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ABSTRACT
When an optical beam propagates through dielectric blocks, its optical phase is responsible for the
path of the beam. In particular, the first order Taylor expansion of the geometrical part reproduces
the path predicted by the Snell and reflection laws whereas the first order expansion of the Fresnel
phase leads to theGoos-Hänchen shift. In this paper,weanalyze theeffects of the secondorder Taylor
expansion of the geometrical phase on the shape of the optical beam and show how it affects the
transversal symmetry of Hermite-Gaussian beams. From the analytical expression of the transmitted
beam, it is possible to determine in which transversal and parallel dielectric blocks configuration the
transversal symmetry breaking ismaximized orwhen the symmetry is recovered.We also discuss the
axial spreading delay.
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1. Introduction

Over the years, studies on Gaussian beams propagat-
ing through dielectric blocks, due to their applications
in Optics (1–6), have been the subject matter of great
interest in particular in the study of deviations from the
Snell and reflection laws (7–10). In (7), the stationary
phase method was applied to the geometrical and Fres-
nel phases showing how the first order Taylor expansion
leads to the optical path predicted by the geometrical
optics and how, in the case of total reflection, the first
order Taylor expansion of the Fresnel coefficients deter-
mines the additional lateral displacement, known in liter-
ature as the Goos-Hänchen shift. Recent studies (11, 12)
investigated the effects of the second order term of the
geometrical phase for the propagation of Gaussian beams
through transversal dielectric blocks.

In this article, we extend the study of the second
order term of the optical geometrical phase to Hermite-
Gaussian beams propagating through a mixed config-
uration of transversal and parallel dielectric blocks.
These beams play an important role in the develop-
ment of resonators (13–16), as well as in the produc-
tion of Laguerre-Gaussian beams (14–17). So, a cor-
rect description of their propagation through dielectric
blocks and an understanding on how their shape is
modified by a mixed transversal and parallel configu-
ration of dielectric blocks is surely important in view
of their applications. Although several articles discuss
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Hermite-Gaussian beams in some detail (13, 14, 18),
there are certain aspects such as a closed analytical for-
mula for the beam parameter control that surely deserves
more attention. This contribution aims to cover some of
these aspects in detail.

In Section 2, we introduce the analytical formula used
to describe the propagation of Hermite-Gaussian beams
in free space and, based on the analogy between Optics
and Quantum Mechanics, we give the Fresnel coeffi-
cients for transverse electric (TE) and transverse mag-
netic (TM) waves and introduce the optical geometrical
phase determined by the geometrical properties of the
blocks, in particular by their air/dielectric and dielec-
tric/air interface positions (7–11, 19, 20). This approach
uses the Maxwell equations for photon propagation in
the presence of a dielectric block to mimic the quantum-
mechanical Schrödinger equation describing the electron
propagation in the presence of a potential step. In this
formulation, the transmission coefficient is determined
not only by the Fresnel coefficients but also by the geo-
metrical phase coming from the continuity condition at
each interface. The Taylor expansion of this phase and
the Fresnel coefficients allow an analytical expression for
the intensity of the transmitted Hermite-Gaussian beam
(21–24). In Section 3, we introduce the angular notation
to calculate the first and second order contribution of the
optical phase. As observed before, the first order contri-
bution of the optical phase is responsible, in its geomet-
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rical part, for the optical path (14) predicted by the Snell
and reflection laws and, in its Fresnel part, for the addi-
tional lateral displacement known asGoos-Hänchen shift
(8, 9, 25–29). The second order contribution acts on the
transversal symmetry and on the axial spreading of the
optical beam (21). Once obtained the analytical formula
for the transmitted Hermite-Gaussian beam propagating
through a mixed configuration of transversal and par-
allel dielectric blocks, we discuss our results and show
how to use block rotations to control the spreading fac-
tor. This is done by simulating optical experiments with
blocks of borosilicate glass (BK7), He-Ne laser with λ =
633 nm andw0 = 200μm. Conclusions and outlooks are
presented in the final section.

