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In order to obtain a consistent formulation of octonionic quantum mechanics (OQM), we intro-
duce left-right barred operators. Such operators enable us to find the translation rules between
octonionic numbers and 8 x 8 real matrices (a translation is also given for 4 x 4 complex matri-
ces). The use of a complex geometry allows us to overcome the hermiticity problem and define
an appropriate momentum operator within OQM. As an application of our results, we develop an
octonionic relativistic free wave equation, linear in the derivatives. Even if the wave functions are
only one-component we show that four independent solutions, corresponding to those of the Dirac
equation, exist.

I. INTRODUCTION

In the early thirties, in order to explain the novel phenomena of that time, namely §-decay and the strong inter-
actions, Jordan [m] introduced a nonassociative but commutative algebra as a basic block for a new quantum theory.
With the discovery that 3 x 3 hermitian octonionic matrices realize the Jordan postulate [E,E], octonions appeared, in
quantum mechanics, for the first time. The hope of applying nonassociative algebras to physics was soon dashed with
the Fermi theory of the S—-decay and with the Yukawa model of nuclear forces. Octonions disappears from physics
as soon after being introduced. Banished from physics, octonions continued their career in mathematics [@»ﬂ] Semi-
simple Lie groups, classified in four categories: orthogonal groups, unitary groups, symplectic groups and exceptional
groups, were respectively associated with real, complex, quaternionic and octonionic algebras. Thus, such algebras
became the core of the classification of possible symmetries in physics.

From the sixties onwards, there has been renewed and intense interest in the use of octonions in physics E] The
octonionic algebra has been in fact linked with a number of interesting subjects: structure of interactions [E], SU(3)
color symmetry and quark confinement ,], standard model gauge group [@], exceptional GUT groups [[L3],
Dirac-Clifford algebra @], nonassociative Yang-Mills theories ,@], space-time symmetries in ten dimensions [|L]],
supersymmetry and supergravity theories ,@] Moreover, the recent successful application of quaternionic numbers
in quantum mechanics |, in particular in formulating a quaternionic Dirac equation [@—@], suggests going one
step further and using octonions as underlying numerical field. Nonassociative numbers are difficult to manipulate
and so the use of the octonionic field within OQM and in particular in formulating the Dirac equation [E} is non-
trivial. Obviously, if we are not able to construct a suitable OQM, octonions will remain beautiful ghosts in search of
a physical incarnation.

In this work, we overcome the problems due to the nonassociativity of the octonionic algebra by introducing left-right
barred operators (which will be sometimes called generalized octonions). Such operators complete the mathematical
material introduced in the recent papers (on octonionic representations and nonassociative gauge theories) of Joshi
et al. [[3,[[§. Then, we investigate their relations to GL(8, R) and GL(4, C). Establishing this relation we find
interesting translation rules, which gives us the opportunity to formulate a consistent OQM. Both the quantum
mechanics postulates and the octonions nonassociativity property will be respected.

The philosophy behind the translation can be concisely expressed by the following sentence: “There exists at least
one version of octonionic quantum mechanics where the standard quantum mechanics is reproduced”. The use of a
complex scalar product [B0] (or complex geometry as called by Rembielifiski [B1]) will be the main tool to obtain such
an OQM.
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Is there any other acceptable octonionic quantum theory? Do octonionic quantum theories necessitate complex
geometry? At this stage these questions lack answers and the aim of our work is to clarify these points.

We wish to stress that translation rules don’t imply that our octonionic quantum world (with complex geometry) is
equivalent to the standard quantum world. When translation fails the two worlds are not equivalent. An interesting
case is supersymmetry. Since the number of spinor components will be reduced from 4 to 1, the number of degrees
of freedom between bosonic and fermionic fields matches. So we need just one fermion and one boson without any
auxiliary field.

Similar translation rules, between quaternionic quantum mechanics (QQM) with complex geometry and standard
quantum mechanics, have been recently found [@] As an application, such rules can be exploited in reformulating
in a natural way the electroweak sector of the standard model [R4].

This article is organized as follows: In section II, we give a brief introduction to the octonionic division algebra. In
section III, we discuss generalized numbers and introduce barred operators. Working with nonassociative numbers we
need to distinguish between left-barred and right-barred operators. In section IV, we investigate the relation between
generalized octonions and 8 x 8 real matrices. In this section, we also give the translation rules between octonionic
barred operators and GL(4, C), which will be very useful in formulating our OQM. After these mathematical sections,
in section V, we show how the complex geometry allows us to overcome the hermiticity problem. In this section we
also introduce the appropriate definition for the momentum operator (which satisfy the required commutation rules
with our octonionic hamiltonian) and the new completeness relations. As application of our results, in section VI,
we explicitly develop an octonionic Dirac equation and suggest possible difference between complex and octonionic
quantum theories. Our conclusion are drawn in the final section.

II. OCTONIONIC ALGEBRA

A remarkable theorem of Albert [@] shows that the only algebras, A, over the reals, with unit element and admitting
a real modulus function N(a) (a € A) with the following properties

N@O)=0 |, (1a)
N(a)>0 if a#0 (1b)
N(ra) = |r| N(a) (reR) , (1c)
N(ajaz) < N(a1) + N(az2) , (1d)

are the reals, R, the complex, C, the quaternions, H (H in honour of Hamilton [@]), and the octonions, @ (or
Craves-Cayley numbers [B4,5)). Albert’s theorem generalizes famous nineteenth-century results of Frobenius [B]
and Hurwitz [@]7 who first reached the same conclusion but with the additional assumption that N(a)? is a quadratic
form.

In addition to Albert’s theorem on algebras admitting a modulus function N(a), we can characterize the algebras
R, C, H and O by the concept of division algebra (in which one has no nonzero divisors of zero). A classical
theorem [,@] states that the only division algebra over the reals are algebras of dimensions 1, 2, 4 and 8, the
only associative division algebras over the reals are R, C and H, whereas the nonassociative algebras include the
octonions O (an interesting discussion concerning nonassociative algebras is presented in [@]) For a very nice review
of aspects of the quaternionic and octonionic algebras see ref. [E] and the recent book of Adler [@] In this paper we
will deal with octonions and their generalizations.

We now summarize our notation for the octonionic algebra and introduce useful elementary properties to manipulate
the nonassociative numbers. There is a number of equivalent ways to represent the octonions multiplication table.

Fortunately, it is always possible to choose an orthonormal basis (eq, ..., e7) such that
7
0o=ro+ Z T'm€m (ro,..7 reals) (2)
m=1

where e,, are elements obeying the noncommutative and nonassociative algebra
Em€n = _5mn + EmnpCp ( m, n, p=1,..,7 ) ) (3)
with €, totally antisymmetric and equal to unity for the seven combinations

123, 145, 176, 246, 257, 347 and 365
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(each cycle represents a quaternionic subalgebra). The norm, N (o), for the octonions is defined by
N(o) = (o'0)% = (00") = (1} + ... +72)7 | (4)
with the octonionic conjugate of given by

7
ol =1y — Z Tm€m - (5)
m=1

The inverse is then

o~ =0l /N(o) (0£0) . (6)
We can define an associator (analogous to the usual algebraic commutator) as follows
{z, y, 2z} = (2y)z — 2(yz) (7)

where, in each term on the right-hand, we must, first of all, perform the multiplication in brackets. Note that for real,
complex and quaternionic numbers the associator is trivially null. For octonionic imaginary units we have

{€m7 €n, ep} = (emen)ep - em(enep) = 2€mnpses ) (8)
with €,nps totally antisymmetric and equal to unity for the seven combinations
1247, 1265, 2345, 2376, 3146, 3157 and 4567

Working with octonionic numbers the associator (ﬁ) is in general non-vanishing, however, the “alternative condition”
is fulfilled

{ZE, Y, Z}+{Zv Y, I} =0 . (9)

III. LEFT/RIGHT-BARRED OPERATORS

In 1989, writing a quaternionic Dirac equation [@], Rotelli introduced a barred momentum operator
—-9|i [(—0]i)p=—-0vi] . (10)
In a recent paper [@], based upon the Rotelli operators, partially generalized quaternions

g+pli  [¢peH] , (11)

have been used to formulate a quaternionic quantum mechanics. From the viewpoint of group structure, these barred
numbers are very similar to complexified quaternions [[1[]

qg+1p (12)

(the imaginary unit Z commutes with the quaternionic imaginary units ¢, j, k), but in physical problems, like
eigenvalue calculations, tensor products, relativistic equations solutions, they give different results.
A complete generalization for quaternionic numbers is represented by the following barred operators

qAqlitalitalk lq1,.a€eH] (13)

which we call fully generalized quaternions, or simply generalized quaternions. Fully generalized quaternions,
with their 16 linearly independent elements, form a basis of GL(4, R). They are successfully used to reformulate
Lorentz space-time transformations [@] and write down a one-component Dirac equation [

Thus, it seems to us natural to investigate the existence of generalized octonions

7
00+Zom|em . (14)
m=1
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Nevertheless, we must observe that an octonionic barred operator, a | b, which acts on octonionic wave functions, 1,

