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1 Introduction

In this paper, we present a method for solving nonlinear optimization prob-
lems with inequality constraints. The method is an extension of the algorithm
proposed in Bielschowsky and Gomes [5], originally devised for equality con-
strained problems. It uses adaptative cylindrical regions around the feasible
set, called Trust Cylinders, to control the iterates and step sizes. This strategy
ensures that a step will not leave a reliable region around the feasible set,
hence the name Dynamic Control of Infeasibility, or DCI for short.

We follow the composite step approach, that consists of dividing the it-
eration into a normal and a tangential step. These steps are obtained using
a quadratic approximation for the Lagrangian function and a linear approxi-
mation for the constraints. This strategy is well-known, and can be seen, for
instance, in [5] [7, [8 11 12} 18] [19] 21], 23], 26l B3]. In addition, we treat the
bounds on the variables using interior-point techniques, controlling the steps
with fraction-to-the-boundary rules and a logarithm barrier function, as done
in [7, 8, 23, 4],

Many strategies exist for globalizing nonlinear programming methods. The
most traditional are line search [4], [6], [13], [44], trust region [7, 8, 12} [13] 18] 19,
21, 22] 251 26l B3], [36], and the filter approach [22, 25] 28] 31, 35| 37 [38], [44].

The trusts cylinders introduce a new way to obtain global convergence for
composite steps methods, without relying on merit function or filters. As far
as we are concerned, the only similar approach is the trust-funnel method
proposed in [11], [30].

This paper is organized as follows. In Section [2] we introduce the DCI
method, detailing the algorithm. Sections [3] and [] present the global and local
convergence properties of the method, respectively. Section [5| shows informa-
tion about our computational implementation and numerical results, followed
by some conclusions and open issues in Section [6]

2 The Method

The Dynamic Control of Infeasibility (DCI) method of Bielchowsky and Gomes
[5] was originally proposed for equality constrained problems. This work ex-
tends the method to handle the inequality constrained problem

min  f(x)
s.t. cg(x) =0, (2.1)
CI(x) Z 07

where f : R" — R, cg : R* — R™E ¢y : R — R™! are twice continuously
differentiable functions.
Introducing a vector of slack variables, s € R™ | we can rewrite (2.1) as

min f(z)
s.t. cg(z) =0,
cr(z) —s =0, 5> 0.
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Moreover, defining the vector z = {z] and the function

we obtain the equivalent problem
min f(x)
st. h(z) =0, s>0.

Following an interior point approach, we define the function
oz, 1) = f(x) + pB(2),
where 3(z) = — > Ins;, and reformulate our problem as
min ¢(z, ) s.t. h(z) =0. (2.3)
The Lagrangian function for this new problem is
L(z, A 1) = ¢(z, 1) + ATh(z).

Since is an equality constrained problem, we can use the original DCI
method to solve it, although some modifications are required in order to ensure
convergence.

Let z. be an approximate solution for (2.3). A straightforward way to
obtain a new point zI = 2, + d is to approximately solve the problem

m{}n L(ze +d, A\, 1) s.t. h(ze +d) = h(zc)-

Unfortunately, this problem can be ill-conditioned due to fact that the deriva-
tives of the objective function of (2.3]) involve the inverse of the matrix S =

diag(si,...,Sm,). In fact, it is easy to see that
_ | Vi) 2 _[Vf(@) 0
V@(%N) - |:—,u516:| ) \Y 90(27/1) - 0 ,lLSi2 ’

where the index z of the derivatives was omitted, that is, Vi (z, u) = V,p(z, 1)
and V2p(z, 1) = V2, (2, 1). One way to avoid the ill-conditioning is to intro-

duce the scaling matrix
10
1) = o 8]

so the vector d can be rewritten as d = A(z.)d. With this modification, we
define the scaled gradient and the scaled Hessians of ¢ and L, respectively, as

o) = AV = | V0 . 249
I(z,p1) = A(2)V2p(z, p)Az) = [VQ{;(” ,?1} , (2.5)
W) = A TELEADAE = | TN B 20
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m

where m = mg +my, and W, (2, \) = V2f(z) + Z A\ V2¢;(x). We also define
i=1

the scaled Jacobian as

A = :)4G) = | E) 0| a) = [ G O

The Lagrange multipliers associated to the problem can be approximated
by the least squares solution of the dual feasibility scaled equation

A(2)VL(z,\ 1) = g(z, 1) + A(2)" A = 0.
These estimates are given by

1
Ars(z,pn) = argmin o [|A(2)" A+ g(z, W]

Note that, if A(z) has full rank, then
As(z,p) = —[A(2)A()T] T A(2)g(z, ).

Rewriting Aps(z, 1) = [Ag(z,p)" /\I(z,u)T]T, where Ag(z, u) € R™E and
Ar(z, 1) € R™ | we define the scaled projection of the gradient at z onto the
null space of A(z) as

(2, 1) = A(2)V2L(z, ALs(z, 1), 1) = g(2, 1) + A(2) " Ars (2, )

The iteration of our method is decomposed into a normal and a tangential
step. The purpose of the normal step is to bring the iterates close to the feasible
set, while the tangential step drives the iterates towards optimality, keeping
feasibility under control.

The DCI method is based on what we call trust cylinders. These cylinders
are regions around the feasible set defined by

Clp) ={z e R" : [|h(2)]| < p},

where p is called the radius of the trust cylinder. From an iterate z*~!, the
normal step gives z¥ inside a cylinder with radius p*, and the tangent step
obtains z* inside the cylinder of radius 2p*. Figure [1| exemplifies the process.