2. Fresnel coefficients and optical phase

Before calculating the Fresnel coefficients and discussing
the optical phase, let us briefly introduce the free
Hermite-Gaussian beam in terms of its wave number
distribution (15, 16)

E�m(r) = N�mE0
w2
0

4π

∫ +∞

−∞
dkx∫ +∞

−∞
dky

(
ikx w0 + i

w0

∂

∂kx

)�
(
iky w0 + i

w0

∂

∂ky

)m
G
(
kx, ky; r

)
, (1)

where

G
(
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) = exp
[
−w2

0
4

(
k2x + k2y

)
+ ik · r

]
,

N�m is the normalization constant, w0 is the radius of
the beam waist and |k| = 2π/λ with λ the wavelength of
the beam. In the paraxial approximation, kz ≈ k − (k2x +
k2y)/2k, after some algebraic manipulation, for details see
ref. (18), we obtain
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where R(z) = z(1 + z2R/z
2) is the radius of curvature of

the wavefront, ζ = arctan(z/zR) the Gouy phase (14),

and

Hm(u) = (−1)m eu
2 ∂m

∂um
e−u2 (3)

the Hermite polynomials. The normalization constant is
fixed by the power condition
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∫ +∞
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0 |E0|2
2

(4)

toN�m = 1/
√
m!�!. Finally, the intensity of the Hermite-

Gaussian electric field is then given by
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Before discussing the propagation of optical Hermite-
Gaussian beams through a sequence of transversal and
parallel dielectric blocks, let us introduce our elemen-
tary block (11, 12). This block is a 45 degree prism,
see Figure 1(a), built to guarantee two internal reflec-
tions. This is done by imposing the following geometrical
constraint between the sides AB and BC of the block
(11, 12)

BC = √
2 tanϕ0AB, (6)

where ϕ0 = (3π/4)− ψ0 (θ0 > arcsin(n/
√
2)) is the

angle of incidence at the up and ϕ0 = (π/4)+ ψ0 (θ0 <
arcsin(n/

√
2)) the one at the down dielectric/air inter-

faces, ψ0 the refraction angle and θ0 the incidence one at
the left AB interface, sin θ0 = n sinψ0.

Due to the fact that the left (AB) and right (CD)
interfaces have discontinuities along the z̃-axis (the per-
pendicular direction to the left/right prism boundaries),
it is convenient, as it is used to be done in Quantum
Mechanics (7), to introduce, for the transversal block [see
Figure 1(a)] the coordinate system (x, ỹ, z̃). The same can
be done for the up (BC) and down (AD) dielectric/air dis-
continuities whose normal is along the z∗-axis, by intro-
ducing the coordinate system (x, y∗, z∗). The changes in
the wave number components occur in the direction per-
pendicular to the discontinuity and the reflection and
transmission coefficients obtained by a like potential step
analysis (7). These reflection and transmission coeffi-
cients have to reproduce the well-known Fresnel coeffi-
cients in the planewave limit and contain the information
on the geometrical structure of the block in their geo-
metrical phase coming from the position in which the
air/dielectric or dielectric/air interface are located. The
geometrical optical phase is thus the same for transverse
electric (TE) and transverse magnetic (TM) waves.
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Figure 1. Geometrical layout of transversal and parallel dielectric blocks. In (a), we plot the transversal dielectric block with its yz plane
of incidence. In (b), we show the (Nx ,Ny)mixed, parallel and transversal, blocks configuration.

Let us now calculate the Fresnel coefficients in terms
of wave numbers. At the left interface, see Figure 1(a),
the free incoming beam at the left interface contain in its
integrand the following plane wave components

exp[ik̃z̃z] + R[TE]left (kx, ky) exp[−ik̃z̃z], (7)

where(
k̃y, k̃z

) = (
ky cos θ0 + kz sin θ0,−ky sin θ0 + kz cos θ0

)
.

By imposing the continuity of the electric field and
its derivative with respect to z̃ between the inci-
dent/reflected beam (propagating in air) and the trans-
mitted beam (propagating in the dielectric block)

T[TE]
left (kx, ky) exp[iq̃z̃z], (8)

where

q̃z =
√
n2k2 − k2x − k2ỹ ,
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we obtain

R[TE]left (kx, ky) = k̃z − q̃z
k̃z + q̃z

and

T[TE]
left (kx, ky) = 2k̃z

k̃z + q̃z
. (9)

The reflection and transmission coefficients at the right
interface can be immediately obtained by interchanging
k̃z with q̃z. The internal reflection coefficient is given by

R[TE]up/down(kx, ky) = qz∗ − kz∗
qz∗ − kz∗

, (10)

where (
kz∗ , qy∗ , qz∗

)
=
(√

k2 − k2x − q2y∗ ,
k̃y + q̃z√

2
,
−k̃y + q̃z√

2

)
.

