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Abstract. Inspired in the mostly known axiomatizations of fuzzy subsethood
measures, we proposed in a previous paper a new axiomatization for fuzzy sub-
sethood measures in such a way that we could construct subsethood grades ag-
gregating implication operators. We continue that study in this paper presenting
the approach of constructing fuzzy subsethood measures by means of aggregating
implication operators. We present a new theorem to construct them.
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1 Introduction

The idea of measuring up to what extent a given fuzzy set is included into another was
firstly given by Zadeh [34] and has led to various axiomatizations over the years. In
general, these axiomatizations propose to indicate the degree of which a fuzzy set A is
included in B, called an inclusion degree or a subsethood measure.

In the literature, fuzzy subsethood measures between fuzzy sets have been used in
different applications, namely in: mathematical morphology [20,29], clustering [11,33],
fuzzy relational databases [19], intelligent systems [22], fuzzy decision [18], image
processing [5,10], formal concept lattice analysis [12], etc.

Such measures arise from the partial order relation given by Zadeh for fuzzy sets,
ie., given A,B € F(X) with X = {z1,---,z,}: A C Bifandonlyif A(z) <
B(x) for all z € X, where F(X) is the set of all fuzzy subsets on a universe X.

Observe that if only a single z € X does not satisfy A(z) < B(x), then A ¢ B.
Clearly, this definition is inherently crisp (given such a harsh condition) and has been
criticized since its introduction. In 1980, Bandler and Kohout [3] took into account this
fact and proposed the following expression to measure the subsethood grade of a set
Ainaset B: 0(A,B) = wlg(j(A(xL B(z)), where J : [0,1]% — [0,1] is such that

J(0,0)=7J(0,1) = J(1,1) =1and J(1,0) = 0.
Bandler and Kohout’s proposal has led many authors to consider functions of the
type 0 : F(X) x F(X) — [0,1] such that o(A, B) quantifies up to what extent a set



A is included in a set B. The conditions (axioms) which are requested to o will depend
on the application.

We have found at least six different axiomatizations in the literature. Historically,
the most relevant ones are: Kitainik [16], Sinha and Dougherty [28], Young [33], Fan
[11], Bustince [8] and Zhang [35].

In [26], we proposed a new axiomatization for fuzzy subsethood measures in such a
way that we could construct subsethood grades aggregating implication operators. We
continue that study and propose here a theorem to construct fuzzy subsethood measures
on X from A fixed and functions I generated from functions of the type [0,1]?> — R¥.

The structure of this paper is as follows. In the next section we present some basic
concepts used along the text. Next we recall our axiomatization and then we present
our contribution, i.e., the construction of subsethood measure by means of aggregating
implications operators. We finish with some conclusions, acknowledgments and refer-
ences.

2 Preliminaries

In this section we review some concepts and definitions that will be used throughout
this paper. First, we should state that we only deal with finite referential set X =
{z1,...,z,} and will denote real variables in the unit interval by x.

Given two fuzzy sets A, B € F(X) we write A < B whenever A(x) < B(x) for
every x € X.

Definition 1. A fuzzy negation is a decreasing function N : [0,1] — [0, 1] such that
N(0) = 1and N(1) = 0. A negation N is strong if N(N(z)) = z for all x € [0, 1].

A function A : [0,1]" — [0,1] with n > 2 is an aggregation function if it is
increasing and satisfies the boundary conditions A(0, - -+ ,0) = 0and A(1,--- ,1) =1
[4,15]. Nevertheless, in this paper we will follow [9] and consider a definition that is
more restrictive, as follows:

Definition 2. An (n-ary) aggregation function is a function A : [0,1]" — [0,1] such
that:

(Al) A(z1,...,x,) =0ifandonly ifvy ==z, = 0;
(A2) A(z1,...,xn)=1lifandonlyifz, = --- =2, =1;
(A3) Ais increasing.

An aggregation function A is symmetric if its output does not depend on the order
in which the inputs are considered. That is, if A(x1, -+, 2,) = A(Tp1), -, Tp(n))
for every permutation p of {1, - - - , n}. Finally, an aggregation function A is idempotent
if A(z, -+ ,x) =xforallz € X.

We now recall the notion of (fuzzy) implication function. An implication function
(in the sense of Fodor and Roubens [13,14], see [1,2,6,21]) is a mapping I: [0, 1]2 —
[0, 1] such that, for every z,y, z € [0, 1]:

(I) Ifx < zthen I(x,y) > I(z,y) ;



(12) Ify < zthen I(z,y) < I(x, 2);
13) 1(0,x) = 1;
14) I(z,1) = 1;
(15) I(1,0) = 0.

