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ABSTRACT
In this work, we summarize the current state of understanding of lateral displacement and angular
deviations of an optical beampropagating throughdielectric blocks. In part I, the analytical formulas,
found for critical incidence, are comparedwith numerical calculations and, when possible, extended
from Gaussian to more general angular distributions. Angular deviations are discussed both for the
critical and for theBrewster incidence. The combinedeffect, knownas the compositeGoos–Hänchen
shift, shows an interesting axial dependence and, under particular circumstances, the intriguingphe-
nomenon of the light oscillation. In part II, the weak measurement technique is discussed in detail
and compared with direct optical measurements.
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1. Introduction

In 1947, theGerman physicistsHermannGoos andHilda
Hänchen observed and explained an anomalous beam
shift that would grow into a long series of investigations
in Optics. In a seminal experiment [1], they showed that,
under the total internal reflection, the origin point of a
reflected ray would be shifted from the intersection point
between the incident ray and the interface between the
dielectric media, the size of the shift being proportional
to thewavelength of the light being used.Up to that point,
the classical description of light’s path through homoge-
neousmedia relied onGeometricalOptics [2, 3], but their
results showed that even classical light had more sub-
tleties to it than previously thought. This phenomenon
would be named in their honour the Goos–Hänchen
effect.

In the following year, the also German physicist Kurt
Artmann presented a mathematical description of this
experiment [4], extending its analysis from the Trans-
verse Electric polarization, the only one experimentally
verified up to that moment, to the Transverse Mag-
netic polarization, which was then verified by Goos and
Hänchen in 1949 [5]. Artmann’s approach consisted of
considering that the multiple plane waves building up
the resultant electromagnetic fields have rapidly varying
phases that cancel each other out. The stationary condi-
tion gives the main term of the phase which contributes
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to determine the optical path. Upon total internal reflec-
tion, the Fresnel reflection coefficient becomes com-
plex, giving origin to (what we will call hereinafter) the
Goos–Hänchen phase, the addition of which generates a
lateral shift of the optical path. Although Artmanns’s for-
mula obtained by this method was generally successful,
it has a troubling flaw inherent to it: it diverges for inci-
dence angles near the critical angle when experimental
data show that it should be finite.

The divergence problem of Artmann’s formula was
addressed by Wolter [6], and, independently, by Art-
mann himself [7]. Wolter’s approach did not consider
a bounded beam, but rather a wave composed of two
slightly incoherent plane waves. This simplified model,
however, proved itself to be overly simplified, since re-
establishing coherence would bring the divergence back.
Artmannwasmore successful in his enterprise, obtaining
a formula for the Goos–Hänchen shift for critical inci-
dence under the assumption of a large number of total
internal reflections between two parallel interfaces.

Even though this problem remained unsolved for the
decades to come, new insights helped its understand-
ing. Brekhovskikh, in 1960 [8], and Lotsch in the late
1960s [9] and early 1970s [10] demonstrated that the
inconsistency between theory and experiment were due
to a problem in the derivation of the analytical formula,
which was not valid in the close vicinity of the critical
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angle. Meanwhile, in 1964, Renard presented a formula
that was curiously different from theArtmann one far the
critical incidence but would approach it as the incidence
angle reaches the critical region [11]. The mistake in his
derivationswould be pointed out twenty years later by Lai
et al. [12], but the basis of his arguments would prove not
only correct but very interesting. Renard’s paper showed
that the Goos–Hänchen shift is a necessity imposed by
the conservation of the energy flux for total internal
reflection.

In 1970, Horowitz and Tamir presented their famous
attempt at solving this conundrum through a direct
integration of the reflected electric field [13]. This was
accomplished by a clever manipulation and expansion of
the integrand, providing a complex formula in terms of
the Weber function [14]. Their solution, however, suf-
fered two problems. The first one, as pointed out by
Cowan and Aničin [15], was that, even though it pro-
vided the correct value for the shift at the critical angle,
in a small vicinity of it, the analytical curves presented
an infinite slope possessing for some cases a cusp-like
structure. These features are neither compatible with
experimental results nor with the smooth continuity of
Gaussian beams spectra of plane waves. The second one,
the mathematical rigour of the derivation was flawed
since the resultant formula is inconsistent with the ini-
tial assumptions. Horowitz and Tamir assumed that the
incidence angle was always close to the critical angle, but
their formula also reproduced Artmann’s results which
are valid for angles far from the critical incidence. This
second problemwas discovered by Lai et al., who, in 1986,
presented a corrected version of Horowitz and Tamir’s
derivation where they assumed a beam that does not
diverge as it propagates [12].

In the last decade, numerical analyses were used to
study the regions of validity of the analytical formulas
available in the literature, as well as the angles for which
maximum shifts are obtained [16]. Analytical investi-
gations in the critical region were only resumed very
recently. In 2016, a paper byDe Leo et al. found analytical
formulae for the Goos–Hänchen shift of the maximum
intensity point of a Gaussian beam as well as for the shift
of its average intensity [17], using in the derivation a dif-
ferent perspective than the one employed by Horowitz
and Tamir, and by Lai et al. The shift of the maximum
intensity point was obtained by considering the structure
of the beam on the stationary condition employed origi-
nally by Artmann, while the shift of the average intensity
was calculated by a mean value analysis of the electric
field intensity in the direction perpendicular to the direc-
tion of propagation. Bothmethods return results that not
only agree with each other away from the critical angle
but, more importantly, agree with Artmann’s result in the

same region. Near the critical angle, the formulae dis-
agree in magnitude only, which is expected since in this
region theGaussian beam is not symmetrical [18, 19] and
the maximum intensity point does not coincide with the
average intensity. In 2017, a paper by the same authors
studiedmore carefully the effects of this symmetry break-
ing on the Goos–Hänchen shift, finding an oscillatory
behaviour in the curves [20], depending on the posi-
tion of the camera duringmeasurements: A phenomenon
called Composite Goos–Hänchen shift. It is interesting to
note that this new phenomenonwas overlooked by previ-
ous works due to the assumption of non-diverging beams
[12], which amounts to consider that measurements are
carried out very close to the dielectric interface and to
neglect a portion of the beam outside the total internal
reflection region [17].

Experimentally, the Goos–Hänchen effect has been
revisited several times since the original experiments. In
1973, Green et al. re-measured the shift using a set-up
similar to the one used by Goos and Hänchen in 1947
and 1949, increasing the accuracy of the measurements
[21]. In 1977, Cowan and Aničin measured it for the first
time using microwaves [15], while Bretenaker et al., in
1992, presented the first measurement of the shift due to
a single reflection using a He–Ne laser source [22].

Parallel to the study of the Goos–Hänchen effect,
angular deviations from the predictions of the Geometri-
cal Optics were also discovered and studied throughout
the twentieth century up to present, a phenomenon called
angular Goos–Hänchen shift. In 1973, Ra et al. identi-
fied this sort of shift from the analysis of the integrated
reflected beam expression for the case of partial inter-
nal reflections, presenting the critical angle as a frontier
betweenGoos–Hänchen and angular shifts [23]. In 1974,
studying a similar system, but expressing the reflected
beam as a superposition of beam modes, of which the
Gaussian beam was the fundamental mode, Antar and
Boerner, obtained an expression for the angular deviation
at the Brewster angle [24]. In their paper they describe
how, for incidence at the polarization angle, the funda-
mental mode is absent, being then angular deviations a
higher order phenomenon at Brewster incidence. They
also observed that, as the incidence angle moves from a
value smaller than the Brewster angle to a value greater
than it, a change in the sign of the shift occurs.

Up to that point, research on angular shifts wasmostly
driven by the mathematical properties of the electric
field integrals. It was not until 1977 that a more physi-
cal interpretation of the effect was presented. White et al.
theorized that the angular shift was due to a change in
the power distribution of the plane wave spectrum of
the beam [25]. Also considering internal reflections, they
assumed that the propagation direction of the reflected
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beam was approximately the same as the propagation
direction of the plane wave with the largest contribution
to the beam power in the far field. With this assumption,
they found that each part of the beam that was split in
two at the Brewster angle had a different angular devia-
tion. Their method corresponds to the maximum value
analysis carried out for the Goos–Hänchen shift in [17],
while Antar and Boerner’s method, which considered
both peaks as parts of the same object, is analogous to
themean value calculation in the same reference. In 1985,
Chan and Tamir analysed the angular shift in the region
around the Brewster angle using a mathematical method
resembling the method used by Howoritz and Tamir for
the analysis of lateral shifts in the critical region [26].
Their work offered an interesting perspective on themat-
ter, arguing that, at the Brewster angle, the reflected beam
is so deformed in comparison to the incident one that the
concept of angular deviation lacks any meaning. Regard-
ing angular deviations at the critical angle, Chan and
Tamir, in a 1987’s reviewwork of beam phenomena in the
critical region [27], not only found the deviation value at
critical incidence but also reproduced results from Ra et
al. In 2009, Aiello and Woerdman revisited the topic of
angular deviations in the Brewster region [28], calculat-
ing the shifts as the mean distance between the propaga-
tion direction according to Geometrical Optics and the
centre of the beam, and, in the same year Aiello et al.
addressed beam deformation in the same region [29].

Independently from the angular Goos–Hänchen shift,
researchers on microcavities studied a similar effect,
mostly associated with transmissions instead of reflec-
tions. Tureci and Stone named this effect Fresnel Filter-
ing in 2002, in a paper where they showed that critical
incidence does not actually originate a tangent transmis-
sion, with large deviations occurring from this expec-
tation [30]. Their explanation for the phenomenon was
the same presented by White et al. regarding the angu-
lar Goos–Hänchen shift [25], that is, the shift is due to
a change in the power distribution of the (in this case)
transmitted beam, induced by the interface. In 2013,
Götte et al. demonstrated that both phenomena, angular
Goos–Hänchen shift and Fresnel Filtering, were, in fact,
the same in nature [31].

Curiously, while the experimental results of Gmachl et
al. with microcavities [32] stimulated the theoretical
investigations of Tureci and Stone, there is a time interval
ofmore than 30 years between the first theoretical studies
on the angular Goos–Hänchen shift and its experimental
verification in 2006 by Müller et al. for microwaves [33].
Three years later, Merano et al. measured the effect using
a superluminescent light emitting diode [34].

The Goos–Hänchen shift and the angular devia-
tions have in common the minute nature of their

manifestations, which poses a practical problem for the
experimentalist. In their 1992 paper, Bretenaker et al.
even defended the importance of their experimental
work measuring the Goos–Hänchen shift of lasers for a
single reflection by stating that, up to that point, all mea-
surements had made use of one out of two techniques:
they either employed a system with multiple reflections
or made use of microwaves. The goal of both methods
being the amplification of the shift. In the history of
angular deviations’ experiments, a similar pattern can be
observed. The Fresnel Filtering naturally involves several
interactions with the interfaces of the microcavity, while
the angular Goos–Hänchen shift was measured first for
microwaves in 2006 and then for a single reflection of a
laser beam in 2009.

A third route to amplification, however, was been
found in a technique originally designed for quantum
mechanical systems. In 1988, Aharonov et al. presented
their famous paper, introducing what they called Weak
Measurements [35]. The details of their quantum theory
are out of the scope of our work (though the reader inter-
ested may refer to the excellent review of the subject by
Svensson [36]), but its general idea was that particular
choices of final states and a weak interaction between
system and meter could provide a trade-off between the
final state’s probability and the eigenvalue characterizing
it. By selecting an event with a very low probability, it
was, consequently, possible to greatly increase the mea-
sured value associated with it (in their original paper they
discuss spin measurements). One year later, Duck and
Stevenson published a paper addressing some inconsis-
tencies of Aharonov et al.’s work, but acknowledging the
worth of their results [37]. In the same paper, they also
adapted the theory to an optical system, initiating the
Optical Weak Measurements field of research. Under this
classical point of view, the trade-off happens between the
electromagnetic field’s intensity and an induced devia-
tion of its path. In 2012, Dennis and Götte developed the
full correspondence theory between Quantum and Opti-
cal weak measurements [38], and in 2013, Jayaswal et al.
made the first weak measurement of the Goos–Hänchen
shift [39], while, in the following year, they [40] and
Goswami et al. [41] employed the technique, indepen-
dently, to observe angular deviations. In 2016, Santana
et al. made the first weak measurement experiment in
order to investigate the composite Goos–Hänchen shift
[42]. In 2015, Araújo et al. presented their study on how
weak measurements of the Goos–Hänchen shift in the
critical region could suffer axial deformations [43], due
to the symmetry breaking of the beam in the region, and,
in 2017, a paper by the same authors made a compara-
tive analysis of weak measurements versus direct mea-
surements of angular deviations near the Brewster and
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critical regions, evaluating the efficiency of the ampli-
fication technique [44]. Finally, in an accepted, but yet
unpublished paper, Maia et al. investigated the effect of
the Goos–Hänchen phase in weak measurements [45].
Such a phase is usually discounted from theoretical works
as an unnecessary complication and is removed from
experiments with the aid of waveplates. The paper fills
the gap in the literature concerning the formal descrip-
tion of its effects, describing its destructive influence on
measurements. The understanding of the precise nature
of this influence, the authors argue, is relevant in prevent-
ing discrepancies between theoretical expectations and
experimental evaluations.

This brief history of beam shifts is by no means
an exhaustive account, but it focuses only on the most
relevant aspects of the paste. It does not consider, for
instance, other kinds of shifts such as the Imbert–Fedorov
effect [46–48], which is a transversal shift occurring for
circularly polarized light, nor does it consider shifts for
metallic interfaces [49] andwaveguides [50], shifts occur-
ring for different beammodes [51], or their seismic coun-
terpart [52, 53]. Hopefully, however, these references will
help to illustrate the large range of applicability of such
phenomena.

The present work is divided into two parts. The first
one contains an analysis of the two-dimensional beam
shift phenomena, meaning that all shifts considered
occur in the plane of incidence, and the second one refers
to the use of optical weak measurements in the study of
lateral shifts and angular deviations. It is structured as
follows: the first section was an introductory review of
optical beam shifts. In the sequential sections, the for-
malism followed and the notation used is introduced
by a brief study of the electromagnetic waves propaga-
tion in dielectric media, the calculation of their optical
paths, and by showing how the use of Gaussian beams
change such calculations. In Section 2, the Fresnel coef-
ficients, for Transverse Electric and Magnetic waves, are
obtained, by using the continuity equations. The optical
system is discussed in Section 3. In Section 4, the Gaus-
sian beam formalism, the proper coordinate systems for
each interface, and the Brewster and critical regions are
introduced. Section 5 contains the Artmann’s results and
a discussion on the divergence problem solved by an ana-
lytical solution for the maximum intensity point of the
beam and for the average intensity as well. In Section 6,
the analytical expressions for the angular deviations are
obtained, and in Section 7 the composite Goos–Hänchen
shift and the oscillatory behaviour is investigated. This
concludes Part I. In Section 8, the first section of Part
II, the axial dependence of weak measurements of the
Goos–Hänchen effect in the critical region is studied
as well as the effects of the Goos–Hänchen phase on

such measurements. Section 9 contains an analysis of
the efficiency of optical weakmeasurements versus direct
measurements for angular deviations. Conclusions and
outlooks are given in the last section.

2. Waves propagation in dielectric media

The behaviour of electromagnetic fields is described by
Maxwell’s equations [2]. In dielectric media, which are
the ones we are interested in, there are no free charges
nor current densities. These equations can be written in
their differential form as

∇ · (εj E) = 0, (1a)

∇ · B = 0, (1b)

∇ × E = −∂B
∂t

, (1c)

and

∇ × B
μj

= −∂(εj E)
∂t

, (1d)

being E and B the electric and magnetic fields, respec-
tively, εj the permittivity of the propagatingmedium j and
μj its permeability. The fields are implied to be a function
of spatial coordinates and of time. From these equations,
it is possible to write differential wave equations [2],

∇2
F −

n2j
c2
∂2F
∂ t2

= 0, (2)

the solutions of which describe the propagation of elec-
tromagnetic waves. In the equation above, F can be
thought of as representing E or B, since both equa-
tions have the same form. In its derivation, we have
used μj εj = n2j μ0 ε0, being nj the refractive index of
the medium j, and μ0 ε0 = 1/c2, where c is the speed of
light in vacuum. The solutions to the Equation (2) can be
obtained by the separation of spatial and time variables.
Assuming F = A(r)T(t) we obtain the equations(

∇2 + k2
)
A(r) = 0, (3a)

and (
∂2

∂t2
+ c2 k2

n2j

)
T(t) = 0. (3b)

The plane wave solutions are

A(r) = u(k) exp (i k · r) (4a)

and

T(t) = exp
(−iωj t

)
, (4b)

respectively, where ωj = c k/nj the angular frequency of
the wave and k = 2π/λ its wavenumber, with λ is its
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wavelength. The vector amplitude u(k) determines not
only the amplitude of the field’s oscillation but its direc-
tion as well. Since electromagnetic waves are transversal
waves, this vector amplitude depends on the vector k,
which provides us with the propagation direction of the
wave and is such that |k| = k = nj k0, where k0 is the
wavenumber in a vacuum. The components of this vector
are k = (kx, ky, kz), and they can be written as a function
of spherical coordinates as

k = k (sin θz cos θx, sin θz sin θx, cos θz), (5)

where θz is the polar angle and θx the azimuthal angle.
The plane wave solutions obtained describe waves

propagating through an uniform medium. Upon inter-
action with an interface between media, however, these
waves are split into reflected and refracted portions. The
ratio at which this division occurs is determined by the
Fresnel coefficients. These are obtained from the bound-
ary conditions’ analysis of the Maxwell’s equations [3].
From (1a) and (1b) we have that

ε1 E1⊥ = ε2 E2⊥ (6a)

and

B1⊥ = B2⊥, (6b)

and from Equations (1c) and (1d),

E1‖ = E2‖ (6c)

and
B1‖
μ1

= B2‖
μ2

, (6d)

where the subscripts 1 and 2 are a reference to the first
and second medium with refractive indices n1 and n2,
respectively. When we introduced the vector amplitude
u(k) no details about the oscillation direction were pre-
sented because for the propagation in a uniformmedium
this information is of no relevance. An interface, how-
ever, breaks this uniformity, and the oscillation direction
becomes important. The normal to the interface and the
incidence direction, k/k, define the plane of incidence,
which is the reference in the definition of the polariza-
tion state of light. The component of the electric field
orthogonal to the plane of incidence characterizes the
Transverse Electric (TE) polarization, while the compo-
nent of the magnetic field orthogonal to the plane of
incidence characterizes the Transverse Magnetic (TM)
polarization, see Figure 1. In Equations (6) the subscript
‘‖’ indicates the component of the field that is parallel to
the interface and ‘⊥’ the component perpendicular to it.
Since we are considering a plane interface, which is, con-
sequently, perpendicular to the plane of incidence, these

symbols indicate field components that are perpendicular
and parallel to the plane of incidence, respectively.

