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
SR7 [8] mushrooms (8124, 112) 2.552× 103 96.42% 3.741× 103 98.21%
SR8 [8] plishing (11055, 68) 1.034× 103 88.23% 4.265× 103 86.76%
SR9 [8] protein (17766, 356) 7.108× 103 77.80% ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
SR10 [8] w2a (3470, 293) 1.069× 103 94.53% 1.551× 103 95.22%
SR11 [8] w4a.t (42383, 300) 1.301× 104 95.33% 1.880× 104 95.33%
SR12 [8] w5a.t (39861, 300) 1.224× 104 95.33% 1.769× 104 95.33%
SR13 [8] w6a.t (32561, 300) 9.978× 103 95.33% 1.442× 104 95.33%
SR14 [8] w8a.t (14951, 300) 4.588× 103 95.33% 6.634× 103 95.33%
SR15 [8] w5a (2833, 299) 9.196× 102 95.98% 1.342× 103 95.98%
SR16 [8] real-sim (72309, 20958) 2.562× 104 99.68% 3.641× 104 99.75%
SR17 [8] rcv1-test-bin (677399, 42735) 2.428× 105 99.83% 3.546× 105 99.85%
SR18 [8] rcv1-test-mult (518571, 41400) 3.473× 107 99.84% 3.505× 105 99.78%
SR19 [22] J-Lee (181395, 105353) 1.271× 102 99.88% 1.137× 105 98.20%
SR20 [8] webspam-unigram (350000, 138) 1.413× 105 92.02% 2.063× 105 92.02%
SR21 [11] Maragal-4 (1964, 1027) 1.865× 101 99.22% ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
SR22 [11] Maragal-5 (4654, 3296) 4.381× 101 99.72% 3.077× 103 95.35%
SR23 [11] Maragal-6 (21255, 10144) 5.968× 101 99.90% 1.425× 104 97.39%
SR24 [11] Maragal-7 (46845, 26525) 1.414× 102 99.95% 3.181× 104 99.18%

6.2.2 Extra subspace optimization and parameters selection

In a typical implementation of a coordinate descent method for Lasso, the gra-
dient is not fully computed after each (coordinate) step; the coordinates of the
gradient are computed only when needed [30]. However, when implementing
ActiveBCDM, after every cs coordinate descent iterations we need to fully com-
pute the gradient to estimate the set J of possibly active constraints. Since this
computation is a big effort when compared to a single coordinate iteration, it is
natural to try to exploit this opportunity to perform an extra step to speed up
convergence.

To achieve this, we take inspiration in [17], a work that aims to incorporate
second-order information in the model that defines the subproblem (6). After
computing J , let I be the associated set of free variables. We try to perform a
step along the associated subspace

hI(x) = argmin
x+h∈X

{
∇If(x)ThI + 1

2h
T
IBhI + ψI(xI + hI)

