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Quaternions for GUTs

Stefano De Leo!

Recelved November 13, 1995

We derive an appropriate definition of transpose for quatermionic matrices and
give a new panoramic review of the quaternionic groups. We aim to analyze
possible quaternionic groups for GUTs.

1. INTRODUCTION

This paper aims to give a clear and succinct classification of possible
quaternionic groups for grand unification theories (GUTs). While the standard
group theory which applies to elementary particle physics is complex, nonsu-
persymmetric GUTs based on complex groups have run into difficulties. A
stimulating possibility (Adler, 1995) is that a successful unification of the
fundamental forces will require a generalization beyond the complex.

We discuss in this paper unitary, special unitary, orthogonal (a new
definition of transpose for quaternionic matrices overcomes previous difficult-
ies), and symplectic groups on guaternions and complex linear quaternions.
Applying a quaternionic group theory to elementary particle physics, our
purpose is to obtain a set of groups for translating from complex to quaterni-
onic quantum fields and to emphasize the potentialities of the quaternionic
groups for focusing on a special class of GUTs. We conclude this brief
introduction with an amusing historical note. Quaternions were discovered
by Hamilton (1969) on 16 October 1843, The Irish mathematician was so
impressed by the new idea that he scratched the main formula of the new
algebra on a stone bridge that he happened to be passing.

In the next section we review quaternionic standard material and analyze
the different scalar products which can be introduced within a guaternionic
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quantum mechanics. New mathematical material appears in Section 3, where
we derive an appropriate definition of transpose for quaternionic matrices
and give a panoramic review of the quaternionic groups. Finally, quaternionic
groups for GUTs are proposed in Section 4. We draw our conclusions in the
final section.

2. QUATERNIONIC ALGEBRA AND COMPLEX GEOMETRY
The quaternionic algebra over a field F is a set
# =l +ip +jy+ kbla, B, y. 6 e F} (B3]

with operation of multiplication defined according to the following rules for
imaginary units:

2=jl=p2 =]

ij =k, jk =i, ki=j
Ji= —k, ki = —i, ik=—j
Complex numbers can be constructed from the real numbers by introducing
a quantity i whose square 15 —1:

c=r +ir (r,e®.m=12)

Likewise, we can construct the quaternions from the complex numbers in
exactly the same way by introducing another quantity j whose square is —1,

qg=c t jca cneG. m=12)

and which anticommutes with i ([i,j} = 0=k = —1).
We need three imaginary units i, j, k because
ij = o+ if + jy, o, pB.ye R
implies
i =ia— B+ ijy =i — B+ (a+iP+jyy =iy
and so gives the inconsistent relation

Y

In going from the complex numbers to the quaternions we lose the property
of commutativity. In going from the quaternions to the next more complicated
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case (called octonionic numbers) we lose the property of associativity. The
situation can be graphically represented as in Table L
We can immediately show the nonassociativity of the octonionic numbers
in the previous “split” representation. We have seven imaginary units (the
new imaginary unit i anticommutes with the quaternionic imaginary units i,
I k)
Lk, T, I =i, J = ji, K= ki
It is straightforward to verify that
Lk =JKi=Klj = —1

Ik = ifjik = —it%jk = ijk = K = —1)
Associativity is dropped by following relations

(k) = —iK = J, (ik=1Ik=—J

To complete this introduction to the quaternionic algebra, we introduce
the quaternion conjugation operation denoted by * and defined by

1* =1, (i, j, k)" = —(i,j. k) (2)
The previous definition implies
(bg)* = ¢l

for s, @ quaternionic functions. The definition of a conjugation operation
which does not reverse the order of b, ¢ factors is given by

1*=1, (@], k¥ =", 4. kY (3)

Quaternions, as used in this paper, will always mean real quaternionic
numbers and never complexified guaternions [ = (1, ) in equation (1}
with # which commutes with i, j, k]. For papers which discuss quantum
mechanics equations based on complexified quaternions see Morita (1981,
1982, 1983, 1984a,b, 1985, 1993).