[a|b] ¥ =apb |

is not a well defined object. For a # b the triple product apb could be either (aw)b or a(yb). So, in order to avoid
the ambiguity due to the nonassociativity of the octonionic numbers, we need to define left/right-barred operators.
We will indicate left-barred operators by a ) b, with a and b which represent octonionic numbers. They act on
octonionic functions 1 as follows

[a)b] = (ap)b . (15a)
In similar way we can introduce right-barred operators, defined by a ( b,
[a(b]Y=a(¥b) . (15b)

Obviously, there are barred-operators in which the nonassociativity is not of relevance, like
l)a=1(a=1]a

Furthermore, from eq. (ff), we have

Il
o

{z, y, =}
S0
a)a=a(a=ala

At first glance it seems that we must consider the following 106 barred-operators:

1, em, 1 | em (15 elements) ,
€m | €m (7)
em ) €n  (m#n) (42) ,
€m ( €n (m #n) 42) ,

(my n=1,..,7)

Nevertheless, it is possible to prove that each right-barred operator can be expressed by a suitable combination of
left-barred operators. For example, from eq. (E), by posing x = e,, and z = e,,, we quickly obtain

em (enten(em = em)enten)em . (16)

So we can represent the most general octonionic operator by only left-barred objects
7
00 + Z Om ) €m [ 00..,7 octonions] (17)
m=1

reducing to 64 the previous 106 elements. This suggests a correspondence between our generalized octonions (@) and
GL(8, R) (a complete discussion about the above-mentioned relationship is given in the following section).

IV. TRANSLATION RULES

The nonassociativity of octonions represents a challenge. We overcome the problems due to the octonions nonas-
sociativity by introducing left/right-barred operators. We discuss in the next subsection their relation to GL(8, R).
In that subsection, we present our translation idea and give some explicit examples which allow us to establish the
isomorphism between our octonionic left/right barred operators and GL(8, R). In subsection IV-b, we focus our
attention on the group GL(4, C) C GL(8, R). In doing so, we find that only particular combinations of octonionic
barred operators give us suitable candidates for the GL(4, C)-translation. Finally, in subsection IV-c, we explicitly
give three octonionic representations for the gamma-matrices.
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IV-a. Relation between barred operators and 8 x 8 real matrices

In order to explain the idea of translation, let us look explicitly at the action of the operators 1 | e; and ez, on a

generic octonionic function ¢

® = o + e1p1 + eap2 + €33 + €494 + €595 + €6pp + €77

We have

[1]e1] ¢ = e

If we represent our octonionic function ¢ by the following real column vector

%0

$1

P2

3

L P4

¥5

¥6

P

we can rewrite the egs. ([[9a}b) in matrix form,

0-1 00 0 00O
10000000
00010000
00-100000
00 00O 100
0000 -1000
00 00O O00O0-1
00 00 O0O0O1O0
00-100000
00 01000 O
10 00000 O
0-1 000000
00 0000-10
00 0000 O -1
00 00100 O
00000100

%o
©1
©2
®3
22!
¥5
¥6
2

®0
®1
®2
¥3
P4
®s5
©6
Y7

-¥1
¥o
¥3

-p2
¥5

!

-p7
¥6

-2
®3
®o

-$1

-¥6

-p7
P4
¥5

= €10 — Y1 — €3pP2 + €23 — €54 + €45 + €7 — P
ex2p = expo — e3p1 — w2+ e1p3 + esps + erps — eqps — espr

[ o,..7 € R

(18)

(19a)
(19b)

(20)

(21a)

(21b)

In this way we can immediately obtain a real matrix representation for the octonionic barred operators 1 | e; and es.
Following this procedure we can construct the complete set of translation rules for the imaginary units e,, and the
barred operators 1 | e, (table Ala in appendix A1). In this paper we will use the Joshi notation [[]: L., and Ry,
will represent the matrix counterpart of the octonionic operators e,, and 1 | e,

L, < en, and R, < 1l|en

(22)

At first glance it seems that our translation doesn’t work. If we extract, from the table Ala, the matrices corre-

sponding to ey, es and es, namely,

0-10000 00 00 -10
100000 00O 00 01
000-10000 1000

[ —|001000 00 .| 0100

'~100000-100 2= 10000
00001000 00 00
000000O0O01 00 00
000000-10 00 00
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we find

LiLs# L3 . (23)
In obvious contrast with the octonionic relation

e1eg =e3 . (24)

This bluff is soon explained. In deducing our translation rules, we understand octonions as operators, and so they
must be applied to a certain octonionic function, ¢. If we have the following octonionic relation

(er€2)p = ez (25a)
the matrix counterpart will be
L390 ) (25b)

since the matrix counterparts are defined by their action upon the “wave function” and not upon another “operator”.
Whereas,

e1(eap) # esp (26a)
will be translated by

LiLag # Loy . (26D)

“on

We have to differentiate between two kinds of multiplication, and “ x 7. At the level of octonions, one has
€1 €2 = €3 5 (27)
but at level of octonionic operators

e1 X e 75 €3 (28)

[e1 xea=e3+er )ea—er (ea  — see below ]

After completing our translation rules we will return to this point and discuss the multiplication rules for octonionic
barred operators.

Working with left /right barred operators we show how the nonassociativity is inherent in our representation. Such
operators enable us to reproduce the octonions nonassociativity by the matrix algebra. Consider for example

[ez)e1] o = (esp)er = eapp — e3p1 + P2 — €193 — ePa — €795 + eaps + €57 . (29)

This equation will be translated into

001O0O0O0O0OO0 ©o V2
000-10 0O00O0 1 -3
10000000O 03 ©o
0-100 0000 o3 | _ | - (30)
000O0OOUOT1O0 ©4 Y6
000O0OO0OUOOI1 V5 Y7
0000-1000 V6 04
000O0OTUO0O-100 7 -5
Whereas,
[e3 (e1] @ = es(per) = eapo — e3p1 + Y2 — 193 + espa + erps — eaps — €507 (31)

will become
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00100000 vo 0o
000-1000 0 01 3

1000000 O ©s ©o

0-100000 0 ps | _ | - (32)
000000-10 v s |

0000000 -1 ©s o7

00001000 V6 04

0000010 0 o1 05

The nonassociativity is then reproduced since left and right barred operators, like
ez )er and e3 (e

are represented by different matrices. The complete set of translation rules for left/right-barred operators is given in
the tables A1-L/R. Using Mathematica [@], we have proved the linear independence of the 64 elements which appear
in the tables “Ala-b & A1-L ” and “Al & A1-R ”. So, our barred operators form a complete basis for any 8 x 8 real
matrix and this establishes the isomorphism between GL(8, R) and generalized octonions. We provide the necessary
tables for translating any generic 8 x 8 real matrix into left /right-barred operators within appendix A2.

The matrix representation for left/right barred operators can be quickly obtained by suitable multiplications of the
matrices L,, and R,,. Let us clear up our assertion. From the tables A1-L/R we can extract the matrices which
correspond to the operators

€m ) €n and em ( en ;
which we call, respectively,
ME  and  ME,

Our left/right barred operators can be represented by an ordered action of the operators e,, and 1 | e,,, and so we
can related the matrices ML and ME  quoted in tables A1-L/R, to the matrices L,, and R,,, given in table Ala.
Explicitly,

ME, = R.L, (33a)
ME = L.R, . (33b)

The previous discussions concerning the octonions nonassociativity and the isomorphism between GL(8, R) and
generalized octonions, can be now, elegantly, presented as follows.
1 - Matrix representation for octonions nonassociativity.

ME .+ ME [ R,Lpy # LR, form#n] . (34)

2 - Isomorphism between GL(8, R) and generalized octonions.
If we rewrite our 106 barred operators by real matrices:

1, L, R, (15 matrices) ,
M=L,R, =R,L, (7)
ML =R,L, (m#n) (42) ,
ME =L,R, (m#n) (42) ,

(m, n=1,..,7) ;
we have two different basis for GL(8, R):
(1) 1, Ly, Ry y RoLmy
2) 1, Ly, Ry LinRy,

We now remark some difficulties deriving from the octonions nonassociativity. When we translate from generalized
octonions to 8 x 8 real matrices there is no problem. For example, in the octonionic equation

ea{[(esp)er]es} (35)
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we quickly recognize the following left-barred operators,
es (es and eg) eg
Using our tables we can translate eq. (BH) into
Mfs Mgy ¢ (36)

Nevertheless, in going from 8 x 8 real matrices to octonions we should be careful in ordering. For example,

AB ¢ (37)
can be understood as
(AB)p (38a)
or
A(By) . (38Db)

Which is the right equation? To find the solution let us, explicitly, use particular matrices. Defining

000 0 O0O0-10

000 0 O0OO0O -1

000 0 -100 O

000 0 010 O
A—=Le=1090100000]| T - (392)

000 -1 000 O

100 0 0O0O0O

010 0 0O0O0O

00100O0O0O

000-1 0 0O0O0

10000 0O00O

0-100 0 0O00O
B = Mi=|g0000010]| el (39b)