The four equations (6) are redundant, and we can
focus only on Equations (6c) and (6d) to find Fresnel’s
coefficients. To do so, let us consider a coordinate system
with the interface being the plane z = z0, and the plane
of incidence the x−z plane. This perfectly valid choice is
equivalent to orient the coordinate system in such a way
that θx = 0 in Equation (5), which becomes then

k = k (sin θ , 0, cos θ), (7)

where the notation was simplified bymaking θz = θ . The
z-axis is parallel to the normal of the interface, which
makes θ the incidence angle. The propagation direction
of the reflected wave also makes an angle θ with the z-
axis, but upon reflection, the z-component of its phase
acquires a minus sign, according to the law of reflection.
The transmitted wavemakes an angleψ with the normal,
which is given by the Snell’s law

n1 sin θ = n2 sinψ , (8)

see Figure 1.
For the TE polarization, Figure 1(a), Equations (6c)

and (6d) can be written as

Einc + Eref = Etra (9a)

and

Binc cos θ − Bref cos θ = Btra cosψ , (9b)

where ‘inc’, ‘ref’, and ‘tra’ denote the incident, reflected,
and transmitted fields, respectively, andwherewe consid-
ered that the permeability μj does not differ appreciably
from one dielectric to another [3]. Besides, the subscript
‘‖’ was suppressed. Noticing that B = nj E/c [54], and
defining the reflection and transmission coefficients to be
the ratio between electric field amplitudes at the interface,
that is,

r = Eref

Einc

e2 i k z0 cos θ and t = Etra

Einc

ei k (cos θ−n cosψ) z0 ,

(10)

respectively, where we have defined the relative refractive
index n = n2/n1, we have that

r
[TE]
(θ) = cos θ − n cosψ

cos θ + n cosψ
e2 i k z0 cos θ (11a)

and

t
[TE]
(θ) = 2 cos θ

cos θ + n cosψ
ei k (cos θ−n cosψ) z0 . (11b)
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Figure 1. The incidence plane defined by the interaction between an electromagnetic wave and an interface between two dielectric
media of refractive index n1 (incident medium) and n2 (refractive medium). The incident wave hits the interface creating an angle θ with
its normal, being then partially reflectedwith the same angle and partially refractedwith an angleψ . The electric field orthogonal to the
incidence plane in (a) defines the Transverse Electric (TE) polarization and themagnetic field orthogonal to it in (b) defines the Transverse
Magnetic (TM) polarization.

For the TM polarization, Figure 1(b), Equations (6c)
and (6d) assume the form

Binc + Bref = Btra (12a)

and

Einc cos θi − Eref cos θi = Etra cosψi, (12b)

and a similar analysis as the one carried out for the TE
polarization provides us with

r
[TM]

(θ) = n cos θ − cosψ
n cos θ + cosψ

e2 i k z0 cos θ (13a)

and

t
[TM]

(θ) = 2 cos θ
n cos θ + cosψ

ei k (cos θ−n cosψ) z0 . (13b)

Optics textbooks usually do not present these complex
exponentials as part of the Fresnel’s coefficients and at
first, they do seem like an unnecessary complication since
we could have chosen the interface to be the plane z = 0.
However, in more complex structures, composed of sev-
eral interfaces, such as a prism, it is not ideal to avoid
these exponentials at every interface, which is why they
were presented here, since they carry important informa-
tion regarding the light’s path inside the structure, and its
analysis provides a smooth introduction to lateral shifts,
as will be seen in the next section.

3. The optical system

With the basic notions of electromagnetic waves propa-
gation established in the last section, let us now turn to

the description of the optical system we will be studying.
In order to bring our results closer to possible experimen-
tal implementations, we will consider as optical system
a dielectric right angle triangular prism of vertices A, B,
and C, as depicted in Figure 2(a).The interaction of light
with it occurs as follows: light hits the left face of the
prism forming an angle θ with its normal. Part of it is
reflected with the same angle of incidence and another
part is transmitted into the prism with an angle ψ with
the left face’s normal, according to the Snell’s law, see
Equation (8). The portion of light transmitted into the
structure hits then its lower face with an angle ϕ, which
is determined by the geometry of the system, being, in
this case,

ϕ = π

4
+ ψ . (14)

Here again, part of the light is transmitted to the outside
of the prism with an angle φ, and part is reflected with an
angle ϕ, hitting then the right face of the prism with an
angle ψ and being finally transmitted with an angle θ .

In the process described above, to each face of the
prism, there is a set of associated Fresnel’s coefficients
which modify the plane waves interacting with those
faces. These coefficients are obtained from the same pro-
cedure carried out in the last Section with a few modi-
fications regarding the coordinate systems used in their
derivation. Let us define two coordinate systems, both
with origin on the left face, at a distance d from the ver-
tex A of the prism, as depicted in Figure 2(b). The x−z
system has its z-axis orthogonal to the left face, while the
x∗ − z∗ systemhas its z∗-axis orthogonal to the lower face
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Figure 2. (a) The optical system of interest: a right angle triangular prism of vertices A, B, and C, and relative refractive index n. Light
is emitted by a laser source and hits the left face (AB) of the prism forming an angle θ with its normal. Part of this beam is reflected
with the same angle of incidence and part is transmitted with an angle ψ given by the Snell’s law. The transmitted beam hits then the
lower interface (AC) of the prism at an angle ϕ = π/4 + ψ , being then partially transmitted to the outside with an angle φ given by
n sinϕ = sinφ, and partially reflected with the same angle ϕ. This reflected portion then hits the right interface (BC) of the prism with
an angle ψ and is finally transmitted with an angle θ , being recorded by a camera. (b) The coordinate systems of interest, sharing a
common origin at a distance d from the vertex A. The x−z system has its z-component perpendicular to the left face of the prism while
the x∗ − z∗ system has its z∗ -component perpendicular to the lower face.

of the prism. Using the x−z system, the Fresnel’s coeffi-
cients associated to the left face are simply the ones given
by Equations (11) and (13) with z0 = 0,

{
r
[TE]

left
(θ), r

[TM]

left
(θ)
}

=
{
cos θ − n cosψ
cos θ + n cosψ

,
n cos θ − cosψ
n cos θ + cosψ

}
(15a)

and {
t
[TE]

left
(θ), t

[TM]

left
(θ)
}

=
{

2 cos θ
cos θ + n cosψ

,
2 n cos θ

n cos θ + cosψ

}
. (15b)

In the x∗ − z∗ system, the lower interface is placed
at z∗ = d/

√
2, and the correspondent coefficients
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are{
r
[TE]

lower
(θ), r

[TM]

lower
(θ)
}

=
{
n cosϕ − cosφ
n cosϕ + cosφ

,
cosϕ − n cosφ
cosϕ + n cosφ

}
e
√
2 i n k d cosϕ

(16a)

and {
t
[TE]

lower
(θ), t

[TM]

lower
(θ)
}

=
{

2 n cosϕ
n cosϕ + cosφ

,
2 cosϕ

cosϕ + n cosφ

}
ei k (n cosϕ−cosφ) d/

√
2, (16b)

where attention must be paid to the fact that now the
incoming medium has a refractive index n2, while the
refractive index of the refracting medium is n1. Finally,
for the right face of the prism, we can use the x−z system
again, noticing that now the discontinuity is in the x-axis,
in the plane x = AB − d, obtaining{

r
[TE]

right
(θ), r

[TM]

right
(θ)
}

=
{
n cosψ − cos θ
n cosψ + cos θ

,
cosψ − n cos θ
cosψ + n cos θ

}
e2 i n k(AB−d) cosψ (17a)

and {
t
[TE]

right
(θ), t

[TM]

right
(θ)
}

=
{

2 n cosψ
cos θ + n cosψ

,
2 cosψ

n cos θ + cosψ

}
× ei k(n cosψ−cos θ)(AB−d). (17b)

The reflectivity (R = |r|2) and transmissivity (T =
1 − |r|2) associated to Fresnel’s coefficients above are
represented as a function of the incidence angle θ in
Figures 3 and 4, respectively, for a borosilicate (n = 1.515)
prism. Note that the coefficients for the right interface are
not plotted since they would reproduce the plots (Fig-
ures 3(a) and 4(a)). From these graphics, we can see
that some incidence angles present particularly interest-
ing effects. The TM reflection at the left face, Figure 3(a),
for instance, which is an external reflection, meaning
that the refractive index of the transmitting medium is
greater than the incident medium’s, becomes null for an
incidence angle

θ
±
B(ext)

= ± arcsin
[

n√
n2 + 1

]
. (18)

This is known as the external Brewster angle, hence
the subscript in the equation above, B(ext), and it is a

polarization angle: a plane wave reflected at this angle
will have its TMpolarization component filtered out. The
same effect occurs for the reflection at the bottom of the
prism, Figure 3(b), this time an internal reflection, with
the refractive index of the incidentmediumbeing greater.
For the angle

ϕB(int) = arcsin
[

1√
n2 − 1

]
, (19)

no TM-polarized light is reflected. This can be written
for the incidence angle θ , the angle the experimentalist
has direct control over, as

θB(int) = arcsin
[

n (1 − n)√
2
√
n2 + 1

]
. (20)

Note that there are two symmetrical external Brewster
angles and only one internal. The reason is that for the
external reflection we can choose the incident angle sym-
metrically around the normal to the interface, being the
‘+’ sign associated with an anticlockwise rotation from
the normal and the ‘−’ signwith a clockwise rotation. The
geometry of the system, however, limits the angle ϕ of the
internal reflection to an anticlockwise rotation only. As
we will see later, the Brewster angles play an important
role in angular deviations from geometrical optics.

Besides the Brewster angles, there is another angle
of interest called the critical angle. It is given by ϕcri =
arcsin[1/n], or, expressing it for θ , by

θcri = arcsin

[
1 − √

n2 − 1√
2

]
. (21)

This angle marks a threshold. For incidence angles
greater than θcri the reflection coefficient of the lower
interface becomes complex and its reflectivity becomes
1, which characterizes the phenomenon known as Total
Internal Reflection. In this regime, we have that

r
[TE,TM]

lower
(θ) = e

√
2 i n k d cosϕ+i�

[TE,TM]
GH , (22)

where�[TE,TM]

GH
are the Goos–Hänchen phases{

�
[TE]

GH
,�

[TM]

GH

}
= −2

{
arctan

[√
n2 sin2 ϕ − 1
n cosϕ

]
,

× arctan

[
n
√
n2 sin2 ϕ − 1
cosϕ

]}
, (23)

which, as the name suggests, are intrinsically related
to the Goos–Hänchen shift, as we will see in the next
section.
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Figure 3. The reflectivity of the left (a) and lower (b) faces of a borosilicate (n = 1.515) prism as a function of the incident angle θ . The
solid lines stand for the TM polarization, while the dashed lines stand for the TE polarization. For the left face of the prism, there are two
Brewster angles, that is, angles for which there is no reflection of TM-polarized waves, located at θB(ext) = ±56.57◦. For the lower face of
the prism there is one Brewster angle (θB(int) = −14.38◦) and one critical angle (θcri = −5.603◦). Critical incidence makes the reflection
coefficient complex and we enter in the so-called Total Internal Reflection regime, where the wave’s energy is reflected in its entirety.
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Figure 4. The transmissivity of the left (a) and lower (b) faces of a borosilicate (n = 1.515) prism as a function of the incident angle
θ . The solid lines stand for the TM polarization, while the dashed lines stand for the TE polarization. For the lower face, where the inci-
dent medium is denser than the refracting one, the transmissivity is characterized by the presence of evanescent waves, hence, the null
transmission after the critical angle (θcri = −5.603◦).
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Figure 5. For a plane wave with an incidence angle θ = 0 the coordinates of the intersection point between the wavevector refracted
by the left face of the prism and its lower face in the x∗ − z∗ system can be easily obtained geometrically, which is confirmed by the
phase analysis yielding Equation (27). In the Partial Reflection Regime, this intersection point is the same for the incident, reflected, and
refracted wave vectors.

At the beginning of the section, we described the
light’s path through the optical system in terms of the
law of reflection and the Snell’s law. This information is
encoded in the mathematical description of these elec-
tromagnetic plane waves, being hold by their phase. The
light’s trajectory is obtained from the condition

∂�(�)

∂�
= 0, (24)

where�(�) is the wave’s phase and� is the angle of the
trajectory’s inclination in the proper coordinate system.
For the incident wave on the lower face of the prism, for
instance, �(ϕ) = �LowInc(ϕ) = n k (x∗ sinϕ + z∗ cosϕ).
It travels then along the line x∗ = tanϕ z∗ , meeting the
lower face at x∗ = tanϕ d/

√
2. Here we can see the

role played by the exponentials in Fresnel’s coefficients,
see Equations (15)–(17). They provide the intersection
points between wave vectors and the prism. For the beam
reflected at the lower interface (in the Partial Reflection
Regime) we have that

�LowRef (ϕ) = n k
(
x∗ sinϕ − z∗ cosϕ + √

2 d cosϕ
)
,

(25)

and the condition

∂�LowRef (ϕ)

∂ϕ
= 0 (26)

yields

x∗ = tanϕ
(√

2 d − z∗

)
. (27)

So, the reflection occurs at x∗ = tanϕ d/
√
2. The same

result is obtained for the wave transmitted through the

lower interface. In this case, we have that

∂

∂φ

(
k
[
x∗ sinφ + z∗ cosφ + (n cosϕ − cosφ) d/

√
2
])

= 0, (28)

which provides us with the line equation

x∗ = tanφ z∗ + (tanϕ − tanφ)
d√
2
. (29)

For z∗ = d/
√
2 the equation above gives x∗ = tanϕ d/√

2, showing that, in the Partial Reflection Regime, the
incoming, transmitted, and reflected waves at the lower
interface meet at the same point. This can be easily geo-
metrically verified for θ = 0, hence ϕ = π/4, as can be
seen in Figure 5.The waves’ phases that come from the
complex exponentials in Fresnel’s coefficients are called
geometrical phases because they hold information about
the light’s path according to Geometrical Optics. From
the cases analysed above, we can see that the displace-
ment from the origin due to the geometrical phase �geo

is given by

xgeo = − 1
k cos�

∂�geo

∂�
. (30)

This connection between phase and trajectory tells us
that adding incident-angle-dependent phases to the wave
displaces the intersection between its path and a partic-
ular face of the prism. This is the mechanism behind
the Goos–Hänchen shift. As we saw in Equations (22)
and (23), in Total Internal Reflection, the wave acquires
an additional phase, the Goos–Hänchen phase, which
will generate a displacement of the reflected beam from
the point where the incident and the transmitted beams
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meet. In the next section, we will study the Gaussian
beam formalism, and in Section 5 the Goos–Hänchen
effect in greater detail.

4. The Gaussian beam formalism

Plane waves are a straightforward solution to the elec-
tromagnetic wave equation and their simplicity makes
them easy to work with. They are not, however, physi-
cal solutions, carrying an infinite amount of energy and
spreading throughout the whole space. The plane wave
limit is a useful approximation, valid when the region
with an appreciable electric field amplitude is greater than
the characteristic dimensions of the optical system, but a
more precise description of light used in experiments, for
example, will rely on the concept of bounded beams.

Mathematically, beams are a collection of plane waves
with amplitudes following a given distribution of their
propagation direction. For this reason, contrary to plane
waves, which have a well-defined direction of incidence,
they present an angular spreading around their inci-
dence angle. In the following, we will study four Gaussian
beams. The first one is the beam incident upon our opti-
cal system and the other three are the beams resulting
from such interaction, being one the beam reflected by
the left interface, one the beam transmitted through the
lower interface, and the last one the beam transmitted
through the right interface.

Let us consider a Gaussian beam hitting the left face of
the optical system discussed in Section 3. Its electric field
is given by

Einc = E0
∫ +π/2

−π/2
dθ g(θ − θ0) ei k (x sin θ+z cos θ), (31)

where E0 is the electric field’s amplitude in the cen-
tre of the beam, and g(θ − θ0) is the Gaussian angular
distribution, given by

g(θ − θ0) = kw0

2
√
π

exp

[
−(θ − θ0)

2 (kw0)
2

4

]
. (32)

In the expression above, w0 is the distribution’s waist and
θ0 the position of its centre, which is the incidence angle
of the beam. Note that as w0 becomes greater, the Gaus-
sian function becomes more strongly centred around θ0,
taking the beam to the plane wave limit. In order for our
analysis of beam shifts to be more approachable, we will
consider the paraxial limit, which lies on the path to the
plane wave limit, without being as drastic. The paraxial
limit considers strongly collimated beams, with kw0 �
2π , which in turn allows the expansion of the trigono-
metric functions in the phase of the electric field given

by Equation (31) up to second order around θ0:

sin θ ≈ sin θ0 + cos θ0(θ − θ0)− 1
2
sin θ0(θ − θ0)

2,

cos θ ≈ cos θ0 − sin θ0(θ − θ0)− 1
2
cos θ0(θ − θ0)

2.

By defining a coordinate system xinc − zinc , see Figure
6(b),which is parallel to the incidence direction of the
beam, we have that[

xinc
zinc

]
=
(
cos θ0 − sin θ0
sin θ0 cos θ0

) [
x
z

]
, (33)

and we can then write Equation (31) as

Einc = E0 ei k zinc
∫ +∞

−∞
dθ g(θ − θ0)

× ei k [xinc (θ−θ0)−zinc (θ−θ0)2/2], (34)

where we have used the paraxial approximation to make
the integration limits infinite. This integral is integrable,
returning

Einc = E0 ei k zinc
w0

w(zinc)

× exp

[
− x2inc
w2(zinc)

− i
0

2
+ i

x2
inc

w2(zinc)
ζ

]
, (35)

where ζ = zinc/zR , being zR = kw2
0/2 the Rayleigh

length, which gives the distance from the point of min-
imum waist to where the area of the cross section of the
beam doubles. Besides,

0 = arctan ζ (36)

is the Gouy’s phase, which describes the phase change of
the beam after the point of minimal beam waist, that is,
ζ = 0, and

w(zinc) = w0

√
1 + ζ

2 , (37)

defines the diameter of the Gaussian beam, giving the
radius where the electric field intensity falls to 1/2e2 of
its peak value [55].

It is interesting to analyse the power associated with
this Gaussian beam, and how the interaction with the
prism changes it. This investigation is analogous to the
reflectivity and transmissivity study carried out in the last
section for plane waves. The incident power is given by

Pinc =
∫ +∞

−∞
dxinc |Einc |

2
, (38)

which is a straightforward integration using Equation
(35). However, in order to prepare for future, more com-
plicated calculations, let us use the integral form of the
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Figure 6. The optical system of interest (a) and the convenient coordinate systems (b) defined in order to better study it. There are two
coordinate systems associated with the prism, the x−z and the x∗ − z∗ systems. The z-coordinate is perpendicular to the left face of the
prism, while the z∗ -coordinate is perpendicular to its lower face. In addition, we define four other systems, with z-components following
the propagation direction of the beamswe are interested in. The xinc − zinc system is parallel to the incoming beam, the xlref − zlref system
to the beam reflected by the prism’s left face, the xltra − zltra system to the beam transmitted through the lower face of the prism, and the
xrtra − zrtra system is parallel to the beam transmitted through the right face of the prism.

incident electric field given by Equation (34). Using the
relation

∫ +∞

−∞
dxinc e

i k (θ−θ̃ ) xinc = 2π
k
δ(θ − θ̃ ), (39)

where δ(θ − θ̃ ) is the Dirac’s delta function, we can write
the power integral in its angular form:

Pinc = 2π
k

|E0|2
∫ +∞

−∞
dθ g2(θ − θ0) =

√
π

2
w0 |E0|2 .

(40)
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As for the electric field of the beam reflected at the left
face of the prism, it has its angular distribution modified
by the reflection coefficient of that interface:

E
[TE,TM]

lref
= E0

∫ +∞

−∞
dθ r

[TE,TM]

left
(θ) g(θ − θ0)

× ei k (x sin θ−z cos θ). (41)

Expanding the sine and cosine functions up to the sec-
ond order as done for the incident beam, and defining the
reflected coordinate system xlref − zlref , see Figure 6(b),
which respects the following relation,[

zlref
xlref

]
=
(
sin θ0 − cos θ0
cos θ0 sin θ0

) [
x
z

]
, (42)

we can rewrite Equation (41) as

E
[TE,TM]

lref
= E0 ei k zlref

∫ +∞

−∞
dθ r

[TE,TM]

left
(θ) g(θ − θ0)

ei k
[
xlref (θ−θ0)−zlref (θ−θ0)2/2

]
. (43)

Following the procedure, for the incident power, we
see that the reflected power is simply Equation (40) mod-
ified by the reflection coefficient r[TE,TM]

left
(θ),

P
[TE,TM]

lref
= 2π

k
|E0|2

∫ +∞

−∞
dθ
[
g(θ − θ0)r

[TE,TM]

left
(θ)
]2

.

