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Abstract. This work extends the study of properties related to the Atanassov’s
Intuitionistic Fuzzy Entropy obtained as aggregation of Generalized Atanassov’s
Intuitionistic Fuzzy Index, by considering the concept of conjugate fuzzy impli-
cations and their dual constructions.
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1 Introduction

The Atanassov-intuitionistic fuzzy index (A — I F'Iz), also called as hesitancy or in-
determinance degree of an element in an Atanassov-intuitionitic fuzzy set (A-IFS) [1],
allows the expression related to the expert uncertainty in identifying a particular mem-
bership function. Thus, there are applications in which experts do not have precise
knowledge. In addition, the A-IFIx provides a measure of the lack of information sup-
porting or against a given proposition based on Atanassov-intuitionistic fuzzy logic
(A-IFL) [2] .

In [3], A— I F Iz has been considered in order to calculate the Atanassov’s intuition-
istic fuzzy index of a hypergroupoid H, making evident some of its special properties
connected with the intuitionistic fuzzy grade. In [4—6] principal component analysis for
A-IFSs type data, A — I F'Ix can be used to define correlation between A-IFS A and B.

Based on [7] and [8], a new concept the Generalized Atanassov’s Intuitionistic
Fuzzy Index associated with a strong intuitionistic fuzzy negation Ny (A—GIFIx(Ny))
is characterized in terms of fuzzy implication operators which is described by a con-
struction method with automorphisms. In [8], by means of special aggregation functions
applied to the A-GIFIx, the Atanassov’s intuitionistic fuzzy entropy is introduced.

Following these previous researches, this work extends the study of properties re-
lated to A-GIFIx, by considering the concept of conjugate and dual fuzzy implications,
mainly interested in the class of (.S, N)-implications and (T, N')-coimplications. Addi-
tionally, A — GIF Iz associated with the standard negation together with known fuzzy
implications are considered: Lukaziewicz, Reichenbach, Gaines-Rescher and I3g [9].



The preliminaries describe the basic properties of fuzzy connectives and basic con-
cepts of A-IFL. The study of the A — GIFIx(Np) and general results in the analysis
of its properties are stated in Section 2. Final remarks are reported in the conclusion.

2 Preliminaries

We firstly give a brief account on FL, keeping this paper self-contained by reporting
basic concepts of automorphisms, fuzzy negations on U = [0, 1] and main properties
of fuzzy implications.

2.1 Fuzzy connectives

By [10, Def. 4.1], an automorphism ¢ : U — U is a bijective, strictly increasing
function (SIF) satisfying the monotonicity property:

Al: z <yiff ¢(z) < &(y), Vz,y € U.

In [11], an automorphism ¢ : U — U is a SIF satisfying the continuity property and
the boundary conditions:

A2: ¢(0) =0and ¢(1) = 1.

The set Aut(U) of all automorphisms are closed under composition:
A3: po ¢ € Aut(U), Ve, ¢ € Aut(U).

In addition, there exists the inverse qS_l € U, such that

Ad: poo~ ! =idy, Ve € Aut(U).

Thus, (Aut(U), o) is a group, with the identity function being the neutral element.
The action of an automorphism ¢ : U — U on a function f : U™ — U, called
conjugate of f, and given by

Folar,an) = 67 (f(9(z1), o, d(an)))- M
A function N : U — U is a fuzzy negation (FN) if
NI1: N(0)=1land N(1) =0; N2:Ifz > ythen N(z) < N(y),Vz,y € U.
FNs satisfying the involutive property IN3 are called strong fuzzy negations [11]:
N3: N(N(z)) =z,Vz € U.

Among several definitions, see [12] and [13, Definition 2], an aggregation is a func-
tion A : U™ — U demanding, for all ¢,y € U™, the following conditions::

Agl: A(0) = A(0,0,...,0)=0and A(1) = A(1,1,...1) =1,
Ag2: Ifx = (z1,29,...,2,) <Yy = (y1,Y2,...,Yn) then A(x) < A(y);
Ag3: A(gc_g) = A(ToyyTogs -y To, ) = AlT1, T2, ..., 2y) = A(x).