0000 O0O0OO0T1

000O0-1000

0000O-100

the previous matrix eqs. (b)7 respectively, become
e X [es)er]yp | (40a)
and

esl(esp)er] - (40D)

We know that “ x 7 multiplication is different from the standard octonionic multiplication, so
eg X [es)er] # — e5)er
Using appendix A2 and translating the matrix AB, we can obtain the octonionic operators which corresponds to
e¢ X [es)er]
explicitly, we have
{es—1]es—2e; )es—es5)er—eg ) ea+ea)esg+2er)es—es)er }/3
Its complicated form suggests us to choose eq. (B8H) for translating eq. (B7). In general

ABC...Zo=AB(C...(Zp)..)) . (41)
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“

Ouly for e,, and 1 | e,,, we have simple “ x ”-multiplication rules. In fact, utilizing the associator properties we

find
em(enp) = (emen)p + (emp)en — em(pen) (42a)
(pem)en = @lemen) — (emp)en +em(pen) . (42b)
Thus,
€m X €n = —Omn + €mnpp + €m ) €n —€m (€n (43a)
[llen] X [1lem] = —6mn+ €mnptp —€m ) €n+€m (€n . (43b)

At the beginning of this subsection, we noted that the correspondence between the matrices, L,,, and the octonionic
imaginary units e,, is in contrast with the standard octonionic relations

Em€n = _6mn + EmnpCp (44)
for example, look at
LiLo # L3

Introducing a new matrix multiplication, “

eq. ([24)), we find

o”, we can quickly reproduce the nonassociative octonionic algebra. From

LnL, p=LypoL, o+ Ry, Ln] ¢ (45)
so we can relate the new matrix multiplication, “ o 7, to the standard matrix multiplication (row by column) as
follows

Ly, oL, =LynLy+ Ry, Ln] . (46)
Eq. ([4) is then translated by
Ly, oLy =—b0mn + €mnpLy - (47)

IV-b. Relation between barred operators and 4 x 4 complex matrices

Some complex groups play a critical role in physics. No one can deny the importance of U(1, C) or SU(2, C). In
relativistic quantum mechanics, GL(4, C) is essential in writing the Dirac equation. Having GL(8, R), we should be
able to extract its subgroup GL(4, C). So, we can translate the famous Dirac-gamma matrices and write down a new
octonionic Dirac equation.

Let us show how we can isolate our 32 basis of GL(4, C):

If we analyse the action of left-barred operators on our octonionic wave functions

Y =11 + eatha + es3 + esiy [Y1,..4€C(1, e1)] (48)

we find, for example,

[1ler]y = er = ¥1+ea(erhn) +ealerhs) +eslerhs)
eatp = — o teahr —eay +esy
[es)er ] = (es)er = o+ eaths +eahy —esty
the action of our barred operators is quoted in the tables Bla-b and B1-L/R, given in appendix B1.

Following the same methodology of the previous section, we can immediately note a correspondence between the
complex matrix 1444 and the octonionic barred operator 1 | e;

t 000
07200
000
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Observe that we are working with the symplectic decomposition of octonions

1
(4

1/12 < Y1+ eaha +esPs +egths (50)
o

Such an identification will be much clearer when we introduce a complex geometry. In fact, choosing a complex
projection for our scalar products,

Y1, eaha, esh3, egihy

will represent complex-orthogonal states.
The translation doesn’t work for all barred operators. Let us show it, explicitly. For example, we cannot find a
4 x 4 complex matrix which, acting on

(G
V2
V3 ’
(O
gives the column vector
-2 P2
ol I IO I
e 4
3 “¥3
and so we have not the possibility to relate
es or es ) er

with a complex matrix. Nevertheless, a combined action of such operators gives us

ea) + (es)er = 2ex)1

and it allows us to represent the octonionic barred operator

e2 + e3)er (51a)
by the 4 x 4 complex matrix
0000
0000 1
0000

Following this procedure we can represent a generic 4 X 4 complex matrix by octonionic barred operators. The explicit
correspondence-tables are given in appendix B2.

We conclude this subsection discussing a point which will be relevant to an appropriate definition for the octonionic
momentum operator (subsection V-b): The operator 1 | e; (represented by the matrix ilyx4) commutes with all
operators which can be translated by 4 x 4 complex matrices (see appendix B2). This is not generally true for a
generic octonionic operator. For example, we can show that the operator 1 | e; doesn’t commute with eq, explicitly

e {[1]e1] v} =exvher) = —erha —esthr —esthy —erthy (52a)
[1]ei]{ea ¥ } =(eah)er = —erho —esthr +eshy +erh; . (52b)

The interpretation is simple: es cannot be represented by a 4 x 4 complex matrix.
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IV-c. Octonionic representations of the gamma-matrices.

We conclude this section by showing explicitly three octonionic representation for the Dirac gamma-matrices [@]

1-Dirac representation,

1 2 1 o
0 _
~ —g—gn;em|em+§;en|en , (53a)
2 1 1 o
A= —geg —3 |es +e5 ) es—es ) es — gpélepsﬁep )es (53b)
2 1 1 o
N2 = —§e7 ~3 |er+es)es—eq) ez — gpélepgep )es (53c)
2 1 1 o
N3 = —§e4 ~3 |es+er)es—es)er— gpélep%% )es (53d)
2-Majorana representation,
o 11 1 <
v :§e7—§ |€7+€3)€4—€5)62+€6)61—§ Z €ps7Ep ) €5 (54a)
p, s=1
L2 1 1 o
7:gel+§|el+e5)e4—e4)e5+§Zepslep)es ) (54b)
p, s=1
, 2 1 1 o
~y :§e7+§|e7+e4)63—63)e4+§Zeps7ep)es , (54c)
p, s=1
s 2 1 1 o
y :§e3+§|e3+e7)e4—e4)e7+§Zeps3ep)es ; (54d)
p, s=1
3-Chiral representation,
o 11 1 <
y :§e4—§ |64+€7)€3—62)66+€5)61—§ Z €psa€p ) €5 (55a)
p, s=1
L2 1 1 o
Y :_§€6_§|66+65)63_63)65_§Zepsﬁe;D)es ) (55b)
p, s=1
, 2 1 1 o
5 :—§e7—§|e7+63)e4—e4)63—§Zeps76p)es , (55¢)
p, s=1
s 21 1 o
~ :—564—§|64+67)€3—€3)67—§Zeps4€p)65 . (55(1)
p, s=1

V. OCTONIONIC PHYSICAL WORLD

We organize this section in three subsections. In subsection V-a, we discuss the Dirac algebra and its problems
related to the nonassociativity of the octonionic numbers. In subsection V-b, we introduce the concept of complex ge-
ometry and define an appropriate momentum operator. In the final subsection we present the octonionic completeness
relations.
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V-a. Dirac algebra

In the previous section we have given the gamma-matrices in three different octonionic representations. Obviously,
we can investigate the possibility of having a more simpler representation for our octonionic «*-matrices, without
translation.

Why not

e1, ez, e3 and ey |ey
or
er, ez, es and eq )e; ?

Apparently, they represent suitable choices. Nevertheless, the octonionic world is full of hidden traps and so we must
proceed with prudence. Let us start from the standard Dirac equation

Vpp =myp (56)

(we will discuss the momentum operator in the following subsection, for the moment, p, represents the “real” eigen-
value of the momentum operator) and apply v/p,, to our equation

Vou(Vpuh) = mytput (57)
The previous equation can be concisely rewritten as
oAt () = mPy (58)

Requiring that each component of ¢ satisfy the standard Klein-Gordon equation we find the Dirac condition, which
becomes in the octonionic world

YY) + 47 () = 29", (59)

(where the parenthesis are relevant because of the octonions nonassociative nature). Using octonionic numbers and
no barred operators we can obtain, from (@), the standard Dirac condition

" =29 (60)
In fact, recalling the associator property [which follows from eq. (§)]
{a, b, ¥} = —{b, a, ¥} [a, b octonionic numbers |
we quickly find the following correspondence relation
(ab 4+ ba)y = a(byp) + bay))
We have no problem to write down three suitable gamma-matrices which satisfy the Dirac condition (@)7
(v 7% 7% = (e, e2, e3) (61)
but, barred operators like
esles or eq) e

cannot represent the matrix 4°. From the tables B1 and B2 (appendix B), after straightforward algebraic manipula-
tions, one can prove that the barred operator, ey | e4, doesn’t anticommute with ey,

e1(eatpey) + es(erh)ey = —2(estha + e7thy) #0 (62)
whereas e4 ) e; anticommutes with e;
erf(ea)er] + [ea(erh)]er =0 (63a)
but
{eal(ea)er]ter = Y1 — eatho + a3 —esths # . (63b)

Thus, we must be satisfied with the octonionic representations given in the previous section. In the following
subsection, we discuss two interesting questions: Do the octonionic imaginary units ej, ez, e3 satisfy all the gamma-
matrices properties? What about their hermiticity?
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V-b. Complex geometry and octonionic momentum operator