Table 1.
Marme of Method of Real Drivision
field construction  dimension algebra Associativity  Commutativity
Real r | Yes Yes Yes
Complex e=r +in 2 Yes Yes Yes
Quaternionic g=c + j& -+ Yes Yes Mo
Octonionic a =g + i ] Yes No MNo
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Remembering the noncommutativity of the quaternionic multiplication,
we must specify whether the quaternionic Hilbert space Vi is to be formed
by right or by left multiplication of vectors by scalars. We must also specify
whether our scalars are quaternionic, complex, or real numbers. We will
follow the usual choice (Adler, 1980ab, 1985, 1986a,b, 1988, 1989, 19944;
Horwitz and Biedenharn, 1984) and work with a linear vector space under
right multiplication by scalars.

Operators which act on states only from the left as in

O sy
are named quaternion linear operators; they obey
Cllg) = (Ol)g (4)

for an arbitrary quaternion g. More general classes of operators such as
complex or real linear operators can be introduced. We will use the notation
0. (€,) to indicate complex (real) linear operators. They act on quaternionic
states as follows:

O 1)e) = (O, + G110 1e) = (O 1)) (5
O 1) = (O + C:1i + C51j + Gk = (G 1d))r (6)

The barred operators U1 b act on quaternionic objects 1 as in
(C1b)yp = Obb

There are three scalar products which can be used to define a real-valued
norm |[dr]]. We will call the binary mapping (I} of Vi X Vi into 3,
defined by

(Wlg) = [ dx e

the quaternion scalar product (Adler, 1995) and the binary mapping (sl ¢},

of Vi X Vi into €, defined by

I — ili
2

(Wle) = (W) (7
the complex scalar product or complex geometry [as named by Rembielinski
( 1978)]. The complex scalar product used by Horwitz and Biedenharn ( 1984)
in order to define consistently multiparticle quaternionic states was then
applied in papers on the Dirac equation (Rotelli, 1989), representations of
Uil, g) (De Leo and Rotelli, 1995), and translations between quaternion and
complex quantum mechanics (De Leo and Rotelli, 1994).
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The last trivial possibility is represented by a real scalar product, the
binary mapping (il @}, of Vi X Vi into R, defined by
{d'!‘P}r:I ili 4;IJ klk{tblnp}
In this paper we will use a linear quaternionic Hilbert space under right
multiplication by complex scalars and will work with complex scalar products.
To conclude this section, we recall that since (it | ¢}, is the complex €(1,
i) projection of (), any transformation which is an invariance of (il g)
is automatically an invariance of {ll g}, as well. Obviously a transformation
which is an invariance of (@), is nor antomatically an invariance of (sl @},
An example of that is given [see De Leo ef al. (n.d.-a) or for a brief review,
Section 4 of this paper] by the quaternionic version of the electroweak group
L ) UL, ) (De Leo et al., n.d.-b). This group represents an invariance
of (g}, but not of {lg).

3. A NEW POSSIBILITY

In this section we give a new panoramic review of quaternionic groups.
Why new? As elements of our matrices (given any two vector spaces V,, V..,
every linear operator O from V, to V,, can be represented by an m X n
matrix) we will not use simple quaternions, but complex linear quaternions
or generalized quaternions as called in our previous work (De Leo, n.d.-a,b)

q: = q1 + gt (q12 & ¥) (8)

Corresponding to our convention that Vi is a linear vector space under right
multiplication by complex scalars, the most general linear one-dimensional
operator which acts on quaternionic functions is in fact represented by (8).
The product of two complex linear quaternions g, and p,, in terms of quaterni-
ons g. gz, P, and p., is given by

GePe = qiP1 — q2P2 T (Gip2 + gzpidli

Before discussing the groups Gl(n, g.), we introduce a new definition
of transpose for quaternionic matrices which will allow us to overcome
previous difficulties (our definition, which applies to standard quaternions,
will be extended to complex linear quaternions).

The customary convention of defining the transpose M* of the matrix
M is

(M), = M,
In general, however, for quaternionic matrices MA one has
(MN)' # N'M"*
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whereas this statement holds as an equality for complex matrices. How can we
define quaternionic orthogonal groups? Remember that in complex language

N'N =1, MM = 1= (MNMN = |

where we use the property (MN)Y = N'M'. An unnatural possibility is repre-
sented by the translation from quaternionic to complex groups. We know
that a quaternionic number can split into 2 X 2 complex matrices by the
substitution

f.j, ke —fﬂ';, —il;'r'z, _fﬂ'j

where or are the standard (complex) Pauli matrices. Once we write a complex
matrix, we can trivially obtain the generators of complex orthogonal groups
in a standard manner and then we can translate back into guaternionic lan-
guage. Surelv a laborious procedure.