}
, (27)
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Table 3: Test problems with more columns than rows
Label Name (nrow, ncol) F ∗Las nz(x∗Las) F ∗Log nz(x∗Log)
SC1 [6] peppers05-6-6 (32768, 65536) 7.277× 104 92.53% ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
SC2 [6] peppers05-12-12 (32768, 65536) 1.343× 105 92.27% ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
SC3 [6] peppers025-12-12 (16384, 65536) 1.184× 105 88.83% ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
SC4 [3] SparcoProblem401 (29166, 57344) 1.605× 102 98.66% ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
SC5 [3] SparcoProblem402 (29166, 57344) 1.605× 102 98.66% ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
SC6 [3] SparcoProblem603 (1024, 4096) 1.099× 102 99.75% ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
SC7 [6] finance1000 (30465, 216842) 1.846× 105 99.99% 2.110× 104 99.99%
SC8 [23] dbworld-bodies (64, 4702) 5.134× 100 99.72% 2.104× 101 99.44%
SC9 [23] dexter-train (300, 7751) 1.175× 102 99.75% 1.683× 102 99.78%
SC10 [23] dexter-valid (300, 7847) 1.147× 102 99.65% 1.667× 102 99.71%
SC11 [23] dorothea-train (800, 88119) 2.043× 102 99.89% 3.238× 102 99.92%
SC12 [23] dorothea-valid (350, 72113) 8.833× 101 99.88% 1.410× 102 99.91%
SC13 [8] news20-binary (19996, 1355191) 7.334× 103 99.99% 1.078× 104 99.99%
SC14 [8] news20-scale (15935, 60346) 6.586× 105 99.98% 1.075× 104 99.86%
SC15 [8] news20-t-scale (3993, 39128) 1.652× 105 99.98% 2.699× 103 99.90%
SC16 [8] rcv1-train-bin (20242, 44504) 7.064× 103 99.82% 1.042× 104 99.84%
SC17 [8] rcv1-train-mult (15564, 36842) 1.054× 106 99.79% 1.022× 104 99.35%
SC18 [8] sector-scale (6412, 49087) 6.009× 106 99.90% 4.335× 103 99.94%
SC19 [8] sector-t-scale (3207, 39234) 2.994× 106 99.89% 2.182× 103 99.89%
SC20 [22] Blanc-Mel (186414, 685568) 2.596× 102 99.99% 1.189× 105 99.84%
SC21 [23] farm-ads-vect (4143, 54877) 1.444× 103 99.91% 2.129× 103 99.92%
SC22 [6] mug05-12-12 (12410, 24820) 5.363× 104 93.73% ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
SC23 [6] mug025-12-12 (6205, 24820) 4.982× 104 92.19% ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
SC24 [6] mug075-12-12 (13651, 24820) 5.837× 104 94.40% ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
SC25 [11] Maragal-8 (33212, 60845) 2.037× 102 99.76% 2.180× 104 99.65%

with h = UIhI . The matrix B conveys second-order information from the
smooth function f . Following the numerical results from [17], we tested two
choices for B, namely B = diag(∇2

If(x)) and B = ∇2
If(x), where diag(·) is

a function that returns the diagonal matrix whose diagonal is extracted from
the argument. The convergence of the resulting algorithm was preserved by en-
forcing the monotonicity of the objective function along the generated sequence
of iterates. To achieve this, we have employed a sufficient descent condition
inspired by SpaRSA [39]. To decide whether hI(x) is acceptable, we perform the
test

F (x+ UIhI) ≤ F (x)− γ

2 ‖hI‖
2
2, with γ = 10−6,

and accept the step if the test is satisfied. Otherwise, the extra step is ignored.
We will call this variation of ActiveBCDM+SO, in which SO stands for second
order.

Finally, we need to set the values of the parameters δDP and δF to fully
define the ActiveBCDM and ActiveBCDM+SO variations. We did this as before,
testing different values in a few problems that are eliminated from the subse-
quent analysis. We used the problems from SR1 to SR9 and from SC1 to SC9 to
tune these parameters and we confirmed that the values used before, δDP = 103

and δF = 5, work well for both methods in the unconstrained Lasso case too.
ActiveBCDM+SO was settled with the choice B = diag(∇2

If(x)).
In the next section we compared the tuned versions of ActiveBCDM and
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ActiveBCDM+SO with each other and with other well-known methods for Lasso
problems from the literature.

6.2.3 Comparison with other methods

Figure 3 shows the performance profiles of the tuned versions of ActiveBCDM
and ActiveBCDM+SO in the remaining 31 problems obtained after discarding SR1
to SR9 from Table 2 and SC1 to SC9 from Table 3, used in the tuning stage.
We can see that the second order step is slightly beneficial and, therefore, we
will focus on the ActiveBCDM+SO variation in the next comparisons.

Figure 3: Performance profiles for ActiveBCDM and ActiveBCDM+SO on 31 Lasso
problems of Tables 2 and 3
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Next, we tested the tuned version of the ActiveBCDM using the same 31
problems against other methods from the literature.

The first method is called OWL-QN [1]. It rests upon a limited-memory BFGS
strategy applied to the problem (19), using the subgradient of minimum norm of
the objective function F in the place of the gradient of the model, and minimiz-
ing the model over a specific orthant in which the function F is differentiable.
We run an implementation coded by Mark Schmidt, described in [32].