Finally, the TE transmission coefficient is given by com-
bining the transmission through the left and right inter-
faces with the double internal reflection,

T[TE](kx, ky)

= 2k̃z
q̃z + k̃z︸ ︷︷ ︸

left transmission

2q̃z
q̃z + k̃z︸ ︷︷ ︸

right transmission

(
qz∗ − kz∗
qz∗ + kz∗

)2

︸ ︷︷ ︸
up/down reflections

= 4k̃zq̃z
(q̃z + k̃z)2

(
qz∗ − kz∗
qz∗ + kz∗

)2
. (11)

The TM counterpart is soon obtained by using(
kz∗ , k̃z

) → n
(
kz∗ , k̃z

)
and

(
qz∗ , q̃z

) → (
qz∗ , q̃z

)
/n

in the TE expression (13, 14),

T[TM](kx, ky) = 4n2k̃zq̃z
(q̃z + n2k̃z)2

(
qz∗ − n2kz∗
qz∗ + n2kz∗

)2

, (12)

At the centre of the wave number distribution, (kx, ky) =
(0, 0), we have

k̃z = k cos θ0, q̃z = k
√
n2 − sin2 θ0 = nk cosψ0,

kz∗ = k
√
1 − n2 sin2 ϕ0, qz∗ = nk cosϕ0,

recovering the well-known Fresnel coefficients (13, 14).
Let us nowobtain the geometrical optical phase.When

doing it, we have to observe that the continuity equation
for the electric field imposes the presence of exponen-
tial factors in the reflection and transmission coefficients,
taking into account the normal distance between the

discontinuities (7). For the reflection coefficient the expo-
nential factor contains the term

2 × reflection wave number × normal distance

= 2qz∗
AB√
2

and for the transmission coefficient

(transmission − incidence) wave number

× normal distance = (q̃z − k̃z)
BC√
2
,

for detail see refs. (7, 11). Finally, the geometrical phase
for the transversal bock [TB] is given by



[TB]
GEO(kx, ky) = √

2qz∗AB + (
q̃z − k̃z

) BC√
2

= [
q̃z(1 + tanϕ0)− k̃z tanϕ0 − k̃y

]
AB.
(13)

The first order Taylor expansion of this phase is respon-
sible for the optical path of the beam and reproduces
the result predicted by the Snell and reflection laws of
Geometric Optics. Indeed, in the integrand of the beam
transmitted through a transversal dielectric block now
appears the following term

kxx + kyy − k2x + k2y
2k

z +

[TB]
GEO(kx, ky)

whose first order Taylor expansion in the centre of the
wave number distribution (kx, ky) = (0, 0) is

kx
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[
∂
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+kx
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and[
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= [− tanψ0(1 + tanϕ0) cos θ0

+ sin θ0 tanϕ0 − cos θ0]AB

= (sin θ0 − cos θ0) tanϕ0AB,

we obtain that the centre of the beam located for the inci-
dent beam at {x, y} = {0, 0} is moved for the beam trans-
mitted to a transversal block with BC = √

2 tanϕ0AB
at

{x, y}[TB] = {
0, (cos θ0 − sin θ0) tanϕ0AB

}
,

and this is exactly the prediction of Geometric Optics by
using the Snell and reflection laws (7). Is is also interesting
to observe that for an incidence greater than the critical
one the Fresnel coefficient gains an additional phase

T[TE](kx, ky) = 4q̃zq̃z
(q̃z + k̃z)2

exp
[
−2i

|kz∗ |
qz∗

]
,

T[TM](kx, ky) = 4n2k̃zq̃z
(q̃z + n2k̃z)2

exp
[
−2in2

|kz∗ |
qz∗

]
, (14)

whose first order Taylor expansion leads to an additional
lateral displacement, proportional to λ, known as Goos-
Hänchen shift (25, 26).

It is clear that the second order Taylor expansion of the
geometrical phase will affect the axial behaviour (z com-
ponent) of the optical beam. The study of this contribu-
tion for transversal and parallel blocks will be the subject
matter of the next section, where, to shorten the calcu-
lations, we introduce the angular notation, i.e. we will
exchange the cartesian coordinates for the wave num-
ber with their spherical counterpart. Consequently the
cartesian integration dkxdky will be replaced by the angu-
lar integration dαdθ and the wave number distribution
G(kx, ky; r) by the angular distribution G(θ − θ0,α; r).