A triangular-(co)norm (t-(co)norm) 7'(S):U?—U is a binary aggregation with the
identity element 7'(1,2) = = (S(0,z) = x), forall z € U.
By [14], a fuzzy (co)implication I(J) : U? — U satisfies the conditions:

Iz < z= I(z,y) > I(2,9); Jl:z <z= J(z,y) > J(z,y);
I2: If y < z then I(x,y) < I(z, 2); J2 Ify<zthen J(z,y) < J(z, 2);
13:1(0,z) =1 J(1,z) =

I4: I(z,1)=1; J4 J(x,0) =

I5:1(1,0) =0 J5:J(0,1) =

Several reasonable properties may be required for fuzzy (co)implications:

16: I(1,z) = J6: J(0,z) =

I7: I(x, I(y, ))—I(yJ( 2)); I7: I (2, J(y, ))*J(y,J( 2))5

18: I(z,y) =1 a <y J8: J(=x, y)f0¢>x>y,

I9: I(z,y) = I(N(y), N(x)), NisaSFN; J9: J(z,y) = J(N(y), N(z)), N is a SFN;

I10: I(z,y) =0< z=1andy = 0; J10: J(:c,y) =leozr=0andy=1.
If I(J) : U? — U is a fuzzy (co)implication satisfying I1 (J1), then the function
Ny : U — U defined by

Ny(z) = I(z,0) and Ny(x) = J(z,1) (2)

is a fuzzy negation [15, Lemma 2.1].
Let T'(S) be a t-(co)norm and N be a FN. An (S, N)—implication ((7', N')—coimplication) [11,
14,15] is a fuzzy (co)implication Is y : U 2 — U defined by

IS,N(mvy) = S(N(l‘),y), JT,N(w7y) = T(N(.’L‘),y) 3)

In this paper, such S-implications are called strong S-implications.

In [16, Theorem 3.2] I : U2 — U is a strong S-implication if and only if it satisfies
I1 - 14, and I10. In Baczynsky and Jayaram [15, Theorem 2.6]) introduced a character-
ization of strong S-implications considering I1, I4 and I7. Strong S-implications satisfy
I8-I11 and properties below:
I12: I(x,y) > Ny(x); 113: I(z,y) = O if and only if = 1 and y = 0. Any S-implication
Is n satisfies the Properties 11-13,I8,19, and I11. Moreover, the strong S-implication
Is,, ~ also satisfies the Properties I1-I11 and it is the only S-implication satisfying I6.

2.2 Intuitionistic Fuzzy Connectives

According with [2], an intuitionistic fuzzy set (IFS) A; in a non-empty, universe Y,
is expressed as

A={(z,pa(x),va(@)) s wex, pa(r) +va(z)) <1} C A, )

whenever A; denotes the set of all Atanassov’s intuitionistic fuzzy sets. Thus, an in-
tuitionistic fuzzy truth value of an element x € Aj is related to the ordered pair
(a(z),va(z)). Moreover, when A denotes the set of all fuzzy sets on U and

A={(z,pa(x)) :z € x,palz) +va(z))=1} € A,



an IFS A; generalizes a FS A and A C Aj since v4(z), which means that the non-
membership degree of an element z, is less than or equal to the complement of its
membership degree 14 (). So, it is not necessarily equal to its complement 1 — p1 4 ().

Let U = {(z1,22) € U?x; < Ng(x2)} be the set of all intuitionistic fuzzy
values and I, 75 : U — U be the projection functions on U, which are given by
l5(&) =l (w1, 22) = x1 and r5(T) = rg (21, x2) = 2, respectively.