We begin this subsection by presenting an apparently hopeless problem related to the nonassociativity of the
octonionic field. Working in quantum mechanics we require that an antihermitian operator satisfies the following
relation

/ dx (Ag) = / dx (Ap)p . (64)

In octonionic quantum mechanics (OQM) we can immediately verify that @ represents an antihermitian operator with
all the properties of a translation operator. Nevertheless, while in complex (CQM) and quaternionic (QQM) quantum
mechanics we can define a corresponding hermitian operator multiplying by an imaginary unit the operator 8, one
encounters in OQM the following problem:

no imaginary unit, e€,, , represents an antihermitian operator

In fact, the nonassociativity of the octonionic algebra implies, in general (for arbitrary ¢ and ¢)

/dx w<em¢)¢—/dx (emww:/dx Wem)d  (m=1.mT) . (65)

This contrasts with the situation within complex and quaternionic quantum mechanics. Such a difficulty is overcome
by using a complex projection of the scalar product (complex geometry), with respect to one of our imaginary units.
We break the symmetry between the seven imaginary units e;, ... , ey and choose as projection plane that one
characterized by (1, e;). The new scalar product is quickly obtained performing, in the standard definition, the

following substitution
/dx—»/dle_%”el /dx

Working in OQM with complex geometry, e; represents an antihermitian operator. In order to simplify the proof
we write the octonionic functions 1 and ¢ as follows:

Y = Y+ eaPa +eq¥3 +egPs
o O1+ eao + €43 +ecds
[1/)1 777 4 and (bl ,,,,, 4€C(1, 61)]

The antihermiticity of e; is shown if

/dx Wi (e1g) = —/dx (e)fo . (66)

C

In the previous equation the only nonvanishing terms are represented by diagonal terms (~ 1/)I¢)1, 1/);@52, 1/)2,2(;53, 1/)1(;54).
In fact, off-diagonal terms, like w$¢3, ¢§¢47 are killed by the complex projection,

(Viea)ler(eads)] ~ (ases + azes)(aues + ases) ~ ages + arer

[(Vied)er](esha) ~ (Baea + Bses)(Bses + Brer) ~ Poea + faes
[ag,. . 7and B2, 7€ R

The diagonal terms give
/dx U(e19) = ] (e1¢1) — (Whea)er(eagpa)] — (Whea)ler(eads)] — (vhes)ler(esda)] (67a)
— [ ax @)t = wlenr — [Wheaderlieas) ~ [(Wheaerl(eadn) — [(Wleaherliess) (67

The parenthesis in (57a-b) are not of relevance since
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wielgbl (1, e1) is a complex number |,

¢$€2€1€2¢2 (subalgebra 123) ,

1/):],:646164¢)3 (subalgebra 145) ,

wleﬁeleﬁm (subalgebra 176) are quaternionic numbers .
The above-mentioned demonstration does not work for the imaginary units eq, ... , e7 (breaking the symmetry between
the seven octonionic imaginary units).

Now, we can define an hermitian operator multiplying by e; the operator 8. However, such an operator is not
expected to commute with the Hamiltonian, which will be, in general, an octonionic quantity. The final step towards
an appropriate definition of the momentum operator is represented by choosing as imaginary unit the barred operator
1| e1 (the antihermiticity proof is very similar to the previous one). In OQM with complex geometry the appropriate
momentum operator is then given by

p=-9|e . (68)

Obviously, in order to write equations relativistically covariant, we must treat the space components and time in the
same way, hence we are obliged to modify the standard QM operator, i0;, by the following substitution

i@t — 815 | €1 5
and so the octonionic Dirac equation becomes
oper =a-(pY)+mpPy  (p=-0fer) . (69)

The possibility to write a consistent momentum operator represents for us an impressive argument in favor of the use
of a complex geometry in formulation an OQM. Besides, such a complex geometry gives us a welcome quadrupling
of solutions. In fact,

wa 62¢7 64’¢, eﬁdj w € c(lu 61)

represent now complex-orthogonal solutions. Therefore, we have the possibility to write a one-component octonionic
Dirac equation in which all four standard Dirac free-particle solutions appear.

V-c. Octonionic completeness relations

We observe that the dimensionality of a complete set of states for complex inner product < @ | ¢ >, is four times
that for the octonionic inner product < 1 | ¢ >. Specifically if | n; > are a complete set of intermediate states for the
octonionic inner product, so that

<ylo>=) <¢lm><m|¢>,
l

| >, | mea>,|mes>,|n es > form a complete set of states for the complex inner product,

6> =D (Im><m|¢>c+|mes><mes|d>c+
l

+lmes><mes|p>c+|mes><mes|d>c)
:Z|Xm><xm|¢>c )
m

where X, represent complex orthogonal states. Thus the completeness relation can be written as (for further details
on the completeness relation, one can consult an interesting work of Horwitz and Biedenharn, see [] - pag. 455)

=

=D Ixm> <<xml,
m

=1

=D lxm>> <xml,

m

so in our formalism we generalize the Dirac’s notation by the definitions

<<Xm|¢> :<Xm|¢>ca
<Pl xXm >> =< P xXm >
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VI. OCTONIONIC DIRAC EQUATION

As remarked in section V, the appropriate momentum operator in OQM is

P = =’ | €1
Thus, the octonionic Dirac equation, in covariant form, is given by
Y (Opher) =myp (70)
where y* are represented by octonionic barred operators (@-d) We can now proceed in the standard manner. Plane
wave solutions exist [p (= —8 | e1) commutes with a generic octonionic Hamiltonian] and are of the form
Y(x, 1) = [ui(p) + e2ua(p) + esus(p) + eua(p) | e [ur.a€C(L, 1) ] . (71)
Let’s start with
p=(0,0 p:) ,
from ([70), we have
E(y) = p:(v*) =my . (72)

Using the explicit form of the octonionic operators 7% 3 and extracting their action (see subsection VI-a) from the
tables quoted in appendix B1, we find

E(uy + esus — equg — eguyg) — p.(ug — eatig — equy + eguz) = m(ug + eaug + equz + eguy) (73)

From ([3), we derive four complex equations:

(E - m)ul = +pzu3 5
(E - m)UQ = —pxusg ,
(E + m)u = +pzu1 )

3
(B +m)us = —p-uz
After simple algebraic manipulations we find the following octonionic Dirac solutions:
E = —|—|E| uM =N (1 + 64\E1\)ﬁ) , u® =N (62 - 66|E;|Dﬁ> = u(l)eg ;
E = —|F| u® =N (IEZI)ﬁ - 64) , UM =N (eQIETﬁ + 66) = u®e,y
with N real normalization constant. Setting the norm to 2|E|, we find
N = (|E| +m)?

We now observe (as for the quaternionic Dirac equation) a difference with respect to the standard Dirac equation.
Working in our representation (53a-d) and introducing the octonionic spinor

i = (you)" = uj — eaua + equs + egua [u=u1 + equa + equz + epuq |
we have
aWuM = Mg = g@y@ = @@ = 2(m + egp.) . (74)
Thus we find
uMa® 4+ u@a® = 4(m + eqp.) (75a)
instead of the expected relation
uDa® 4+ 4@a® =1%F —3p 4+ m . (75Db)

Furthermore, the previous difference is compensated if we compare the complex projection of () with the trace
of ([75H)

[ (u(l)ﬂ(l) +u(2)ﬁ(2))OQM o = Tr | (u(l)ﬂ(l) +u(2)a(2))CQM | = 4m . (76)

We know that spinor relations like (—b) are relevant in perturbation calculus, so the previous results suggest to
analyze quantum electrodynamics in order to investigate possible differences between complex and octonionic quantum
mechanics. This could represents the aim of a future work.
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VI-a. 7% 3-action on octonionic spinors

In the following tables, we explicitly show the action on the octonionic spinor
U = U1 + ex2uU2 + equs + eguy [ U,...4 € C(l, 61) ] ,

of the barred operators which appear in 4° and v3. Using such tables, after straightforwards algebraic manipulations
we find

YU = Uy + exuz — equz — eglq

Yiu = ug — eauq — esur + eguz
’yo—action Uy el equs eglly
(] | €1 —Uq eU2 €qUs3 EelUg
es | ea —uf —equl equs el
es | es —uj eaud equs €6l

* * *
eq ] eq —u} eaud —equ} eglia

* *
es | es —uj el equ} eglia
es | es —uf ealn equs —epU
er | er —u} el equs el
~3-action Up eslUo equs egly
ey equ —epUs —us3 ealy
1] ey equ] ecus —u} —equ}
er ) es equ] eglo U3 —equ
es ) er —equi —egul —us ety
* *
€6 ) €2 equ] —egls U3 —equ}
€2 ) €g —equ} —egul —us —eoly
es ) e1 eql] ecus U3 —equ
e1) es —equi —egul —uj eau

VII. CONCLUSIONS

This paper aimed to give a clear exposition of the potentiality of generalized numbers in quantum mechanics.
We know that quantum mechanics is the basic tool for different physical applications. Many physicists believe
that imaginary numbers are related to the deep secret of quantization. Penrose [@] thinks that the quantization is
completely based on complex numbers. Trying to overcome the problem of quantum gravity, he proposed to complexify
the Minkowskian space-time. This represents the main assumption behind the twistor program. Adler @] believes
that quantization processes should not be limited to complex numbers but should be extended to another member
of the division algebras rank, the quaternionic field. He postulates that a successful unification of the fundamental
forces will require a generalization beyond complex quantum mechanics. Adler envisages a two-level correspondence
principle:

| classical physics and fields ,
| distance scale complex quantum mechanics and fields ,
l quaternionic quantum field dynamics (preonic level [@]) ,
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with quaternionic quantum dynamics interfacing with complex quantum theory, and then with complex quantum
theory interfacing in the familiar manner with classical physics ( [RJ], pag. 498).