Two additional methods, PSSas and PSSgb, were considered. Both are imple-
mentations of the limited-memory BFGS strategy and were developed by Mark
Schmidt in his Ph.D thesis [32], for which good numerical results are described
in the context of the `1-regularized logistic regression.

These methods are followed by SpaRSA [39], based on the iteration

xk+1 = argminz∇f(xk)T (z − xk) + αk
2 ‖z − x

k‖2
2 + λ‖z‖1,

with step length αk selected using a nonmonotone rule. For further details,
see [39].

Next we have also compared our approach with glmnet, a fast method used
by many practitioners, based on cyclical coordinate descent, computed along a
regularization path [18].
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Last, but not the least, we consider the method called FAST-BCD2-E. Pro-
posed in [12], it is a block coordinate descent method using directions obtained
with the same rule of Algorithm 1. It rests upon an identification strategy,
different from ours, that also tries to find the null coordinates at the minimizer.
After this identification step, a subset of the inactive coordinates that violates
the optimality condition the most is updated. For details, see [12].

We used the implementations made available by the original authors for
all third-party methods, and called them from MATLAB using their default
parameters. For all tests, we compare the total CPU time to find a point whose
objective is below F ∗, starting from the null vector. We use the total CPU time
because none of the methods are trying to explicitly exploit parallelism. Since
some methods are nondeterministic, we consider the average computational time
of groups of 10 runs until the total time exceeds one second to proceed with the
analysis.

Figure 4 presents performance profiles comparing all methods based on the
BFGS updating against ActiveBCDM+SO. The profiles on the left compare the
methods among themselves in solving our test set, and the one on the right
compares the best BFGS-based method, namely PSSgb, against ActiveBCDM+SO.
We can see that ActiveBCDM+SO shows a clear advantage in terms of efficiency,
while all methods are equally robust.

Figure 5 compares ActiveBCDM+SO with SpaRSA (left) and glmnet (right).
We see once again that all the methods achieve similar robustness while ActiveBCDM+SO
is always the fastest in this set of test problems.

Next, the comparison between ActiveBCDM+SO and FAST-BCD2-E is depicted
in Figure 6. Since FAST-BCD2-E has its main loop written in pure MATLAB,
we are not using the Fortran version of ActiveBCDM+SO but a variation that is
also fully implemented in MATLAB. Once again ActiveBCDM+SO comes out as
the clear winner.

Finally, to offer a complete comparative perspective, in Figure 7 we show
together profiles of all the methods considered in this section that have their
main loop coded in a compiled language.

6.3 `1-regularized logistic regression
6.3.1 Data sets and stopping criteria

In this section we describe the results of testing the variants of ActiveBCDM
to solve `1-regularized logistic regression problems (20), from now on referred
simply as `1-RLR. We set the parameter λ = 0.1‖∇f(x0)‖, mimicking the choice
used for Lasso to achieve sparse solutions. We have started the methods from
x0 = 0, as previously.

The `1-RLR problem is well suited for binary classification, that is, problems
in which the response vector b has entries bi ∈ {−1, 1}, i = 1, . . . , s. Only
problems 1–3, 8, 10–17, 19, and 20 from Table 2 and problems 8–13, 16, 20, and
21, from Table 3 have this feature, amounting to 23 binary classification test
problems.
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Figure 4: Performance profiles among the quasi-Newton methods (left) and
between the best quasi-Newton method and ActiveBCDM+SO (right) for 31 Lasso
problems of Tables 2 and 3.
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Figure 5: Performance profiles for ActiveBCDM+SO and SpaRSA (left) and for
glmnet (right) on 31 Lasso problems of Tables 2 and 3.
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Figure 6: Performance profiles for ActiveBCDM+SO and FAST-BCD2-E on 31 Lasso
problems of Tables 2 and 3
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Figure 7: Perfomance profiles for all the considered solvers on 31 Lasso problems
of Tables 2 and 3

0 2 4 6 8
Tau

0

0.2

0.4

0.6

0.8

1
CPU(s)

ABCDM+SO
OWL-QN
PSSas
PSSgb
SpaRSA
glmnet

In order to try to use the available information of the matrix A of the 26
problems that have been left out, we created a random binary right-hand side
using the following procedure. We started by generating a random vector x with
standard normally distributed coordinates. Next we nullified roughly 50% of the
entries of x, once again randomly, and computed b as the sign vector of Ax. We
then flipped approximately 10% of the entries of b to introduce misclassification
in the data. Finally, we checked, by solving the problem with PSSgb, whether the
solution had at least 90% of null coordinates. The problems for which this goal
was achieved were SR7, SR18, SR22 to SR24, SC7, SC14, SC15, SC17 to SC19,
SC25. We added such problems to the original set of 23 binary classification
problems, totaling 35 test problems. The emphasis on problems with sparse
solution is justified by the fact that the identification strategy may be effective
only in this case.