Thus, for all x = (5?1, R ,.fn> S U",NSUCh that z; = (-Tila .1‘1‘2) and z;; < Ns(il?ig)
when 1 <7 < n, considering I, , 75, : U™ — U™ as the projections given by:

lU" ()2):(10(‘%1), lU(i'Q), N ,lU(i’n)) = (1’11, T2ty .. - l’nl); (5)

’I"Un (5():(?”0(3'?1)7 T‘U(fg), e ’I"U(fn)) = (.Z‘127 L2,y .. - 1‘7,2). (6)

By [2], forN:E, Yy € U, the orderrelation <gisgivenas® <y y < x1 < y; and 23 >
Y2, such that 0 = (0,1) <5 Zand 1 = (1,0) >; Z. Moreover, the following expres-
sion is known:

T2 ye o <y andzs < yo. @)

Additonally, a function 74 : x— U, called an intuitionistic fuzzy index (IFIx) of
an element x € Yy, related to an IFS A, is given as

ma(x) = Ns(pa(z) +va(z)) ®)

Such function provides the hesitancy (indeterminance) degree of x in A. Based on this,
the accuracy function h 4 : x—U provides the accuracy degree of x in A, given as:

ha(z) + ma(z) =1 ©)

So, the largest w4 () or ha(z), the higher the hesitancy (accuracy) degree of x in A.

A function @ : U — U is an intuitionistic automorphism on U if it is bijective
and & <g § iff () <z D(§). The action of ¢ : U — U on f; : U™ — U is a function
ff U — 0, called conjugate function f;, defined as follows

ST (&) = &7 (fr(D(F1), ..., D(En)))- (10)

According with [?, Theoren} 17],~let ¢ : U — U be an automorphism on U. Then,
for all z € U, the function @ : U — U defined by

?(z) = (olg (), 1 = o(1 = r5(2))); (1)

is an intuitionistic automorphism on U named as a ¢-representable intuitionistic au-
tomorphism on U.

An intuitionistic fuzzy negation (IFN shortly) N7 : U—U satisfies, for all 2,y €
U, the following properties:

N; 1: N;(0)=N;(0,1)=1and N;(1)=N;(1,0) = 0;
Ny 2: If >y then Ny (%) < N;(g).

Moreover, N7 is a strong intuitionistic fuzzy negation (SIFN) verifying the condition:



N;3: Ni(N;(2)) =i, VieU.

Consider Ny as IFN anclf: Ur — U.~For allx = (j:l, cey@n) € U™, the N;-dual
intuitionistic function of f, denoted by fn, : U™ — U, is given by:

fny (&) = Nr(f(N1(21), ..., Ni(3n)))- (12)

When N 7 1s a SIFN, f isa self—dgal intgitionistic function. Additionally, by [17], taking
aSFN N :U — U, alIFN Ny : U — U such that

Ni(%) = (N(Ns(z2)), Ns(N (21))), (13)

is a SIFN generated by means of the standard negation Ng. Additionally, if N = Ng,
Eq. 13 can be reduced to N;(Z) = (2, 21).
In this paper, we consider the complement of an IFS A given as

Ae = {(2, N(Ns(va(@)), Ns(N(pa(2)))) : © € x, pa() + va(z)) <1} C Ar(14)

3 (Co)Generalized Atanassov’s Intuitionistic Fuzzy Index

In [8] and [7], the concept of generalized Atanassovs intuitionistic fuzzy index is
characterized in terms of fuzzy implication operators and a construction method with
automorphisms is also proposed together with some special properties of a GIFIx. In the
following, we extend this concept in order to study its dual and conjugate constructions.

Definition 1. [8, Definition 1], A function II : U — U is called a generalized
intuitionistic fuzzy index associated with a SIFN Ny (A — GIFIxz(Ny)) if, for all
1,2, Y1,Yy2 € U, it holds that:

II1: [I(x1,22) = 1ifand only if x1 = x4 = 0;

I12: I1(x1,x2) = 0ifand only if x1 + x2 = 1;

I13: if (y1,y2) 2 (w1, @2) then II(x1,22) < I (y1,y2)
I14: II(x1,x2) = II(N1(z1,x2)) when Ny is a SIFN.

Proposition 1. [8, Theorem 3] Let Ny be a SIFN obtained by a SFN N, according
with Eq.(13). A function IT : U — U is a A — GIFIx(Ny) iff there exists a function
1:U2>U verifying 11, 18,19 and 110 such that

H[(Il,,rg) = N(I(l - IQ,Il)). (15)

Remark 1. By Proposition 1, when x1 < x9 or equivalent I(x7, z3)) = 1, it holds that
(z1,22) € U since IT;(x1,x2) = 0.