(44)

Expanding [r[TE,TM]

left
(θ)]

2
up to the first order we can

integrate the equation above to obtain the normalized
reflected power as

P [TE,TM]

lref
= P[TE,TM]

lref

Pinc

= |r[TE,TM]

left
(θ0)|2 . (45)

The power reflected by the left face of the prism is
depicted in Figure 7(a).

The beam transmitted through the right face of the
prism is the result of three interactions with the inter-
faces, being modified by the transmission coefficient of
the left face, by the reflection coefficient of the lower face,
and, finally, by the transmission coefficient of the right
face, being written as

E
[TE,TM]

rtra = E0
∫ +∞

−∞
dθ t

[TE,TM]

left
(θ)r

[TE,TM]

lower
(θ)

× t
[TE,TM]

right
(θ) g(θ − θ0) ei k (z sin θ+x cos θ).

(46)

Following the same expansion step as before, and defin-
ing the right transmission coordinate system yrtra − zrtra ,

see Figure 6(b),[
zrtra
xrtra

]
=
(

cos θ0 sin θ0
− sin θ0 cos θ0

) [
x
z

]
, (47)

we have

E
[TE,TM]

rtra = E0 ei k zrtra
∫ +∞

−∞
dθ

× t
[TE,TM]

left
(θ)r

[TE,TM]

lower
(θ)t

[TE,TM]

right
(θ) g(θ − θ0)

× ei k [xrtra (θ−θ0)−zrtra (θ−θ0)2/2]. (48)

The Fresnel’s coefficients in the integral above have the
geometrical phases discussed in the last Section embed-
ded in them. In order tomake things clearer, let us detach
these phases from the coefficients,

r
[TE,TM]

lower
→ r

[TE,TM]

lower
e
√
2i n k d cosϕ

t
[TE,TM]

right
→ t

[TE,TM]

right
ei k(n cosψ−cos θ)(AB−d),

and group them together in the geometrical phase of the
right face transmission:

�rgeo(θ) = √
2 n k d cosϕ + k(n cosψ − cos θ)(AB − d)

= k
[
(cos θ − sin θ) d + (n cosψ − cos θ)AB

]
.

(49)

Expanding this phase up to second order we have that the
first-order derivative shifts the xrtra component, giving
the exit point of the beam along the xrtra direction,

xrgeo = −1
k
∂�rgeo(θ)

∂θ

∣∣∣∣
0

= (sin θ0 + cos θ0)d +
(

cos θ0
n cosψ0

− 1
)
sin θ0 AB,

(50)

while the second-order derivative acts as a beam profile
modifier, as has been recently suggested [56] and exper-
imentally verified [57]. By then defining the variables

x̃rtra = xrtra +�′
rgeo
(θ0)/k = xrtra − xrgeo , (51a)

and

z̃rtra = zrtra +�′′
rgeo
(θ0)/k = zrtra − zrgeo , (51b)

we can write the electric field integral as

E
[TE,TM]

rtra
= E0 ei k zrtra+i�rgeo (θ0)

∫ +∞

−∞
dθ t

[TE,TM]

left
(θ)

× r
[TE,TM]

lower
(θ)t

[TE,TM]

right
(θ) g(θ − θ0)

× ei k [x̃rtra (θ−θ0)−z̃rtra (θ−θ0)2/2]. (52)

The same procedure as carried out before gives us the
normalized power transmitted through the right face of
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Figure 7. The relative power reflected by the left face of a borosilicate (n = 1.515) prism (a), transmitted through its right face (b) and
transmitted through its lower face (c) as a function of the incidence angle θ0. The solid anddashed lines represent the TMand TE polarized
light, respectively. For incidence angles greater than the critical angle (θcri = −5.60◦) thewaves across the lower interface are evanescent,
and consequently no power is transmitted through that face. As a result, the transmission through the right face greatly increases after
the critical angle.
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the prism as

P [TE,TM]

rtra
= |t[TE,TM]

left
(θ0)r

[TE,TM]

lower
(θ0)t

[TE,TM]

right
(θ0)|2 , (53)

Note that the power integral is taken along the direc-
tion perpendicular to the propagation direction of the
beam, which, in this case, is zrtra . The variable x̃rtra , how-
ever, is simply shifted by a constant value from xrtra , and,
therefore, dxrtra = dx̃rtra , not affecting the integral. The
power transmitted through the right face of the prism is
depicted in Figure 7(b). We can see in this plot that the
transmitted power is greatly increased after the critical
angle. This is due to the fact that in this regime no power
is lost through the lower face.

Finally, the beam transmitted through the lower face
of the prism1 has its angular distribution modified by the
transmission coefficients of the left and lower interfaces,

E
[TE,TM]

ltra
= E0

∫ +∞

−∞
dθ t

[TE,TM]

left
(θ)t

[TE,TM]

lower
(θ) g(θ − θ0)

× ei k (x∗ sinφ+z∗ cosφ)+i�lgeo (θ), (54)

where the lower transmission geometrical phase has
already been detached from the Fresnel’s coefficients and
is given by

�lgeo(θ) = k d√
2
(n cosϕ − cosφ). (55)

Noting that

sinφ ≈ sinφ0 + cosφ0 (θ − θ0)φ
′
0

− [sinφ0 (φ′)2 + cosφ0 φ′′
0
]
(θ − θ0)

2/2

cosφ ≈ cosφ0 − sinφ0 (θ − θ0)φ
′
0

− [cosφ0 (φ′)2 + sinφ0 φ′′
0
]
(θ − θ0)

2/2,

and defining the coordinate system yltra − zltra , see
Figure 6(b),[

xltra
zltra

]
=
(
cosφ0 − sinφ0
sinφ0 cosφ0

) [
x∗
z∗

]
, (56)

we have

E
[TE,TM]

ltra
= E0 ei k zltra

∫ +∞

−∞
dθ t

[TE,TM]

left
(θ)

× t
[TE,TM]

lower
(θ)g(θ − θ0)

× ei k {xltra φ′
0(θ−θ0)−zltra [φ

′
0(θ−θ0)]2/2}+i�lgeo (θ),

(57)

where we have neglected the term dependent on the
second-order derivative of φ. This is a valid approxima-
tion since φ′

0 ∼ φ′′
0 and zltra � xltra , meaning that mea-

surements are carried out at a distance far greater than

the characteristic dimensions of the beam. Expanding
now the geometrical phase up to the second order we can
define the new spacial coordinates

x̃ltra = φ′
0xltra +�′

lgeo
(θ0)/k = φ′

0xltra − xlgeo , (58a)

and

z̃ltra = (φ′
0)

2zltra +�′′
lgeo
(θ0)/k = (φ′

0)
2 zltra − zlgeo ,

(58b)
being

xlgeo = d√
2
(tanϕ0 cosφ0 − sinφ0) (59)

the shift of the beam’s trajectory on the xltra -axis, and

φ′
0 = cosϕ0 cos θ0

cosψ0 cosφ0
. (60)

The electric field of the lower transmitted beam is then

E
[TE,TM]

ltra
= E0 e

i k zltra+i�lgeo (θ0)
∫ +∞

−∞
dθ t

[TE,TM]

left
(θ)

× t
[TE,TM]

lower
(θ) g(θ − θ0)

× ei k
[
x̃ltra (θ−θ0)−z̃ltra (θ−θ0)2/2

]
, (61)

with an associated relative power

P [TE,TM]

ltra
= 1
φ′
0

∣∣∣t[TE,TM]

left
(θ0)tlower

[TE,TM]
(θ0)
∣∣∣2 , (62)

the factor 1/φ′
0 coming from the Dirac’s delta in

Equation (39), since x̃ltra has a φ
′
0 factor multiplying xltra ,

see Equation (58a). The power transmitted through the
lower face of the prism is plotted in Figure 7(c). Note
that for incidence angles greater than the critical angle,
no power is transmitted.

With the expressions for the relevant electric fields
and their associated powers found, it remains to be dis-
cussed how to determine the light’s trajectory under the
Gaussian beams formalism. The first method consid-
ers a tool of asymptotic analysis called Stationary Phase
Method [58], which considers that rapidly varying oscil-
latory functions in the integral will cancel each other out,
the stationary conditionmaking then themost important
contribution to the trajectory. This condition is

∂�(�)

∂�

∣∣∣∣
0

= 0, (63)

where �(�) is the integrand’s oscillatory phase. This
method can be thought of as a generalization of the
method employed in Section 3, since a plane wave can
be regarded as a Gaussian beam in the limit where
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w0 → ∞. In this case, the beam’s width encompasses a
single incidence angle θ = θ0.

Another approach is to consider the mean path of
the beam. This is accomplished by evaluating the mean
value of the electric field’s intensity along the direction
perpendicular to its propagation direction. For a beam
propagating along the z -direction, we have that

〈
x
[TE,TM]

〉
=
∫ +∞
−∞ dx x |E[TE,TM] |2∫ +∞
−∞ dx |E[TE,TM] |2 , (64)

which is akin to the mean value calculations in Quantum
Mechanics [59]. The particularities of this integration
depend on the incidence region, that is, if the beam’s cen-
tre is in the Partial or Total Internal Reflection regime,
and it will be carried out individually for each case in the
following sections.

Before concluding this section, however, it is impor-
tant to note that, under the Gaussian beams formal-
ism, the special angles, the Brewster and critical angles,
studied in Section 3 for plane waves become special
regions, called Brewster and critical regions. This hap-
pens, because even though a beam may not be centred
at such angles, it may still be centred at an angle close
enough for it to be affected by them. Under the paraxial
approximation, the region where the Gaussian distribu-
tion has an appreciable magnitude is given by

θ0 − λ

w0
< θ < θ0 + λ

w0
. (65)

This allows us to define the special regions in the follow-
ing manner: incidence angles in the interval

θB(ext) − λ

w0
< θ0 < θB(ext) + λ

w0

are said to be in the external Brewster region, while
incidence angles in the interval

θB(int) − λ

w0
< θ0 < θB(int) + λ

w0
,

are in the internal Brewster region. The critical region is
defined by

θcri −
λ

w0
< θ0 < θcri +

λ

w0
,

and, after this region, that is, for

θ0 > θcri +
λ

w0
,

is the so-called Artmann region, or Artmann zone,
since this is the region where Artmann’s results for the
Goos–Hänchen shift are valid.

5. Closed formula of the Goos–Hänchen shift

5.1. The Artmann’s formula

Upon total internal reflection of light at an interface
between two media, evanescent waves appear in the less
dense medium [2, 3] while interference occurs between
the incident and the reflected waves in the denser one.
As a result of such an interference, the origin point
of the reflected electromagnetic radiation appears to be
displaced from the point where the incident wave met
the interface. This effect was experimentally verified in
1947 [1] by Hermann Goos and Hilda Hänchen for TE-
polarized light, and it has been named in their honour
as the Goos–Hänchen effect. The mathematical descrip-
tion of the phenomenon, however, was only provided one
year later by Kurt Artmann, who also presented the anal-
ysis [4], later confirmed by Goos and Hänchen [5], for
TM-polarized light. The core of Artmann’s analysis is the
relation between the light’s path and its phase and the
Stationary Phase Method presented in Section 4. Art-
mann considers the incident light to be a composition of
plane waves like the one in Equation (31), but without
specifying the distribution g(θ − θ0). In our system, the
stationary condition applied to the beam reflected at the
lower interface of the prism gives{

d
dϕ

[
n k
(
x∗ sinϕ − z∗ cosϕ + √

2 d cosϕ
)

+ �
[TE,TM]

GH

] }
0

= 0, (66)

which is the derivative of the phase given in Equation (25)
with the addition of the Goos–Hänchen phase. This con-
dition gives us the maximum intensity of the beam as
moving along the line

x∗ = tanϕ
(√

2 d − z∗

)
+ δ

[TE,TM]

GH(Art)
, (67)

being

{
δ
[TE]

GH(Art)
, δ

[TM]

GH(Art)

}
= − 1

n k cosϕ0

{
∂�

[TE]

GH

∂ϕ
,
∂�

[TM]

GH

∂ϕ

}
0

= 2 tanϕ0
k
√
n2 sin2 ϕ0 − 1

×
{
1,

1
n2 sin2 ϕ0 − cos2 ϕ0

}
,

(68)

the Artmann’s formulae for the Goos–Hänchen shift of
TE- and TM-polarized light, respectively. Note that the
shift is associated with the reflection coefficient exclu-
sively, and it is not present for the refracted light. Never-
theless, in our system, the displacement is measured only
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after the transmission through the right face of the prism,
which, due to the geometry of the system, is given by

d
[TE,TM]

GH(Art)
= cosϕ0 cos θ0

cosψ0
δ
[TE,TM]

GH(Art)
, (69)

see Figure 8(a).This geometrical factor can be obtained
directly from the Goos–Hänchen phase by taking its
derivation with respect to θ , since θ , ϕ, and ψ are
connected through the geometry of the prism, see
Equation (14). We have then that

d
[TE,TM]

GH(Art)
= −1

k
∂ �

[TE,TM]

GH

∂θ

∣∣∣∣∣
0

. (70)

Two points must be made regarding Artmann’s for-
mulae given in Equation (68). First: As it is propor-
tional to k−1, it is also proportional to the wavelength of
the light being used, making the displacement inacces-
sible to naked eyes. The way Goos and Hänchen dealt
with the minute nature of the effect was by employing
a structure that allowed multiple internal reflections, as
the ones showed in Figure 8(b,c), built from our system.
Every time light reflects at an interface it gains a new
Goos–Hänchen phase. Consequently, for Nr total inter-
nal reflections the total displacement is simplyNr d

[TE,TM]

GH(Art)
.

The second point concerns the validity of Artmann’s
result. We can see that as the incidence angle approaches
the critical angle, n sinϕ0 becomes closer to 1 and
Equation (68) diverges, suggesting an infinitely great dis-
placement. Experimental data shows us that the shift
is finite around the critical angle [1, 5, 22], as does
numerical calculations [16], see Figure 9. In the next
sections, we will derive an analytical expression for the
Goos–Hänchen shift valid in the vicinity of the critical
angle.

5.2. Analytical solution to the critical divergence

The stationary condition gives the main contribution
among all the phases composing the beam and so it
amounts to an analysis of the trajectory of the beam’s
maximum intensity. Artmann’s formula, however, is a
limit case. The Stationary Phase Method employed does
not take into consideration the structure of the beam and
it is only valid while the derivative of the Goos–Hänchen
phase can be evaluated at θ0 and factorized from the
electric field integral, see Figure 9. To overcome the diver-
gence problem we have to analyse the stationary condi-
tion under the angular distribution g(θ − θ0). Let us do
this analysis for the TE polarization first. The extension
to the TM case, as will be seen later, is straightforward.

The integral we have to solve is

d
[TE]

GH
= − 1

k

∫ +π/2
θcri

dθ g(θ − θ0)
∂�

[TE]
GH
∂θ∫ +π/2

−π/2 dθ g(θ − θ0)
. (71)

Note that the integral in the numerator has its lower
integration limit in θcri because before this angle the
Goos–Hänchen phase is null. Besides, its upper limit
and both limits of the integral in the denominator can
be made to infinity since we are considering the parax-
ial limit. The divergence of the Goos–Hänchen shift
near the critical angle comes from the term (n2 sin2 ϕ −
1)−1/2 in the derivative of the Goos–Hänchen phase, see
Equation (68). So, we can simplify Equation (71) to

d
[TE]

GH
= 2 sinϕ0 cos θ0

k cosψ0

∫ +∞

θcri

dθ
g(θ − θ0)√
n2 sin2 ϕ − 1

. (72)

Expanding the term inside the square root in the denom-
inator around the incident angle θ0,

n2 sin2 ϕ − 1 ≈ n2 sin2 ϕ0 − 1

+ n sin(2ϕ0) cos θ0
cosψ0

(θ − θ0)

= n sin(2ϕ0) cos θ0
cosψ0

( θ − θ0 − σ0) ,

(73)

with

σ0 = cosψ0

n sin(2ϕ0) cos θ0

(
1 − n2 sin2 ϕ0

)
, (74)

we can rewrite Equation (72) as

d
[TE]

GH
= w0

√
tanϕ0 cos θ0
2 nπ cosψ0

×
∫ +∞

θ0+σ0
dθ

exp
[
−(kw0)

2
(θ − θ0)

2
/ 4
]

√
θ − θ0 − σ0

.

(75)

The condition for total internal reflection is, with the
expansion (73), now given by θ ≥ θ0 + σ0. Let us intro-
duce the new integration variable ρ = kw0 (θ − θ0 −
σ0)/2. The displacement d[TE]

GH
can then be written as

d
[TE]

GH
=
√
w0

k
tanϕ0 cos θ0
nπ cosψ0

I(kw0 σ0), (76)

where

I(kw0 σ0) =
∫ ∞

0
dρ

× exp

[
−
(
ρ + kw0σ0

2

)2]
ρ−1/2. (77)
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Figure 8. (a) In the Total Internal Reflection regime the reflection coefficient of the lower interface of the prism acquires an additional
phase, which prompts a displacement of the reflected beam, known as the Goos–Hänchen shift. Here, δGH is the shift occurring at the
reflecting interface, but since the light is only collected after it leaves the prism, a geometrical factormust be taken into account, yielding
themeasured shift dGH . (b) This shift is associatedwith the reflection coefficient and so, for every total internal reflection inside a dielectric
structure, there is an additional shift δGH . (c) Using our original structure, a right angle triangular prism, it is possible to build a multiple-
reflection system, like the one originally employed by Goos and Hänchen.
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Figure 9. The Goos–Hänchen shift as a function of the incidence angle θ0 for a borosilicate (n = 1.515) prism and a laser with λ =
0.633µm. The red and green curves are the shifts for the TM and TE polarizations, respectively, calculated numerically by evaluating
the point of maximum intensity along the direction perpendicular to the propagation direction of the beam transmitted through the
right face of a right angle triangular prism. The beams employed have a w0 = 150µm minimum waist. The associated dashed black
lines are Artmann’s analytical curves. Note that as the critical angle (θ0 = −5.603◦) is approached, these curves go to infinity, contra-
dicting the numerical analysis. In the so-called Artmann zone, both results are in agreement. The reason for this is that in this region
the Goos–Hänchen shift is nearly constant and can be factored out of integral (71) while in the critical region (θcri − w0/λ < θ0 <

θcri + w0/λ) the structure of the beammust be taken into account.

Opening the squared argument of the exponential and
expressing the term linear in ρ as a summation we obtain

I(kw0 σ0) = exp

[
−
(
kw0σ0

2

)2] ++∞∑
m=0

(−kw0σ0)
m

m!

×
∫ +∞

0
dρ e−ρ

2
ρm−1/2

= 1
2
exp

[
−
(
kw0σ0

2

)2]++∞∑
m=0

(−kw0σ0)
m

m!