Following this approach, we are tempted to postulate that octonionic quantum field theory may play an essential
role in an even deeper fundamental level of physical structure.

Quaternionic quantum mechanics, using complex geometry @«@] or quaternionic geometry [@,7@], seems to be
consistent from the mathematical point of view. Due to the octonions nonassociativity property, octonionic quantum
mechanics seems to be a puzzle. In the physical literature, we find a method to partially overcome the issues relating
to the octonions nonassociativity. Some people introduces a “new” imaginary units i = v/—1 7 which commutes with
all others octonionic imaginary units, e,,. The new field is often called complexified octonionic field. Different
papers have been written in such a formalism: Quark Structure and Octonions [E], Octonions, Quark and QCD [@,
Octonions and Isospin [@], Dirac-Clifford algebra [@}, and so on. Nevertheless, we don’t like complexifying the
octonionic field and so we have presented in this paper an alternative way to look at the octonionic world. No new
imaginary unit is necessary to formulate in a consistent way an octonionic quantum mechanics.

A first motivation, in using octonions numbers in physics, can be concisely resumed as follows: We hope to get a
better understanding of standard theories if we have more than one concrete realization. In this way we can recognize
the fundamental postulates which hold for any generic numerical field.

Having a nonassociative algebra needs special care. In this work, we introduced a “trick” which allowed us to
manipulate octonions without useless efforts. We summarize the more important results found in previous sections:

M - Mathematical Contents :

M1 - The introduction of barred operators (natural objects if one works with noncommutative numbers) facilitate
our job and enable us to formulate a “friendly” connection between 8 x 8 real matrices and octonions;

M2 - The nonassociativity is reproduced by left/right barred operators. We consider these operators the natural
extension of generalized quaternions, recently introduced in literature [@]7

M3 - We tried to investigate the properties of our generalized numbers and studied their special characteristics in
order to use them in a proper way. After having established their isomorphism to GL(8, R), life became easier;

M4 - The connection between GL(8, R) and generalized octonions gives us the possibility to extract the octonionic
generators corresponding to the complex subgroup GL(4, C). This step represents the main tool to manipulate
octonions in quantum mechanics;

M5 - To the best of our knowledge, for the first time, an octonionic representation for the 4-dimensional Clifford
algebra, appears in print.

P - Physical Contents :

P1 - We emphasize that a characteristic of our formalism is the absolute need of a complex scalar product (in QQM
the use of a complex geometry is not obligatory and thus a question of choice). Using a complex geometry we overcame
the hermiticity problem and gave the appropriate and unique definition of momentum operator;

P2 - A positive feature of this octonionic version of quantum mechanics, is the appearance of all four standard Dirac
free-particle solutions notwithstanding the one-component structure of the wave functions. We have the following
situation for the division algebras:

field : complex, quaternions, octonions,
Dirac Equation : 4 x4, 2 X2, 1x1 ( matrix dimension ) ;

P3 - Many physical result can be reobtained by translation, so we have one version of octonionic quantum mechanics
where a part of the standard quantum mechanics is reproduced. This represents for the authors a first fundamental
step towards an octonionic world. We remark that our translation will not be possible in all situations, so it is only
partial, consistent with the fact that the octonionic version could provide additional physical predictions.

I - Further Investigations :

We conclude with a listing of open questions for future investigations, whose study lead to further insights.

I1 - How may we complete the translation? Note that translation, as presented in this paper, works for 4n x 4n
matrices. What about odd-dimensional matrices?

I2 - From the translation tables we can extract the multiplication rules for the octonionic barred operators. This
will allow us to work directly with octonions without translations.

I3 - Inspired from eq. (@), we could look for a more convenient way to express the new nonassociative multiplication
(for example we can try to modify the standard multiplication rule: row by column);
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I4 - The reproduction in octonionic calculations of the standard QED results will be a nontrivial objective, due to
the explicit differences in certain spinorial identities (see subsection V-c). We are going to study this problem in a
forthcoming paper;

I5 - A very attractive point is to try to treat the strong field by octonions, and then to formulate in a suitable
manner a standard model, based on our octonionic dynamical Dirac equation;

16 - A last interesting research topic could be to generalize the group theoretical structure by our barred octonionic
operators.

Many of the problems on this list deal with technical details although the answers to some will be important for
further development of the subject.

We hope that the work presented in this paper, demonstrates that octonionic quantum mechanics may constitute
a coherent and well-defined branch of theoretical physics. We are convinced that octonionic quantum mechanics
represents largely uncharted and potentially very interesting, terrain in theoretical physics.

We conclude emphasizing that the core of our paper is surely represented by absolute need of adopting a complex
geometry within a quantum octonionic world.
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APPENDIX Al

In this appendix we give the translation rules between octonionic left-right barred operators and 8 x 8 real matrices.

In order to simplify our translation tables we introduce the following notation:

a 000 0a 00

_ 0b00 _ b 00O
{a,b,c,d}(l): 00cO 5 {a,b,c,d}@): 000 ¢
000d 00dO

00aO 000a

_ 000U _ 000b0
{avbvcad}@): c 000 ) {aabacad}(4): 0c0O0
0d0Oo d00o0

where a, b, ¢, d and 0 represent 2 x 2 real matrices.
In the following tables o1, 02, o3 represent the standard Pauli matrices:

01 0 —i 10
1=\10) > 27\ i 0 370 —1

(77a)

(77b)

TABLE Ala
Translation rules between 8 x 8 real matrices and octonionic barred operators em, 1 | em
er < { —iog, —ioa, —ioy, Qo2 }ay , 1lexr < { —ioa, iog, o2, —io2 }a1)
€2 { —03, 03, _15 1 }(2) l 1 | €2 << { -1, 15 15 -1 }(2) ’
es « { —o1, 01, —iop, —ioy }5y , 1l|es <« { —ioy, —ioy, o2, Q02 }2)
€4 < { —03, 17 g3, -1 }(3) ) 1 | €q4 < { _17 _17 17 1 }(3) )
es < { —o1, o2, 01, i02}E , 1lles < { —ioy, —ioy, —ioy, —io2 }3)
es — { -1, —o3, o3, Ly , 1les < { —o3, 03, —03, 0314
er < { —iog, —o1, 01, —io2}u , 1ller < { —o1, o1, —o1, 01}u
TABLE A1lb
Translation rules between 8 X 8 real matrices and octonionic barred o operators e, | em
€1 | €1 — { _17 11 11 1 }(1) B €2 | €2 — { —03, —O03, 17 1 }(1) B
€3 | €z < { —03, 03, 17 1 }(1) 9 €4 | €4 < { —03, 17 —03, 1 }(1) 9
€5 | €5 < { —03, 1; g3, 1 }(1) ) €6 | € { —03, 17 15 —03 }(1) )
erler < { —o3 1, 1, 03}
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TABLE A1-L

Translation rules between 8 X 8 real matrices and octonionic left-barred operators