Defining an appropriate transpose for quaternionic numbers (which goes
back to the usual definition for complex number ¢! = ¢), we can overcome
the just-cited difficulty. The new transpose g' of the quaternionic number

g=a+ip+jy+ i (e, B, v, & & Gt)

F=oat+ip—jy+ kb (9)
The transpose of a product of two quaternions g and p is the product of the
transpose quaternions in reverse order (note that ' = —jg™j)
(gp) = p'q'
Our convention of defining the transpose M' of the matrix M is
(M), = M,
and so we have
(MNY = N'M!
Remembering the * conjugation defined in (3), we can write
M= M¥

Noting that under the transpose and quaternion conjugation operation
we have i' = i and {* = —i, we can immediately generalize the definition
of transpose and quaternion conjugation to complex linear quaternions as
follows:

(g> =qi — g1 1i)

Il
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Introducing complex linear quaternions, we create new possibilities in quater-
nionic quantum mechanics with complex geometry. For example, we can
always trivially relate an anti-Hermitian operator A to a Hermitian operator
H by removing a factor 11§

H=Ali (10

(Al ¢), = —(blAg), =
—ilAbl @) = illlAg). = (WA} =
(HUl@). = (| He),)

This statement is not trivial in quaternionic quantum mechanics with quaterni-
onic geometry (see Adler, 1995, p. 33). In the literature we know an operator
like that in (10), the momentum operator

—dli

given by Rotelli in his paper on the quaternionic Dirac equation (Rotelli,
1989).

The classical groups which occupy a central place in group representation
theory and have many applications in various branches of mathematics and
physics are the unitary, special unitary, orthogonal, and symplectic groups.
S0 we will discuss in this paper the Ui{n, g.), SUin, g.), O(n, g.), and Sp(n,
g.) subgroups of Giin, g.).

With complex linear quaternions we have the possibility to give a new
definition of trace by

tr g. = re(gq,) + ire(q.)

which implies that for any two complex linear quaternions g, and p,

tig.p.) = tr(pg.)

We know that the generators of the unitary, special unitary, orthogonal, and
symplectic groups must satisfy the following conditions [a detailed classifica-
tion of the real Lie algebras of linear Lie groups is given by Cornwell (1990),
Vol. 2, p. 392]:

Uny: A+A"=10

SUin: A+A*=0, ra=10
Ony: A+A' =0

SpiZn): FA + A'§F =0
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where

-'_]-n)(n ﬂnxn

j-l" 3 = ( ﬂl‘l‘xﬂ‘ IJ‘I‘KI'I')
X dn

So for the generators of the one-dimensional groups with complex linear
quaternions we have

Uil,q): gq.+q- =0 =A

i, j. k, L1i

Sl g) trg.=20 =A=1ijk

Ol g) g +g=0 =A=jjli

Spil.q.: jg.vtqii=0=A=10ijkilijlikli

Any complex linear quaternion group of dimension n is isomorphic to a
complex representation of dimension 2n. We give the transformation rule
[for further details see De Leo and Rotelli (1994)]

Cy Ca\ Iy ) + lf'r Oy — l'.'-? Ly (_'r . + {_'f 3
(ra i‘4)(?-e)ﬁ[ 3 4T +( TR AN TN

(z) + jz)

Remembering that a complex linear quaternion, in terms of real quantities,
is expressed by

g. = oy + By + jy, + kB + (o + B + jys + kB

2 B Vi 02 e R

we have
complex linear quaternions 2 quaternions 2 complex
and further
complex linear quaternions O elements like o, + a;li = ¢y,
So
Gl(n, g.) D Glin, q) D Gl(n, c)
Glin, q.) 2 Glin, i)

We can now give the general formulas for counting the generators of
generic n-dimensional groups as a function of n:

Dimensionalities of Groups

(n— 1)

in,g.): 4n + 8 i 3 = 4n?
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Uln,g): 3n + 4 w =n(2n + 1)

U chp: R+ 2——=n°

SUtn, g.): 40 — 1
SUn, g) = Uin, q)
SUn, cagn): n* — 1

On, q): 2n + 8 "“‘T_” = 2n(r — 1)
Oin, gy n+ 4% =n(2n — 1)
O(n, eogn): 2 % = n(n — 1)