Other properties can be demanded to implication functions, mostly depending on
the application (see [2]). A non-exhaustive list includes the following

16) I(1,x2) =x;

a7 1w 1y, 2) = Iy, Iz, 2));
(I8) I(x7y) = 1 if and only 1fa: <u;
(19) I(x,0) = N(x) is a strong negation;
110) I(z,y) = y;

a1 I(z,y)

The relations that exist between all these properties have been studied in different
works, for instance in [6,27].

I(N(y), N(z)) for a given strong negation N.

3 On fuzzy subsethood measures

In [26], we presented the following definition for fuzzy subsethood measure.

Definition 3. A function o : F(X) x F(X) — [0,1] is called a fuzzy subsethood
measure, if o satisfies the following properties:

(a) 0(A,B) = 1lifand only if A < B;
(b) o(A,B) =0ifand only if A(x) = 1 and B(x) = 0 for every x € X;
(c) f A< B, theno(A,C) > o(B,C)and o(C,A) < o(C, B).

Example 1. 1. Goguen’s subsethood degree,

%Z AL 1 — A(z:) + B(w:)) (M)
2.
n (1 if A(z;) < B(z:),
o(A,B)=— ;{ V(1 - 14(2 ), B(:)) f A(z:) > B(xs).
3.

1 if A< B,
o(A,B) = (i if A=1and B =0,
2

otherwise.

In Figure 1 [26] it can be seen the relationships between our proposal of fuzzy sub-
sethood measure (o) as in Definition 3 and the subsethood measures defined according
to Fan (0.), Young (0y ), Zhang (o) and Bustince (cpy).

Notice that despite our measure (o) is the most restrictive one in the literature, we
obtained a simpler axiomatization (by only demanding three axioms) without losing its



Fig. 1. Relationships between ¢ and other axiomatizations.

strength, as for instance, we have that Goguen’s measure (Eq. 1) is a specific example
of our proposal.

In [26] we also considered a method following the works by Sanchez [25], Bandler
and Kohout [3], L. Kitainik [16,17], E. Ruspini [24] and Willmott [30,31,32], which
consisted of building fuzzy subsethood measures by aggregating implication operators-

like operators, as in the following equation: o (A, B) = '141(1 (A(z;), B(x))).

Proposition 1. [26] Let o : F(X) x F(X) — [0,1] be given by: 0(A, B) =
,211(1(14(%), B(x;))), where A : [0,1]™ — [0, 1] is an aggregation function and I is a
function of [0,1]? — [0, 1] that satisfies I1, I2, I8 and Eq. (2) below.

I(xz,y) = 0ifand only if x = 1 and y = 0 (see [7]). 2)
Then o is a fuzzy subsethood measure on X.

In the two following corollaries we show fuzzy subsethood measures constructed
from functions A and [ that satisfy the conditions of Proposition 1 and we use for A,
the constructions studied in [26].

Corollary 1. Let g, h : [0,1]" — [0, 1] be such that

1) g(xz1, - ,zn) =0ifand only ifx; = 0 foralli € {1,--- n};
it) h(z1, -+ ,2n) =0ifand only if x; = 1 foralli € {1,--- ,n};
ii) g is non decreasing and h is non increasing;

iv) g and h are symmetric.

and let I : [0,1)> — [0, 1] be such that it satisfies 11, 12, I8 and Eq. (2).
In these conditions

g(I(A(x1)7B(‘T1))7"' ) 3
g(I(A(x1)7B(x1))="' ») +h(I(A(.’L'1),B(:)31))7~-~ 7)

is a fuzzy subsethood measure on X.

o(A,B) =




Proof. By Proposition 1 in [9] we have: A : [1,0]™ — [0, 1] satisfies A1 — A3 if and

only if A(zy,--- ,2,) = g(ml7.._‘]’;‘21)’;}1’?;1)7“_’xn), where g, h : [0,1]™ — [0, 1] satisfy

i) —iv).
Taking into account that the expression of the statement is obtained by replacing A
with the value above; that is,

B = A, Bla - 9UA@), B, I(A@n), B(wa)))
(A B) = AU BE) = 1A, B, )+ hU(AG), B@), )
it results that .4 and I satisfy the conditions of Proposition 1. ]

Example 2. In the following examples we take I(z,y) = A(1,1 — z + y) and the
standard negation. In the first column we write the quotient {. In the second column we
show the resulting fuzzy subsethood measure.
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i=1

i=1 i=

with A € (0, 1)

Corollary 2. In the same conditions as in the corollary above, if N is a strong negation,
g(x1, - ,xy) > h(N(xy1), -+, N(zy,)) and I satisfies 110, then

gL (A(21), B(21)), -+, I(A(xn), B(zn)))

7B = A Baa). ) A, Be). )

is a fuzzy subsethood measure on X that satisfies Axiom 10 ' of Sinha and Dougherty
[28].