e1)ex « { oy, —ioy, o2, 02} , e1)es < { -1, =1, —I, 1}
e1)es — { iog, —iop, —ioy, —ioz }i3 , e1)es « { -1, L, =1, =1}
€1 ) €6 — { —01, —01, 01, —01 }( ) ) €1 ) ey — { g3, g3, —03, 3 }(4)
ez)er < { —o1, —o1, —ioy, —102 b , ezx)es < { o1, —o1, 0y, —ioe b
e2)es — { 1, -1, —o3, 03} , ezx)es <« { ioy, —ioy, —O1, 1}
e2)es < { —o3, —o3, -1, -1}z , ex)er < { —o1, —o1, 102, 02 }3)
e3)er < { o3 o3 I, —1}o , e3)ex < { —o1, —o1, —ioy, 02 }()
e3)es — { oo, o2, —o1, 01}u , e)es <= { -1, =1, 03 —03}y
e3)es <« { o1, —o1, —iog, —202 Y » es)er —= { —o3, o3, -1, -1}
es)er < { —o1, o2, —o1, do2}m3 , es)ex < { -1, —o3, —1, -1}y
eg) ez «— { —ioy, —o1, —iog, —01 a4y , ea)es < { o1, ios, —01, —io2 f)
es)es — { o3, 1, —o3, —1l}o , e)er < { o, —ioy, —01, 102}
es)er < { o3 -1, 03, L}s) , es)ex < { —ioe, —o1, o2, —01 fu
es)es < { 1, o3 =1, o3}y , es)es < { —o1, —ioy, —o1, 02 }()
es)es — { —o1, iop, —o1, —ioz }) , es)er < { o3 L, o3, —1}o
€es ) el < { oy, 01, —o01, —io2}yu , es)ex < { o3 —1, 1, —o3 }3
€6 )es < { —o1, 02, 0y, —01}3 , es)es < { —o3 —1, =1, —03 }
es)es — { o1, —iop, i02, —01}pe) , ee)er < { —oi, —ioy, —ioy, —01 }()
er)er < { -1, —o3, o3, —1}u , er)ex < { o1, —ioy, —ics, —01 }(3)
er)es « { o3 -1, 1, o3 }3 , er)es < { —oi, o2, —i03, —01 }(2)
er)es < { —o3, -1, -1, o3}e , er)e < { o1, oy i02, —01 }()
TABLE A1-R
Translation rules between 8 x 8 real matrices and octonionic right-barred operators
ei1 (e2 « { oo, —ioy, —ioy, —ioy }sy , e1(es < { -1, —1, L, =1}
€1 ( €4 { 7;0-27 iUg, _i0—27 7;0-2 }(3) ) €1 (65 — { _17 _17 _17 1 }(3)
e1 (e «— { —oi, 01, —01, —01 }(4) , er(er < { o3 —o03, 03, 03 }(4)
ez (e1 < { —o1, —o1, oz, do2}pe , ex(es < { o1, —o1, —ioy, 02 }(
e2(es < { o3 —03 —1, LYy  ex(es < { o1, —o1, oz, —ioz }u
ez (es — { -1, —o3, —o03, —03}s , ex(er < { —ioy, —ioy, —01, —01 }(3)
es(er < { o3 o3 -1, Lo , es(ex < { —o1, —o1, oz, —ioy }q)
ez (es — { o1, —o1, —ioy, —iox }uy , es(es < { —o3, 03, -1, -1}y
ez (es < { idoy, d02, o1, —0o1}m , es(er < { -1, -1, —o03, 03}
es(er < { —o1, —ioz, —o1, —io2}3 , es(ex < { —o3 -1, —o3 —1}u
es (€3 « { —o1, iop, —o1, do2}yu , es(es < { o1, —ioy, —o1, 02 }(
es (e < { 1, o3, =1, =03} , es(er < { oo, o1, —ioy, —01 }(2)
es (ex < { o3, 1, o3, —1l}g , e (e < { —o1, —ioy, —01, 102}
es (es < { o3 -1, o3, LYyas , es(es < { —o1, o2, —01, —ioy }q)
es (eg «— { —ioe, —o1, 02, —01}e , es(er < { L, o3 -1 3 }(2)
e (e1 « { ioa, —o1, 01, =02}y , es(ez = { L, —o3, 03, —1}g
ee (es < { —ioy, —o01, —o1, —io2}3 , es(es < { -1, —o3, —03 —1}
es (es «— { oy, o1, —o1, —io2 }2y , ee(er « { —o1, ioa, ioa, —01 }a)
er(er < { -1, o3, —o3, —1}u , er(ex < { ioy —oy, o1, 2 }(3)
er (es < { L, o3, 03 —1l}g , er(es < { —ioy, —o1, —01, 102}
er(es < { -1, —o3, o3, —l}o , er(e < { o1, —ioy, —io2, —01 }()
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APPENDIX A2

In this appendix we explicitly give the rules which enable us, given a generic 8 x 8 real matrix, to quickly obtain
its octonionic counterpart.

a; B o 61 e g1
ay 2 2 02 € 2
az B3 3 03 €3 @3
Mg = | 4 Ba Y4 04 €4 @4
as 5 5 05 €5 @5
ag 6 Y6 06 €6 o
ar Br vy 67 €r 7
ag s 8 0s €8 s
where x,, are real numbers and
pP1 = 1 ) p2 = €1
P5 = €4 y Ps = é€s
po=1]er , po=1]ez
pis=1]es , pu=1]|eg

P18 = €3 | €3
P22 = €y | (14
P26 = €1 ) €5
P30 = €2 ) €3
p3s =€z ) er
P38 = €3 ) €s
P42 = €4 ) €2
P46 = €4 ) er
P50 = €5 ) €4
P54 = €g ) €2
P58 = €g ) er
Pe2 = €7 ) ey

p17:€2|62 )
p21:€6|66 )
P25=€1)€4 )
P29=€2)€1 )
P33:€2)66 )
P37:€3)64 )
P41=€4)€1 )
P45=€4)€6 )
p49:€5)63 )
P53=€6)€1 )
P57=€6)€5 )
pe1 =er ) ez

m
12
13
N4
UB;
ULS
Ukd
UL

pP3 =
p7 =

64
< 0= § ImPm
m=1
=D , P4 = €3 >
€6 ) ps = er )
pn=1]es , p2=1|ey )

P15 =
P19 = €4 | €s
P23 = €1 ) €2
p27 = €1 ) € ,
P31 = €2 ) €4 ,
P35 = €3 ) € ,
P39 = €3 ) €6 ,
P43 = €4 ) €3 ,
p4a7 = €5 ) e ,
ps1 =€s5 ) es

P55
P59

pe3 =er ) es

TABLE A2

Real coefficients for the octonionic barred operators

P16 = €1 |€1 s
P20 = €5 |€5 ,
p24:61)63 ,
P28=61)67 s
P32=62)65 s
036:63)62 »
p40:63)67 ,
P44=64)65 s
P48=65)62 s

1|67 N

ps2 =€5 ) er
66)63 ) P56=66)64 s
67)61 ) P60=€7)€2 ,

Pes = €7 ) €g

x1
3

x21

(5ox + B2 + 73+ 01 + €5 + w6 +n7 + Ag) /12
(5ag + B4 — 1 — 02 — €7 — w8 + 15 + X6) /12
)
)

(bas + 6 + 7 + 08 — €1 — w2 — M3 — A4)/12
(5ar — B8 — 5 + 06 + €3 — pa — M1 + A2)/12
(a2 —4B1 +v4+ €6 — @5 — s + A7)/10
(a4 B3 —7v2 — 501 + €8 — 7 +m6 — A5)/12
(o6 + s —v8 + 07 — €2 — Bp1 —ma + A3)/12
(s + B7 4+ 76 + 05 —€a — 3 +m2 — 3A1)/8
(—a1 + B2 — 573 + 84 + €5 + w6 + 17 + Ag)/12
(=01 4+ B2 + 73 + 4 — Bes + w6 + 7 + Xg)/12
(=01 + B2 +73 + 84 + €5 + w6 — BNy + Ag)/12

(o1 — B1 —va — €6 + 5 + M8 — A7) /10
(5ag — B3 +v2 — 01 — g + o7 — M6 + A5)/12
(bag — Bs + 98 — 07 + €2 — 1 +na — A3)/12
(Bag — B7 —v6 — 05 + €4+ w3 — 2 — A1)/12
= (a3 —Bas—571+02+er+ g8 — 15 — Ag)/12
= (a5 — B6 — 7 — 08 — be1 + w2 + 13 + A1)/12
= (a7 + B8+ 75 — 06 — €3 + @4 —5m1 — A2)/12
(—o1 —B5B2+ 73+ 04+ €5+ 6 +n7 + Ag)/12
(—a1 + B2+ v3 — 504 + €5 + 6 + 17 + Ag) /12
(—o1 4+ B2+ 73+ 64 +e5 — 5pe + 17 + Ag)/12
(—o1 4+ B2 +73 + 64 +e5 + 6 +n7 — 5Ag)/12

S. De Leo and K. Abdel-Khalek - pag. 21



TABLE A2-L

Real coefficients for the octonionic left-barred operators

x23
25
xa7

(o4 — B3 —5y2 — 61 —es + o7 —me + X5)/12
(=06 —Bs + 78 — 07 —Bea — 1 +ma — A3)/12
(s + P74+ 76 + 05 —€a — 3 — 32 + A1) /12 ;
(a4 =583 —y2+01+es—r+m6 — Xs5)/12
(—a7 —Bs —v5 + 96 — 5e3 — 4 —m1 + X2)/12
(5 —Bs — 7 — 08 + €1 + 2 — Bz + Aa)/12
(—a3 =584 —v1 — 62 —er —ws+15+ X6)/12
(—ag —PBr —v6 — 05 —3ea + o3 —1m2 — A1)/8
(—ag —PBs +v8 — 07 +e2 —p1 —bna — A3)/12
(o6 — 505 —v8 + 07 —e2 + 1 —ma + A3)/12 ;
(—B7 —65)/2 ;
(a3 + B4 —v1— 02 —er — g —5n5 + Xg)/12
(—as — 5086 +v7 +68 —€1 — w2 —1m3 — M\)/12
(—ar —Bs — 5 — 586 + €3 —pa —m1 + A2)/12
(a4 + B3 —v2 +01+es— @7 —5m6 — A5)/12
(—og =587 —v6 — 05 +ea+ @3 —m2—A1)/8
(ap + 85 —v8 — 507 —e2 +p1 —ma + A3) /12,
(—oa — B3 +72 — 61 —es — BT — Mg + A5) /12,
(7 — 588 +7v5 — 96 — €3 + wa +m1 — A2)/12 ,
(—as +Bs +v7 — 568 — €1 — w2 —1m3 — M)/12
(a3 = Ba+71 + 02+ €7 — 5psg —n5 — Xg)/12 ;