× �

[
1 + 2m

4

]
. (78)

By defining then the variable x = kw0σ0/2
√
2 we have

that

++∞∑
m=0

(−2
√
2 x)m

m!
�

[
1 + 2m

4

]
= 2

1/4
π
√

|x| ex2 [I−1/4

(
x2
)− sgn(x) I1/4

(
x2
)]
,
(79)

where the functions Iα (x2) are modified Bessel functions
of the first kind and sgn(x) is the sign function. Defining
then the shift function

S(x) = e−x2√|x| [I−1/4(x
2)− sgn(x)I1/4(x

2)
]
, (80)

we arrive at the closed-form expression for the
Goos–Hänchen shift as

d
[TE]

GH
=
√
π tanϕ0 cos θ0
2
√
2 n cosψ0

S
[
kw0σ0

2
√
2

] √
w0

k
. (81)

Let us now check the behaviour of the function at critical
incidence. For θ0 = θcri , Equation (74) tells us that σ0 =
0. We have then that

lim
x→0

S(x) = �
[ 1
4
]

21/4π
, (82)

being the Goos–Hänchen shift at the critical angle

d
[TE]

GH(cri)
=
√
tanϕcri cos θcri
nπ cosψcri

�
[ 1
4
]

2

√
w0

k

≈ �
[ 1
4
]

2
√
nπ(n2 − 1)1/4

√
w0

k
. (83)

Finally, it is interesting to show that our formula
restores d[TE]

GH(Art)
for incidence angles far from the critical

angle. By requesting that kw0σ0 < −2π , which amounts
to say that we are considering a collimated beam with an
incidence angle greater than θcri , we can extend the lower
limit of the integral (72) to −∞ (since the Gaussian dis-
tribution g(θ − θ0)will be close to zero before the critical
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angle) and take the limit

lim
x→−∞

S(x) =
√

2
π |x| , (84)

which will then provide us with d
[TE]

GH(kw0σ0<−2π) →
d
[TE]

GH(Art)
. This analysis also allows us to determine the

frontier of the critical region where Artmann’s formula
becomes valid,

θ0(Art) ≥ θcri +
2π
kw0

= θcri +
λ

w0
,

as expected. It is interesting to note that this result
does not depend on the relative refractive index between
media, but only on beam’s parameters.

A remarkable characteristic of numerical and experi-
mental data on the Goos–Hänchen shift is that, contrary
to what might be expected from the divergent result of
Equation (68), the maximum shift is not found at criti-
cal incidence, but for an incidence angle slightly greater.
The function S(x) has a maximum at xmax = −0.38, so
we have that

kw0σ0

2
√
2

= −0.38.

Now, let us consider an angle ϕ0 = ϕcri + δϕmax , which is
the critical angle ϕcri plus an increment that will leave us
at the angle for which the Goos–Hänchen shift is maxi-
mum. For such an angle, we have that −σ0 ≈ nδϕmax =
δθmax . By placing this approximation in the equation
above we obtain

kw0 δθmax

2
√
2

= 0.38,

which gives us that δθmax ≈ 1/kw0. So, the incidence
anglewhich returns themaximum shift is, approximately,

θ0 ≈ θcri +
1

kw0
. (85)

The results obtained for the TE polarization are imme-
diately extended to the TM case:

d
[TM]

GH
= d[TE]

GH

n2 sin2 ϕ0 − cos2 ϕ0
, (86)

which returns at the critical angle

d
[TM]

GH(cri)
= n2 d

[TE]

GH(cri)
. (87)

The curves for d[TE,TM]

GH
as a function of the incidence angle

θ0 for a laser source with λ = 0.633µm and different
values of w0 are found in Figure 10.

5.3. Mean value analysis

In the last section, we obtained an analytical expression
for the Goos–Hänchen shift valid at and around the criti-
cal angle by taking into account the Gaussian structure of
the light beam when analysing the stationary condition
presented by Artmann [4]. A second possible approach
considers the shift of the average intensity of the beam. In
the coordinate system parallel to the propagation direc-
tion of the outgoing beam, xrtra − zrtra , after the transmis-
sion through the right face of the prism, light travels along
the zrtra direction, and its average intensity is at〈

x
[TE,TM]

rtra

〉
=
〈
x̃
[TE,TM]

rtra

〉
− xrgeo

=
∫ +∞
−∞ dxrtra xrtra

∣∣∣E[TE,TM]

rtra

∣∣∣2∫ +∞
−∞ dxrtra

∣∣∣E[TE,TM]
rtra

∣∣∣2 , (88)

see Equations (51) and (52). By removing the geometrical
shift, the expression above gives us the Goos–Hänchen
shift 〈d[TE,TM]

GH
〉 directly. Let us focus firstly on the denom-

inator of Equation (88). The electric field has the form
presented in Equation (52), but, since the transmission
coefficients of the left and right faces are smoothly vary-
ing functions of the incidence angle, they can be evalu-
ated at θ0 and factored out of the integrals. The integral
in xrtra has the same form of Equation (39),∫ +∞

−∞
dxrtra e

i k(θ−θ̃ )xrtra = 2π
k
δ(θ − θ̃ ),

and we can use it to eliminate the integral in θ̃ to obtain∫ +∞

−∞
dzrtra

∣∣∣E[TE,TM]

rtra

∣∣∣2
=
∣∣∣t[TE,TM]

left
(θ0) t

[TE,TM]

right
(θ0)
∣∣∣2 2π

k

×
∫ +∞

−∞
dθ g2(θ − θ0). (89)

Since we are considering the Total Internal Reflection
regime under the paraxial approximation, the reflection
coefficient of the lower face of the prism only contributes
with a complex phase, which is cancelled by its complex
conjugate once the Dirac’s Delta function is employed.
Also, this condition allows us to change the integration
limits of the angular integral, {−π/2,π/2} → {−∞,∞},
since the Gaussian falls rapidly to zero. In the numerator
of Equation (88) the xrtra integral has the form∫ +∞

−∞
dxrtra xrtra e

i k(θ−θ̃ )xrtra

= π

i k2
[
∂θ δ(θ − θ̃ )− ∂

θ̃
δ(θ − θ̃ )

]
. (90)
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Figure 10. The analytical curves for Goos–Hänchen shift of the maximum intensity point of a beam with λ = 0.633µm and (a) w0 =
0.5mm, (b) w0 = 1mm, and (c) w0 = 2mm, as a function of the incidence angle θ0. The prism considered is made of borosilicate (n =
1.515). The red curves denote the TM polarization and the green curves the TE polarization. The dots show numerical calculations, which
are in good agreement with our analytical results.
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Integration by parts gives us then∫ +∞

−∞
dxrtra xrtra

∣∣∣E[TE,TM]

rtra

∣∣∣2
=
∣∣∣t[TE,TM]

left
(θ0) t

[TE,TM]

right
(θ0)
∣∣∣2 π

i k2

∫ +∞

−∞
dθ

×
g(θ − θ0)e

−i k zrtra (θ−θ0)2/2+i�
[TE,TM]
GH

×∂θ
[
g(θ − θ0)e

−i k zrtra (θ−θ0)2/2+i�
[TE,TM]
GH

]∗

+ H.c., (91)

where H.c. stands for ‘Hermitian conjugate’. Note that,
of the terms between brackets that are being derived,
only complex terms will survive due to the summation
with the Hermitian conjugate. Besides, the derivation of
e−i k zrtra (θ−θ0)2/2 will give origin to an integration with an
odd integrand and symmetrical integration limits, which

returns zero. Finally, the derivation of ei�
[TE,TM]
GH origi-

nates a term that is null before θcri , and so, the mean
Goos–Hänchen shift is

〈d[TE,TM]

GH
〉 = −1

k

∫ +∞
θcri

dθ g2(θ − θ0)
∂�

[TE,TM]
GH
∂θ∫ +∞

−∞ dθ g2(θ − θ0)
. (92)

We can see from the expression above that the difference
between themaximumand themean value calculations is
the distribution g(θ − θ0), which is squared in the mean
calculation case. For the TE polarization, carrying out
the Goos–Hänchen phase derivation and following the
expansion (73), we obtain

〈d[TE]

GH
〉 = √

2w0

√
tanϕ0 cos θ0
2 nπ cosψ0

∫ +∞

θ0+σ0
dθ

× exp
[−(kw0)

2(θ − θ0)
2/2
]

√
θ − θ0 − σ0

, (93)

which is Equation (75) with w0 → √
2w0. Consequently,

we can adapt the result (81) to the mean value analysis:

〈
d
[TE]

GH

〉
=
√
π tanϕ0 cos θ0
2 n cosψ0

S
[
kw0σ0

2

] √
w0

k
. (94)

Both results are related by〈
d
[TE]

GH

〉
= 2

1/4 S (kw0σ0/2)

S
(
kw0σ0/2

√
2
) d[TE]

GH
, (95)

and, at the critical angle,〈
d
[TE]

GH(cri)

〉
= 2

1/4
d
[TE]

GH(cri)
. (96)

As before, the relation between TE and TM polarizations
is

〈
d
[TM]

GH

〉
=

〈
d
[TE]

GH

〉
n2 sin2 ϕ0 − cos2 ϕ0

, (97)

and, for kw0σ0 < −2π , Artmann’s result is recon-
structed, that is,

〈
d
[TE,TM]

GH(kw0σ0<−2π)

〉
→ d[TE,TM]

GH(Art)
. This is an

interesting result. The equivalence of the maximum and
mean value analysis in theArtmann zone is due to the fact
that away from the critical region themaximum intensity
is at the centre of the beam, while near the critical angle
symmetry breaking effects occur. The nature of such
effects will be discussed later. The curves for 〈d[TE,TM]

GH
〉 are

plotted in Figure 11 against the incident angle θ0, for the
same set of parameters as Figure 10.

Another solution to this problem was proposed in
1970 by Horowitz and Tamir [13]. In their approach they
used an approximated form of the Fresnel’s reflection
coefficient in the critical region that enabled them to cal-
culate the integral of the reflected electric field, extracting
thus, the information about its trajectory directly from its
phase. Their formula reads

δ
[TE,TM]

GH(HoTa)
≈ A

[TE,TM]
0

25/4 cosϕ0
Re
[
eiπ/4D−1/2(γ0)

]
eγ

2/4
√
w0

nk
,

(98)

with

γ0 = i n kw0
sin(ϕ0 − ϕcri)√

2 cosϕ0
(99)

and{
A

[TE]
0 ,A

[TM]
0

}
= 4 sinϕ0√

(sinϕ0 + sinϕcri) cosϕcri

×
{
1,

n2 cos2 ϕcri

cos2ϕ0 + n4(sin2 ϕ0 − sin2 ϕcri)

}
,

(100)

and where Dα (γ0) is the parabolic-cylinder (Weber)
function. At the critical angle, γcri = 0 and we have that

D−1/2(0) = �
[ 1
4
]

23/4
√
π
, (101)

and

{
A

[TE]

0 ,A
[TM]

0

}
= 2

√
2

(n2 − 1)1/4
{1, n2}, (102)
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Figure 11. The analytical curves for Goos–Hänchen shift of the average intensity of a beam with λ = 0.633µm and (a) w0 = 0.5mm,
(b) w0 = 1mm, and (c) w0 = 2mm, as a function of the incidence angle θ0. The prism considered is made of borosilicate (n = 1.515).
The red curves denote the TM polarization and the green curves the TE polarization. The dots show numerical calculations, which are in
good agreement with our analytical results.
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and the Horowitz–Tamir formula, modified by our
geometry factor, becomes{

d
[TE]

GH(HoTa•cri) , d
[TM]

GH(HoTa•cri)

}
= cos θcri cosϕcri

cosψcri

{
δ
[TE]

GH(HoTa•cri) , δ
[TM]

GH(HoTa•cri)

}
= �

[ 1
4
]

2
√
nπ(n2 − 1)1/4

√
w0

k
{1, n2}, (103)

displaying a perfect agreement with our results in Equa-
tions (83) and (87). The Horowitz–Tamir formula has
met a relative success in comparison to experimental
data, but it is important to note that, not only it presents
a cusp-like structure near the critical angle for certain
choices of parameters [15], as well as its validity in the
Artmann region is questionable due to mathematical
inconsistencies in its derivation [12]. Their result for inci-
dence at the critical angle, however, is sound and in good
agreement with experiments, which is why the compar-
ison between our results and Horowitz and Tamir’s was
limited to this particular case. It is important to remem-
ber that neither one of the three formulae presented in
this section takes into consideration axial corrections.
This means that the measurements have to be conducted
as near as possible to the prism’s face. The influence of
such corrections may be responsible for the small dis-
crepancies found between experimental data and analyt-
ical formulae in [12].

In Figure 12, we present the comparison between
the maximum and average intensity analyses. As stated
before, both approaches agree with each other in the
Artmann zone because in this zone the whole beam is
being totally internally reflected and the mean and the
maximum intensity points are coincident. In the critical
region part of the beam is in partial reflection and such
points become discordant, hence the shifts they undergo
become different. In the next section, the nature of this
symmetry breaking effect will become clearer, since it is
directly responsible for angular deviation phenomena.

6. Angular deviations

As we saw in Section 4, the interaction of plane waves
with dielectric interfaces is described by the Fresnel’s
coefficients, which are a function of the incidence angle.
Plane waves have a well-defined wave vector, and, con-
sequently, possess a unique, well-defined direction of
incidence. For Gaussian beams, however, this is not the
case. Beams have a finite angular distribution, centred
around what is defined as their incidence angle (θ0, in
our notation), which generates a range of incoming wave
vectors. The effect of this range is a symmetry breaking

of the beam’s structure induced by the Fresnel’s coeffi-
cients. This can be thought of in the following terms: to
everywave vector in the beam, there is an associated set of
Fresnel’s coefficients. If all coefficients contribute with the
same weight there is no preferred direction of transmis-
sion nor of reflection, and the laws of Geometrical Optics
still hold. However, if the coefficients differ from angle
to angle they will filter the beam, favouring the trans-
mission or reflection of some waves and not of others.
This effect is known as Fresnel Filtering [30] and is the
same mechanism behind what is known as the angular
Goos–Hänchen shift [31]. Since the difference between
both phenomena is essentially their name, we will not
choose one of them, but rather refer to all symmetry
breaking induced angular deviations from Geometrical
Optics simply as angular deviations.

In the angular interval where the Gaussian distribu-
tion is significant, see Equation (65), the Fresnel’s coef-
ficients are, almost everywhere, a smooth function of θ ,
and the structure of the beam is not altered apprecia-
bly, rendering small angular deviations, proportional to
1/(kw0)

2. As we will see, however, near the Brewster
angles and near the critical angle the Fresnel’s coefficients
change more abruptly, increasing the magnitude of the
angular deviations.

6.1. Mean value calculation of the angular
coefficient

In Section 4, we saw that the mean path of a beam is
calculated from a mean value integral of its transversal
component, modulated by its intensity. For a free Gaus-
sian beam, whose electric field is given by Equation (34),
we have that

〈xinc〉 =
∫ +∞
−∞ dxinc xinc |Einc |2∫ +∞

−∞ dxinc |Einc |2
. (104)

Using Equation (39), the denominator of the above
expression is a straightforward calculation, and, with the
aid of Equation (90), the numerator returns∫ +∞

−∞
dxinc xinc

∣∣Einc

∣∣2
= π

i k2

∫ +∞

−∞
dθ

g(θ − θ0)e−i k zinc (θ−θ0)2/2

×∂θ
[
g(θ − θ0)e−i k zinc (θ−θ0)2/2

]∗
+ H.c. (105)

The equation above can be evaluated through an inte-
gration by parts, transforming the spatial integral into its
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Figure 12. Comparison between the Goos–Hänchen shift of the maximum intensity point (curves in red) and of the average intensity
point (curves in green) for a beam with λ = 0.633µm and w0 = 0.5mm (top row), w0 = 1mm (middle row), and w0 = 2mm (lower
row), as a function of the incidence angle θ0. The prism considered is made of borosilicate (n = 1.515). The left column displays the shift
for the TE polarization and the right column for the TM.We can see that in the Artmann zone both shifts are in agreement. This is because
in this zone thewhole beam is totally internally reflected and themaximumandmean intensity points are very close. In the critical region
the beam’s symmetry is broken (part of it is under the Partial Reflection regime) and such points become discordant, yielding a different
shift for each case.

angular counterpart, see Equations (91) and (92). It can
be written then as

〈 xinc〉 =
∫ +∞
−∞ dθ (θ − θ0) g2(θ − θ0)∫ +∞

−∞ dθ g2(θ − θ0)
zinc . (106)

The symmetry of the Gaussian angular distribution
above implies a null value for the integral in the numer-
ator. This means that the beam propagates along the zinc
axis, i.e.

〈xinc〉 = 0. (107)
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This result is expected since the incident-free beam has
not yet interacted with anything, which makes its prop-
agation direction a simple matter of coordinate system
definition. It helps us to illustrate, though, as will become
clearer in the following sections, the importance of the
beam’s symmetry to the determination of its path.

6.2. The external reflection

Following the same steps as for the incident beam, the
externally reflected beam, that is, the beam reflected by
the left face of the prism, with an electric field given by
Equation (43), has its path determined by〈

x
[TE,TM]

lref

〉

=
∫ +∞
−∞ dθ (θ − θ0)

[
g(θ − θ0) r

[TE,TM]

left
(θ)
]2

∫ +∞
−∞ dθ

[
g(θ − θ0) r

[TE,TM]
left

(θ)
]2 zlref .

(108)

Note that the symmetry of the incident beam’s angular
distribution is broken by the reflection coefficient of the
left face of the prism, and so, the reflected beam’s path is
not parallel to zlref . To obtain an analytical solution, let us
develop the reflection coefficient up to the second order
around the incidence angle θ0. We have that[

r[TE,TM]

left
(θ)

r[TE,TM]
left

(θ0)

]2

= 1 + 2
r
[TE,TM]′

left
(θ0)

r
[TE,TM]

left
(θ0)

(θ − θ0)

+

⎧⎪⎪⎨⎪⎪⎩
⎡⎣ r

[TE,TM]′

left
(θ0)

r
[TE,TM]

left
(θ0)

⎤⎦
2

+ r
[TE,TM]′′

left
(θ0)

r
[TE,TM]

left
(θ0)

⎫⎪⎪⎬⎪⎪⎭ (θ − θ0)
2
.

Due to the symmetry of the integrands in the inte-
grals of Equation (108), only the first-order term of the
above expansion contributes to the numerator, while
the zeroth- and second-order terms contribute to the
denominator. Regarding the second-order term, we have
that the squared fraction between brackets results much
greater than the term with a second derivative, and
we can neglect the effect of the latter, writing then the
expansion as[

r[TE,TM]

left
(θ)

r[TE,TM]
left

(θ0)

]2

= 1 + 2 D
[TE,TM]

lref
(θ0) (θ − θ0)

+
[
D

[TE,TM]

lref
(θ0)
]2
(θ − θ0)

2
, (109)

where

D
[TE,TM]

lref
(θ0) = r

[TE,TM]′

left
(θ0)

r
[TE,TM]

left
(θ0)

= 2 sin θ0
n cosψ0

{
1,

n2

sin2
θ0 − n2 cos2 θ0

}
.

(110)

Equation (108) can now be analytically integrated, giving〈
x
[TE,TM]

lref

〉
= α

[TE,TM]

lref
(θ0) zlref , (111)

where

α
[TE,TM]

lref
(θ0) = 2D

[TE,TM]

lref
(θ0)

(kw0)
2 +
[
D[TE,TM]

lref
(θ0)

]2 zlref . (112)

For incidence at the Brewster angles, noting that{
D

[TE]

lref
(θ

±
B(ext)

), D
[TM]

lref
(θ

±
B(ext)

)
}

→ {±2/n,∞} ,

we have the angular coefficients{
α

[TE]

lref
(θ

±
B(ext)

),α
[TM]

lref
(θ

±
B(ext)

)
}

=
{
± 4/n
( kw0 )

2 , 0
}
.