For the quaternionic symplectic groups we have

{]nxn ﬂnxl quu

0 |
ach HER nER p .
j"!nxzu - ( i j'.:zm-nx(;znﬂj = Ulwn J Oyxn

_1n n Dn fl
: i _lnxn n.nxl ﬂrrxn

S0
. aln — 1)
Sp(2n, ). 8Bn* + 2| 6n + B e = dn(dn + 1)

Sp(2n, g 4n® + z[m +4 %} = 2n{dn + 1)

Sp(2n, cag): 20 + z[zn +2 ”‘”T_”] = 2n(2n + 1)

Sp(2n + 1L og): 4n(dn + 1) + 2(Bn) + 6 = 2(2n + D[2(2n + 1) + 1]
Sp2n+ Lgy 2ndn+ 1)+ Xdn) + 3 = (2n + D[2(2n + 1) + 1]
The situation for the symplectic groups can be summarized as follows:
Spln, q.): 2n(2n + 1)
Spin, g) = Uin, q)
Sp(2n, chgn): 2n(2n + 1)
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In this section we have introduced quaternionic groups defined on the
complex linear quaternions field. Working with a noncommutative number
field, we must differentiate left and right multiplication (for example, ij =
k, ji = —k) and so we think it natural to introduce objects like 11{ in order
to indicate the right multiplication of quaternionic numbers by i. Our attention
in this paper is directed to complex linear quaternions since we work within
a quaternionic quantum mechanics with complex geometry and so objects
like 11fand 1 1% will not have well-defined Hermicity properties. Nevertheless,
from a mathematical viewpoint, we find a full generalization very interesting
and so this paper could represent a first step toward a more complete treatment
of quaternionic groups.

4. QUATERNIONIC GROUPS FOR GUTs

Finally we can apply quaternionic group theory to elementary particle
physics. We must remark on an important point. A symmetry operation
of a system described by [} is a mapping of [} into 1"} which preserves
all transition probabilities

S = 1)
' W'} 12 = I{gp )12
In quaternionic quantum mechanics with complex geometry a ‘quaternionic |-
complex’ phase

i

El’u B +ky 1 EIE |:: 11 }

appears. We can immediately prove that the previous transformation repre-
sents an invariance of (0 lg),,

W'le"). = e ™Wig)e® = (Wlg).

[the transformation (11) obviously does not represent an invariance of the
quaternionic scalar product (Il ¢}]. So a quaternionic invariance group like
that of the electroweak gauge group [for further details on the group L1,
¢) in quaternionic quantum mechanics with complex geometry see De Leo
and Rotelli (1995)] naturally appears. In a recent work (De Leo and Rotelli,
n.d.-a) we studied the Higgs sector of the electroweak model from the point
of view of quaternionic quantum mechanics with complex geometry. The
Higgs fields are assumed to be four (two complex) and this coincides with
the number of solutions of the standard Klein—Gordon equation within quater-
nionic quantum mechanics with complex geometry. The global invanance
group of the one-component Klein—Gordon equation is U(L, ) UL, )
isomorphic at the Lie algebra level with the Glashow-Salam-Weinberg
grﬁup.
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The aim of this paper is to extend our previous considerations about
guaternionic electroweak models and to propose quaternionic groups for
GUTs.

Within our formalism the peculiarity is the doubling of solutions (note
that with complex scalar products, 11/} and |1f are orthogonal states), so we
have some problems in discussing the color group (three states: R, G, B). There
are three possibilities. The first one represents a conservarive hypothesis, the
second and the third ones represent interesting ideas with potential pre-
dictive powers.

= SU(3, cign) for color group. We have the following doubling of states:

R R
G), io
B B

We need a ‘new’ quantum number to differentiate the previous solutions.
The appropriate quantum number is represented by the weak isospin. 50 we
can rewrite the previous solutions as follows:

ta dp
g |, i dg
g dﬂ'

Mote that the complex group SU(3, ¢ ) does not mix u with jd, and the
one-dimensional quaternionic group U1, g) does not mix R, G, B. We are
particularly pleased with that. So the color group SU(3, ¢;gn) suggests the
wedak-isospin group U(1, g). The gauge group for the standard model is

SUG3, ergn) X U(L, @) X UL, Crigndy

[in this way, using the color group SU(3, ¢,,.,). we have a translation between
complex and quaternionic theories]. We recall that in our Dirac Lagrangian
we need a complex projection {De Leo and Rotelli, n.d.-b) in order to obtain
the right field equations and so the complex group U(l, ¢/ign) will always
be an invariance of our Lagrangians.