On the algorithm, we use an approximation A\* to Ars(z¥, u*) and define
the projected gradient

k E\T \ &
ok Ry 4 ATk = | VI (0) +Ve(zd) A

C g(zchu )+ (Zc) A _'uke_séc)\llc ’

which is an approximation to g,(2¥, u*). We use the norm of the projected
gradient as an optimality measure, and keep the cylinder radii proportional to
this measure, which means that p = O(]|(]|)-
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Ih(2)Il = p*
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Fig. 1: The feasible set, the cylinders, and the steps of the algorithm. The “normal” iterate
zk satisfies ||h(zF)|| < p* and the “tangential” iterate 2* satisfies ||h(2")|| < 20*.

c

The iterates are kept strictly feasible with respect to the bounds on the
variables. To ensure this, we use a fraction-to-the-boundary rule, i.e., given a
point z and a direction d, the step length « must satisfy

s+ ads > g8, (2.7)

where d, is the component of d corresponding to s and €, > 0 is a small
constant. An outline of the method is given below.

Algorithm 1 DCI Method

1: Parameters: e > 0, &, > 0, g4 > 0, €, € (0,1) and v € [1074,1].
2: Initial Values: 20, p% > 0, u%, k=1, p0 ..
3: Normal Step. Obtain 25, A\¥, pF | uF and ¢F = g(2F, u*) + A(zF)TAF such that

k|| k-1
‘ <pF< HC ||Pmax and sF > E#Sk—l

I e e

|nC5)

40 if ||h(zF) || < en, ||CF]| < &g and [(sF)TAE| < €4, STOP with z* = 2%,

: Update pk . .

6: Tangential Step. Obtain z, that sufficiently reduces the Lagrangian function and
satisfies

o

Hh(zk)H < 2ok and sk > ¢, 8k,

7: Increment k and return to Step [3]

To compute the normal step, we apply a method to solve the problem

1 2
in = |h . 2.8
min o [[A(2)] (2.8)
The conditions on what the method must satisfy are generally satisfied by the
usual descent methods, and they’ll be described on the convergence hypothesis.
In our practical algorithm, each application of the method starts with the
previous z. and a new iterate zI is obtained solving the subproblem

1
mde%+MFsm|Mu§Am%+@z%ﬁ” (2.9)
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where Ay > 0 is the trust region radius for the normal step.

Step 3 of the algorithm also comprises the update of the trust region cylin-
der p, the penalty parameter p and the projected gradient . After solving
the normal subproblem to find 2z}, we update the multipliers, the projected
gradient and the radius p, and verify if zI remains inside the new cylinder.
If it is not the case, the whole process is repeated. Algorithm [2] outlines the

normal step.

Algorithm 2 Normal Step

1: Parameters: ap > 0, o, > 0 and 5, > 0.
2: Initial Value: z. = zF~1.
3: Compute )\, ¢ = g(ze, 1) + A(zc)T X and update p and p.
4: while |[|h(zc)|| > max{p,ep} do
5: Find z such that [|h(z)]| < p and sc > g,s571 from ([2.9).
6: If that is not possible, stop with possible infeasibility flag.
7 Compute A, ¢ = g(zc, 1) + A(ze)TA, p and p.
8: end while
9: Define Ak = X, ¢¥ = ¢ and p*F = p.
k\T k
10: Define p* = min {pkil,appk,appi, W,ahh(zlﬂ}.

my

The main difficulty in the normal step is obtaining a new z. in Step [p| of
Algorithm [2| solving approximately . To solve this subproblem, we use a
modification of the Dogleg method proposed in [24]. In general terms, we take
steps that are combinations of the Gauss-Newton step

day = —JV(JIT) " h(z.)

and the Cauchy step do = —acJTh(z.), with J = Vh(z.). Although it may
seem that the loop on Step []is very expensive, since it may require several z.
updates, we will show on Subsection that, in practice, less than one loop
is usually required per iteration, making the normal step no more expensive
than an inexact restoration method.

In this algorithm, we compute A so that it remains asymptotically close
to Ars(ze, pt), ensuring that the sign of the multipliers associated with the
inequalities are correct when p tends to 0. This is done using the formula

A\ = ALSi(Zc,,U), leEEv
C \min{Ars, (2, 1), ap"}, if i € 1,

where « > 0 and r > 0 are chosen appropriately. After that, we compute ¢
and update p according to Algorithm [3] The update of p is partly empiri-
cal, including some safeguards for very small values, but it also include some
theorical properties required for convergence, which are discussed in the next
sections.

In the tangential step, the dual infeasibility is reduced through the mini-
mization of a quadratic approximation of the Lagrangian, subject to a scaled
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Algorithm 3 p Update

: Given Zcy My Pmax and P
: Compute np = |[C]| /(llg(zc, w)Il 4+ 1).
if p > 2pmaxnp then
Choose pt < pmaxnp
else
Choose pt = max{p, min{pmaxnp, max{10~%pmax"p, 0.75pmax } } }-
: end if

=~ O O W~

trust region. The step §; is an approximate solution to the problem

min  gy(5) = 07 B¥S + 674

2.10
st.  A(zF)6 =0, HA(fo)&HOO < Arp, Sk5;> (e, —1)sk, (210

where B* = diag(B¥, B¥) is a block diagonal approximation to W (z¥, \¥, u*),
and Ap > 0 is the trust region radius for the step. This subproblem is solved
with a modification of the Steihaug method [42] to handle the bounds on a
similar way of what it does to the trust region.

The step d; is required to be at least as good as a Cauchy step, and to
remain inside the cylinder C(2o%). If the tangent step significantly undermines
the reduction of the infeasibility obtained in the normal step, we also make a
second order correction, as suggested in [I0]. This is verified by the conditions

|z + 8)l| > min{2p, 2 (=) | + 0.50}

or
Ih(zo)| < 107° and |h(ze 4 &) > max{10_5,2 1h(ze) ||}

Following an idea given in |34], the correction direction d* is given by

C

= — A TA=D) A=) 7 [A(zE + 6e) — h(z)]

(& C C

4 = argmin £ || A(z4)5 + (=} +6) — h(zE)|

The correction is defined as 050, = ad™, where o € (0,1) is chosen so that
0t + ds0c satisfy the same fraction-to-the-boundary condition as  in .
Algorithm [4] shows an outline of the tangential step.