Proposition 2. Let Ny be a SIFN obtained by a SFN N, according with Eq.(13). A
function IT : U — Uisa A — co— GIFIx(Ny) iff there exists a function J : U? — U
verifying J2, J8, J9 and J10 such that

HJ(xl,acg):J(N(l—xg),N(xl)). (]6)



Proof. (=) LetJ : U? — U be a function verifying J2, J8, J9 and J10. It holds that:

01 : I, (z1,25) = 1 & J(N(1 — 22), N(z1)) = 1 (by Eq.(16))
< N(1—2z2)=1land N(z1) =0« x2 = landxz; =1 (by J10)
12 : I1j(z1,22) =0 J(N(1 —22), N(x1)) = 0(by Eq.(16))
& N(1—22) > N(x1)
Saryt+ars<landzy +z2 > 1< 21 + 22 =1 (by J8 and Eq.(4))
I3 : (y1,92) = (z1,22) = y1 < v1andyz < x2 by Eq.(7)
= N(z1) > N(y1) and N(1 — z2) < N(1 —y2) by N2
= J(N(1 —m3),N(x1)) < J(N(1 —y2), N(y1)) by I1
= ITj(x1,x2) < II;(y1,y2) by Eq.(16)
When Ny is a SIFN,
14 : I[1;(Ny(z1,22)) = IT;(N(Ns(x2)), Ns(N(x1))) by Eq.(13)
= (J(z1,1 — x2)) by Eq.(16)
= (J(N(1 = z2)), N(x1)) by I9
= II;(x1,22) by Eq.(16)

1, if 21 > 2o,

(«<=) Consider the function J(x1,z2) = {HJ(N(xg) 1 — N(z1)), otherwise.

The following holds:
ifz >y,
— N(z)), otherwise; by Eq.(16)

{ if x > yo,
J

J2:y1 >y & J(2,11)

Vv

— N(x)), otherwise; by I3
(2, ) by Eq(16)

J8 : Strainghforward.
if N(l‘g) > N(.’El),
— x9), otherwise; by Egs.(16) and (13)
if T > €2,
x2),1 — N(z1)))), otherwise, by I14
if x1 > @,
— N(z1))), otherwise, by Eq.(16)
J(z1, 1:2) Whenever N is a SFN.
J10: J(x1,20) =1 & IT;(N(z2),1 — N(x1)) = 1by Eq.(16)
< N(zg) =1—N(x1) =04 z; = 0andxy = 1by IT1.

Il
/—’h\/—’H/—/H

J9: J(N(x2), N(z1))

H;:ln—\ m»—l
§

Therefore, Proposition 2 holds.

The next corollary follows straightforward from Proposition2:



Corollary 1. Let Ny = Ngp be a SIFN obtained by a SFN N, according with Eq.(13).
Afunction IT : U — U is a A—co—GIFIxz(Ny) iff there exists a function J : U? — U
verifying J2, J8, J9 and J10 such that

HJ(xl,.%‘g):J(.%‘g,l—xl). (]7)
Proposition 3. Let Ix(Jy) : U> — U bea N -dual (implication) coimplication of a
fuzzy (co)implication I(J) : U* = U. If II;(Il;) : U = Uisa A — GIF1x(N) then
IO, (Iyy) : U = Uisalsoa A — GIFIx(Nyp) given by
I, (z1,20) = I (x1,22), and IIj, (x1,22) = II;(x1,22). (18)
Proof. 1t follows from Eqgs.(20) and (16) in Propositions 1 and 2 that [T, (z1, z2) =
IN(N(I — l’g),N(l‘l)) = N(I(l — 1’2,171)) = H[(l‘l,xg) and HJN(I’l,IQ) =
JN(JN(]. — fEQ),.’Bl) = J(N(l — l’g),N(l’l))) = H'](I'l,xg).

See Table 1 illustrating Proposition 1, considering & = (x,y) € U,z + y <1
in order to present examples of A — GIFIx(Ng;) associated with following fuzzy
implications: Ry, Lukaziewicz, Reichenbach, Gaines-Rescher and I3 [9].