3. Second order taylor expansion of the
geometrical phase

As anticipated in the previous section, in order to cal-
culate the second order contribution of the geometrical
phase (13) it is convenient to change the wave number
system from cartesian to spherical coordinates

{kx, ky, kz} = {k sinα, k sin(θ − θ0) cosα,

k cos(θ − θ0) cosα}. (15)

By using (
k̃y
k̃z

)
=
(

cos θ0 sin θ0
− sin θ0 cos θ0

)(
ky
kz

)
,

we have

{k̃y, k̃z} = {k sin θ cosα, k cos θ cosα}, (16)

and after simple algebraic manipulation

q̃z = nk cosψ cosα

√
1 + n2 − 1

n2

(
tanα
cosψ

)2
. (17)

So, in the angular notation, the geometrical optical
phase (13) is rewritten as



[TB]
GEO(θ ,α)
kAB

=
⎧⎨⎩n cosψ

√
1 + n2 − 1

n2

(
tanα
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)2

(1 + tanϕ0)− sin θ − cos θ tanϕ0
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cosα. (18)

Then, the beam transmitted through a transversal dielec-
tric block, see Figure 1(a), has in its integrand function
the following phase

�
[TB]
TRA(θ ,α, r) = kx sinα + ky sin(θ − θ0) cosα

+ kz cos(θ − θ0) cosα +

[TB]
GEO(θ ,α).

(19)

Let us expand this phase up to the second order around
(θ ,α) = (θ0, 0),

�
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+ kz
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2

2

]
+
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0
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2

2
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2n2 cos2 ψ0
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2
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2

2

}
(
1 − α2

2

)
kAB.

Ordering the term in the previous expression, we can
rewrite the integrand phase as follows

�
[TB]
TRA(θ ,α, r) = kxα + k

[
y − d(θ0)AB

]
(θ − θ0)

− k
[
z − f (θ0)AB

] α2
2

− k
[
z − g(θ0)AB

] (θ − θ0)
2

2
,
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where

d(θ0) = n sinψ0ψ
′
0(1 + tanϕ0)− sin θ0 tanϕ0 + cos θ0

= (cos θ0 − sin θ0) tanϕ0,

f (θ0) = sin θ0 + cos θ0 tanϕ0

+
(

n2 − 1
n cosψ0

− n cosψ0

)
(1 + tanϕ0)

= sin θ0 + cos θ0 tanϕ0 − cos2 θ0
n cosψ0

(1 + tanϕ0),

g(θ0) = sin θ0 + cos θ0 tanϕ0

− n
(
sinψ0ψ

′′
0 + cosψ0ψ

′2
0
)
(1 + tanϕ0)

= (sin θ0 + cos θ0) tanϕ0

− cos2 θ0
n cos3 ψ0

(1 + tanϕ0).

In view of the previous considerations and neglecting the
Fresnel phase contribution which are of the order of λ,
it is possible to give an analytical formula for Hermite-
Gaussian beams transmitted through a sequence, Ny,
of transversal identical blocks and consequently for its
intensity. To shorten our formulas, we introduce the func-
tion

HGr(a, b) = w0

w(b)
H2
r

[√
2a

w(b)

]
exp

[
− 2a2

w(b)

]
and assume that the incoming beam is polarized along
the y axis. In this case, the intensity of the transmitted

Figure 2. Gaussian propagation throughBK7materials. Contour plots (0.2, 0.4, 0.6, 0.8)of the intensity distribution for free (a) and trans-
mitted (b-d) beams. The incidence angle is θ = π/4, w0 = 200μm, λ = 0.633μmand the camera positioned at z = 40 cm. The blocks
configuration is (Nx ,Ny) = (0, 0) in (a), (Nx ,Ny) = (0, 4) in (b), (Nx ,Ny) = (1, 3) in (c) and (Nx ,Ny) = (2, 2) in (d). Themaximal breaking
of symmetry is found in (b) and the delayed axial spreading can be seen in (d) for the configuration (Nx ,Ny) = (2, 2).
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beam is given by

I[NTB]�m (r) =
[

4n cos θ0 cosψ0

(n cos θ0 + cosψ0)2

]Ny I0
2�+m�!m!

HG�
(
x, z − Nyf AB

)
HGm

(
y − NydAB, z − NygAB

)
.

The intensity of the transmitted beam through a
sequence,Nx, of parallel dielectric blocks, see Figure 1(b),
is easily obtained from the previous one by interchang-
ing x with y and observing that the transmission Fresnel
coefficient in this case is the one of the TE waves,

I[NPB]�m (r) =
[

4n cos θ0 cosψ0

(cos θ0 + n cosψ0)2

]Nx I0
2�+m�!m!

HG�
(
x − NxdAB, z − NxgAB

)
HGm

(
y, z − Nxf AB

)
.