To close this section, let us show how to update p,,q, in step 5 of Algorithm
This parameter is used to control the size of the cylinder radius at each
iteration, and depends not only on the norm of the projected gradient, but
also on the variation of the Lagrangian, that is given by

ALE = L(z5 NF p?) — LU A1 b1y = AR 4 ALK,

where the contributions of the normal and tangential steps to the Lagrangian
variation are, respectively,

ALI’% = L(Zk7 )‘ka /J/k) - L(Zf, )‘ka :uk)
The update of ppax is described in Algorithm
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Algorithm 4 Tangential Step

1: Parameters: n; € (0, %], n2 > ni, ar € (0, %], ar > 1.

2: Initial Values: Ay, r =0 and zT = zf

3: while ||h(z1)|| > 2pF orr <m do

4: Compute the Cauchy Step dcp = —acpCk, where acp is the solution of

min gi(-ac¥) st [aaGECt| < An, —ask(Ch) 2 (e - Dst
a>0 oo

5: Starting at dcp, compute é; such that
a(0) < avor).  [[AGDS| < Ar shek = (e, - 1)st

If necessary, compute a second order correction dsoc-

dt = A(2F) (¢ + s0c).

2t =2k +dt.

ALE = L(zF, Xk yiF) — L(zE, NF, pF).
10: r = AL /q;(5¢).

O 00~ O™

11: if Hh(er)H > 2p% or 7 < then
12: Ar = arAr,

13: else if r > 7> then

14: Ar = ajArp.

15: end if

16: end while
17: Define z* = 2.

Algorithm 5 p,,, Update

1: Initial Value: L,.; defined in the previous iteration. For k = 0, we set L.y = oo.
20 ALK = L(2k, \F, pF) — L(zF—1 NE1, k=1

3t if ALK > 1[L,.p — L(zF=1, AF=1 p#=1)] then

4 phax = pliax/2

5: else

6: p]:nax = p]rvﬂ;)l(

7: end if

8: if ALK > —1ALE"! then

9: Lyey = L(zE, NF, 1)

10: end if

3 Global Convergence

The convergence theory of the method is based on relatively weak assumptions.
The four hypotheses that are needed to show that Algorithm [I] is globally
convergent are described below.

Hypothesis H1 The functions f, cg and c; are C?.

Hypothesis H2 The sequences {z*} and {z*}, the approzimations B* and
the multipliers {\*} remains uniformly bounded.

Hypothesis H3 The restoration is always possible and is reasonably short,
i.e., given p and y, it is always possible to find y. such that ||h(y.)|| < p and

19e = yll = OA)D)- (3.1)
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Hypothesis H4 ||5§OCH = (’)(HéfHQ)

Hyphotesis [HI] is natural, since the method uses exact or approximate second
derivatives. [H2] is required to avoid the possibility of taking unbounded de-
scent directions. [H3]is important because the restoration can fail, although we
show in Section that, when it happens, at least a stationary point of the
infeasibility is found. Finally, [H4]is a traditional hypothesis for second order
correction steps.

If [H] holds, then the remaining hypotheses will also hold if, for example,
the level set {z | ||h(2)]] < ||h(20)||} is compact, the feasible set is not empty
and Vh(z) has full rank on this set.

We present now some properties of the algorithm, starting with those re-
lated to the trust cylinder. From the definition of the cylinder radius on step
of Algorithm [I} the conditions established on steps [3] and [6] of the same
algorithm, and the way we update pyax on Algorithm [5] we have

PP <l < 20k IS (3.2)

k k
Pha < Pkl < 104p’“”g(zc|’|gk|)”+1, (3.3)
||h(sz)|| th(zk_l)Hg 2071 (3.4)

Besides, we require the iterates to follow the fraction-to-the-boundary rule
given in (2.7)), which means that

k
co

k—1

)

st >¢,sk (3.5)

k k
8. 2 €uS 8" > eus o

Moreover, from the definition of x* in step [L0| of Algorithm [2| we also have
pF < a,min{p*, (p*)?}. (3.6)

From this point forward, we assume that the sequences {z*} and {z*}
generated by the algorithm satisfy To ease the reading, we also define
the matrices A¥ = A(zF), A¥ = A(z%) and AT = A(z7T), and denote the full
normal step by 8% = zF — 2*~1. From the sequence of normal steps in loop

in Algorithm 2] and Hypothesis [H3] we have
||zf+1 - zkH = (’)(Hh(zk)H) (3.7)

Besides, Hypotheses allow us to choose a constant dyax > 0, such that,
for every iteration k,

651+ N165cll + 168 ]| < Smax- (3.8)
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The hypotheses and (3.7) also allow us to define & > 0, such that, for all
k, if Hz - zf” < Omax and p < pg, then

14;(2)]| < &,  j=1,...,m, (3.9)
[V2h;(2)|| <&,  G=1,....,m, (3.10)
V(@) < &, (3.11)
[V2f ()] < &, (3.12)
lg(z, Il < &o, (3.13)
11(z, )|l < os (3.14)
1B*]| < &, (3.15)
[X*]] < &, (3.16)
1650l < & [l0%|I" (3.17)

| AF]| < &, (3.18)
I8 = 2¥|| < & [|A(zY) (3.19)
sk < gt (3.20)

s* < &ost. (3.21)

Our main global convergence result is given by Theorem [1], which is based
on six lemmas. The first one shows that the normal step is well-defined.

Lemma 1 Under Hypothesis the loop on step [§] of Algorithm [g ter-
minates finitely.

Proof Denote the point and the radius at the beginning of the loop as z. and
p, and at the end as 2z and p*. Notice that ||h(z])| < p < ||h(2.)]- Now, if
the condition on step [3]of Algorithm [3]is not satisfied, then, from step [6] of the
same algorithm, we have p™ > p > ||h(z})]|, and 2} is accepted. Otherwise,
if step [3|is never satisfied, then we have p* < p/2. Hence p converges to zero,
and eventually we’ll have p < e, thus ||h(z})]| < p < ep. O

The next lemma provides a bound on the increase of the infeasibility caused
by the tangential step in relation to the intermediate point z¥, generated by
the normal step.