(113)

It is interesting to note that, while α
[TM]

lref
(θ

±
B(ext)

) = 0 seems
to imply the absence of angular deviations, no TM-
polarized plane wave incident at this angle is actually
reflected, see Figure 7(a). For a bounded beam, however,
this only means that the centre of the beam’s angular
distribution is not reflected, though wave vectors with
incidence angles around (θ±

B(ext)
) still are. This changes

the incomingGaussian distribution into a double-peaked
structure which makes the concept of angular devia-
tions hazy. The same effect happens for the reflection at
the lower interface, and this can graphically be seen in
Figure 13(a–c).For this reason, it is more insightful to
study the angular deviation of a TM-polarized beam in
the close vicinity of the Brewster angle, rather than at the
angle itself. Introducing a new parameter δ,2 we have the
incidence angle θ0 = θ

±
B(ext)

+ δ/kw0. Observing that

sin
2
θ0 − n

2
cos

2
θ0

≈ 2 sin θ
±
B(ext)

[cos θ
±
B(ext)

± n sin θ
±
B(ext)

]
δ

kw0

= ±2 n
δ

kw0
,

we have that

D
[TM]

lref

(
θ

±
B(ext)

+ δ

kw0

)
= kw0

δ
,
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Figure 13. (a–c) The angular distribution of a Gaussian beam approaching the internal Brewster angle. In (b) its symmetry is broken by
the reflection coefficient (black lines) and in (c), exactly at the Brewster angle, it has become a double-peaked structure, whichmakes the
definition of angular deviations debatable. (d–f) A symmetry breaking of a different nature. The red portion of the distribution is totally
internally reflected and there is a relative phase between both parts of the same distribution. The threshold is established by the critical
angle. These plots consider a borosilicate prism (n = 1.515) and a Gaussian distribution with w0 = 1mm.

implying

α
[TM]

lref

(
θ

±
B(ext)

+ δ

kw0

)
= 2 δ

1 + δ
2

1
kw0

. (114)

From Equation (114) we have the curious result that, in
the vicinity of the Brewster angle, the angular shift does

not depend on the relative refractive index. Besides, per-
forming a derivation of α

[TM]

lref
with respect to δ shows us

that the maximum deviation occurs for δ = ±1. These
results are in agreement with Aiello and Woerdman’s
paper in reference [28], where, by a different approach,
they studied angular deviations in the Brewster region
for an air/glass interface. In particular, their formula
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Figure 14. Angular deviation for the reflection at the left face of the prism, an external reflection. The dashed red portion of the curve
is in the external Brewster region, where the concept of angular deviations is unclear due to the change in the incoming beam structure.
The plot considers a borosilicate (n = 1.515) prism and a TM-polarized beam with λ = 0.633µm and w0 = 1mm.

presents the same behaviour presented in Figure 14,
where Equation (112) was plotted.

6.3. The internal reflection

The beam transmitted through the right face of the prism,
with an electric field given by Equation (52), has the
symmetry of its angular distribution broken by the trans-
mission coefficients of the left and right faces of the prism
and by the lower face’s reflection coefficient as well. Fol-
lowing the same steps carried out in the last Section, its
path is then given by〈

x
[TE,TM]

rtra

〉
= xrgeo + α

[TE,TM]

rtra
(θ0) (zrtra − zrgeo), (115)

where

α
[TE,TM]

rtra (θ0) = 2D[TE,TM]

rtra
(θ0)

(kw0)
2 + [D[TE,TM]

rtra
(θ0)]

2 , (116)

and

D
[TE,TM]

rtra
= r

[TE,TM]′

lower
(θ0)

r
[TE,TM]

lower
(θ0)

= 2 sinϕ0 cos θ0
cosφ0 cosψ0

{
1,

1
n2 sin2 ϕ0 − cos2 ϕ0

}
.

Note that because the transmission coefficients are very
smooth functions of the incidence angle, they can be fac-
torized; the only contribution to the deviation coming
then from the reflection coefficient, hence the section’s

title. At the internal Brewster angle, we have that

{
D

[TE]

rtra (θB(int) ),D
[TM]

rtra (θB(int) )
}

→ 2 cos θB(int)
cosψB(int)

{1,∞}

=
{
2
√
n2 − n4 + 2 + 2 n3

n + 1
,∞
}
,

and, consequently,

{
α

[TE]

rtra (θB(int) ),α
[TM]

rtra (θB(int) )
}

=
{
4
√
n2 − n4 + 2 + 2 n3

(n + 1) (kw0 )
2 , 0

}
. (117)

Here again, the fact that α[TM]

rtra
(θB(int) ) = 0 does not

actually imply that the beam’s propagation direction
is in accordance with Geometrical Optics’ predictions
because, as for the externally reflected beam, there is
a structural change in the angular distribution, see
Figure 13(a–c). For an incidence angle in the vicinity of
the Brewster angle, however, we have that

θ0 = θB(int) + δ

kw0

⇒ ϕ0 = ϕB(int) + cos θB(int)
n cosψB(int)

δ

kw0
.
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Figure 15. (a) Angular deviation for the reflection at the lower face of the prism, an external reflection, in the vicinity of the internal
Brewster angle. The dashed red portion of the curve is in the internal Brewster region, where the concept of angular deviations is unclear
due to the change in the incoming beam structure. (b) Angular deviations in the vicinity of the critical angle. The dashed red curvemarks
the regionwhere a relative phase exists betweenportions of thebeam’s angular distribution. Theplots consider a borosilicate (n = 1.515)
prism and a TM-polarized beam with λ = 0.633µm and w0 = 1mm.
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Observing then that

n
2
sin

2
ϕ0 − cos

2
ϕ0

≈ 2n sinϕB(int) [n cosϕB(int) + sin θB(int)]

× cos θB(int)
n cosψB(int)

δ

kw0

= 2 cos θB(int)
cosψB(int)

δ

kw0
,

we find

D
[TM]

rtra

(
θB(int) + δ

kw0

)
= kw0

δ

and

α
[TM]

rtra

(
θB(int) + δ

kw0

)
= 2 δ

1 + δ
2

1
kw0

, (118)

which are the same results obtained for the exter-
nally reflected beam. To have an idea of the magnitude
of the deviations, let us consider a borosilicate prism
(n = 1.515) and an incident Gaussian beamwith a wave-
length λ = 0.633µm and a beam waist w0 = 1mm. For
incidence at θB(int) ± 1 / kw0 we have

α
[TE]

rtra ≈ 4
(kw0)

2 ≈ 2.3◦ × 10
−6
,

α
[TM]

rtra ≈ ± 1
kw0

≈ ±5.8◦ × 10
−3
.

Figure 15 shows the angular deviations for a TM-
polarized beam for incidence in the vicinity of the inter-
nal Brewster region.

For incidence in the critical region,

θ0 = θcri −
|δ|
kw0

⇒ ϕ0 = ϕcri −
cos θcri

n cosψcri

|δ|
kw0

,

we have{
D

[TE]

rtra

(
θcri −

|δ|
kw0

)
,D

[TM]

rtra

(
θcri −

|δ|
kw0

)}

= √
2

[
2 − n2 + 2

√
n2 − 1

(n2 − 1) (n2 + 2
√
n2 − 1)

]1/4

× {1, n2} √kw0

|δ| , (119)

which yields a refractive index-dependent angular
deviation,{

α
[TE]

rtra

(
θcri −

|δ|
kw0

)
, α

[TM]

rtra

(
θcri −

|δ|
kw0

)}
= f (n)√|δ|

{
1, n2

} 1
(kw0)

3/2 , (120)

where

f (n) = 2
√
2

[
2 − n2 + 2

√
n2 − 1

(n2 − 1) (n2 + 2
√
n2 − 1)

]1/4

.

Figure 15 has the angular deviation of a TM-polarized
beam near the critical region for the same parameters
used before for the Brewster region. It is important to
note that, for incidence angles greater than θcri − λ/w0,
the lower reflection coefficient becomes complex and the
interference between real and imaginary parts has to
be considered, which originates the so-called Composite
Goos–Hänchen shift [20]. The incidence at θcri − λ/w0,
however, still has a real angular distribution, making
angular deviations the only contribution to the beam shift
phenomena. This incidence angle also gives the maximal
angular deviation in the critical region.

Let us compare angular deviations at the borders of the
region between the Brewster and the critical region, that
is,

θB(int) + λ

w0
< θ0 < θcri −

λ

w0
.

In this region, angular deviations are a clear concept
since the angular distribution does not present additional
peaks nor complex terms. For a borosilicate prism and
an incident Gaussian beamwith λ = 0.633µmandw0 =
1mm, we have that, for incidence at θB(int) + λ/w0,

{
α

[TE]

rtra , α
[TM]

rtra

}
≈
{

4
(kw0)

2 ,
1/π
kw0

}
≈
{
2.3◦ × 10

−3
, 1.8◦

}
× 10

−3
,

and, using f (1.515) ≈ 3/
√
2, for incidence at θcri − λ/w0,{

α
[TE]

rtra
,α

[TM]

rtra

}
≈ 3

2
√
π

{1, 2.3} 1
(kw0)

3/2

≈ {0.5◦, 1.1◦}× 10
−4
.

We see then that the critical region provides greater angu-
lar deviations than the Brewster region for the TE polar-
ization while the opposite is true for the TM-polarized
beams. The deviations for intermediary angles of inci-
dence is given in Table 1.

6.4. The transmission through the lower face of the
prism

Analogous to the cases before, we see that the path of the
beam transmitted through the lower face of the prism is
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Table 1. Table of angular deviation values for a borosilicate
(n = 1.515) prism and an incident beam with wavelength λ =
0.633µm and minimal beam waist w0 = 1mm, for incidence
angles (first column) ranging from the internal Brewster region to
the critical region, and for TE- (second column) and TM-polarized
(third column) waves.

θ0 10
3
α

[TE]

TRA
10

3
α

[TM]

TRA

−17.65706◦ 0.0023◦ 1.7953◦
−17.65000◦ 0.0023◦ 1.5145◦
−16.65000◦ 0.0024◦ 0.0676◦
−15.65000◦ 0.0026◦ 0.0366◦
−14.65000◦ 0.0028◦ 0.0262◦
−13.65000◦ 0.0030◦ 0.0211◦
−12.65000◦ 0.0032◦ 0.0183◦
−11.65000◦ 0.0035◦ 0.0166◦
−10.65000◦ 0.0039◦ 0.0158◦
−9.65000◦ 0.0045◦ 0.0156◦
−8.65000◦ 0.0052◦ 0.0162◦
−7.65000◦ 0.0064◦ 0.0179◦
−6.65000◦ 0.0091◦ 0.0230◦
−5.65000◦ 0.0437◦ 0.1007◦
−5.63938◦ 0.0497◦ 0.1144◦

given by〈
x
[TE,TM]

ltra

〉
= xlgeo + α

[TE,TM]

ltra
(θ0) (zltra − zlgeo), (121)

where

α
[TE,TM]

ltra
(θ0) = φ′

0
2D[TE,TM]

ltra
(θ0)

(kw0)
2 + [D[TE,TM]

ltra
(θ0)]

2 (122)

and

D
[TE,TM]

ltra
(θ0)

= t[TE,TM]′
lower

(θ0)

t

[TE,TM]

lower
(θ0)

= n2 − 1
n

tanϕ0 cos θ0
cosφ0 cosψ0

(123)

×
{

1
n cosϕ0 + cosφ0

,
n

cosϕ0 + n cosφ0

}
.

(124)

Note that no reflection takes place in this case and so the
dominant term in the symmetry breaking of beam’s angu-
lar distribution is the transmission coefficient through
the lower face of the prism, with the transmission coef-
ficient of the left face being smoother. So, the Brewster
angle is not present in this case and the only region of
interest is the critical one. For incidence in this region we
find {

D
[TE]

ltra

(
θcri −

|δ|
kw0

)
,D

[TM]

ltra

(
θcri −

|δ|
kw0

)}

= f (n)
4
{
1, n2

} √kw0

|δ| , (125)

and

φ′
0

(
θcri −

|δ|
kw0

)
= f (n)

4

√
n2 − 1

√
kw0

|δ| , (126)

which provides an angular deviation of{
α

[TE]

ltra

(
θcri −

|δ|
kw0

)
,α

[TM]

ltra

(
θcri −

|δ|
kw0

)}
= f 2(n)

8

√
n2 − 1
kw0|δ|

{
1, n2

}
. (127)

In the vicinity of the critical angle, considering an inci-
dent angle of θ0 = θcri − |δ|/kw0, the angular deviations
are given by

α
{TE,TM}
ltra

(
θcri −

|δ|
kw0

)
=

√
n2 − 1 f 2(n)

8
{
1, n2

} 1
|δ| kw0

.

At the border of the critical region, that is, for δ = 2π , the
maximal angular deviation is achieved before part of the
beam undergoes a total internal reflection. At this angle
we have{

α
[TE]

ltra

(
θcri −

λ

w0

)
,α

[TM]

ltra

(
θcri −

λ

w0

)}
≈ {0.6◦, 1.3◦}× 10

−3
. (128)

The angular deviation of the beam transmitted through
the lower face of the prism is plotted in Figure 16.

7. The composite Goos–Hänchen shift

So far, we have seen that for incidence angles greater
than θcri + λ/w0, a paraxial beam is entirely totally inter-
nally reflected, its reflection coefficient becoming com-
plex, which yields a lateral displacement of its reflection
point on the interface. On the other hand, for incidence
angles before the threshold θcri − λ/w0, the reflection
coefficient is real for the whole beam, but it stops being
symmetrical and breaks the symmetry of the beam’s
angular distribution, which originates an angular devi-
ation from the predictions of Geometrical Optics. This
is what makes the critical region between both of these
borders so interesting: in this region part of the beam
experiences total internal reflection and part of it suf-
fers a change in the power balance between the plane
waves that compose it. The interference between the
real and complex parts of the same beam is the respon-
sible for the so-called composite Goos–Hänchen shift.
This name means that, in this region, angular and lat-
eral Goos–Hänchen shifts are verified simultaneously. In
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Figure 16. Angular deviation for the transmission through the lower face of the prism in the vicinity of the critical angle. The dashed
linemarks the region where a relative phase exists between portions of the beam’s angular distribution. The plot considers a borosilicate
(n = 1.515) prism and a TM-polarized beam with λ = 0.633µm and w0 = 1mm.

Section 5, we studied the Goos–Hänchen shift in the
critical region, but our approach considered only lateral
shifts, disregarding angular effects. As we will see, tak-
ing into account both phenomena will not only lead to a
lateral shift whose measurement is dependent upon the
distance from where it is taken, as our geometrical intu-
ition tells us, but also, it will originate a new kind of
oscillatory phenomena.

Let us consider the electric field of the beam being
transmitted through the right face of the prism. Using
Equations (32) and (52) we can write the electric field of
this beam as being proportional to

Ertra ∝
∫ +∞

−∞
dθ r

[TE,TM]

lower
(θ) exp

×
{

−
[
kw(z̃rtra)

2
(θ − θ0)

]2
+ i k(θ − θ0) x̃rtra

}
,

(129)

where w(z̃rtra) = w0
√
1 + iζ , not to be confused with

w(z̃), which is given by Equation (37). Note that we
have factored out the transmission coefficients since the
Goos–Hänchen shift is only associated to the reflection
coefficient, being also themain contribution to the beam’s
symmetry breaking. This reflection coefficient can be
written as

{
r
[TE]

lower
(θ), r

[TM]

lower
(θ)
}

=
{
n cosϕ −

√
1 − n2 sin2 ϕ

n cosϕ +
√
1 − n2 sin2 ϕ

,

cosϕ − n
√
1 − n2 sin2 ϕ

cosϕ + n
√
1 − n2 sin2 ϕ

}
. (130)

Now, by writing θ = θ − θcri + θcri = δθ + θcri , and by
noting that the Snell’s law, sin θ = n sinψ , implies that

δθ cos θcri = n δψ cosψcri , (131)

we have that

δϕ = cos θcri
cosψcri

δθ

n
≈ δθ

n
, (132)

where we used the relation δψ = δϕ. Expanding now
the elements in the reflection coefficients around critical
incidence, we have that

n cosϕ ≈ n cosϕcri − n sinϕcri δϕ

= n cosϕcri − δϕ, (133a)

and that√
1 − n2 sin2 ϕ

≈
√
1 − n2 sin2 ϕcri − 2n2 sinϕcri cosϕcriδϕ

(133b)

= √−2n cosϕcriδϕ. (133c)
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Defining then δε = −δϕ/n cosϕcri , we can approximate
the reflection coefficients in the critical region as

r
[TE]

lower
(θ) = 1 + δε − √

2 δε
1 + δε + √

2 δε
≈ 1 − 2

√
2 δε + 4 δε,

(134a)

and

r
[TM]

lower
(θ) = 1 + δε − n2

√
2 δε

1 + δε + n2
√
2 δε

≈ 1 − 2 n2
√
2 δε + 4 n4 δε, (134b)

which can be written collectively as

r
[TE,TM]

lower
≈ 1 −

√
2 γ [TE,TM]

(θcri − θ)+ γ
[TE,TM]

(θcri − θ),
(135)

with {γ [TE]
, γ

[TM]} = 4{1, n4}/n√n2 − 1. Finally, defin-
ing the integration variable τ = kw(z̃rtra)(θcri − θ)/2, the
electric field of Equation (129) can be written as

E
[TE,TM]

rtra ∝
∫ +∞

−∞
dτ

×
⎡⎣1 − 2

√
2 γ [TE,TM]

τ

kw(z̃rtra)
+ 2 γ [TE,TM]

τ

kw(z̃rtra)

⎤⎦
× e−(τ+�)

2 G(x̃rtra , z̃rtra), (136)

where

� = kw(z̃rtra)
2

(θ0 − θcri)+ i
x̃rtra

w(z̃rtra)
, (137)

and

G(x̃rtra , z̃rtra) = exp

[
− x̃2rtra
w2(z̃rtra)

]
. (138)

Equation (136) presents three integrals to be solved. The
first and third ones have straightforward solutions,∫ +∞

−∞
dτ e−(τ+�)

2 = √
π , (139)

and ∫ +∞

−∞
dτ τ e−(τ+�)

2 = −√
π �, (140)

while the second one demands some more work. Fol-
lowing a procedure analogous to the one carried out in

Section 5, see Equation (78), we can write the integrand
of this integral as a series:∫ +∞

−∞
dτ

√
τ e−(τ+d)2

= e−�
2

++∞∑
m=0

(−2 �)
m

m!

∫ +∞

−∞
dτ τm+ 1

2 e−τ
2

= e−�
2

++∞∑
m=0

(2 �)
m

m!
1 + i (−1)

m

2
�

(
2m + 3

4

)
.

(141)

The integral returns then∫ +∞

−∞
dτ

√
τ e−(τ+�)

2 = ei
π
4

2
√
2
F(x̃rtra , z̃rtra ; θ0), (142)

being

F(x̃rtra , z̃rtra ; θ0)

=
[
2�
(
3
4

)
1F1
(
3
4
,
1
2
, �2
)

+ i ��
(
1
4

)
1
F1
(
5
4
,
3
2
, �2
)]

e−�
2
, (143)

where 1F1(x) is the Kummer confluent hypergeometric
function. Finally, the electric field coming out of the right
face of the prism has the form

Ertra ∝
⎡⎣1 −

√
γ

[TE,TM]

2πkw(z̃rtra)
ei
π
4 F(x̃rtra , z̃rtra θ0)

− 2 � γ
[TE,TM]

kw(z̃rtra)

⎤⎦ G(x̃rtra , z̃rtra). (144)

The study of the intensity of this approximated field,
Irtra = |Ertra |

2
, is what holds the information on the com-

posite Goos–Hänchen shift. We are interested in the
maximum value of the above equation for a given set
of parameters, or, more specifically, how the position of
the maximum changes, for a given wavelength and beam
width, when the incidence angle and the position of the
camera that makes the measurements change.