Table 1. Generalized intuitionistic fuzzy index associated with the standard negation.

Dual Functions Fuzzy A —GIFIz(Nsy)
1 if x <y,
lo(z,y)= {max(l — z,y), otherwise; Mo(x, y)= 0, ifr+y=1,
Jo(, )= ifz >y, LY - max(z,y), otherwise;
Y min(1 — z, y), otherwise;
1, ifx <y,
Tz, y)= { — x + y, otherwise; Mo (z,y)— 0, ife+y=1,
{07 ifx >y, LR Y)Z\1 — 2 — y, otherwise;
Jrk(z,y)= .
y — x, otherwise;
R ifx <y,
Irp(z,y) {1  + xy, otherwise; Mrs(z,y)— 0, ifxe4+y=1,
{0, ifx >y, REN Y1 — 1 — y + 2y, otherwise;
JRB JJ y e
— xy, otherwise;
1,ifz <y,
Ton(z,y)= {0 otherwise; 0,ifx+y=1,
HGR(x7y): fea.
0,ifx >y, 1, otherwise;
Jor(z,y)=

1 otherwise;

Iso(:r,y):{ in(1-2,y,0.5), if 0<y<z<l, 1-min(z, y,0.5), if 0<z, y<1
s0(,y)

n(k z,y), otherwise; and z-+y/—1
Jgo(m,y):{ max(1-z,y,0.5), if 0<z<y<l, 1-min(z, y), otherwise;

ax(F z,y), otherwise;




3.1 Atanassov’s Intuitionistic Fuzzy Index and Conjugate Operators

In this section we study the conjugation and duality property related to generalized
Atanassov’s Intuitionistic Fuzzy Index.

Proposition 4. Let ¢ € Aut(ﬁ ) be a ¢-representable automorphism, N® : U — U be
the ¢-conjugate of a SFN N : U — U. A function 2.0 -U given by
67 (21, 29) = ¢~ (L (P(x1,22))) = (¢~ (Ha(¢(21)),1 = $(1 = 22)), (19)
isa A— GIFIz(N;) whenever IIg :U — U isalsoa A — GIFIz(Ny).
Proof. Let @ : U—Ubea representable ¢-automorphism and I/ : U—Ubea
A — GIFIz(Ny). It holds that:
1 : IT& (21, 20) = 1 < ¢ H(ITa(é(x1),1 — ¢(1 — x2))) = 1(by Eq.(19))
& Ha(d(x1),1 = ¢(1 — x2)) = 1(by Eq.(10))
< ¢(r1) =0and1l — ¢(1 — z2) =0 (by II1)
< 21 =0andze =0 (by Al)
T2 : [TE (21, 22) =0 & ¢ (g (p(x1), 1 — ¢(1 — x3))) = 0 (by Eq.(19))
& Hg(d(z1),1 — ¢(1 — x2)) = 0(by Eq.(10))
& p(z1) +1—¢(1 —x5) =1 (by II2)
Sor)=¢0(l—z) e r1=1—20 1 +22=1
I3 : (z1,22) = (y1,y2) = 21 < y1andzs < ys by Eq.(7)
= ¢(x1) < ¢(yr1) and 1 — ¢(1 —x2) <1—¢(1 —y2) by Al
= Ig(¢(z1),1 = ¢(1 — x2)) < He((y1), 1 — ¢(1 —y2)) by 113
= ¢~ (Ha(d(21),1 — ¢(1 — x2))) <
¢~ (H(o(y1),1 — ¢(1 —12))) by Al
= IIE(x1,20) < ITE(y1,y2) by Eq.(19)

Let N; be a SIFN obtained by a SEN N, according with Eq.(13) and N be its —conjugate
function. Therefore, it holds that:

4 : 1% (NF (21,22)) = He? (NF (21,22)) (by Eq.(19))
= ¢~ (I1g(® o &~ (N;(®(21,72))))) (by Eqs.(19) and (10))
= ¢~ (Ha(N1(P(x1,22))))) (by I14)
= ¢ (Hg(P(1,22))) = (w1, 2)

Proposition 5. Let ¢ € Aut(U) be an automorphism, N® : U — U be a ¢-conjugate
ofaSFN N :U — U and I? : U? — U be a ¢-conjugate of I : U> — U. A function
I;4(I ) : U — U given by
Myo(wy,22) = NO(I7(1 = 22, 21)), (20)
O yo(z1,22) = J®(N?(1 — 22), N®(21)), (21)

isa A— GIFIz(N) whenever II;(I1;):U — Uisalsoa A — GIFIz(N).