Lemma 2 The trial ztemte 2T generated on step @ of Algorithm |Z| satisfies
|h(zF) = h(zF)|| < & | 164112, where €, is a positive constant.

Proof See Lemma 3.1 of [5]. O

The following lemma shows that, under assumptions the tangen-
tial step does not fail, and provides a sufficient reduction of the Lagrangian
function.

Lemma 3 If z¥ is not a stationary point to problem ([2.1), then 2% is even-
tually accepted. Furthermore, we can define constants &1, &5 and &3 such that,
for every k,

ALY < =& [|¢F | min{ [[CH]] . &v/pF, 1 - e, (3.22)
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Proof The proof of this Lemma is essentially the same as the proof of Lemma
3.2 in [5]. The noteworthy difference is that the Cauchy step dcp defined in
step [4 of Algorithm [] now satisfies

1<l
l0cp|| > min {, Al—g, o,
1B 8
while only the first two terms inside the braces were considered in [5]. O

The next lemma establishes an upper bound to the normal variation of the
Lagrangian function. Note that this variation can be positive.

Lemma 4 There is a positive constant &, such that, for k sufficiently large,
ALI]C\/'+1 < §4prknax ||CkH .

Proof Using the Mean Value Theorem, we have

ALY =

= p(ze T ih) = (8, 1) + h(ETH)TAM — ()TN 4 (0t ) Bzt
= Vp(ze, 1) (261 =25) + Rz )TN — R(R)INE 4 (WF =) B0+
= Vf(ae)" (we™ —a®) + 1P VB(ze) T (28T —2F) + (2T TN — (M) TN

(= B,
with z¢ = nzF + (1 — n)2**+1, for some 7 € [0, 1]. Under hypothesis [H2} there

is a constant M > 0 such that s¥,s¥ < M. Using this, (3.11), (3:5), (3.16),
(3-19), (3.4), (3-6) and (3.2), we obtain

mr Sk _ sk+1 -
i c;
- +&o |[h(z)
i=1 773? + (1 - ’I’])S]gj_l H ‘ ||

+&o ||| + (F = W Ym M

AL?\[+1 < EO ||xlcc+1 _ ka +,uk

< B + & IR + 60 )]+ e (et 01 )

1—¢
< (&3 +2¢ 2pk+,0km1(”+M> < &aphane ||
(6 + 2) i ¢
— &
where &, = 4(£2 + 2&) + 2m;——F— + 2M. i
& ) 77+(1_77)5u

Lemma [5| shows that, between iterations where p;,,x does not change, the
Lagrangian function value decreases proportionally to the Lagrangian variation
in the tangential steps.

Lemma 5 If pitl = piil = - = piiid, for all j > 1, then
k+j 1 k+j—-1
k43 k 3 3 k
Lkt Lk = ,Z AL, < 5 Z ALy + 1%,
1=k+1 i=k

where 78 = %[Lfef — LK.
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Proof See Lemma 3.4 of [35]. O

Finally, the next lemma ensures the existence of sufficient normal space in
the trust cylinders, so that the Lagrangian function can be decreased.

The lemma is based on the fact that for large enough k, inequality
ensures that | AL | is greater than a fraction of V/pF. Besides, in the proof of
Lemma [4) we saw that ||AL§VH = O(p*), which means that, for a very large
k, the restoration will not destroy the decrease of the Lagrangian function,
preventing the algorithm from making excessive updates of pyax-

Lemma 6 If DCI generates an infinite sequence {z*}, then

(i) There are positive constants & and &g such that, if

66} (3.23)

pﬁlax < min{§5 Hgk

then pmax doesn’t change on iteration k + 1.
(i) Furthermore, if lim inf HC’“H > 0, then there is kg > 0 such that, for all
k> ko,
Pinax = P (3.24)

(i5i) If the tangential step and the vector of multipliers satisfy

|2 = 2| = o(|¢*|), (3.25)
[N*HE =M = o([¢" ), (3.26)
AT (sEH = s%) = o(||¢*| oM, (3.27)

then (3.24) is satisfied, regardless of the value of limian(kH. In other
words, pF .. remains sufficiently bounded away from zero.

Proof The proof of this Lemma is similar to the proof of Lemma 3.5 in [3].
The differences are that the constant & must satisfy & < 2&(1 — £,) /&,
(to compensate the differences between Lemma [3| and Lemma 3.2 in [5]), that
was modified to use only the approximation to the multipliers instead of
the function A;g, and that the proof of the third part requires the additional
assumption , due to the inclusion of the barrier function. a

We now present the global convergence theorem of our algorithm.

Theorem 1 Under Hypothesis if method DCI generates an infinite
sequence, then there is a subsequence that converges to a stationary point of

(2.1). If conditions (3.25), (3.26) and (3.27) are also satisfied, then every con-
vergent subsequence of {x¥} has a limit point that is stationary for (2.1).

Proof The proof of this Theorem is essentially the same as the one given for
Theorem 3.6 of [5], using the corresponding lemmas when necessary. However,
the main theorem of [5] says only that every accumulation point of {z¥} is
stationary, so we need a few extra steps to prove that every convergent subse-
quence of {z¥} has a limit point that is stationary for (2.1).
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Thus, let {k;} be a subsequence of indexes such that ||¢¥|| — 0. From
properties (3.2)-(34) and (3.6), we have that p* — 0, ||h(zF")|| — 0 and
uFt — 0. Now, from the definition of (** we conclude that —ukle—Sfl)\];l —
0, so that S A% — 0, and V f(z%) + Ve(zk)T Ak — 0. Furthermore, A\ <
a(u*)"; so that lim /\’;l < 0. Therefore, the limit point of this subsequence is
stationary. O

3.1 Convergence to infeasible stationary points

If problem is infeasible, our method will fail to find a point inside the
trust cylinder. In this case, the algorithm stops declaring that a infeasible
stationary point was found.