= SUA3, ¢) for color group. We always have a doubling of states, but
in this case the complex solutions transform like 3, whereas the j-complex
solutions transform like 3% (1o see that, it is sufficient o note that §j = ji*).
So, working with the standard group SU(3, ¢), we remark the possibility of
additional multiplets.

The minimal grand unification group SUS, ¢) (Georgi and Glashow,
1974) will have (in our formalism) the following additional multiplets:

5 4+ j5%, 10 + jl0*
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This is an interesting result; in fact, we know that a single unification point
cannot be obtained within minimal (nonsupersymmetric) SU(S, ¢). The oy,
coupling misses the crossing point of the other two by more than eight
standard deviations. In the ‘quaternionic’ version of SLA(S5, ¢) additional
multiplets of quarks and leptons naturally appear and so we could find right
unification properties. Amaldi er al. (1992) proposed a nonsupersymmetric
SU(5, ¢) model, based on additional split multiplets [split multiplet models
also appear in Frampton and Glashow (1983)]. Their model shows unification
properties similar to the minimal supersymmetric extension of the standard
model

Mlhl'ﬁhuld - IDJ'E:D'D GeV
Iﬂ] G.0x0.3 Gev

J"""‘I{}L'!'

* Quaternions for color group. Looking at results of the previous sec-
tion, we can immediately observe that the minimal quaternionic group candi-
date for color group is

SU2, g.)

In fact, its 15 generators contain the 8 generators of the standard color group
SU(3, ¢). In this case we do not have a doubling of solutions; nevertheless
we must note the appearance of an additional solution

R+ jG
B + jW

In this case we start with the gauge group SU(2, g.) and break down to the
usual color group (in the quaternionic version). We need a fowrth color.

What about the fourth color? The idea of a fourth color (as lepton
number) was proposed by Pati and Salam (1973). With quarks and leptons
in one multiplet of a local gauge symmetry group G, baryon and lepton
number conservations cannot be absolute. This line of reasoning led Pati and
Salam (P5) to predict that the lightest baryon—the proton—must ultimately
decay into leptons. The PS model was proposed before any grand unification
scheme and so it constitutes really the forerunner of the GUT idea that quarks
and leptons should belong to common representations of the gauge group.

Following the PS idea, we can put the fermions of the first generation

in the multiplets
g + jug dp + jdg
g + juw/ dg + jew
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and propose an ‘electrostrong’ model based on the gauge group
SU(21 "?4.} b U{ Il f—‘:ighl}

If we wish to consider unification in the context of a bigger gauge group
than SU(5, c), we must consider the group SO(10, r). This group can break
down to the standard model gauge group in many different chains of symmetry
breaking. Chains preferred from the CERN LEP data include the P5 model
[for turther details see Deshpande et al. (1992) and Galli (1993)]. We can
now immediately translate (De Leo and Rotelli, 1994) the PS model based
on the complex group

SU4) X SU2), X SU2)g
by the guaternionic group
SU2, gqc) x UL, g), X U(L, q)g (12)

and propose a GUT model based on the group (3, g), which represents the
minimal quaternionic group which contains the gauge group (12).

We conclude this paper with a completely new idea inspired by quaterni-
ons. We have discussed the problem concerning the odd number of colors,
Before the 1974 discovery of Jil (bound state of a charmed quark and a
charmed antiquark) at Brookhaven National Laboratory and at Stanford Linear
Accelerator Center, we would have had the same problem with the flavor
group. In that case the correct predictive hypothesis would have been the
choice of SU(2, g.) for flavor group and the choice of a new quark as

fourth flavor
‘w + jd
£+ je

In contrast, the conservative hypothesis is represented by using SU(3, ¢,iun)
for the flavor group, with the spin as new quantum number to differentiate
the doubling of solutions

ut Iy
dr|, Jjld
5t 5|

So why do we not propose a white quark as fourth color? This possibility
is currently under investigation (Papa, 1995). The existence of white quarks
is probably esoteric, but not a prieri wrong. In fact, we could start with
“four” colors (R, B, G, W) and 15 generators [equal to the number of SU{2,
g.) generators] and obtain the standard QCD results (“three” colors and eight
massless gluons) after spontaneous symmetry breaking. In this case seven
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gluons and the white quarks would have to be very massive, reproducing at
the present energies the standard physics. A complete analysis will be given
in a forthcoming detailed work. An interesting quaternionic group for GUTs
(only proposed here) appears natural if we believe in the existence of while
quarks. The just-cited quaternionic group is

SUG3. q.)