Proof. Tt follows from Propositions 2 and 4.

See Table 2, considering & = (x,y) € U such that 2 + y < 1 and presenting the
corresponding A—GI FIx(N) associated with the conjugate fuzzy implications related

to Table 1.

Table 2. A — GIFIx(Ns ) associated with the automorphisms ¢(z) = z* and ¢~ = /.

Fuzzy Implications

A= GIFIz(Nsp)

ifo<z<y<l,
max((1 — z)2, y?), otherwise;

V/max(1 — x2,42,0.5),
J??O(xf y) =

1, ifz <y,
I§ (x,y) = { max((1 — x)2, y?), otherwise; T, (2,y) = {O, ifx+y=1,
T (2, y) = 0, ifx >y, Ig 2 1 — /max(y?, 2), otherwise;
0\ Y min((1 — z)2, y?), otherwise;
1, ifz <y,
If i (z,y) = { /T~ 22 + 42, otherwise; T (o) = {0, ifz+y=1,
TP (y) = {07 ifz >y, o™ 1 — /2y — y2 + a2, otherwise;
LR v/1 —x2 + 42, otherwise;
1, ifz <y,
I?;H(myy) = { /T — 22 + 222, otherwise; I B {07 ifx+y=1,
” o, ifx >y, T (@,y) = 1—/22 + (1—22)(2y—y?), otherwise;
Tin(@y) = {s/l — 22 4 2232, otherwise;
1, ifz <y,
Len(@y) = {O,Otherwige; I 0,ifr+y=1,
0, ifx > I?;R(w’y) - {1 otherwise;
Tenen) ={ serais otherwise
GR 1, otherwise;
V/min(1 — 22,42,0.5),
5 (z,y) = ifo<z<y<l, 1—y/min(1 — (1 — y)2, 22, 0.5),
min((1 — x)?,y?), otherwise; | 1,4 (z,y) = if0<z,y<landz+y=1,

30

1—y/min(1—(1—y)2, 22), otherwise;

3.2 A-GIFIx (S, N)-implications and (T, IN')-coimplications

In the following, (S, N)-implications and (7', N)-coimplications are considered in

order to obtain new expressions of A-GIFIx.

Proposition 6. Let N be a SFN. A function IT : U — U isa A — GIFIz(N) iff there
exists an (S,N)-implication ((T,N)-coimplication) Is x(Jr.n) : U? — U such that

i, (z1,22) = SN (Ns(22), N(21)));
1, (21,22) = T(Ng(22), N(21)).

(22)
(23)




Proof. I y(1,72) = N(Is,n(1=22,21)) = N(S(N(1-22),21)) = Sn(Ns(z2), N(21)))
and HJT‘N(.’El,xgl: JT,N(.TQ, 1-— 331)) = T(JEQ,N(I — .7,‘1)) = T(Ns(l‘g),N(lj)),
for all (z1,z2) € U.

Remark 2. When N = Ng, Eq.(22) can be expressed as I114 (21, 22) = Ns(S(21,22))
and 11, _(71,72) = Ng(Tng (21, 72)).

4 Generation of Atanassov’s Intuitionistic Fuzzy Entropy

By [8], the Atanassov’s intuitionistic fuzzy entropy is discussed in the following.

Definition 2. [8, Definition 2] A real function E : Ay — U is called an Atanassov’s
intuitionistic fuzzy entropy if I satisfies, VA, B € Aj, the following properties:

El: E(A) =0ifandonly if A € A,

E2: E(A) =1ifand only if ua(x) = va(z) =0, Va € x,
E3: E(A) = E(A,),

E4: if A < B then E(A) > E(B).