In this section, we show that, if the normal step can’t find z* such that

[h(z)]| < o",

then at least it converges to a stationary point of (2.1). In order to obtain this
result, we write the infeasibility measure at x as

min |cg(z)|]® + ller (:17)”2 , (3.28)

where v~ = (min{0, v; }, min{0, v2}, ..., min{0, v, })T.

Theorem 2 z* = [z*,s*]|T is a stationary point for the normal problem (2.8)
if, and only if, x* is a stationary point for (3.28]).

Proof We simply need to show that Vey(z*)T[cr(z*) — s* — ¢; (z*)] = 0, and
this is obtained through simple algebraic manipulations. O

We assume here that the normal algorithm converges to a stationary point
for (2.8). The conditions for this to happen depend on the method chosen, but
are usually mild. For instance, using the method described by Francisco et al.
[24], this result can be achieved under the following hypotheses.

Hypothesis H5 (HI from [2}]) The sequence {24} generated by the nor-
mal algorithm is bounded. (This can be obtained, for example, if the level set
{z [ 1) < (=311} is bounded.)

Hypothesis H6 (H2 from [2]|]) For every z,w in a convez, open and bounded

set L containing the whole sequence generated by the algorithm and every point
whose value is computed during the algorithm, we have

IVh(z) = Vh(w)|| < 270 ]z — w]|.
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4 Local Convergence

We now analyze the local behavior of the method assuming that a convergent
sequence to a local minimizer exists.

Let {z*} and {z*} be sequences that converge to z*, and assume that {\*}
converges to A* = Apg(2*,0). In this case, we have

Vf(x*) + Ve(z*)TA* =0,
CE(x*) = 07 C[(Jf*) > 07
cr(z)TXs =0, A7 <0.

Let A(x) ={i € EUI:¢i(x) =0}, A* = A(z*) and Vea(z) = [ei(@)]]e 40
We restrict our attention to the case where z* is a “good minimizer” for (2.1)),
in the sense that the rows of Ve (z*) are linearly independent, and

[+ 3 T vz o, (4.1
i€ A*
with 61 >0and y € T = {w: w'Ve;(z*) =0:i € EUJ}, where J = {i € I :

Af <0}

Suppose that )\"j1 and A% are the vectors that contain, respectively, the
components of \¥ and \* corresponding to the active constraints. Since Ve (z)
is continuous, it has full row rank in a neighborhood of z*, so we can define

Aa(z) = —[Vea()Vea ()] Vea(2)V(2),

ga(z) = Vf(x) + Vea(z) Aa(z),
and
Ha(z,\) = V2 f(2) + Z Vi3ei(z)\;.
i€EA*
In a neighborhood V* of x*, we can define the orthogonal projector in the
null space of Vea(z) as

P(z) =1 —Vea(z) [Vea(z)Vea(z) )7 Vea(z),

which is Lipschitz continuous, since ¢ € C2.
In addition to our local convergence analysis requires the following
hypotheses.

Hypothesis H7
A= N[ = ol¢ D,
AP (se™ = %) = O([|¢*]| o*).

Hypothesis H8 B is asymptotically uniformly positive definite in N'(Vea(zF)),

that is, we can redefine the constant 61 of in a way that, for k sufficiently
large,

01 llyll* < y" By < & llyll* (4.2)
for y € N(Vea(xh)).
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Hypothesis H9 Let Z,]fx be a matrixz whose columns are a orthonormal basis
for the null space of Vea(z¥). Define

ok = —ZK[(Z8)" BEZR] 1 (Z5) ga(at), (4.3)
6 = ey, (ah) T, (4.4)

Ci

and 8% = [(65)T (65)T1T. We assume that 8% is the first step tried by the
algorithm if |6k || < A and sk + S¥6% > e, sF. In addition, we assume that

P(a¢)[By — Ha(z", A)]0; = o([|a ), (4.5)

and that )
(65)T[BE — uI]65 = o(||8% ). (4.6)

Note that, if s* — 0, then i € A*, i.e. Vey,(2F)” is one of the rows of

c

Vea(z¥), which implies that Vey, (#)7Z% = 0, so 6% = 0. Otherwise, s¥

remains bounded away from zero, which means that there is a constant sy, >
0 such that Slci > Spin for i & A*.

Hypothesis H10 There are positive constants 04 and 6,, such that, for k
sufficiently large,

)

1
g, ¥l < llga@e)ll < 0 flc”]

lea(ze)l| = ORI,  fleat@®)]| = O(||R (")
lee™ = 2| = O(leat@®)])-

Since Vea(z) and Ha(x, \) are continuous and Vea (z*) has full rank, our
hypotheses imply that there exist 3 > 0 and a neighborhood V* of x* such
that, for z, zF € V*,

),

[VA(z)"A|| = 63 IAll, AERMM g e R, (4.7)

Besides, using (4.5)), the fact that H 4 (z*, A*) = W, (z*, \*) and the continuity
of W, we obtain

P(g)[By = Wa(wg, Aoz = o33 )- (4.8)
Now, dividing ¢*(8) = ¢¥(8.) + ¢*(ds), where
1
5(6:) = 507 BES, + 67V 1 (ah)

and 1
65(0s) = 567 B0, + 07 (—pae),

we have that 6% = Zkv* € N(Vea(2F)), where v* is the minimizer of

N 1 ,
min 7y (v) = q;(Zhv) = 5v" (Z0)" By Zhv + v (Z3)"V f(x2).
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Therefore, since (Z5)TV f(a*) = (Z5)Tga(z¥), we have
(Z3)" By ZEv" + ga(zd)] = 0. (4.9)

Moreover, from ([#.2)) and the fact that (ZX)TZ% = I, matrix [(Z5)TBFZK]~1
satisfies, in the neighbourhood V*, for every u € R?~™4,

1 2 _ 1 2
— [lull* <" [(Z5)" BEZE T u < — |lull®. (4.10)
Y2 71

In the next lemma, we show that 5’}1 is eventually accepted by the algo-
rithm.

