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MOTIVATION AND OBJECTIVE

S One of the most significant features of human
beings is the decision-making of everyday
problems.

S The database of the practical problems, in many
cases, have approximate and/or imprecise values.

S The goal of this course is to present a brief
description how to use fuzzy set and possibility
theories in optimization methods. 2



OUTLINE

S Fuzzy Mathematical Programming – the beginning

S Parametric Approach – the beginning

S Parametric Approach – the evolution
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WHERE EVERYTHING BEGAN
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Lotfi A. Zadeh

“Fuzzy Sets”
Information and Control. 8 (3) 338–353. 1965

1965



FUZZY MATHEMATICAL PROGRAMMING
THE BEGINNING
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FUZZY MATHEMATICAL PROGRAMMING
THE BEGINNING
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Richard E. Bellman
Lotfi A. Zadeh

“Decision-Making in a Fuzzy Environment”
Management Science. Vol. 17, No. 4, 

Application Series (Dec., 1970), pp. B141-B164



DECISION-MAKING IN AN FUZZY 
ENVIRONMENT

S Definition: Assume that we are given a fuzzy goal 
G and a fuzzy constraint C in a space of alternatives 
X. Then, G and C combine to form a decision, D, 
which is a fuzzy set resulting from intersection of G 
and C.



DECISION-MAKING IN AN FUZZY 
ENVIRONMENT

S Suppose that we have n objective functions G1, …, Gn, 
and m constraint C1, …, Cm.

S Then, the resultant decision is the intersection of the 
given goals, G1, …, Gn, and the given constraints, C1, …, 
Cm. That is,

S and correspondingly



CHRONOLOGY OF METHODS TO FUZZY 
MATHEMATICAL PROGRAMMING
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1970 … 1974 19761965 1977



FUZZY MATHEMATICAL PROGRAMMING
THE BEGINNING
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Hideo Tanaka 
Tetsuji Okuda 

Kiyoji Asai 

“On Fuzzy Mathematical Programming”
Journal of Cybernetics

1974, 3, 4, pp. 37-46 



ON FUZZY-MATHEMATICAL 
PROGRAMMING

S Definition 1: For a in [0,1], an a level set of a constraint 
C is denoted by Ca and is a nonfuzzy set in x defined by

S Proposition 1:

S Proposition 2:



ON FUZZY-MATHEMATICAL 
PROGRAMMING

S Theorem 1:

S Theorem 2:

S Theorem 3: If max f(x) is a-continuous and f(x) is 
strongly fuzy convex, then a* is unique.

S Theorem 4: If the membership function of the set of 
constraints is strongly fuzzy convex, max f(x) is a-
continuous.



FUZZY MATHEMATICAL PROGRAMMING
THE BEGINNING
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Hans J. Zimmermann 

“Description and optimization of fuzzy systems”
International Journal of General Systems 

1976, vol 2, pp. 209-215



DESCRIPTION AND OPTIMIZATION OF 
FUZZY SYSTEMS

S Let be a standard linear programming problem with
fuzzy order relation;

S By using the conceptions describe in Bellman & 
Zadeh, the objective function is transformed into a 
constraint;

S Each constraint has a maximal allowance tolerance 
and it is transformed into a classical constraint 
function.



DESCRIPTION AND OPTIMIZATION OF 
FUZZY SYSTEMS

S By using the maximal allowance tolerance, we can 
define a membership function for each constraint;

S After, we can do an intersection of all this 
membership functions and we define the 
membership function to set of constraints;

S Finally, we optimize the level cut a in order to 
maximize it.



FUZZY MATHEMATICAL PROGRAMMING
THE BEGINNING
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S. A. Orlovsky

“On programming with fuzzy constraint sets”
Kybernetes

1977, vol 6, pp. 197-201



CHRONOLOGY OF METHODS TO FUZZY 
MATHEMATICAL PROGRAMMING
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1970 … 1974 19761965 1977



GOAL TO METHODS TO FUZZY 
MATHEMATICAL PROGRAMMING
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x*

OPTIMAL SOLUTION
(classical solution)

FUZZY 
PROBLEM



CHRONOLOGY OF METHODS TO FUZZY 
MATHEMATICAL PROGRAMMING
to be continue …
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1974 1976 … 1982 19831977



FUZZY MATHEMATICAL PROGRAMMING
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Stefan Chanas

“The use of parametric programming
in fuzzy linear programming”

Fuzzy Sets and Systems 
11 (1983) 243–251



FUZZY MATHEMATICAL PROGRAMMING
PARAMETRIC APPRAOCH
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J.L. Verdegay

“Fuzzy Mathematical Programming”
Fuzzy Information and Decision Process

M.M. Gupta and Sanchez (eds)
North-Holland Publishing Company 

1982 



FUZZY PARAMETRIC APPROACH
PHASE 1
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FUZZY PARAMETRIC APPROACH
PHASE 2
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FUZZY PARAMETRIC APPROACH
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FUZZY PARAMETRIC APPROACH
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GOAL TO OPTIMIZATION METHODS WITH 
PARAMETRIC APPROACH
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FUZZY SOLUTION
(set of solutions)

FUZZY 
PROBLEM



CHRONOLOGY OF METHODS WITH 
PARAMETRIC APPROACH
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1982 … 1986



A GENERAL METHOD
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S Miguel Delgado
S J.L. Verdegay
S Amparo Vila

“A general model  for fuzzy linear programming”
Fuzzy Sets and Systems, 

29-1, 10 Janeiro 1989, Páginas 21–29



CHRONOLOGY OF METHODS WITH 
PARAMETRIC APPROACH
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1982 1989 … 2012 2013



FUZZY MATHEMATICAL PROGRAMMING
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FUZZY QUADRATIC PROGRAMMING
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FUZZY QUADRATIC PROGRAMMING
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In memorian to the professors
Bellman, Tanaka, Asai, and Chanas

Thanks for your attention!

Ricardo Coelho
rcoelhos@dema.ufc.br

Weldon Lodwick
Weldon.Lodwick@ucdenver.edu