Again, the stopping criterion is based on an upper bound on the objective
function that is correct up to an error of one in the fourth digit. These upper
bounds are provided at the penultimate column of Tables 2 and 3. The last
column of the tables contains information about the percentage of the number
of null coordinates of the solution of the problem nz(x∗Log). We have used ∗∗∗∗∗
to indicate the problems with inappropriate data for `1-RLR, i.e., the problems
for which we could not generate a satisfactory binary vector b following the
aforementioned procedure.

6.3.2 Extra subspace optimization and parameters selection

Once again we needed to select the parameters δDP and δF and the choice
for the matrix B, as in Section 6.2. We have used 12 problems in this tuning
procedure, namely SR1, SR2, SR3, SR8, SR10, SR11, SC8, SC9, SC10, SC11,
SC12, SC13. We use this set of problems because they originally have a binary
response vector b. Again the values δDP = 103 and δF = 5 worked well for both
ActiveBCDM variations. The second order variant was settled with the choice
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B = ∇2
If(x). These parameters were used for the tests of the next subsection.

6.3.3 Comparison with other methods

Here, we compare the tuned versions of ActiveBCDM and ActiveBCDM+SO and
other six methods of the literature in the remaining 23 problems, after excluding
the 12 problems used to choose the parameters. Once again, for the third-
party methods, we have used the original implementations, and the respective
MATLAB interfaces with the default parameters. The main performance metric
is the total CPU time.

We start comparing ActiveBCDM and ActiveBCDM+SO (Figure 8). We can
see that for the `1-RLR problems the second-order step is again effective on
speeding up the solution of the problems in the test set.

Figure 8: Performance profiles for ActiveBCDM and ActiveBCDM+SO on 23 `1-
RLR problems of Tables 2 and 3
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Next we compare ActiveBCDM+SO with other methods. We start by com-
paring it with the three BFGS-based strategies that were used in the previous
section, namely OWL-QN, PSSas, and PSSgb. Figure 9 shows, on the left, the
performance profiles of these three methods solving the aforementioned 23 lo-
gistic regression test problems. PSSgb is the best method, as expected. It is
a limited memory BFGS that was specially tailored to solve the `1-RLR prob-
lem [32]. The profiles on the right compare PSSgb with ActviveBCDM+SO. Here
the ActiveBCDM+SO variation dominates the profile, coming out as the fastest
method.

We have also compared ActiveBCDM+SO with the methods FCDv.1 and FCDv.2,
introduced in [17]. The latter two methods are also block-coordinate descent
methods that update the coordinate blocks similarly to the Active BCDM, but
solve each subproblem inexactly, using information of the diagonal of the Hes-
sian (FCDv.1) and of the full Hessian (FCDv.2) of the smooth objective function
f by blocks of size b0.001nc.