This group represents the natural quaternionic extension of the group SU(S,
c), is algebraically isomorphic to U6, ¢), and contains the (new) color group
and the electroweak group. In a forthcoming paper we will focus attention
on this group. Remembering that the anomaly for the representation R may
be characterized by

({2, T*}T) = A(R)d™

(T normalized generators of the representations R, d* symmetric structure
constants of the Lie algebra), and that for a representation given by the
completely antisymmetric product of p fundamental representations of SUin,
¢) the coefficient A(R) is

(N = 3)! (N — 2p)
(N=p—=Dl(p— 1)

we have for SU(6, c) [the complex counterpart of SU(3, g.)] an anomaly
cancellation when

ARy =

p=N2=73

That implies three vertical boxes in the Young tableaux and so a 20-dimen-
sional representation. We now have 20 particles to accommodate in this
representation; in fact, we can add to the standard 16 particles of the first
generation the following new four particles

Uy, W, dwe. dig

A last possibility concerning quaternion groups for GUTs is given by
the choice of the quaternionic group SU(3, g.), but without requiring a fourth
color. The unification of the standard coupling constants could appear through
the split-multiplet mechanism for the complementary heavy fermions. The
complex counterpart of SU(3, g.), namely SU(6, ¢), is considered in detail
in an interesting work of Chkareuli er al. (1994). We briefly summarize
their results:

SU(6, ¢) model with:
+ One family of complementary fermions
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Minteemediate beeaking = 5.4 X 10* GeV, Mgy = 1.3 X 10" GeV
+ Two families of complementary fermions

Miermediste breatang = 24 % 10° GeV, Mgy = 1.2 X 10" GeV
+ Three families of complementary fermions

Minrermutlin:: breaking =38 % 10" Ge\-’, MGLI =13 X Iﬂm GeV

5. CONCLUSIONS

In this paper we have given an informal panoramic review of the guaterni-
onic groups. From a mathematical viewpoint, our main aim was to highlight
the possibility of looking at new quaternionic groups by the use of complex
linear quaternions as a first step toward a more complete treatment and a
generalization of quaternionic group theory. From a physical viewpoint, our
intention was o analyze possible quaternionic groups for GUTs. We obtained
a set of groups for translating from standard complex quantum fields to a
particular version of quaternionic quantum fields and proposed some new
group with potential predictive powers. We list our results as follows:

Groups for Translating from cgm to ggm with Complex Geometry

SUG, cagn) X UCL, g)y % U(, cgp)  Standard model

SU2, Gagn) % UCL, @) X U(1, @)p  PS standard model

(X5, q) SN10, r) GUT model

SUV(3, g.) Split-multiplets provide for unification

Groups with Potential Predictive Power

SU5, ¢} Split-multiplets, proposed by Amaldi er al., naturally appear
SU3, g.)  Flavor inspires fourth color, hypothetical existence of white quarks

We have proposed some guaternionic groups for GUTs and remarked
on their potentialities for focusing on a special class of standard complex
GUTs [detailed review of the complex groups for unified model building is
given in Langacker (1984) and Slansky (1981)]. A further analysis of the
quaternionic groups introduced here will be given in a more detailed work,
where we will particularly focus on the quaternionic group SU(3, g.).

Finally, we recall that we have another possibility for looking at funda-
mental physics as proposed by Harari (1979) and Shupe (1979). We can think
of quarks and leptons as composites of other more fundamental fermions,
preons. A stimulating idea (within quaternionic quantum mechanics with
quaternionic geometry) about this possibility is proposed by Adler (1994b,
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1995, p. 501). He suggests that the color degree of freedom postulated in
the Harari-Shupe scheme could be sought in a noncommutative extension
of standard quantum mechanics,

We hope that this paper has emphasized the nontriviality in the choice
of adopting quaternions as the underlying number field and has remarked on
the possible predictive power in using a new mathematical formalism to
describe theoretical physics.” Why i, j, k? Why not?
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