Firstly, in order to check the validity of our approxi-
mations, we must consider measurements being carried
out extremely close to the right face of the prism. The
reason for this is to remove from the picture the angu-
lar deviations, in which case we should obtain the known
curves for the Goos–Hänchen shift. In Figures 17 and 18
we show the results of this numerical analysis for TE- and
TM-polarized beams, respectively, with λ = 0.633µm
and beam waists of 150, 300, and 600µm, transmitted
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Figure 17. The Composite Goos–Hänchen shift for a TE-polarized beamwith λ = 0.633µm interacting with a borosilicate (n = 1.515)
prism. The solid green curves represent a minimum beam waist of 150µm and the dashed red ones of 600µm. For a camera distance
of 0 cm (a) the curves reproduce the known Goos–Hänchen shift. As the camera moves to 25 cm (b) and then 50 cm (c) we can see an
amplification of the shift as well as an oscillatory behaviour. Both effects are due to the symmetry breaking at the critical angle. The dots
represent the numerical data.
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Figure 18. The Composite Goos–Hänchen shift for a TM-polarized beamwith λ = 0.633µm interacting with a borosilicate (n = 1.515)
prism. The solid green curves represent a minimum beam waist of 150µm and the dashed red ones of 600µm. For a camera distance
of 0 cm (a) the curves reproduce the known Goos–Hänchen shift. As the camera moves to 25 cm (b) and then 50 cm (c) we can see an
amplification of the shift as well as an oscillatory behaviour. Both effects are due to the symmetry breaking at the critical angle. The dots
are the numerical data.
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through a borosilicate (n = 1.515) prism. The numeri-
cal results obtained from using Equation (129) directly
are in good agreement with the numerical analysis of
maxima of intensity using the approximated expression
in Equation (144). We can see in these figures how the
behaviour of the shift changes when the camera is moved
away from the transmitting interface. These axial effects
depend upon the ratio z̃rtra/zR , and, as expected, the far-
ther away the measurement is taken the larger the ampli-
fication of the shift. For two measurements made at the
same distance, as w0 increases, the shift becomes less
pronounced. This is due to the fact that a narrow angu-
lar distribution is more strongly centred at the incidence
angle, and less susceptible to the symmetry breaking of
the reflection coefficient.

In Figures 17 and 18 we can also see an oscillatory
behaviour of the shift. This can be explained by the argu-
ments of the Kummer confluent hypergeometric func-
tion since this function is real for real-valued arguments
and imaginary for imaginary-valued ones. For θ0 < θcri
the real part of the parameter � is dominant and no oscil-
lations are verified. As the incidence angle moves further
into the critical zone, for θcri < θ0 < θcri + λ/w0 and for
an appropriate ratio z̃rtra/zR , real and imaginary parts
become comparable, which generates the oscillations of
the shift. In the Artmann zone the real part of � becomes
the main contribution once again, the beam recovers its
symmetry, and the composite Goos–Hänchen shift goes
back to being the standard Goos–Hänchen shift, which
does not depend on the beam’s waist.

The composite Goos–Hänchen shift has recently been
measured experimentally by Santana et al. [42], using
weak measurement techniques. The amplification of the
Goos–Hänchen shift was observed, but not the oscil-
latory behaviour, due to their choice of parameters.
Figure 17(a,b) shows us that the oscillations start, for a
beam width of 150µm, at a camera distance of 25 cm.
In the experiment, however, a 170µm wide beam was
employed, for a camera 20–25 cm away from the face of
the prism, meaning that the camera was not far away
enough for the size of the beam used.

8. Optical weakmeasurements

8.1. Mathematical description

Optical weak measurements are an indirect approach
to enhance and measure small signal phenomena, tak-
ing advantage of the different responses an optical sys-
tem has for different polarization states. The mechanism
behind it is analogous to the ones employed in PSA
ellipsometry3 [60–63], only, instead of focusing on inter-
ference patterns, optical weak measurements focus on

intensity profiles. The experimental set-up can be seen
in Figure 19: An optical beam out of a laser source
passes through a polarizer, becoming diagonally polar-
ized. After this, it interacts with a dielectric structure
where each of its components will be modified in a dif-
ferent way (since Fresnel’s coefficients are polarization
dependent). Leaving the dielectric, light passes through
a set of waveplates in order to remove any relative phase
it may have acquired, meeting then a second polarizer
(analyser) which mixes both polarized fields’ amplitudes
and produces an intensity profile depending on the rela-
tive shift between the centres of the TE and TM beams.
After following this path, light is finally collected by a
camera. As we change the analyser’s angle, the relative
contribution of each polarization component to the mix-
ture also changes, and, consequently, so does the intensity
profile. This change is observed in the relative position
of intensity peaks, and the measurement of their rela-
tive distance allows an indirect measurement of the rel-
ative shift. Under appropriate conditions, this distance
can overcome the real shifts, hence the status of this
technique as an amplification technique.

Let us begin our mathematical description of an
optical weak measurement system. When a beam with
an electric field E(x, y, z) = Ex(x, y, z) x̂ + Ey(x, y, z) ŷ
passes through a polarizer at an angle α, the outgoing
beam is modified by the Jones matrix associated to the
polarizer, which is given by

Mα =
[

cos2 α cosα sinα
cosα sinα sin2 α

]
, (145)

resulting in a field

Eα (x, y, z) = Mα E(x, y, z)

=
[
Ex(x, y, z) cosα + Ey(x, y, z) sinα

]
× (cosα x̂ + sinα ŷ

)
. (146)

In the expression above, the x−z plane is implied as being
the plane of incidence, and the term Ex(x, y, z) cosα +
Ey(x, y, z) sinα can be written as Eα . Upon interac-
tion with the dielectric structure, however, we have
that Eα cosα → E[TM]

tra
and Eα sinα → E[TE]

tra
, where ‘tra’

stands for ‘transmitted’. The transmitted electric field
becomes then

Etra(x, y, z) = E
[TM]

tra (x, y, z) x̂ + E
[TE]

tra (x, y, z) ŷ. (147)

The amplitudes E[TE,TM]

tra depend on the angle α of the first
polarizer. For simplicity, α is chosen to be π/4, so the
incoming beam is an equal mixture of TE and TM polar-
ization states. After the beam leaves the dielectric a set
of waveplates removes any relative phase between E[TE,TM]

tra
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Figure 19. The optical weak measurement system. Light comes out of a laser source and passes through a polarizer which turns it into
amixture of TE- and TM-polarized beams. It then interacts with the dielectric prism, where each of its components undergoes a different
Goos–Hänchen shift. Leaving the structure, light passes through a set of waveplates in order to have any relative phase it might have
acquired removed, and then passes through a second polarizer (analyser) which will mix its components’ amplitudes, creating a double-
peaked intensity profile. The beam is then finally collected by a camera.

and it then passes through a second polarizer, at an angle
β , where these components are mixed. The electric field
captured by the camera is then

Ecam(x, y, z) = Mβ Etra(x, y, z)

=
[
E
[TM]

tra
(x, y, z) cosβ + E

[TE]

tra
(x, y, z) sinβ

]
× (cosβ x̂ + sinβ ŷ

)
. (148)

In the previous sections, we have not considered diag-
onally polarized beams, which is why the vector form
of their electric fields could be neglected, and we could
focus only on the amplitudes E[TE,TM]

tra . Besides, since all
the phenomena we’ve studied were confined to the plane
of incidence, we could also neglect the y component of
such fields. This spatial variable was displayed only for
the completeness of the discussion, which had a general
character, but, since it is also irrelevant for the treatment
of optical weak measurements we are going to carry out,
we will omit it. Adapting Equation (148) to the notation
used in previous sections, and considering that the elec-
tric field transmitted through the right face of the prism
is our subject of interest, we have that

Ecam(x̃rtra , z̃rtra)

=
[
E
[TM]

rtra (x̃rtra , z̃rtra) cosβ + E
[TE]

rtra (x̃rtra , z̃rtra) sinβ
]

×
(
cosβ ˆ̃xrtra + sinβ ˆ̃yrtra

)
, (149)

where, in the Total Internal Reflection Regime, E[TE,TM]

rtra
(x̃rtra , z̃rtra) can be approximated by the incident field

function as

E
[TE,TM]

rtra (x̃rtra , z̃rtra)

≈
∣∣∣t[TE,TM]

(θ0)
∣∣∣Einc

(
x̃rtra − d

[TE,TM]

GH
, z̃rtra

)
, (150)

being t[TE,TM]
(θ0) = t[TE,TM]

left
(θ0) t

[TE,TM]

right
(θ0) and d

[TE,TM]

GH
the

Goos–Hänchen shift. Note that, ordinarily, this field
should have a phase

ei
(
�rgeo+�[TE,TM]

GH

)
,

but we are considering the use of a set of waveplates
before the second polarizer to remove relative phases, and
so, this term is suppressed. The intensity associated with
the electric field in Equation (149) is

I(x̃rtra , z̃rtra)

=
∣∣∣E[TM]

rtra (x̃rtra , z̃rtra) cosβ + E
[TE]

rtra (x̃rtra , z̃rtra) sinβ
∣∣∣2 .
(151)

Note that the amplitudes E[TE,TM]

rtra
(x̃rtra , z̃rtra) are Gaussian

functions that do not share their centres, which generates
a double-peaked curve, being the peaks’ contributions to
the intensity controlled by the second polarizer’s angle.

Let us define the following new variables:

X = x̃rtra − d
[TE]

GH
+ d[TM]

GH

2
, (152a)

�dGH = d
[TM]

GH
− d

[TE]

GH
, (152b)
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and

τ =

∣∣∣t[TE](θ0)∣∣∣∣∣∣t[TM]
(θ0)
∣∣∣ . (152c)

The relative Goos–Hächen shift�dGH (evaluated numer-
ically) is plotted in Figure 20.The field intensity (151) can
now be written as being proportional to

I ∝
∣∣∣∣∣τ tanβ exp

[
−
(
X +�dGH/2

w(z̃rtra)

)2]

+ exp

[
−
(
X −�dGH/2

w(z̃rtra)

)2]∣∣∣∣∣
2

. (153)

A few approximations can bemade to the equation above.
First, in the vicinity of the critical angle, the region we are
interested in, the transmission coefficients of the prism
for the TE and TM polarizations are close enough for us
to consider τ ≈ 1. Second, by choosing the angle of the
second polarizer as

β = 3π
4

+�ε, (154)

and considering a very small perturbation �ε about the
fixed angle 3π/4, that is, �ε � 1, which is, incidentally,
a crucial step in optical weak measurements, it can be
shown that

tanβ ≈ 2�ε − 1. (155)

These approximations allow us to express the electric
field intensity collected by the camera as

I ∝
∣∣∣∣(2�ε − 1)

(
1 − X�dGH

w2(z̃rtra)

)
+
(
1 + X�dGH

w2(z̃rtra)

)∣∣∣∣2
× exp

[
− 2X2

|w(z̃rtra)|2
]
, (156)

which can be further simplified to

I(�ε,X) ∝
[
�ε + �dGH

|w(z̃rtra)|2
X
]2

exp
[
− 2X2

|w(z̃rtra)|2
]
.

(157)

8.2. The axial dependence ofmeasurements

The peaks’ positions of Equation (157) are controlled by
the polarizer parameter �ε. For �ε = 0, the intensity
profile has a minimum at Xmin = 0 and two symmetric
peaks at Xmax = ±|w(z̃rtra)|/

√
2. For a non-zero �ε, the

minimum is at

Xmin(�ε) = − �ε

�dGH

|w(z̃rtra)|
2

(158)

and the two maximums are at

X
±
max
(�ε) = −�ε ±

√
(�ε)

2 + 2
[
�dGH/|w(z̃rtra)|

]2
2�dGH

× |w(z̃rtra)|2. (159)

For a positive �ε (which corresponds to an anticlock-
wise rotation), the main peak is centred at X+

max(|�ε|),
while for a negative �ε (a clockwise rotation), the main
peak’s centre is at X−

max(−|�ε|). The distance between
such peaks is then

�Xmax = X
+
max(|�ε|)− X

−
max(−|�ε|)

= −|�ε| +
√

|�ε|2 + 2
[
�dGH/|w(z̃rtra)|

]2
�dGH

× |w(z̃rtra)|
2
. (160)

Figure 21 displays this distance for the same parame-
ters of Figure 20 and for different values of�ε.

We can see, in comparison to Figure 20, that the scale
of the peaks’ distance is multiplied b a factor 50, and
that the smaller the �ε parameter, the better the ampli-
fication. Besides, in the critical region, a strong axial
dependence is still verified.We can see that for 0 ≤ �ε ≤
�dGH/|w(z̃rtra)|, the peaks’ distance fall on the range

√
2 |w(z̃rtra)| ≤ �Xmax ≤ (

√
3 − 1) |w(z̃rtra)|,

showing that as we increase�ε the distance between the
peaks decreases. For

|�ε| � �dmax/|w(z̃rtra)|, (161)

we have that

�Xmax ≈ �dGH

|�ε| , (162)

meaning, the relativeGoos–Hänchen shift is amplified by
a factor |�ε|−1

. For incidence angles far from the crit-
ical angle, the condition (161) is easily satisfied. In the
critical region, however, the Goos–Hänchen shift is nat-
urally amplified, the condition (161) is not satisfied, and,
consequently, the weak measurement amplification is no
longer proportional to |�ε|−1

. Increasing the beam waist
w0 removes the axial dependence of the amplification
because it makes the beam’s collimation around the inci-
dence angle stronger. To the right of the critical region,
this axial dependence is no longer verified because the
beam’s symmetry is recovered.
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Figure 20. The relative Goos–Hänchen shift for a beam with λ = 0.633µm and minimum beam waist (a) 200µm, (b) 300µm, and (c)
600µm. The interaction is considered to be with a borosilicate (n = 1.515) prism, and the camera distance from the right face of the
prism is considered to range between 10 and 15 cm. These limits correspond to the lower and top sides, respectively, of each curve’s
width. This data is the numerical evaluation of the shift of the maximum intensity of the beam.
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Figure 21. The optical weak measurement amplification of the relative Goos–Hänchen shift for a beam with λ = 0.633µm and min-
imum beam waist (a) 200µm, (b) 300µm, and (c) 600µm. The interaction is considered to be with a borosilicate (n = 1.515) prism,
and the camera distance from the right face of the prism is considered to range between 10 and 15 cm. Different values of the polarizer
parameter�ε were used.We can see that the scale of this amplification, in comparison to the directmeasurement of the Goos–Hänchen
shift, is a factor of 50.
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From an experimental point of view, it makes more
sense to invert Equation (160) to express the rela-
tive Goos–Hänchen shift as a function of the distance
between intensity peaks, which is what the experimen-
talist will actually measure. In doing so we obtain

�dGH = 2 |�ε| |w(z̃rtra)|
2

2 |w(z̃rtra)|2 −�X2
max

�Xmax . (163)

8.3. The effect of the Goos–Hänchen phase

In the last sections, we studied the amplification of the
Goos–Hänchen shift via an optical weak measurement
set-up. When establishing such a set-up, a crucial step
was the removing of the relative phase between the elec-
tric field’s components of the beam. This relative phase is
the relative Goos–Hänchen phase, acquired in the inter-
action with the dielectric structure. As we will see, this
phase has a destructive effect on measurements, and the
study of such an effect is interesting not only for the com-
pleteness of the theory, but it is also important from a
pragmatic point of view as an efficiency test for phase-
removal techniques. A waveplate, for instance, that leaves
a residual phase may compromise experimental results,
and the quantitative knowledge of how Goos–Hänchen
phases affect weak measurements may help us to verify
when they are completely removed.

Each internal reflection prompts a new shift of the
beam, in such way that, for Nr reflections the total shift
becomes Nr d

[TE,TM]

GH
. As the Goos–Hänchen shift and the

Goos–Hänchen phase are related through Equation (70),
we see that the same factor is present in the final phase
acquired by the beam, that is,Equation (23) becomes{

�
[TE]

GH
,�

[TM]

GH

}
= −2Nr

{
arctan

[√
n2 sin2 ϕ − 1
n cosϕ

]
,

× arctan

[
n
√
n2 sin2 ϕ − 1
cosϕ

]}
. (164)

Since this phase is a function of the incidence angle and of
the number of reflections, it can be controlled by chang-
ing this angle and by changing the length of the dielectric,
which is why we will in this section consider a multiple-
reflection structure, as the one presented in Figure 8. For
simplicity, we will consider a structure composed of an
even number of right-angle triangular prisms, in such
way, that the incoming and outgoing beams are parallel.
In this set-up, Equation (49) for the geometrical phase
of the beam transmitted through the right face of the

structure becomes

�rgeo = Nr

2
k
(√

2 n cosϕ + n cosψ − cos θ
)
AB,

(165)

and the geometrical shift is given by Equation (50)

xrgeo = Nrgeo

2

(
cos θ − sin θ + 2 tanψ cos θ)AB.

(166)

The beam intensity (153) can then be written as

I ∝
∣∣∣∣∣τ tanβ exp

[
−
(
X +�dGH/2

w(z̃rtra)

)2
+ i��GH

]

+ exp

[
−
(
X −�dGH/2

w(z̃rtra)

)2]∣∣∣∣∣
2

, (167)

where

��GH = �
[TE] −�

[TM] = 2Nr arctan

[√
n2 sin2 ϕ − 1
n sinϕ tanϕ

]
(168)

is the relative Goos–Hänchen phase. Note that, as said
before, we are considering an even number of prisms
in our dielectric chain, see Figure 18, and so the right
and left faces of our structure are parallel, and so, con-
sequently, are also the incoming and outgoing beams.
So the definition of the system x̃rtra − z̃rtra , given by
Equation (51), must be updated to

x̃rtra = xinc +�′
rgeo
(θ0)/k = xrtra − xrgeo , (169a)

and

z̃rtra = zinc +�′′
rgeo
(θ0)/k = zrtra − zrgeo , (169b)

according to Equations (165) and (166). Following then
the approximations made for the case without phase, the
intensity (167) can be written as

I(�ε,X) ∝
[(
�ε + �dGH

|w(z̃rtra)|2
X
)2

+ sin2
(
��GH

2

)]

× exp
[
− 2X2

|w(z̃rtra)|2
]
. (170)

This intensity profile has its peaks given by the equation(
�ε + �dGH X

w2(z̃rtra)

)(
�dGH − 2�ε X − 2�dGH X2

w2(z̃rtra)

)
− 2 sin2

(
��GH

2

)
X = 0. (171)
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If�ε = 0 the equation above returns

X

[
�d2

GH

w2(z̃rtra)
− 2�d2

GH
X2

w4(z̃rtra)
− 2 sin2

(
��GH

2

)]
= 0,

(172)

providing an intensity’sminimumatX = 0 and two sym-
metrical maxima at

Xmax = ±w(z̃rtra)√
2

√
1 −

[
2w(z̃rtra)
�dGH

sin
(
��GH

2

)]2
,

(173)

which returns the expected value if the phase is made
zero. For a non-zero�ε, Equation (171) can be approxi-
mated to

2�ε
�dGH X2

w2(z̃rtra)
+
[
�ε2 − �d2

GH

2w2(z̃rtra)
+ sin2

(
��GH

2

)]

X − 1
2
�ε �dGH = 0 (174)

with maxima at

X±
max

= �ε w2(z̃rtra)
4�dGH⎡⎢⎢⎢⎢⎢⎣−
(
1 − �d2

GH

2w2(z̃rtra)�ε2
+ sin2

(
��GH/2

)
�ε2

)

±

√√√√√√√√√
(
1 − �d2

GH

2w2(z̃rtra)�ε2
+ sin2

(
��GH/2

)
�ε2

)2

+ 4�d2
GH

w2(z̃rtra)�ε2

⎤⎥⎥⎥⎥⎥⎦ .

(175)

Now, let us consider that the incidence angle is far greater
than the critical one, that is, the approximation |�ε| >>
�dGH/w(z̃rtra) is valid, as we did for the case without
phase. This gives us the distance between peaks as

�Xmax ≈ �dGH

|�ε|
1

1 +
[ sin(��GH/2)

|�ε|
]2 . (176)

Note that removing the phase the result (162) is recon-
structed and the shift is amplified by a factor |�ε|. It
is, however, possible to obtain this amplification by con-
trolling the phase, without removing it. We can see that
for

��GH = 2mπ for m = 0, 1, 2, . . . (177)

this aim is achieved, but this happens only for particular
combinations ofNr and θ0, as can be seen in Figure 22. In

this figure, the sinusoidal function is plotted as a function
of the incidence angle for different numbers of internal
reflections. We can see that there is a minimum num-
ber of internal reflections needed to trigger the recon-
struction of Equation (162). For a borosilicate prism, for
instance, forNr < 8,��GH is never an integermultiple of
2π , but as the number of reflections increases, this result
becomes accessible more often, starting with two angles
for Nr = 8.