Lemma 7 For k sufficiently large, the step 8% is accepted by Algorithm .

Proof Slnce ga(zk) e N(Vea(z )) there is ¥ such that ga(«%) = ZK v with
||gA H = ||ka Combining (4.3) and ( we have

o] < % [ga(at)]- (4.11)

Furthermore, for i ¢ A*,

- [|02]] < =2 — llgat)]],

IVCZ( &) 5];

Si

SO

§
ot < Z2 flgateh)] (4.12)
Therefore, for k sufficiently large,
|65 < 04 ]|ga(a®)||, (4.13)

where 6, = \/1 + (ma&o/Smin)?/71. Since ga(zF) — 0, we have H5 < Anin
and 0% > (¢, — 1)e for k sufficiently large. Thus, from Hypothesis [H9}| 6% will

be the first step tried by the algorithm, in some neighbourhood V*.
For k sufficiently large, G,(r) is a positive definite quadratic function.
Therefore, it’s minimum, g, (v*), satisfies

qmms—%ﬂ%@mﬁ (4.14)
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where the last inequality comes from (4.10)). Besides, using (4.4)), (3.15)), (3.9),
(3.6), (3.2), (#.11) and Hypothesis m we have

g5(d%) = ,5TB 85+ 04 (— 5 ||B 1> 62 —n> 6
g A* 1€A*
vCz Oz
|B | Z ch —p Yy
ZQ.A* g A*
1
< gt 87 + apptm = o |
SN ||¢’fy| 6.
m£3 a pmax 2
= m lgateb)]” + ’)STVP lgae)]”- (4.15)
Combining (4 with ( , we obtain
4(64) = 2 (8,) + 4s(8,) < s [|ga(aB)|, (4.16)
where 3 = —i + Q;Zio,ylz =+ a”g;:;‘n",xe”

Now, using a Taylor expansion, the fact that A(z¥)6% = 0 and 6% =
ak)ok, ([@8), {@.6), {E11), (12) and ([13), we have
ALF = L(F + AESK NF k) — (z’“ T

= V. L(zd, A" i) TAGSG +5 (<3’€)T/1’“V2 L(E, ¥, u*) Abal +o|| A58 )

= ()75 + ST CE N )5k + of5]%)
= q(8%) + S R W (=E, X5 ) — B3 + (5 )

= q((SA HgA )| (4.17)
From (4.16)), (4.17) and the fact that n; € (0,1), it follows that, for k suffi-
ciently large,

ALy ol [lga)[) ol|ga (e H
- —1 1L Zys(1—m) =,
(%) 8 2 e e =m
which implies that one of the conditions of step [3] of Algorithm [I]is satisfied.
Finally, from , , and Hypothesis we have
[AE05 ] < [JAE] (I8 < €0 [lga(ze)|] < &obaba [|C]]-

Combining with Hypothesis We ensure that the hypotheses of the third
part of Lemma [6] are satisfied, so there exists a sufficienly large kg such that

ok = pkofor k > ko. Therefore, using (3.3) and (3.13)), we obtain

ot < ot RO g0 1

max pmax
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where 3 = 10*(14&)/p%, .. Along with (2), (-13), Hypotheses and (3.4),

this implies that, for k£ sufficiently large,

[n(2E + A5 < [|h(8)]| + |2 + AE6%) — h(E)| < [|(R)]| + & o4
< ||| + €03 [lga ()| < In(E)]| +Eb263 |||
< p* 4 BEO30% [|CF| o7 = 0" (1 + BEBZO% [IC))-

Since, for k sufficiently large, 8£,036% [|¢¥|| < 1, step 6% is eventually
accepted. |

From now on, we will also suppose that the normal step satisfies the fol-
lowing hypothesis.

Hypothesis H11 For k sufficiently large, the normal step 5%‘*‘1 = gkl _ ok
is obtained taking one or more steps of the form
§h = —J h(ze) = = I (JIT) M h(ze), (4.18)
where J satisfies
17 = Vh(ze) [l = O([¢*])- (4.19)

Note that, using (£.7), we can redefine 63 in a way that ||JTA|| > 65 [|A|| for k
sufficiently large.

Using a Taylor expansion, , (4.18), (4.19), (3.19) and the continuity
of A(z), it is easy to show that, if z¥*1 5£ 2* for k sufficiently large, then the

first normal step of iteration k + 1, say 5;{,, satisfies

6] = 17 hGeo)| < - GOl = Ok, (420)

and
[A(E D = o||a (")) (4.21)

In the next lemma, we show that ||ga(z)|| and ||ca(z)|| define an optimality
measurement, i.e. they can be used to measure how close a point x is to x*.

Lemma 8 In a neighborhood V* of x*, we have
[z — 2| = O([lca(@)]l + [lga()])-
Proof Since ga(x) and c4(x) are Lipschitz continuous, we have
lea(@)[| + lga(@)]| = llea(@) = ca(@®)]| + [[ga(z) = ga(z®)|| = Oz — 27])

Now, let us consider the Lagrangian function associated to the active con-
strains, i.e. La(z,)\) = f(x) + ca(x)T )\, whose derivatives are

Vf(z)+ Vea(x)TA

VLA(Z‘, )\) = CA(.CC)
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and
Ha(z,\) Vea(z)
Vea(z) 0

Notice that VL a(z*,A\*) = 0 and V2L 4(x*, \*) is invertible.
Let us define e, = 2*—z,ey = A*—Xand e = [el e1]T. Since V2L 4(z*, \*)
is invertible, we have that

V2L (2, \) =

[V2La(a™ A = ool

for every v € R™"*™4_ Moreover, since VL 4 is differentiable, there are neigh-
borhoods of z* and A* such that, for z and X in these neighborhoods,

r—x* o

In particular, in a neighbourhood of z* we can choose A = A4(x), so that

ag
IVLa(x,\)|| = [VLa(z,\) = VLa(z*, \*)|| > 3

[l — 2| < % IVLa(z, Aa(@))l] = O(llga(@)] + llea(@)l])-
O

To conclude this section, we present the local convergence theorem of our
method, showing that it has the same convergence rate as the equality con-
strained algorithm proposed in [5].