Proof. Bearing in mind Lemma 1 in [9]; that is, A : [0, 1]™ — [0, 1] satisfies A1 — A3
and A(zq,- -+ ,zn) >1— A(N(xy1), -+, N(zy)) if and only if

g(:c17"' 71771,)
g(xla"' 7$n)+h(l‘17"' 7xn)

A(I17"' ,In) =

where g, h : [0, 1] — [0, 1] satisfy ¢) — v) and also satisfy:

U) 9(131,"' 7x7l) 2 h(N($1)7 7N($n))

! Sinha and Dougherty considered twelve axioms, among which Axioms 6 is (SD6)
USD(A, B) = O'SD(BN, AN) and Axiom 10 is (SDIO) O'SD(A, B) + USD(AN, BN) > 1.



Taking into account that A in these conditions satisfies A1 — A3 and the conditions
of the item i) of Corollary 1 and [ satisfies 10, then by the same Corollary 1 we have
that

o4y B) = % (1(ACas),) Blag))) = 9(I(A(21), B(21)), -, I(A(zn), B(=n)))
i=1 gU(A(@1), B(#1)), -+ ,) + h(I(Ae1), B(x1), -+ ;)
is a fuzzy subsethood measure on X that satisfies Axiom 10. ]

Example 3. In the following examples we take I(x,y) = A(1,1 — z + y) and the
standard negation. In the first column we write the quotient {. In the second column we
show the resulting fuzzy subsethood measure.

n
\/Tl n
=1 VA1 = A(e) + B(=y)
n 0 =1 -
" VA= AGy) + B(x) + V.V (0, A(z;) — B(=;))
\/ (1 _mi) i=1 i=1
i=1
Ve n
i=1 VoA = Azg) + B(wy)
2) =1 1
o 1 & 2\ 2
L 1| VoA - ae) +Beo) + (1 2 (v Ay - Be»?)
(72(1_%)2)2 i=1 i=1
ni=1 ¢

3.1 Construction of fuzzy subsethood measures on X from .A fixed and
functions I generated from functions of [0, 1]2 in RT

In [26] we analyzed some properties that the fuzzy subsethood measure may have de-
pending on the aggregation functions considered. The theorem below is one of them,
Theorem 1. Let us consider o : F(X) x F(X) — [0,1], given by: c(A,B) =
‘,jll(I(A(mi),B(xi))), forall A,B € F(X), where A : [0,1]" — [0,1] is an idem-
potent aggregation function and I is a function I : [0,1]> — [0, 1]. Then, o is a fuzzy
subsethood measure on X if and only if I satisfies 11, 12, I8 and Eq.(2)

Proof. See [26] A
Our main contribution in this work is presented in the following theorem where we
show the way of constructing fuzzy subsethood measures using functions .4, functions
of the type [0, 1]?> — [0, 1] and functions of [0, 1]> — R™.

Theorem 2. Let N be a strong negation and let o : F(X) x F(X) — [0, 1], be given
by: 0(A,B) = igl(I(A(xi), B(z;))) for all A,B € F(X), where A : [0,1]" —
[0, 1] is a function that satisfies A1, A2, A3, is idempotent such that A(x1,- -+ ,xp) >
% i x; and I is a function of the type [0, 1]> — [0, 1]. In these conditions the following

i=1
items are equivalent:



i) o is a fuzzy subsethood measure on X that satisfies Sinha and Dougherty [28]
axioms SD6 and S D10.
1) I satisfies I1, I8, I11 and

I(z,y) =0ifand only ift = 1 andy = 0
I(z,y) + 1(x,N(y)) = 1.

G(N(A(z:)),B(z:))+H(N(A(:)),B(zi))
where the functions G : [0,1]> — [0,1] and H : [0,1]?> — R are such that:

(@) G(z,y) = H(x, N(y)) forall v,y € [0,1];

(b’) G(z,y) =0ifand only ifx =y = 0;

(') H(z,y) = 0 if and only if = > N(y);

(d’) G is non decreasing in both arguments and H is non increasing
in both arguments;

(e’) G and H are symmetric;

(f’) H(0,0) = 1.

iii) o(A, B) = -Z‘l ( G(N(A(2:)).B(x:) ) ’
1=

Proof. i)=-ii) Similar to the one done in the necessary condition of Theorem 1 and in
the first part of the theorem above. Let us see that [ satisfies I(p, q) + I(p, N(q)) > 1
for all p, ¢ € [0, 1].