The effect of the Goos–Hänchen phase on �Xmax is
studied for Nr = 8 and Nr = 16 in Figure 23, where the
dashed lines represents the weak measurement amplifi-
cation without phase. We can see that Equation (176)
is virtually null for every incidence angle except for the
ones aroundwhich sin(��GH/2) = 0. For incidence pre-
cisely at the angles for which this result is obtained
the weak measurement amplification without phase is
obtained. These results are of a pragmatic interest for
the experimentalist. As Figure 21 shows us, the sepa-
ration between intensity peaks may be nearly 0.5 mm
long, which in comparison to the direct measurement
of the Goos–Hänchen shift is a huge amplification. A
Goos–Hänchen phase that is not completely removed,
however, will give the appearance of only one peak exist-
ing in a fixed position, or, at least, in a scenario not as
dramatic, will provide a non-optimal amplification.

9. Weakmeasurements vs. direct
measurements

In Section 6, we studied the angular deviations a light
beam suffers when it interacts with a dielectric struc-
ture outside of critical incidence. Even though the angu-
lar deviations from the path predicted by Geometrical
Optics acquired larger values in the vicinities of the Brew-
ster and critical angles (for the beam transmitted through
the right face of the right-angle triangular prism we have
been considering) even in these regions the effect was
fairly small. Optical weak measurements present them-
selves then as a possible amplification solution, as was the
case for the lateral Goos–Hänchen shift. In this section,
we will develop the Optical Weak Measurement theory
for angular deviations, which requires simple modifica-
tions from what we did in the last section, and we will
compare the results obtained with the direct measure-
ments. In fact, in a way, angular deviations, as we will see,
present amore direct problem to both the theorist and the
experimentalist, since no phase is acquired by the beam
outside of the Total Internal Reflection regime.

The optical system we will consider is the same pre-
sented in Figure 19, with the exclusion of the waveplates
set. The electric field intensity collected by the camera is
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Figure 22. The sine of half the relative Goos–Hänchen phase for a borosilicate (n = 1.515) dielectric structure, for different numbers of
total internal reflections Nr . Starting at Nr = 8 it is always possible to find incidence angles for which this sine function is zero and the
results of optical weak measurements without phase can be reconstructed. As Nr increases so does the number of available zeros.
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Figure 23. The optical weakmeasurement amplification of the Goos–Hänchen shift without the removal of the relative Goos–Hänchen
phase for a borosilicate (n = 1.515) structure allowing (a) 8 and (b) 16 total internal reflections. The curves represent a beam with λ =
0.633µm and w0 = 1mm. The phase renders the distance between intensity peaks virtually null, except around the angles for which
sin(��GH/2) = 0. Precisely for such angles, the amplification obtained is the same given by weakmeasurements without phase, that is,
�Xmax ≈ �dGH/|�ε|. The |�ε| factor used was 1◦.
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still given by Equation (151),

I(x̃rtra , z̃rtra)

=
∣∣∣E[TM]

rtra
(x̃rtra , z̃rtra) cosβ + E

[TE]

rtra
(x̃rtra , z̃rtra) sinβ

∣∣∣2 ,
but the electric fields expressions are now approximated
by

E
[TE,TM]

rtra

∝ r
[TE,TM]

lower
(θ0)exp

⎧⎪⎨⎪⎩−
[
x̃rtra − α

[TE,TM]

rtra
(θ0) z̃rtra

]2
w2(̃zrtra)

⎫⎪⎬⎪⎭ ,

where we can see that the displacement of the centre
of the Gaussian function is determined by the angular
coefficient α

[TE,TM]

rtra . Defining then the new variables

X = x̃rtra − α
[TE]

rtra (θ0)+ α
[TM]

rtra (θ0)

2
z̃rtra , (178a)

�αrtra(θ0) = α
[TM]

rtra (θ0)− α
[TE]

rtra (θ0), (178b)

and

τ(θ0) = r
[TM]

lower
(θ0)/r

[TE]

lower
(θ0), (178c)

we can write the intensity as being proportional to

Irtra ∝
{
tanβ exp

[
−
(
X + �αrtra (θ0)

2
z̃rtra

)2 /
w2(z̃rtra )

]

+ τ(θ0) exp

[
−
(
X − �αrtra (θ0)

2
z̃rtra

)2 /
w2(z̃rtra )

]}2

.

(179)

Setting the angle of the second polarizer to β =
− arctan[τ(θ0)] +�ε and considering that |�ε| � 1,
we have that

tanβ ≈ −τ(θ0)+
[
1 + τ

2
(θ0)
]
�ε.

Using this result and by noting that �αrtra(θ0) � 1, the
transmitted intensity can be simplified to

Irtra ∝
{
[−τ(θ0)+ (1 + τ 2(θ0))�ε]

×
(
1 −�α(θ0)

X z̃rtra
w2(z̃rtra)

)

+ τ(θ0)

(
1 +�α(θ0)

X
w2(z̃rtra)

)}2

× exp

[
−2

X2

w2(z̃rtra)

]

∝
[
1 + τ 2(θ0)

2 τ(θ0)
�ε +�α(θ0)

X z̃rtra
w2(z̃rtra)

]2

× exp

[
−2

X
2

w2(z̃rtra)

]

=
[
�ε

A(θ0)
+�α(θ0)

X z̃rtra
w2(z̃rtra)

]2

× exp

[
−2

X2

w2(z̃rtra)

]
, (180)

where we have defined

A(θ0) = 2 τ(θ0)
1 + τ 2(θ0)

. (181)

The intensity (180) has peaks at

X
±
max(�ε)

=
−�ε ±

√
(�ε)

2 + 2[A(θ0)�α(θ0)z̃rtra/w(z̃rtra)]
2

2A(θ0)�α(θ0) z̃rtra
× w2(z̃rtra), (182)

and for |�ε| � A(θ0)�α(θ0) z̃rtra/w(z̃rtra) we can
approximate the square root above as

|�ε| + [A(θ0)�α(θ0) z̃rtra/w(z̃rtra) ]
2

|�ε| .

Now, a positive rotation of the second polarizer, �ε =
|�ε|, yields, by using the previous approximation,{

X
−
max(|�ε|),X

+
max(|�ε|)

}
=
{
− |�ε|w2(z̃rtra)
A(θ0)�α(θ0) z̃rtra

,
A(θ0)�α(θ0) z̃rtra

2 |�ε|
}
,

(183)

which shows that for a positive rotation the main peak is
at X+

max(|�ε|). For a negative rotation, �ε = − |�ε|, we
have then that{

X
−
max(− |�ε|),X+

max(− |�ε|)
}

=
{ |�ε|w2(z̃rtra)
A(θ0)�α(θ0) z̃rtra

,−A(θ0)�α(θ0) z̃rtra
2 |�ε|

}
,

(184)
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Figure 24. The optical weak measurement amplification of angular deviations for a borosilicate (n = 1.515). The curves represent a
beam with λ = 0.633µm and w0 = 1mm, and |�ε|0.1◦, 0.2◦, and 0.5◦. (a) As the incidence angle approaches the critical incidence
we can see the increasing efficiency of the weak measurement approach. (b) Amplification on the internal Brewster region. The region
between dashed vertical lines in (b) represents the range of incidence angles for which the concept of angular deviations is obscure. (c)
The vicinity of the critical region. The dashed lines in (c) represent the region were the Composite Goos–Hänchen shift is present.
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Table 2. Table of angular deviation values for a borosilicate (n = 1.515) prism and an incident beam with wavelength λ = 0.633µm
andminimal beamwaist w0 = 1mm, for incidence angles (first column) ranging from the internal Brewster region to the critical region,
and for TE- (second column) and TM-polarized (third column) waves. The fourth column displays the relative angular deviation and the
fifth the relative angular deviation in a weak measurement system. The last column has the amplification factors between direct and
weak measurements of the relative angular deviation.

θ0 10
3
α

[TE]

TRA
10

3
α

[TM]

TRA
10

3
�αTRA 10

3
�α

WMx

TRA
Ampl.

−17.65706◦ 0.0023◦ 1.7953◦ 1.7930◦ 2.9938◦ 1.6697
−17.65000◦ 0.0023◦ 1.5145◦ 1.5122◦ 3.0169◦ 1.9950
−16.65000◦ 0.0024◦ 0.0676◦ 0.0652◦ 3.1877◦ 48.8911
−15.65000◦ 0.0026◦ 0.0366◦ 0.0340◦ 3.3086◦ 97.3118
−14.65000◦ 0.0028◦ 0.0262◦ 0.0234◦ 3.4354◦ 146.8077
−13.65000◦ 0.0030◦ 0.0211◦ 0.0181◦ 3.5717◦ 197.3315
−12.65000◦ 0.0032◦ 0.0183◦ 0.0151◦ 3.7234◦ 246.7099
−11.65000◦ 0.0035◦ 0.0166◦ 0.0131◦ 3.9000◦ 297.7099
−10.65000◦ 0.0039◦ 0.0158◦ 0.0119◦ 4.1196◦ 346.1849
−9.65000◦ 0.0045◦ 0.0156◦ 0.0111◦ 4.4133◦ 397.5946
−8.65000◦ 0.0052◦ 0.0162◦ 0.0110◦ 4.8493◦ 440.8455
−7.65000◦ 0.0064◦ 0.0179◦ 0.0115◦ 5.6049◦ 487.3826
−6.65000◦ 0.0091◦ 0.0230◦ 0.0139◦ 7.3749◦ 530.5683
−5.65000◦ 0.0437◦ 0.1007◦ 0.0570◦ 32.5569◦ 571.1737
−5.63938◦ 0.0497◦ 0.1144◦ 0.0647◦ 36.9881◦ 571.6862

being then the main peak at X+
max
(− |�ε|). The distance

between these peaks is

�Xmax = X
+
max
(|�ε|)− X

+
max
(−|�ε|)

= A(θ0)
|�ε | �αrtra(θ0) z̃rtra = �α

WM

rtra
(θ0) z̃rtra .

(185)

The angular coefficient�αWM

rtra
(θ0) has, in contrast to the

coefficient measured by a direct procedure,�αrtra(θ0), an
amplification factor of 1 / |�ε|. Near the critical angle we
have that Acri(θ0) ≈ 1, and so, a weak measurement in
this region is

�α
WM

rtra,cri(θ0) ≈ �αrtra,cri(θ0)

|�ε| ∝ 1
|�ε| (kw0)

3/2 . (186)

In the vicinity of the Brewster region, we have that
AB(int) (θ0) ∝ 1/kw0, providing

�α
WM

rtra,B(int)
(θ0) ∝ �αrtra,B(int) (θ0)

kw0 |�ε| ∝ 1
|�ε| (kw0)

2 .

(187)

Figure 24 shows the weak measurement amplification
of angular deviations for different values of the parameter
|�ε|. We can see in Figure 24(a) that as one approaches
the critical incidence the weak measurements approach
becomes increasingly better. Figure 24(a,b) are zoom-ins
in the regions of interest. At the border of the internal
Brewster region, for instance, which is located at θ0 =
θB(int) = λ/w0, for |�ε| = 0.1◦, we have that{

�αrtra ,�α
WM

rtra

}
= {1.8◦, 3.0◦}× 10

−3
(188)

while at the border of the critical region at θcri − λ/w0,
we have{
�αrtra ,�α

WM

rtra

}
=
{
6.5◦ × 10

−2
, 37.0◦

}
× 10

−3
, (189)

which demonstrates the power of amplification of this
technique. For intermediate angles, the comparison
between direct and weak measuring procedures is given
in Table 2.

Let us come back to the constraint

|�ε| � A(θ0)�α(θ0)
z̃rtra

w(z̃rtra)
,

in order to determine the condition on |�ε| which
validates the analysis we carried out so far. In the
region between the internal Brewster and the critical
regions, that is, for θB(int) + λ/w0 < θ0 < θcri − λ/w0, the
main restriction comes from the critical region where
Acri(θ0) ≈ 1 and angular deviations are proportional to
(kw0)

− 3/2
. Consequently, we have the condition

|�ε| � z̃rtra
(kw0)

3/2 w(z̃rtra)
. (190)

For a beam with w0 = 1mm, λ = 0.633µm and for a
camera positioned at z̃rtra = 25 cm, z̃rtra/w(z̃rtra) ≈ 250,
thus we have that |�ε| � 0.014◦.

Finally, let us note that the structure of the beam is
important for weak measurements as well as for direct
measurements. Equation (116) has a (kw0)

2 dependency
in its denominator and so, as w0 becomes wider the less
pronounced becomes the angular deviation. This hap-
pens because increasing the minimal beam waist col-
limates the beam and restricts the wave vectors of its
component plane waves to angles closer to the centre
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of its angular distribution. The same effect occurs for
the relative angular coefficients in weak measurements
because they depend on the relative coefficients of direct
measurements. Let us define an efficiency factor given by
the polarization-relative distance that must be measured
from the line along which Geometrical Optics predicts
the maximum electric field intensity to be to where it
actually is, divided by the beam width where the mea-
surement is made, that is

ρ = �αrtra z̃rtra
w(z̃rtra)

. (191)

Using Equations (118) and (120) we have that, for a direct
measurement at a distance of 25 cm,

{ρB(int) , ρcri} =
{
1,

1√
kw0

}
z̃rtra

kw0 w(z̃rtra)

≈ {2.515%, 0.025%} , (192)

while for a weak measurement

{ρB(int) , ρcri}WM =
{

1
kw0

,
1√
kw0

}
z̃rtra

|�ε| kw0 w(z̃rtra)

≈ {0.145%, 14.466%} . (193)

By comparing the efficiency factors for direct and weak
measurements we see that near the Brewster angle weak
measurements have the opposite of the desired effect,
‘breaking’ the measurement. Direct measurements, in
contrast, are more efficient near the Brewster angle than
near the critical one.

10. Conclusions

More than 70 years have passed since the original publi-
cation of Goos and Hänchen, and the research field they
started is still prolific and full of interesting questions. In
the present, work we have addressed some of such ques-
tions, limiting ourselves to planar beam shifts. The phe-
nomena analysed have differentmanifestations, but share
in their core the same nature, i.e. the fact that the Fres-
nel coefficients, describing the interaction of light with
dielectric structures, are not in accordance with Geomet-
rical Optics and present corrections to it. The way the
Fresnel’s coefficients change the expected path of light in
an optical system depends on the system itself through its
refractive index, but, more importantly, on the incidence
angle, which determines if the light beam is in the Partial
or Total Internal Reflection regime.

For a totally internally reflected beam, the reflec-
tion coefficient becomes complex and a new phase is
acquired by its electric field. Because optical phases and
optical paths are intrinsically related, this generates a

shift of the reflection point in relation to the incoming
point: for a partial reflection these points are the same,
but not in the total internal reflection case. This is the
Goos–Hänchen shift, experimentally verified for the first
time in 1947. Since then, its analytical description was an
important investigation point. Artmann described it cor-
rectly at a distance from the critical angle and Horowitz
and Tamir successfully calculated the shift precisely at it.
In Section 5, in accordance with both these results, we
obtained an analytical expression for the Goos–Hänchen
shift everywhere for a Gaussian beam. The approach
employed followed Artmann’s original idea of using the
Stationary Phase Method to find the optical path, but
while his results are only valid for a plane wave descrip-
tion of the problem, we considered the beam’s structure,
integrating the shift weighted by the angular distribution
of the beam. This result is in agreement with Artmann’s
calculation at a distance from the critical angle because in
this region the shift is nearly constant and can be factored
out of the integral.

Implicit in the Stationary Phase Method is the choice
to look at the shift of the maximum intensity point of
the reflected beam. A different approach would be to
look at the shift of the mean intensity point, which was
also done in Section 5 by calculating the centroid of the
totally internally reflected beam. Both results are not the
same everywhere, agreeing with each other only in the
Artmann zone (the zone where Artmann’s results are
valid). This is expected and is due to the structure of the
beam. An angular Gaussian distribution has an appre-
ciable value in the interval θ0 − λ/w0 < θ < θ0 + λ/w0.
If θ0 > θcri + λ/w0 the whole beam can be considered
reflected and because the reflection coefficient is com-
plex, with magnitude 1, the beam is symmetric. As a
result, its mean intensity point is coincident with its max-
imum intensity point. If, however, θcri − λ/w0 < θ0 <

θcri + λ/w0, part of the beam is outside the Total Inter-
nal Reflection regime and its symmetry is broken. As
we saw, this can be observed in the difference between
results obtained by the mean and maximum intensity
approaches to the Goos–Hänchen shift in the critical
zone. The analytical formulae for both cases were com-
pared to numerical calculations, achieving an excellent
agreement.

This symmetry breaking effect of the beam was the
subject analysed in Section 6, where we showed it to
be responsible for angular shifts. We calculated analyti-
cal expressions for such shifts in the region between the
Brewster and the critical regions. An optical beam is a
packet of plane waves, each with an incidence angle fol-
lowing the beam’s angular distribution. The propagation
direction of the beam is given by the incidence angle of
the distribution’s centre, which is the main contribution
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to the packet.When light interacts with a dielectric inter-
face the Fresnel’s coefficients break the symmetry of this
distribution, favouring the transmission (reflection) of
plane waves other than the one originally at the cen-
tre of the beam. This shifts the mean intensity point
of the beam, which now propagates in a slight different
direction than the incident angle would have it propa-
gate, according to Geometrical Optics. This is the trig-
ger behind angular deviations. All the effects we have
discussed are dependent on polarization states because
the Fresnel coefficients discriminate between such states.
For angular deviations, in particular, an important result
arises from this fact. The Brewster angle does not reflect
TM-polarized light and, consequently, since beams have
an angular aperture around their centre, a TM-polarized
beam has its symmetry more strongly broken at this
point, yielding a greater angular deviation. How to inter-
pret such deviations in the Brewster region, however, is
still an open topic. Incidence at the Brewster angle turns
a Gaussian distribution into a double-peaked structure,
which makes the concept of angular deviations hazy. In
the literature on the subject, it is possible to find analy-
ses of the deviations underwent by each peak separately
as well as by the mean intensity of the whole structure,
which, similarly to the centre of mass of a boomerang, is
outside the portion of space that contains the bulk of the
electric field.

Moving the incidence angle closer to the critical angle
a new, interesting effectwas verified. In the critical region,
the angular distribution can be divided into two portions.
One of them is totally internally reflected and is later-
ally shifted ( Goos–Hänchen shift) and one of them is
partially reflected and angularly shifted. The beam, how-
ever, is still a single entity, and not a multiple-peaked
structure, and the conjunction of both these phenomena
yields the effect known as the Composite Goos–Hänchen
shift, which was numerically studied in Section 7. The
hallmark of this shift is the axial dependence of the mea-
surements. The farther you position the camera that col-
lects the beam the greater will be the measured lateral
shift because the presence of angular deviations makes
the actual beam not parallel to the optical path predicted
by Geometrical Optics. Away from the critical angle,
where no symmetry breaking effects occur, this paral-
lelism is restored and the axial position of the camera
ceases to be relevant. Also, since in the critical region
there is a relative phase between both portions of the
beam, an oscillatory behaviour of the shift was verified,
the amplitude of which decreases as one moves away
from the critical angle. Finally, it is interesting to note the
role played by the minimal beam waist in the Composite
Goos–Hänchen shift. The axial element of the measure-
ment becomes smoother the wider w0 becomes, meaning

that for axial amplifications to occur, one must position
the camera much farther away. For a TE-polarized beam,
for instance, we saw that either at a distance of 0 or 50 cm
the maximum shift was about 7µm for w0 = 600µm
while for w0 = 150µm it goes from 3µm at 0 cm to
nearly 30µm at 50 cm. The reason for this behaviour
is the collimation of beam. The w0 = 600µm -beam
is strongly centred around its incidence angle and its
symmetry breaking is not as pronounced.