Again, we start comparing these two methods to select the best one, which
was in turn compared to ActiveBCDM+SO. In this case, ActiveBCDM+SO clearly
outperformed FCDv.1 and FCDv.2.
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Figure 9: Performance profiles among the quasi-Newton methods (left) and
between the best quasi-Newton method and ActiveBCDM+SO (right) for 23 `1-
RLR problems of Tables 2 and 3
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Figure 10: Performance Profile between the methods FCDv.1 and FCDv.2 (left)
and between the best FCD method and ActiveBCDM+SO (right) for 23 `1-RLR
problems of Tables 2 and 3
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Additionally, ActiveBCDM+SO has been compared to FaRSA, an algorithm in-
troduced in [9] for the unconstrained optimization of `1-regularized functionals.
FaRSA is also based on subspace acceleration strategies, and on the possibility
of identifying the set of zero variables at the solution. The performance pro-
files considering the whole set of 23 `1-RLR problems of Tables 2 and 3 are
presented in Figure 11, showing that ActiveBCDM+SO still seems faster, but the
difference is the smallest observed so far. Interesting, if we split the test set into
two groups, one for which the matrices have more rows than columns (s > n),
and the other for problems with more columns than rows (s < n), a noticeable
difference emerges. See Figure 12. For the problems SR7, SR12 to SR20, and
SR22 to SR24, with s > n, FaRSA has a slightly superior performance, due to
the limited room for improvement when selecting columns. For the problems
SC7, SC14 to SC21 and SC25, on the other hand, ActiveBCDM+SO has clearly
the best performance, evincing the impact of our identification strategy.
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As we have done for the Lasso instances, Figure 13 depicts the comparative
performance of all the methods considered for solving the `1-RLR instances.

Figure 11: Performance profiles for ActiveBCDM+SO and FaRSA for 23 `1-RLR
problems of Tables 2 and 3
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Figure 12: Performance profiles for ActiveBCDM+SO and FaRSA for 13 `1-RLR
problems of Table 2 (left) and 10 `1-RLR problems of Table 3 (right)
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We would like to close this section emphasizing that if we had used the
method ActiveBCDM instead of its variation with the extra second-order step,
ActiveBCDM+SO, in this comparison the conclusions would remain the same:
ActiveBCDM would also outperform all the other methods considered in this
section.

7 Final remarks
We have proposed identification strategies for accelerating block coordinate de-
scent methods, which rest upon the idea of identification functions. An enhanced
version of the algorithm BCDM was presented, the so-called Active BCDM al-
gorithm, with global convergence results. Our analysis encompasses the usage
of different probabilities in the selection of blocks at each cycle of iterations,
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Figure 13: Performance profiles for all the considered solvers on 23 `1-RLR
problems of Tables 2 and 3
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with complete freedom on the choices, as long as the probabilities are bounded
away from zero.

Although our primary focus was to address the bound-constrained mini-
mization of composite functions, our strategy also proved valuable for solving
unconstrained problems with `1 regularization. Indeed, this class of problems
has a bound-constrained equivalent formulation that guides the probabilistic se-
lection of the adequate sets of coordinates to work with for achieving the desired
sparse solution.

There are two key parameters in our approach, namely the frequency δF of it-
erations for keeping the probability function fixed, and the preference factor δDP
of the blocks within the current set I of estimated inactive constraints. The pro-
posed algorithm allows the flexibility of selecting just a subset of constraints to
declare as active. This strategy showed advantageous practical results for Lasso
problems with simple bounded variables arising from 12 test instances orig-
inated from least-squares problems with non-negativity constraints extracted
from [4, 8, 11].

Additionally, we have worked with two classes of test problems: Lasso and
`1-regularized logistic regression. Instead of solving problems with randomly
generated data, we preferred to assess our strategy comparatively by means of
49 test problems with deterministic data from the literature, selected from [3,
4, 6, 8, 11, 22, 23].

It is worth mentioning that it was possible to find a single set for the al-
gorithmic parameters that worked well for all problems. Moreover, we have
investigated the performance of potentially adopting a second-order step, fol-
lowing recent ideas from [17], with effective results for the set of test problems
considered, specially if we consider the `1-logistic regression case, which is more
nonlinear than Lasso.

Nine third-party solvers were used to put our ActiveBCDM implementations
in perspective: OWL-QN [1]; PSSas and PSSgb [32]; FAST-BCD2-E [12]; SpaRSA [39];
glmnet [18]; FaRSA [9]; FCDv.1 and FCDv.2 [17]. The first three were used for
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addressing both classes of problems (Lasso and `1-RLR). The fourth, the fifth
and the sixth were used just for Lasso, whereas the last three were applied only
for solving logistic regression problems. The ActiveBCDM variations dominated
the results, coming out as the fastest method.

Future work includes the investigation of a parallel version of Active BCDM,
whose main difficulty is to adapt existing convergence results, due to the chang-
ing of sets of probabilities along the cycle of iterations.
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