Finally, for amixed (Nx,Ny) configuration of parallel and
transversal blocks, we obtain

I[TRA]�m (r) = I[TRA]0

HG� [x − dx(θ0), z − zx(θ0)]

HGm
(
y − dy(θ0), z − zy(θ0)

)
, (20)

where

I[TRA]0 =
[

4n cos θ0 cosψ0

(cos θ0 + n cosψ0)2

]Nx

[
4n cos θ0 cosψ0

(n cos θ0 + cosψ0)2

]Ny I0
2�+m�!m!

and

dx(θ0) = Nx(cos θ0 − sin θ0) tanϕ0AB,

dy(θ0) = Ny(cos θ0 − sin θ0) tanϕ0AB,

zx(θ0) =
[
(Nx + Ny) cos θ0 tanϕ0

+(Ny + Nx tanϕ0) sin θ0 − (Nx + Ny cos2 ψ0)

cos2 θ0
n cos3 ψ0

(1 + tanϕ0)
]
AB,

zy(θ0) =
[
(Ny + Nx) cos θ0 tanϕ0

Figure 3. Hermite-Gaussian propagation through BK7 materials. The same as in Figure 2 for the mode (1, 0).
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Figure 4. Hermite-Gaussian propagation through BK7 materials. The same as in Figure 2 for the mode (2, 0).

+(Nx + Ny tanϕ0) sin θ0 − (Ny + Nx cos2 ψ0)

cos2 θ0
n cos3 ψ0

(1 + tanϕ0)
]
AB.

The centre of the transmitted beam is shifted with respect
to the incident one from (0,0) to (dx, dy) and this is in per-
fect agreement with the prediction of Geometric Optics.
What cannot be predicted by the Geometric Optics is
obviously the shift observed by the axial coordinate z
which affects the beam waist behaviour in the plane xz
and yz.

To illustrate the results obtained in this paper, let us
consider an explicit example, i.e. an incidence at π/4. For
this incidence angle, {dx, dy} = {0, 0} and

{
zx, zy

} =
{
Nx

2n2 + √
2n2 − 1

2n2 − 1
+ Ny,Nx

+Ny
2n2 + √

2n2 − 1
2n2 − 1

}√
2AB. (21)

For BK7 dielectric blocks, n=1.515 (when λ = 633 nm),
with AB = 2 cm and BC = 9.15 cm, we have{
zx, zy

}
BK7 = {

1.806Nx + Ny,Nx + 1.806Ny
}
2
√
2 cm.
(22)

In order to quantify the axial effects induced on the opti-
cal beam by the propagation through different dielectric
blocks configurations, we consider an incident beam of
waist w0 = 200μm and wavelength λ = 633 nm (zR =
20 cm) and a camera positioned at z = 40 cm, we find for
the level curve 0.2 of the free beam the following ray

r[0.2] ≈ 200
√
5
√
0.8μm = 400μm, (23)

see Figure 2(a). The beam transmitted through the dif-
ferent blocks configurations of Figure 2(b–d) will suffer,
with respect the free one, the following modifications

{a[0.2]x , a[0.2]y }

=

⎧⎪⎨⎪⎩
{315.3, 251.9}μm for Nx = 0 and Ny = 4,
{299.6, 266.8}μm for Nx = 1 and Ny = 3,
{282.4, 282.4}μm for Nx = 2 and Ny = 2.

(24)
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The transversal symmetry breaking is thus observed
when the blocks configuration is not symmetric in Nx
and Ny. Increasing the difference between Nx and Ny, we
increase the breaking of symmetry. It is also interesting to
observe that with an equal number of transversal blocks,
Nx = Ny, we recover the symmetry andwe delay the axial
spreading of the beam, see Figure 2(d). In Figures 3 and 4,
we plot the free and transmitted Hermite-Gaussian beam
for higher modes.

4. Conclusions

In this article, we have studied the transversal breaking
of symmetry and the axial spreading modification due to
the second order contribution of the geometrical part of
the optical phase for Hermite Gaussian beams. Based on
the second Taylor expansion, we showed the possibility
to get an analytical expression for the transmitted beam
intensity. The choice of θ = π/4 was done in view of
a possible experimental implementation. This incidence
angle also allows to compare in an easy way the free to the
transmitted beam. The analysis presented in this paper
for a sequence of transversal and parallel dielectric blocks
represents only a first step towards the understanding of
the intriguing phenomenon of the breaking of symme-
try and surely deserves further studies, in particular in
proximity of the critical incidence region where analyt-
ical approximation needs to be done in the appropriate
way.
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