Let p,q € [0,1], let us take the sets A = {(z;, A(x;) = p): 2; € X} and B =
{{xs, B(z;) = q): z; € X}.

Bearing in mind that .4 is idempotent and o satisfies SD10 we have

I(p,q) + I(p, N(9) = A((p,a) + Z:Zl (I(p,N(q))) =

A (I(A(zo), B(z:))) + A (I(A(z:), N(B(x:))) = 0(A, B) + 0(A, By) > 1

i=1

ii)=-ii) Taking into account that o(A, B) = ,le( (A(x;), B(x;))) we have

A ( G(N(A(i)), B(z:)) )

=1 \G(N(A(zi)), B(xi)) + H(N(A(zi)), B(x:))

where functions G : [0,1] — [0,1] and H : [0,1] — R* are such that (a’), (b*), (¢’),
(d), () and (£") hold.

ceey s o, G(N(A(z4)),B(xi))
ii)=i) () If o (A, B) =1 = A (G(N(A(zi)),B((zi)()Jr)IZT(N((A(mi)),B(l’i)))’ then by A2
G(N(A(zi)), B(wl))

we have mrramy Bu) T AN (A By — Lioralli € {1,--- ,n}. Thatis,
G(N(A(z:)), B(zi)) = G(N(A(z:)), B(w:)) + H(N (A(:)), B(:)),
then

o(A,B) =

H(N(A(z:)), B(x;)) = 0.
Taking into account that H satisfies (c’) we have N(A(z;)) > N(B(z;)); that is
If A(x;) < B(z;) foralli € {1,--- ,n}, then N(A(z;)) > N(B(x;)). By (¢’) we
have H(N (A(z;)), B(z;)) = 0. Therefore

G(N(A(z:)), B(z:))

(v B
GIN(A(z)), B(xo) + H(N(A(@n), B@))




Bearing in mind that A satisfies A2 we have that
G(N(A(z:)), B(zi))

A,B:f&( >:A1,~-~,1:1.
o B) = A\ GINGA@)), Bleo) + HN(A@)), By ) =AY
o, G(N(A(2:)),B(x:)
®Ifo(4,B)=0=A (G(N(A(zf,>>,B<z,;>>+H(N<A<x,;>>,Bm)))-
GN(A(z:)).B(x:) N :
By Al we have that Gy rat) Bl FHN (A By — 0 foralli € {1, n}.
Since

G(N(A(w;)), B(z:)) + H(N(A(z:)), B(x:)) # 0,

then G(N(A(x;)), B(x;)) = 0. By (b’) we have N(A(z;)) = B(z;) = 0; that is,
A(z;) =1and B(z;) =0foralli € {1,--- ,n}.

If A(z;) =1and B(z;) = 0foralli € {1,--- ,n}, then N(A(z;)) = B(x;) =0,
therefore by (b”) G(N (A(z;)), B(z;)) = 0. Then

G(N(A(:)), B(xi))

GIN(A()), B(a) + HN(A@), Ba)
forall i € {1,--- ,n}. Since A satisfies A1 we have
o G(N(A(x:)), B(x:)) P
(4.B) = A4 <G<N<A(xi>>, B(a:)) + HIN(A(z)), B(m))) =AQ-, 0 =0.

() If A < B, then A(z;) < B(x;); that is N(A(x;)) > N(B(z;)) for all i €
{1,--- ,n}. By (d’) G is non decreasing in both arguments and H is no increasing in
both arguments, therefore

G(N(A(z:)), C(w:)) > G(N(B(xi)), C(xi)) and H(N(B(z:)), C(w:)) > H(N(A(z:)), C(xs)).
Therefore,

. G(N(A(zi)), C(z:))H(N(B(z:)), C(x:)) 2 G(N(B(w:)), C(w:)) H(N (A(z:)), C(:));
that 1s,

therefore,

G(N(A(z:)), C(z4)) S G(N(B(z:)),C(xi))
G(N(A(x:)),C(xs)) + H(N(A(z:)),C(z:)) — G(N(B(zs)),C(zs)) + H(N(B(z:)),C(z:))

that is, bearing in mind that A satisfies A3 we have that o(4,C) > o(B,C).
If A < B, then A(x;) < B(x;). As G and H fulfill (d’) we have that