4.1 Atanassov’s intuitionistic fuzzy entropy and Atanassov’s generalized
intuitionistic fuzzy index

This section we discuss properties related to the Atanassov’s intuitionistic fuzzy
entropy obtained by aggregation of Atanassov’s generalized intuitionistic fuzzy index.

Proposition 7. [8, Proposition 4]. Consider x = {x1,...,x,}. Let Ag be an aggrega-
tion function, N be a strong negation, Il be an A— GIFIx(N). Then, forall A € A,
the mapping E : A — U defined by

E(A) = AgiL 11g(A(xi)), Vi € X, 24)
is an Atanassov’s intuitionistic fuzzy entropy (A-IFE).

Proposition 8. Consider x = {x1,...,x,} and € Aut(U) given by Eq.(11). When
Ilgis A— GIFIz(N), forall A € A, the mapping E® : A — U defined by

E(A) = AgL, (1) (A(x:)), Vi € X, (25)
is an Atanassov’s intuitionistic fuzzy entropy (A-IFE).
Proof. Straightforward Propositions 4 and 8.

The diagram below summarizes the main results related to the classes of A —
GIFIx(N)and A — IFE denoted by C(Il) and C(E), respectively.

In the following, we extend the Atanassov’s intuitionistic fuzzy entropy which is
obtained not only from generalized intuitionistic fuzzy index as conceived in [11] but
also from their dual and conjugate constructions.



C(Ig)

Egs.(19) Eqs.(25)

Eq.(24) -

C(ITg) x Aut(U) C(E) x Aut(U)

Fig. 1. Conjugate construction of A — GIFIz(N)and A — [FE on Aut(U)

Proposition 9. Consider ¢ € Aut(U). Let N : U — U be a SFN, Ag : U™ — U be

an aggregation function and Iy : U?> — U be a N-dual operator of an implication I :

U? — U which satisfies properties 11, I8, 19 and 110, as discussed in Proposition 1.
Then, for all A € A, the mappings E;, Ere : A — U defined for by

Er(A) = Agiey NI (1 — va(zi), pa(z:))), (26)

Ers(A) = Agl N2(I°(1 = va(:), pa(zs))), 27

give new expressions of the Atanassov’s intuitionistic fuzzy entropy related to (A-GIFIx(N)).

Proof. Eq.(26) is proved in [8, Corollary 5]. Other ones are straightforward from Propo-
sitions 1, 5 Eq.(20) and (24).

Proposition 10. Consider ¢ € Aut(U). Let N : U — U be a SFN, Ag : U™ — U be
an aggregation function and Jy : U? — U be a N-dual operator of a coimplication
J : U? = U satisfying properties J2, J8, J9 and J10, according with Proposition 2.
Then, for all A € A, the mappings Ej, E ;s : A — U defined by
Ej(A) = Agiy J(N(1 = va(z:)), N(pa(z:))), Vai € x, (28)
Ej(A) = Ag;‘ZIJ‘Z5 (N¢(1 —va(z;)), N¢(MA(xi))) ,Va; € ¥, (29)
are also Atanassov’s intuitionistic fuzzy entropies.
Proof. Straightforward from Propositions 2, 5 Eq.(16) and (24), Propositions 9 and 10.

Proposition 11. E;, E;, : A — U be Atanassov’s intuitionistic fuzzy entropies ac-
cording with Propositions 9 and 10. Then, for all A € A, the following holds:

EJN(A) = EJ(A) and E]N (A) = E[(A) (30)
is an Atanassov’s intuitionistic fuzzy entropy.

Proof. Straightforward from Proposition 3, Eqgs.(20)a and (20)b and Proposition 10.

5 Conclusion

In this work, the concept of generalized Atanassov’s intuitionistic fuzzy index was
studied by dual and conjugate construction methods, in particular, by means of fuzzy
(S, N)- and (T, N)-operators. We also extend the study of Atanassov’s intuitionistic
fuzzy entropy based on such two methodologies.

Further work considers the extension of such study related to properties verified by
the A— GIFIxz(N) and A — I F'E to the interval-valued intuitionistic fuzzy approach.
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