24
x26
28
T30
32
T34
36
38
40
T42
T44
T46
48
50
T52
T54
56
T58
60
T62
Te64

(a3 — Ba+71 — 502 + €7+ w8 — 15 — Xg)/12
(a5 — Bs — 7 — 08 + €1 — B2 + 13 + Ag)/12
(—a7 — B3 — 5+ 06 + €3 —pa —m1 — BA2)/12
(—a2 — B1 —v4a — 563 — €6 + @5 +1ms — A7)/12
(B — ¢3)/2

(a6 + B85 —v8 + 67 —e2 + 1 — M4 — 5X3)/12
(a2 + 1 —4va + €6 — 5 — 15 + A7) /10
(o7 + B8 + 75 — 96 — €3 — Bpa +m1 — A2)/12
(a5 — Bs — 7 — 08 + €1 + w2+ 13 — 5Ag)/12
(o7 + B8 — 5y5 — 06 — €3 + 4 +m1 — A2)/12
(—a2 — B1 —va — €6 — 45 + 18 — A7) /10
(—a4 — B3+ 72 — 61 —es + w7 — M6 — 5X5)/12
(g + 87 —3v6 + 05 —ea — w3 + 12+ A1)/8

(a2 + 1474 — 4e6 — 5 — 15 + A7) /10

(a3 + s —71 — 62 —e7 — pg + 15 — 5Xg) /12
(—as + 86 — 577 + 08 — €1 — w2 —m3 — Aa)/12
(a3 — Ba+ 71 + 02 — Ber + 8 — 15 — Xg)/12
(a2 + B1+ 71+ €6 — o5 —nsg —4A7)/10

(—a6 — Bs — 518 — 07 + €2 — o1 +ma — A3)/12
(04 + B3 —v2 + 81 — Beg — 7 + 16 — A5) /12
(

Q

We also give the translation rules by right-barred operators. Obviously, we must modify eq. (@) (p2s,....

represent right-barred operators).

TABLE A2-R

Real coefficients for the octonionic right-barred operators

23
x25

x63

(—aa =583 —v2— 01+ €8 —pr+1m6 — Xs5)/12
(—a6 — 5085 —v8 + 07 — €2 — 1 —ma + A3)/12
(g =507 — 6 — 05 + €4 + w3 —m2 + A1)/12 ,
(04 — B3 =572+ 01 —es + o7 —m6 + As) /12,
(—a7+Bs =575 — 06 — €3 +pa —m1 — A2)/12
(a5 + B — 57 + 08 + €1 — w2 —m3 — Ag)/12 ,
(—o3 —PBa—y1 — 52 +e7r +p8 —m5 — Xe) /12,
(—og — Br +v6 — 505 —eqa — @3 +m2 — A1)/12
(—ae + B5 —v8 — 597 — €2 — 1 —1ma + A3)/12
(g — 5 + 78 — 07 — Bea + w1 + M1 — A3)/12 )
(as + B7r — 76 — 65 — Bea + 3 —m2 + A1)/12
(—a3 — Ba —v1 + 02 — ber + o8 — 15 — X6) /12,
(—as —Bs — 77 — 08 —e1 — B2 + 13 + A1)/12
(—ar+PBs+v5 —d6 — €3 —bps —m1 — X2)/12
(a4 — B3 +7v2+ 01 —es —Bpr —me + Xs5) /12,
(—ag —PBr+v6 + 95 —€4 — w3 — b2 — A1)/12
(g — s + 78 — 07 + €2 + 1 — Mg — A3)/12 )
(—as+ B3 —v2 — 01 +es — o7 —bne — As) /12,
(a7 — Bs — 75 + 86 + €3 — pa + M1 — BA2)/12 ,
(—as —Bs =7 — 08 —e1 + @2 + 13 —5A1)/12
(a3 4+ Ba+71 — 02 —e7 — g +15 —5Ag) /12,

Z24
26
28
T30
32
T34
36
38
Z40
T42
T44
T46
48
50
T52
T54
56
58
Z60
T62
T64

(a3 =584 +71 — 02 —e7 — s + 15 + X6)/12
(a5 — 586 +v7 + 08 + €1 — 2 — 13 — Ag)/12
(—a7 =508 +7v5 — 66 — €3 + 4 —m — A2)/12
(—o2 —PB1 — 571 — 83 + €6 — 5 — g + A7) /12
(—og — B7r —5v6 + 05 — €4 — 3 +n2 — A1)/12
(g — 5 — 598 — d7 + €2 + o1 +na — A3)/12
(a2 + 01— 74— 583 — €6+ p5 + 18 — A7) /12
(o7 — B8 — 5 — 506 + €3 — pa + 11 + A2)/12
(a5 4+ B6 + 7 — 508 + €1 — 2 — 13 — Ag)/12
(a7 — PBs — 75 + 06 — Hez — pa +n1 + A2)/12
(—a2 —B1 + 74— 903 — beg — 5 — g + A7)/12
(—aq + B3 —v2 — 61 — 5es — 7 + 16 — X5)/12
(ag + B7 — 6 — 05 + €4 — Bz — M2 + A1)/12
(2 + 81— va+ 83 —€e6 —Bps +m8 — A7)/12
(—az — s — 71+ 02 + €7 —Bps —n5 — Xg)/12
(—os —Bs — 7 — 08 — €1 + 2 — 5Nz + A4)/12
(a3 +Ba+71 — 02 —e7r — s — 5m5 + Xg)/12
(o2 + B1 — va + 03 — €6 + w5 — Bng — A7) /12
(—ae + B85 —v8 + 97 —e2 — 1 — M1 — 5A3)/12
(a4 — B3 +7v2+ 01 —es + o7 — 16 — 5X5)/12
(—a2 — Bl +~4 — 3 + €6 — p5 —ng — bA7)/12

64 will
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APPENDIX B1

We give the action of barred operators on octonionic functions

P = P14+ eatha + eqPs + esy [ 1,4 €C(1, e1) ]

In the following tables we use the notation

€2 — {_1/}27 1/)17 _sz 1/}§} ’

to indicate

e) = — g+ eahy — eq) + esy
TABLE Bla
Action on v, of the octonionic barred operators, em and 1 | em

e1r — { e, —e1s, —erifs, —€1¢4 b, o ller — { e, ee, ehs, ey}
€2 - { _¢27 1/}17 _sz } ) 1 | €2 - { _1/}35 wTa 1Z)A]tv —1/)3 }
es — { —e1s, —e11, —e1yy, 811/13 b, 1lles — { e, —edi, ey, —e1h3}
€eq4 — { _w?n w17 1/117 _1/12 } ) 1 | €4 — { _Q/J;u _1/127 w17 ¢2 }
es — { —e1s, ei, —enin, —61% b, lles — { es, —ewi, —ewdi, ewhs }
€g — { _¢47 —1/)§7 1/}37 } 5 1 | €g — { _1/}25 1/)§a _¢27 1/)1 }
er — { ey, e, —ei)s, 811/11 P, ller — { —ew], —ey, ews, ei}

TABLE B1b

Action on v, of the octonionic barred operators, em | em

€1 | 1 — { =1, Y2, s, Ya } ) €2 | €2 — { _"/JT? —@7 s, Py } )
€3 | e — { _wfv ¢§7 3, P4 } ) €4 | €4 — { _wfv o, _w§7 (e } )
es|es — { =], ¥2, V3, Ya} , esles — { ¥, o, Y3, =i}
er | er — { _"/JT? 2, s, ¢Z } :
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TABLE B1-L