G(N(C(x:), Alx:)) < G(N(C(x:)), B(x:) and H(N(C(:)), Bx:)) < H(N(C(x:)), A(ws).
Therefore,

G(N(C(x:)), A(z:)) H(N(C(:)), B(wi)) < G(N(C(w:)), B(wi) ) H(N (C (1)), A:));



that is,

thatis o(C, A) <
Since G and H fulfill (¢’) and N is a strong negation we have that

K )
o(Bn, An) = A (G(B(xi),N(A(mi))) +

n (

)

G(N(A
i":41 (G(N(A(aci))7 B(x)

We know by (a’) that G(A(x;), B(z;)) > H(A
then bearing in mind that NV is involutive we have G
and G(N(A(zi)), N(B(z:))) = H(N(A(z:)), B(:

(z;), N(B(z;))) foralli € {1,--- ,n},
(N(A(:)), B(wi)) = H(N(A(z:)), N(B(:)))
), therefore

)
G(N(A(xi)), B(wi))G(N(A(x:)), N(B(x:))) > H(N(A(x:)), B(zi))H(N(A(z:)), N(B(zi))),
then
G(N(A(z:)), B(2:))G(N(A(z:)), N(B(x:))) + G(N(A(z:)), B(2:))H(N(A(:)), N(B(x;))) >
G(N(A(z:)), B(w:))H(N(A(x:)), N(B(x:))) + H(N(A(x:)), B(z:))H(N(A(z:)), N(B(z:))),
that is:

G(N(A(2:)), B(:)|[G(N(A(x:)), N(B(x:))) + H(N(A(2:)), N(B(2:)))] >
H(N(A(z:)), N(B(2:)))[G(N (A(z:)), B(w:)) + H(N (A(i)), B(2:))]-

N(B(z:)))+H(N(A(z:)), N(B(x:))) # 0

);
and G(N(A(x;)), B(x;)) + H(N(A(x;)), B(x;)) # 0. Therefore

that is:




n
Therefore, since A(x1, - ,x,) > %Z x;, we have
(A, B) + o(A, By = A ( G(N(A(2)), B(w;) )
=1\ G(N(A), B(;) + H(N(A(w), B(w;)
" ( G(N(A(=;)), N(B(z;))) )
E1\ GV (A7), N(B(2))) + H(N(A(2;)), N(B(z;)))
1 G(N(A(xy)), B(z)
- (G(N(A(wm, B(;)) + H(N(A(z;)), B(xm)
1z G(N(A(4)), N(B(;))) _
- (G(N(A(zb-)) N(B(2:)) +H(N(A(Ii))»N<B(Ii)))> N
1 GIN(A(z)), B(x;))
& GIN A ), Bl + AN A, B

G(N(A(=;)), N(B(z;))) -
G(N(A(z;)), N(B(z;))) + H(N(A(z;)), N(B(x;)))

Example 4. Let us take:
lif 2>1—y 0if x>1—y
G(z,y) = : H(z,y) = .
V(z,y) if x<1l—y ANl—z,1—y)if x<l—y

In these conditions,
A= o(A, B) =

1« 1 1 if A(z;) < B(z)
D5 - i EZ{ V(1 — A(z:), B(x:))  if A(x:) > B(x:)

Corollary 3. In the same conditions as in the theorem above, if f : [0,1] — Risa
continuous, strictly increasing and convex function, then

G(N(A(w:)), B(x:))
o(A, B) ( Zf< A(z;)), B(z:)) + H(N(A(z i)),B(mi))>>

is a fuzzy subsethood measure on X that satisfies axioms S D6 and S D10 of Sinha and
Dougherty.

Proof. We only need to take into account the theorem above, and item (a) in section 6.1
of [9] by which if f is convex we have Ay (z1, - ,x,) > % >, ;. And Theorem 5

n [9], by which: A(xq,--- ,2,) = f! (711 > f(xz)> [ |

Example 5. Construction of fuzzy subsethood measures on X from functions of [0, 1]
in R and functions I generated from functions of [0, 1]? in RT.
f = U(Aa B ) =

A n . A
z if A(z;) < B(x;)

M=

S\H




4 Conclusions

In this paper, we have introduced a theorem by which we could construct fuzzy subet-
hood measures using functions with certain properties. The importance of using differ-
ent ways to construct fuzzy subsethood measures comes from the fact that they can be
used to obtain other measures namely, entropies, similarity measures, penalty functions,
etc. [26]. Besides, we use functions I with properties very similar to those of implication
operators in order to construct fuzzy subsethood measures. Thus we can benefit from
all the studies regarding such operators [2,6,23].
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