Theorem 3 Under hypotheses z* and x¥ are 2-step superlinearly
convergent to x*. If a normal step is calculated every iteration, then x* con-

verges superlinearly to x*.

Proof The proof of this theorem is similar to the one presented for Theorem
4.3 of [3], taking into account only the active constraints. O

5 Numerical Experiments

In this section we present a comparison of our C++ implementation of the algo-
rithm, that is called DCICPP, with the other well-known algorithms ALGENCAN
version 3.0.0-beta [2, 8] and IPOPT version 3.12.4 [44] with MA57 solver from
HSL [1]. To analyze the performance of our algorithm, we used the CUTEst
[29] repository of problems. A computer with an Intel i5-4440 3.1 GHz pro-
cessor and 8Gb of RAM was used for the tests. The code can be obtained in
[27]. Other packages used in our implementation include OpenBLAS [43] [43],
Metis [32], SuiteSparse’s CHOLMOD [9, [14HI7], base_matrices [40] and nope
[39].

Our comparison is based on the performance profiles proposed by Dolan
and Moré [20]. The profiles were generated with the software perprof-py [41].
Given a set of problems P and a set of algorithms S, we define ¢, ;, as the time
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algorithm s € S takes to solve a problem p € P. Then, for each algorithm
s € S that solves problem p € P, we define the performance ratio
Tep = b
“P " min{t,, : a € S,a solves p}’

If algorithm s does not solve p, then we simply set r, , = +o0.
Finally, we define the performance function of an algorithm s as

Ps(t)

_ {p € Pirgy < t}]
Np ’

where Np is the number of elements in the set P. To compare the algorithms,
we plot their functions on a finite interval [1,7].

Our algorithm uses the Cholesky factorization to solve the linear systems in
the normal step and to compute the Lagrange multipliers. As such, it is better
suited for small and medium sized problems, with full rank Jacobians. Thus,
in our tests we consider the 638 problems for which all of the Jacobians have
full rank, and with no more than 5000 variables or constraints. The results are
shown on Figure As it may be seen, DCICPP has a very good performance,
surpassing the other two algorithms in efficiency, and also attaining a good
robustness. Furthermore, it is the best algorithm for the problems in which no
method is more than 20 times slower than the worst algorithm.

Performance Profile Performance Profile

Fraction of solved problems (P4(t))

— Algencan — Algencan
- IpOpt --- IpOpt
deicpp deicpp

0 I I I 0 I I I
10° 10 10% 10% 10° 10 10% 10%

Performance Ratio (t) Performance Ratio (t)

(a) (b)

Fig. 2: Performance profiles (a) For the 638 problems for which Cholesky doesn’t fail, and
with no more than 5000 variables or 5000 constraints; (b) For the 525 problems in (a) for
which the converging algorithms have close function value.

In addition to this comparison, we consider also the problems for which
all converging algorithms seem to find the same solution, using the criteria
given in [44]. Let f, be the objective function value obtained by solver s for
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problem p. We say that the converging algorithms have not found the same
solution for problem p if

max min
fp - fp

14 max{| frex], | fymin|

> 1071,
}

where f"** and fI"" are, respectively, the maximum and minimum of {f; , |
s € S8, s converges}. Using this definition, there are 525 problems for which all
algorithms seem to converge to the same solution. The resulting performance
profile is shown of Figure 2b] Notice that the same analysis apply, despite the
small loss on comparative robustness.

5.1 Efficiency of the restoration

One concern about the new algorithm is the efficiency of the infeasibility reduc-
tion scheme. The main purpose of using trust cylinders is to avoid computing
a normal step per iteration, as done by SQP algorithms, for example. However,
in the worst case scenario, the algorithm may need to make not only one, but
several restorations in order to obtain ||h(z.)|| < p.

Fortunately, Figure [3| shows that, in practice, the normal step of the algo-
rithm is quite efficient. This figure, built from a set of 458 constrained problems
for which dcicpp takes more than one iteration to converge, relates the per-
centage of iterations without restorations to the percentage of iterations with
just one restoration step. The diameter of each circumference shown in the
figure is proportional to the number of problems with the same coordinates.

10
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Fig. 3: Percentage of iterations with one or no restoration for 458 problems.
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Diagonal lines link problems with the same percentage of iterations with
no more that one restoration. The line segment that connects (100,0) and
(0,100), for example, shows all of the 315 problems (69% of the total) for
which no iteration takes more than one restoration. In fact, 238 of these 315
problems are located on the upper half of the segment, which means that
no restoration was done on at least 50% of the iterations for these problems.
Moreover, only 49 problems are below the segment that corresponds to 80%,
i.e., for 89% of the problems the iterations with more than one restoration do
not exceed 20% of the total number of iterations. Considering all of the 50528
iterations taken by DCICPP to solve these 458 problems, no restoration was
made on 73% of them, just one restoration was necessary on 26%, and only
1% required more than 1 restoration.

Number of problems

S20

Average number of restorations per iteration

Fig. 4: Distribution of the problems according to the average number of restorations per
iteration.

Figure (] shows an histogram detailing the distribution of the problems
according to the average number of restorations per iteration. From this figure,
it is clear that making more than one restoration per iteration is a rare event.
Besides, the median of the number of restorations per iteration is just 0.5.

6 Conclusion

In this paper we show how to extend the DCI method proposed by Bielschowsky
and Gomes [5] to handle inequality constraints. The new algorithm maintains
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the good convergence properties of the original method, showing superlinear
local convergence under reasonable assumptions. A preliminary implementa-
tion of the new algorithm shows that it is competitive to well-known nonlinear
programming codes. The code is already available online and can be used with
the CUTESst collection.

As a future work, we plan to combine the method with an iterative solver
in order to handle very large problems, and to devise some strategy to handle
rank deficient Jacobians.