All these phenomena are but minute corrections to
Geometrical Optics. As we saw, in the Artmann zone the
Goos–Hänchen shift is proportional to λ, while in the
critical region is proportional to

√
w0 λ. Angular devi-

ations are proportional to λ/w0 in the Brewster region
and to

√
w0/λ near the critical region. Even for TM-

polarized beams, which have a n2 factor in relation to TE-
polarized beams, these effects are small. In this work we
have considered a wavelength of 0.633µm, leaving mea-
surements in the micrometer scale. This, however, does
not diminish the importance of such corrections, which
are relevant not only for the sake of a better understand-
ing of light’s behaviour, but also, from a pragmatic point
of view, for the precision design of optical systems such
as optical resonators and ellipsometric probes. Amplifi-
cation techniques are, nevertheless, available to address
the problem of such precise measurements. Multiple-
reflection systems and large wavelengths have been com-
mon solutions to this issue, and in Sections 8 and 9 we
discussed the indirect approach of Optical Weak Mea-
surements. This powerful method uses polarizers to mix
components of an elliptically polarized beam, creating
a particular double-peaked intensity profile with peaks’
positions that change according to a polarizing parameter
�ε. We saw that for two consecutive measurements with
a clockwise and an anticlockwise rotation of the polar-
izer by the same amount |�ε|, the position of the main
intensity peak changes, and the distance between such
positions yields an indirect measurement of the relative
shift. For the Goos–Hänchen shift, weak measurements
amplified the direct measurements by a factor as big as
30, allowing a relative shift of more than 0.5mm for a
beam with w0 = 500µm. The axial effect of the critical
region was still present in the weak measurements, and,
just as in the direct measurements case, wider minimal
beam waists minimized this effect. In the Artmann zone
this amplification is constant, with an amplification fac-
tor 1/|�ε|, showing that the technique’s power is limited
to the precision with which a polarizer’s angle can be set.
Also, we have found an analytical description of the effect
of the relative Goos–Hänchen phase on weak measure-
ments. This phase is usually removed after light leaves
the dielectric prism it is interacting with, but a descrip-
tion of its effects was still lacking in the literature. We



2192 S. DE LEO AND G. G. MAIA

found it poses a destructive influence on weak measure-
ments, generating an intensity profile with virtually fixed
peaks. For incidence angles for which ��GH = 2mπ ,
however, this phase is naturally removed and the results
of measurements without phase are reconstructed. This
is of practical interest since a phase that is not completely
removed will render experimental data discrepant from
theoretical expectations, and can be used to evaluate the
efficiency of the phase-removal technique employed.

For angular shifts, on the other hand, our analysis
showed that the Optical Weak Measurement technique
is not as effective throughout the whole incidence angle
spectrum. Direct measurements of the relative angular
shift are nearly 30 times greater at the border of the Brew-
ster region than at the border of the critical region, but
while weakmeasurements offered an amplification factor
of nearly 600 in the latter, it was only nearly 2 in the previ-
ous. By defining an efficiency factor as the relative angular
coefficient multiplied by the ratio between the distance of
the camera which carries out the measurement and the
aperture of the beam at this distance, weakmeasurements
near the Brewster region become even more inefficient.
This factor is the ratio between the transversal distance
the experimentalists have to measure and the size of the
object they are measuring. If the beam is wider than the
distance it is shifted the efficiency factor is lower than the
opposite case and the measurement is harder. For a cam-
era at 25 cm from the optical system and a beam with
a minimal beam waist of 1mm, there is an efficiency of
2.5% for a direct measurement versus 0.1% for a weak
measurement near the Brewster region. In comparison,
near the critical region, these factors are of 0.03% for a
direct measurement and 14.5% for a weak measurement.

Finally, regarding outlooks and possible future lines of
research, it is possible to extend everything that was done
in the present work for different beam profiles, such as
Laguerre– and Hermite–Gaussian beams, Bessel beams,
Airy beams, and so forth. In particular, the extension
of optical weak measurements to such profiles presents
itself as an interesting topic, since such investigations
have been strongly centred around Gaussian beams.
The Goos–Hänchen shifts, as well as the angular shifts,
depend on the structure of the beam, and so, beams with
different properties are bound to produce new, interest-
ing, results. The possibility of extension to other areas
of Physics is also promising. The interaction of parti-
cles with potential barriers inQuantumMechanics has in
its description coefficients analogous to Fresnel’s, as does
the interaction of seismic waves with geological inter-
faces, and the propagation of acoustic waves [53]. It is
also important to recall that the relative Goos–Hänchen
phase plays a fundamental role in the power oscillation of
lasers transmitted through dielectric blocks. Theoretical

investigations of the power oscillation presented in [64,
65] have recently found an experimental confirmation
[66]. This oscillation is caused by the zero-order term
in the Taylor expansion of the Fresnel ( Goos–Hänchen)
phase and represent a different phenomenonwith respect
to the oscillatory behaviour of light predicted in [20] and
observed in [67].

Notes

1. Note that this electric field is represented by Eltra , where
the sub-index stands for ‘lower transmission’, not to be
confused with the sub-index ‘lref’, which stands for ‘left
reflection’. Since there is no camera collecting the beam
transmitted through the left interface, this choice of indices
should not cause any confusion.

2. Not to be confused with the Dirac’s Delta, which always
displays an argument, e.g. δ(x).

3. Polarizer-Sample-Analyser ellipsometry.

Acknowledgments

The authors gratefully acknowledge the many helpful sugges-
tions of Dr Manoel P. Araújo and Prof. Silvânia A. Carvalho
during the preparation of the paper.

Disclosure statement

No potential conflict of interest was reported by the authors.

Funding

One of the authors (S.D.L) wishes to thank the University
of Salento for the hospitality, and the CNPq [grant number
2018/303911] and FAPESP [grant number 2019/06382-9] for
financial support.

References

(1) Goos, F.; Hänchen, H. Ein Neuer Und Fundamen-
taler Versuch Zur Totalreflexion. Ann. Phys. 1947, 436,
333–346.

(2) Saleh B.E.A.; Teich M.C. Fundamentals of Photonics;
Wiley & Sons: New Jersey, 2007.

(3) Born M.; Wolf E. Principles of Optics; Cambridge UP:
Cambridge, 1999.

(4) ArtmannK. BerechnungDer SeitenversetzungDes Total-
reflektierten Strahles. Ann. Phys. 1948, 437, 87–102.

(5) Goos F.; Hänchen H. Neumessung Des Strahlwerset-
zungseffektes Bei Totalreflexion. Ann. Phys. 1949, 440,
251–252.

(6) Wolter H. Untersuchungen Zur Strahlversetzung Bei
Totalreflexion Des Lichtes Mit Der Methode Der Min-
imumstrahlkennzeichnung. Z. Naturforsch 1950, 5a,
143–153.

(7) Artmann K. Brechung Und Reflexion Einer Seitlich
Begrenzten (Licht-) Welle An Der Ebenen Trennfläche
Zweier Medien in Nähe Des Grenzwinkels Der Totalre-
flexion. Ann. Phys. 1950, 8 (6), 270–284.

(8) Brekhovskikh L.M. Waves in Layered Media; Academic
Press: New York, 1960.



JOURNAL OF MODERN OPTICS 2193

(9) Lotsch H.K.V. Reflection and Refraction of a Beam of
Light at a Plane Interface. J. Opt. Soc. Am. 1968, 58,
551–561.

(10) Lotsch H.K.V. Die Strahlversetzung Bei Totalreflexion:
Der Goos-Hänchen Effekt. Dr. Ing. Dissertation, Techni-
cal University of Aachen, Gemany, 1970.

(11) Renard R.H. Total Reflection: A New Evaluation of
the Goos-Hänchen Shift. J. Opt. Soc. Am. 1964, 54,
1190–1197.

(12) Lai H.M.; Cheng F.C.; Tang W.K. Goos-Hänchen Effect
Around and Off the Critical Angle. J. Opt. Soc. Am. A
1986, 3, 550–557.

(13) Horowitz B.R.; Tamir T. Lateral Displacement of a Light
Beam at a Dielectric Interface. J. Opt. Soc. Am. 1970, 61,
586–594.

(14) MagnusW.;Oberhettinger F.; Soni R.P. Formulas andThe-
orems for the Special Functions of Mathematical Physics;
Springer: New York, 1966.

(15) Cowan J.J.; Aničin B. Longitudinal and Transverse Dis-
placements of a BoundedMicrowave Beam at Total Inter-
nal Reflection. J. Opt. Soc. Am. 1977, 67, 1307–1314.

(16) Aráujo M.P.; Carvalho S.A.; De Leo S. The Frequency
Crossover for the Goos-Hänchen Shift. J. Mod. Opt. 2013,
60, 1772–1780.

(17) Aráujo M.P.; De Leo S.; Maia G.G. Closed-form Expres-
sion for the Goos-Hänchen Lateral Displacement. Phys.
Rev. A 2016, 93, 023801.

(18) Araújo M.P.; Carvalho S.A.; De Leo S. The Asymmetric
Goos-Hänchen Effect. J. Opt. 2014, 16, 015702.

(19) Araújo M.P.; Carvalho S.A.; De Leo S. Maximal Breaking
of Symmetry at Critical Angle and Closed-form Expres-
sion for Angular Deviations of the Snell Law. Phys. Rev. A
2014, 90, 033844.

(20) AráujoM.P.; De Leo S.; Maia G.G. Oscillatory Behavior of
Light in the Composite Goos-Hänchen Shift. Phys. Rev. A
2017, 95, 053836.

(21) Green M.; Kirkby P.; Timsit R.S. Experimental Results on
the Longitudinal Displacement of Light BeamsNear Total
Reflection. Phys. Lett. A 1973, 45, 259–260.

(22) Bretenaker F.; Le Floch A.; Dutriaux L. Direct Measure-
ment of the Optical Goos-Hänchen Effect in Lasers. Phys.
Rev. Lett. 1992, 68, 931–933.

(23) Ra J.W.; Bertoni H.L.; Felsen L.B. Reflection and Trans-
mission of Beams at a Dielectric Interface. SIAM J. Appl.
Math. 1973, 24, 396–413.

(24) Antar Y.M.; Boerner W.M. Gaussian Beam Interaction
with a Planar Dielectric Interface. Can. J. Phys. 1974, 52,
962–972.

(25) White I.A.; Snyder A.W.; Pask C. Directional Change of
Beams Undergoing Partial Reflection. J. Opt. Soc. Am.
1977, 67, 703–705.

(26) Chan C.C.; Tamir T. Angular Shift of a Gaussian Beam
Reflected Near the Brewster Angle. Opt. Lett. 1985, 10,
378–380.

(27) Chan C.C.; Tamir T. Beam Phenomena at and Near Criti-
cal Incidence Upon a Dielectric Interface. J. Opt. Soc. Am.
A 1987, 4, 655–663.

(28) Aiello A.; Woerdman J.P. Theory of Angular Goos-
Hänchen Shift Near Brewster Incidence. arXiv:0903.3730
[physics.optics].

(29) Aiello A.; Merano M.; Woerdman J.P. Brewster Cross
Polarization. Opt. Lett. 2009, 34, 1207–1209.

(30) Tureci H.E.; Stone A.D. Deviation From Snell’s Law for
Beams Transmitted Near the Critical Angle: Application
to Microcavity Lasers. Opt. Lett. 2002, 27, 7–9.

(31) Götte J.B.; Shinohara S.; Hentschel M. Are Fresnel Fil-
tering and the Angular Goos-Hänchen Shift the Same? J.
Opt. 2013, 15, 014009.

(32) Gmachl C.; Capasso F.; Narimanov E.E.; Nöckel J.U.;
Stone A.D.; Faist J.; Sivco D.L.; Cho A.Y. High-power
Directional Emission FromMicrolaserswithChaotic Res-
onators. Science 1998, 280, 1556–1564.

(33) Müller D.; Tharanga D.; Stahlhofen A.A.; Nimtz G. Non-
specular Shifts of Microwaves in Partial Reflection. Euro-
phys. Lett. 2006, 73, 526–532.

(34) Merano M.; Aiello A.; van Exter M.P.; Woerdman J.P.
Observing Angular Deviations in the Specular Reflection
of a Light Beam. Nat. Photonics 2009, 3, 337–340.

(35) Aharonov Y.; Albert D.Z.; Vaidman L. How the Result of
a Measurement of a Component of the Spin of a Spin 1/2
Particle Can Turn Out to Be 100. Phys. Rev. Lett. 1988, 60,
1351–1354.

(36) Svensson B.E.Y. Pedagogical Review of Quantum Mea-
surement Theory with an Emphasis on Weak Measure-
ments.Quanta 2013, 2 (1), 18–49. DOI:10.12743/quanta.
v2i1.12.

(37) Duck I.M.; Stevenson P.M.; Sudarshan E.C.G. The Sense
in which a ‘Weak Measurement’ of a Spin-1/2 Particle’s
Spin Component Yields a Value 100. Phys. Rev. D 1989,
40, 2112–2117.

(38) Dennis M.R.; Götte J.B. The Analogy Between Optical
Beam Shifts and Quantum Weak Measurements. New J.
Phys. 2012, 14, 073013.

(39) Jayaswal G.; Mistura G.; Merano M. Weak Measure-
ment of the Goos-Hänchen Shift. Opt. Lett. 2013, 38,
1232–1234.

(40) Jayaswal G.; Mistura G.; Merano M. Observing Angular
Deviations in Light-beam Reflection Via Weak Measure-
ments. Opt. Lett. 2014, 39, 6257–6260.

(41) Goswami S.; Pal M.; Nandi A.; Panigrahi P.K.; Ghosh
N. Simultaneous Weak Value Amplification of Angu-
lar Goos-Hänchen and Imbert-Fedorov Shifts in Partial
Reflection. Opt. Lett. 2014, 39, 6229–6232.

(42) Santana O.J.S.; Carvalho S.A.; De Leo S.; de Araujo
L.E.E. Weak Measurement of the Composite Goos-
Hänchen Shift in the Critical Region. Opt. Lett. 2016, 41,
3884–3887.

(43) Araújo M.P.; De Leo S.; Maia G.G. Axial Dependence of
OpticalWeakMeasurements in theCritical Region. J. Opt.
2015, 17, 035608.

(44) AraújoM.P.; De Leo S.;MaiaG.G.OptimizingWeakMea-
surements toDetectAngularDeviations.Ann. Phys. 2017,
529, 1600357.

(45) Araújo M.P.; De Leo S.; Maia G.G. Optical Weak Mea-
surements Without Removing the Goos-Hänchen Phase.
J. Mod. Opt. 2018, 65, 837–846.

(46) Aiello A.; Woerdman J.P. Role of Beam Propagation
in Goos-Hänchen and Imbert-Fedorov Shifts. Opt. Lett.
2008, 33, 1437–1439.

(47) Aiello A. Goos-Hänchen and Imbert-Federov Shifts: a
Novel Perspective. New J. Phys. 2012, 14, 013058.

(48) Bliokh K.Y.; Aiello A. Goos-Hänchen and Imbert-
Fedorov Beam Shifts: An Overview. J. Opt. 2013, 15,
014001–16.



2194 S. DE LEO AND G. G. MAIA

(49) Merano M.; Aiello A.; Hooft G.W. t; van Exter M.P.;
Eliel E.R.; Woerdman J.P. Observation of Goos-Hänchen
Shifts in Metallic Reflection. Opt. Express 2007, 15,
15928–15934.

(50) Kogelnik H.; Weber H.P. Rays, Stored Energy, and Power
Flow in Dielectric Waveguides. J. Opt. Soc. Am. 1974, 64,
174–185.

(51) Prajapati C.; RanganathanD. Goos-Hänchen and Imbert-
Federov Shifts for Hermite-Gauss Beams. J. Opt. Soc. Am.
A 2012, 29, 1377–1382.

(52) Liu F.P.; Meng X.J.; Xiao J.Q.; Wang A.L.; Yang C.C. The
Goos-Hänchen Shift of Wide-angle Seismic Reflection
Wave. Sci. China Earth Sci. 2012, 55, 852–857.

(53) De Leo S.; Kraus R. Incidence Angles Maximizing the
Goos-Haenchen Shift in Seismic Data Analysis. Pure App.
Geoph. 2018, 175, 2023–2044.

(54) Jackson J.D.Classical Electrodynamics;Wiley& Sons: New
Jersey, 1998.

(55) Pampaloni F.; Enderlein J. Gaussian, Hermite-Gaussian,
and Laguerre-Gaussian Beams: A Primer. arXiv:physics/
0410021 [physics.optics].

(56) Araújo M.P.; De Leo S.; Lima M. Transversal Symmetry
Breaking and Axial Spreading Modification for Gaussian
Optical Beams. J. Mod. Opt. 2016, 63, 417–427.

(57) Carvalho S.A.; De Leo S.; Oliveira-Huguenin J.A.; da Silva
L. Experimental Confirmation of the Transversal Sym-
metry Breaking in Laser Profiles. J. Mod. Opt. 2016, 64,
280–287.

(58) Carvalho S.A.; De Leo S. The Use of the Stationary
Phase Method As a Mathematical Tool to Determine
the Path of Optical Beams. Am. J. Phys. 2015, 83,
249–255.

(59) Sakurai J.J.; Napolitano J. Modern Quantum Mechanics;
Pearson: Harlow, 2010.

(60) Rothen A. The Ellipsometer, an Apparatus to Measure
Thickness of Thin Surface Films. Rev. Sci. Instrum. 1945,
16, 26–30.

(61) Azzam R.M.A.; Bashara N.M. Ellipsometry and Polarized
Light; North-Holland: Amsterdam, 1987.

(62) Azzam R.M.A. Selected Papers on Ellipsometry; SPIE:
Bellingham, 1991.

(63) Tompkins H.G.; Irene E.A. Handbook of Ellipsometry;
William Andrew Publishing: Norwich, NY, 2005.

(64) AraújoM.; De Leo S.;MaiaG.G.Optimizing PowerOscil-
lations in An Ellipsometric System. Chi. Opt. Lett. 2018,
16, 031406.

(65) Araújo M.; De Leo S.; Maia G.G.; Martino M. Power
Oscillations Induced by the Relative Goos-Haenchen
Phase. Eur. Phys. J. D 2019, 73, 213–11.

(66) Carvalho S.A.; De Leo S.; Huguenin J.O.A.; Martino M.;
Silva L. Experimental Evidence of Laser Power Oscilla-
tions Induced by the Relative Fresnel (Goos-Hänchen)
Phase. Las. Phys. Lett. 2019, 16, 065001.

(67) Santana O.J.S.; de Araujo L.E.E. Direct Measurement of
the Composite Goos-Hänchen Shift of an Optical Beam.
Opt. Lett. 2018, 43, 4037–4040.


	1. Introduction
	2. Waves propagation in dielectric media
	3. The optical system
	4. The Gaussian beam formalism
	5. Closed formula of the Goos–Hänchen shift
	5.1. The Artmann's formula
	5.2. Analytical solution to the critical divergence
	5.3. Mean value analysis

	6. Angular deviations
	6.1. Mean value calculation of the angular coefficient
	6.2. The external reflection
	6.3. The internal reflection
	6.4. The transmission through the lower face of the prism

	7. The composite Goos–Hänchen shift
	8. Optical weak measurements
	8.1. Mathematical description
	8.2. The axial dependence of measurements
	8.3. The effect of the Goos–Hänchen phase

	9. Weak measurements vs. direct measurements
	10. Conclusions
	Notes
	Acknowledgments
	Disclosure statement
	Funding
	References