Octonionic left-barred operators action on %

*

_elw§7 _ele7 61’(/12, _elwg €1 ) €3 —¢§7 _wT7 _sz

61)62

- { } ’ - { 3} ’
e ) €4 — { —611/)§7 —61#)1, _611/}1‘7 611/); } ) €1 ) €5 - { —1/)§7 Zv —Wfa _1/}; } )
€y ) €g — { _eleL elw§7 —611/1;7 —eli/ff } ) €1 ) er — { w17 §7 —¢§a T } )
ez)er — { —es, ey, —erdi, eds} , ex)es — { e], ews, es, es}
€2 ) €4 — { 1Z)47 _¢37 —1/157 1/}1': } ’ €2 ) es — { _611/)47 _611/}37 611/);, 611/)1‘ } )
ex2)es — { -3,  —y, —UT, —Y5} , ex)er — { —ePs, ehy, ey, —eys }
es)er — { 1, P, vy, =3}, ez)ex — { —e, ews, —eihs, —eihs}
€3 ) €4 — { _elwﬁla €1¢37 611/157 eﬂ/’f } ) €3 ) €5 — { —¢47 _w?n 1/127 _2/11 } )
es)es — { ePs, ey, —eryyy, eys} , es)er — { —us, Yy, =Y, —U5 ),
€4 ) €1 - { _611/)37 61¢47 611/}17 _611/}; } ) €4 ) €2 - { _¢47 —1/)37 _1/}25 - T } B
eg)es — { ey, e);, —ehy, —erd7 } , es)es — { ey, ewhs, e;, ey}
es)es — { o, v, —ta, Y5}, ea)er — { en, —e)y, ey, —erhs}
es)er — { 3, —Uj, (I Y3}, es)ex — { ehs, ey, ehs, —eryi }
es)es — { Yy 3 —a, Yit . es)es — { —e], —ewh, e, —eihs}
es ) e — { —e1s, e}, ey, e} , es)er — { ), Y1, vy,  —Y3}
es ) er — { —eis, —e1y)s, eys, e} , eg)ex — { Y3, =Y, vy, =},
es ) es — { —eis, ey, ey, —eia} , es)ea — { o, YT, Ui, —¥s3}
eg)es — { e, —eryVy, ey, —eyz} ., eg)er — { —eyy, —eipa, —erh3, —erj }
er)er — { —t4, —U3, vy, =1}, er)ex — { es, —ewi, —edy, —eih }
er)es — { V3, =g, YT, v}, er)es — { —eis, e}, —ery, —ei3}
er)es — {  —o, YT, Y5, Y3}, er)es — { e}, e, enh3, —erpy}t .

TABLE B1-R
Octonionic right-barred operators action on ¢

e ( €2 — { —611/157 —611/)T7 _611/}27 611/);; } ) €1 (63 - { —1/157 —va _w?’:a Z } )
e ( €4 — { —611/)§7 61#)1, _611/}1‘7 _611/}; } ) €1 (65 - { —1/)§7 _sz —Wfa ; } )
€ ( € — { _elw;L _elw37 611/157 —611” } 3 €1 (67 - { Za - §7 1/157 T } )
ez (exr — { —ewhs, ey, e, —ews} , ex(es — { e}, es, —ews, —eithy}
ez (eqs — { o V3~ Y}, ex(es — { e], e3, e, v},
€2 ( €g — { - §7 1/)47 _U)lv _1/}2 } 5 €2 (67 - { elw?n _611/}47 611/}15 _611/}2 } )
es (ex — { 1, v, =i, 3t ., es(ex — { —ed], e, ehs, ehs}
es(es — { ewi, e;, —ewps, epr} , es(es — { —vi, vy, =2,  —Y1}
es (eg — { —es, ey, —eip2, —ert1} , es(er — { —v5, —Yi, —in, v b,
eg (er — { —es, —er¥], e, eds} , es(ex — { =i, =3, —¢5, =Y}
eg (es — { —eV], ehs, es, —er1} , es(es — { e], —ehs, e, —ertls}
es (e — { 3 Y, Y3, i}, ea(er — { —es, —eiyr, —erhy, —erP3}
es (e1 — { )3, vy, v, =3}, es(ex — { —eiy, —ewh3, ey, —erhr }
es (es3 — { o —Ys, Y3, Y1}, es(es — { —edf, e, e, efs}
€5 ( € — { €1¢§7 elwla 611/127 —611/13 } ) €5 ( ey — { w27 1/117 _w;lku Q/J3 } )
es (e1 — { —e1s, es, —erys, ey} , eg(ex — { 3, — P4, v, =5},
€g ( €y — { 611/’§7 €1¢47 61¢17 611/}; } ) €6 ( €4 — { - ;v _U)lv _¢4a _1/};; } )
eg (es — { —eys, —ery1, ey, es} ., es(er — {—ey], ea, eh3, —er¥j}
er (er — { —u, vy, —Ys, —1 ), er(ex — { —ews,  enhs, —erhr, —erys }
er (eg — { 3 Y, v, =3}, er(es — { e, ewpr, ehy, —ervhy}
er (es — { —v35, —¢, Yy, Y5} , er(es — { e], —eihs, —e1hs, —erhy ;.
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APPENDIX B2

In the following charts we establish the connection between 4 x 4 complex matrices and octonionic left /right-barred
operators. We indicate with R, (Cimn) the 4 X 4 real (complex) matrices with 1 (¢) in mn-element and zeros else-
where.

4 x4 complex matrices and left-barred operators:

1

Rll g 5[1—€1|61]
1

Ris <« E[261)€3+€3)61—2|62—62+€4)66—66)€4+€5)67—67)€5]
1

Riz < E[261)€5+€5)61—2|64—64+€6)62—62)€6+€7)63—63)€7]
1

Ry < z 21 )erter)er—2]es—es+es)ea—es)eztes)es—es)es]
1

Ro1 < 5[624-63)61]
1 1

Raz < 6[1+61|€1+€4|64+€5|65+66|€6+67|67]_§[€2|62+63|63]
1

Raz < 5[—62)64—63)65]
1

Roys < §[€3>67_62)66]
1

R31 « 5[644—65)61]
1

Raz < - [ —es5)ez—es)er]
2
1 1

Raz < 6[1+61|€1+€2|e2+€3|63+66|66+67|67]_§[€4|64+65|65]
1

Razs < 5[65)67_64)66]
1

Ra1 < 5[66_67)61]
1

Raz < 5[67)63_66)62]
1

Raz < 5[67)65_66)64]
1 1

Ras < E[1+€1|61+€2|€2+€3|€3+€4|64+€5|65]_§[€6|€6+€7|67]
1

Ci1 < 5[1|€1+61]
1

Clz g 6[—261)62—63—2|63—62)61+64)67—|—66)65—65)66—67)64]
1

Ci3 < 6[—261)64—65—2|65—64)61—66)63—62)67+67)62+63)66]
1

Cia 6[—2@1)eg+e7+2|e7—ea)61—62)65+64)63+65)€2—63)64]
1

621 d 5[—634—62)61]
1 1

Cop 6[1|61—61+64)65—65)64—66)67+67)66]—§[62)63—63)62]
1

623 <~ 5[—62)654—63)64]
1

Coy 5[63)664-62)67]
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Ca1
Cs2
Css
Caa
Ca1
Caz
Cas

Caa

NP NEREN RO RNNFRPRNN RPN RN RO RORN RN =N -

1

5[ —65—|—64)61]

1

gles)ez—ea)es]

1 1
E[1|€1—61+62)63—63)62—66)€7+67)66]—§[64)65—65)64]
1

5 les)esten)er]

1

5 lertes)er]

1

5[ —e7)ex—ep)es]

1

5[ —e7)es—ep)es]

1 1
6[1|61—61+€2)63—63)62+64)65—65)64]—§[67)66—66)67]

4 x4 complex matrices and right-barred operators:
[1—e1|e1]
[ —e2tes (er]
[ —estes (er]
[ —es —e7 (e1]
[2e1 (es+es(e1+2|eat+ea+es (eg—es (eat+es (er—er (es5)]
[1+61|61+€4|64+€5|65+66|€6+67|€7]—% [ea|ea+es]|es]
[ —es (es—es (2]
[e7 (es—es (e2]
[2e1 (es+es (e1+2]estes+es(ea—ea(eg+er(es—es(er]
[ —e2(ea—es(es]
[1+61|61+€2|62+€3|63+66|€6+67|€7]—% [es|eqs+es]|es]
[er (es —e6 (es]
[2e1 (er4+er(e1+2|eg+es+ex (ea—eqs (e2+e5 (es—es(es5)]
[es (er—e2 (€]
[es (er —eq (e ]
[1+€1|€1+62|€2+63|63+64|64+65|65]—% [es|es+er|er]
[1]e1+e1]

[ —e2(e1—e3]
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Ciz < [—64(61—65]

Cis = 5[ —es(e1+er]

[2e1 (e2—e3+—2|es+ea(e1+eqs(ertes(es—es (eg—er (eq]
Coo < [1|€1_€1_€4(65+65(€4+€6(€7_67(€6]_% [ —ea(es+es (ez2]
Coz « 5[ —es(eatea(es]
Cos « s [er(eates(e3]
Cs1 « =[2e1(es—es—2|es+eqs(e1—eg(e3—ex(er+er (eates(eg]
Cz2 < s [ea(es—ez(eq]
Csz < [1|61—61—62(63+63(62—|—66(e7—e7(66]—% [ —es(es+es]|eq]
Cas < s ler(eates (es5]

[ —2e1 (eg—er+2|er+es(e1—ea(es+eq (es+es (e2—es(eq]
Ciz & 5[ —e3(es—ea(er]
Ciz & 5[ —es5(eg—ea(er]

Cuy [1|61—61—€2(63+63(62—64(65+65|€4]— [66(67—67(66]

NP NP NIFRPNPFNRPNRNDI RO RPNRNN RO RO RN =N -

Wl

The previous tables could be very useful in order to extract octonionic operators multiplication rules or left/right
barred operators connection. For example, we quickly find

[ea )er+es)eg] — 2Cu < [er(eates(es] and so on
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