References

1. HSL. a collection of Fortran codes for large scale scientific computation.
URL http://www.hsl.rl.ac.uk/

2. Andreani, R., Birgin, E.G., Martinez, J.M., Schuverdt, M.L.: On aug-
mented lagrangian methods with general lower-level constraints. STAM
Journal on Optimization 18, 1286-1309 (2007). URL http://dx.doi.
org/10.1137/060654797

3. Andreani, R., Birgin, E.G., Martinez, J.M., Schuverdt, M.L.: Augmented
lagrangian methods under the constant positive linear dependence con-
straint qualification. Mathematical Programming 111, 5-32 (2008). URL
http://dx.doi.org/10.1007/s10107-006-0077-1

4. Biegler, L.T., Nocedal, J., Schmid, C.: A reduced hessian method for large-
scale constrained optimization. STAM Journal of Optimization 5, 314-347
(1995). URL http://dx.doi.org/10.1137/0805017

5. Bielschowsky, R.H., Gomes, F.A.M.: Dynamic control of infeasibility in
equality constrained optimization. STAM Journal on Optimization 19(3),
1299-1325 (2008). URL http://dx.doi.org/10.1137/070679557

6. Bueno, L.F., Haeser, G., Martinez, J.M.: A flexible inexact-restoration
method for constrained optimization. Journal of Optimization Theory
and Applications 165(1), 188-208 (2015). URL http://dx.doi.org/10.
1007/s10957-014-0572-0

7. Byrd, H., Gilbert, J.C., Nocedal, J.: A trust region method based on in-
terior point techniques for nonlinear programming. Mathematical Pro-
gramming 89(1), 149-185 (2000). URL http://dx.doi.org/10.1007/
PL00011391

8. Byrd, H., Hribar, M.E., Nocedal, J.: An interior point algorithm for large
scale nonlinear programming. SIAM Journal on Optimization 9(4), 877
900 (1999). URL http://dx.doi.org/10.1137/S1052623497325107

9. Chen, Y., Davis, T.A., Hager, W.W., Raamanickam, S.: Algorithm
887: Cholmod, supernodal sparse Cholesky factorization and up-
date/downdate. ACM Transactions on Mathematical Software 35(3)
(2009). URL http://dx.doi.org/10.1145/1391989.1391995

10. Conn, A.R., Gould, N.I.M., Toint, P.L.: Trust Region Methods. Springer
(2000). URL http://dx.doi.org/10.1137/1.9780898719857


http://www.hsl.rl.ac.uk/
http://dx.doi.org/10.1137/060654797
http://dx.doi.org/10.1137/060654797
http://dx.doi.org/10.1007/s10107-006-0077-1
http://dx.doi.org/10.1137/0805017
http://dx.doi.org/10.1137/070679557
http://dx.doi.org/10.1007/s10957-014-0572-0
http://dx.doi.org/10.1007/s10957-014-0572-0
http://dx.doi.org/10.1007/PL00011391
http://dx.doi.org/10.1007/PL00011391
http://dx.doi.org/10.1137/S1052623497325107
http://dx.doi.org/10.1145/1391989.1391995
http://dx.doi.org/10.1137/1.9780898719857

24

Abel S. Siqueira, Francisco A. M. Gomes

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Curtis, F.E., Gould, N.ILM., Robinson, D.P., Toint, P.L..: An interior-
point trust-funnel algorithm for nonlinear optimization. Tech. Rep.
13T-010, CORQ@L Laboratory, Department of ISE, Lehigh Univer-
sity (2013). URL http://coral.ie.lehigh.edu/~frankecurtis/
wp-content/papers/CurtGoulRobiToin13.pdf

Curtis, F.E., Nocedal, J., Wachter, A.: A matrix-free algorithm for equality
constrained optimization problems with rank-deficient Jacobians. SIAM
Journal on Optimization 20(3), 1224-1249 (2009). URL http://dx.doi.
org/10.1137/08072471X

Curtis, F.E., Schenk, O., Wichter, A.: An interior-point algorithm for
large-scale nonlinear optimization with inexact step computations. STAM
Journal on Scientific Computing 32(6), 3447-3475 (2010). URL http:
//dx.doi.org/10.1137/090747634

Davis, T.A., Hager, W.W.: Modifying a sparse Cholesky factorization.
SIAM Journal on Matrix Analysis and Applications 20(3), 606-627 (1999).
URL http://dx.doi.org/10.1137/50895479897321076

Davis, T.A., Hager, W.W.: Multiple-rank modifications of a sparse
Cholesky factorization. SIAM Journal on Matrix Analysis and Appli-
cations 22(4), 997-1013 (2001). URL http://dx.doi.org/10.1137/
S50895479899357346

Davis, T.A., Hager, W.W.: Row modifications of a sparse Cholesky fac-
torization. SIAM Journal on Matrix Analysis and Applications 26(3),
621-639 (2005). URL http://dx.doi.org/10.1137/5089547980343641X
Davis, T.A., Hager, W.W.: Dynamic supernodes in sparse Cholesky up-
date/downdate and triangular solves. ACM Transactions on Mathemati-
cal Software 35(4) (2009). URL http://dx.doi.org/10.1145/1462173.
1462176

Dennis., J.E., El-Alem, M., Maciel, M.C.: A global convergence theory
for general trust-region-based algorithms for equality constrained opti-
mization. SIAM Journal on Optimization 7(1), 177-207 (1997). URL
http://dx.doi.org/10.1137/51052623492238881

Dennis, J.E., Vicente, L.N.: On the convergence theory of trust-region-
based algorithms for equality-constrained optimization. STAM Journal on
Optimization 7(4), 927-950 (1997). URL http://dx.doi.org/10.1137/
S51052623494276026

Dolan, E.D., Moré, J.J.: Benchmarking optimization software with perfor-
mance profiles. Mathematical Programming 91(2), 201-213 (2002). URL
http://dx.doi.org/10.1007/s101070100263

El-Alem, M.: A global convergence theory for Dennis, El-Alem, and Ma-
ciel’s class of trust-region algorithms for constrained optimization without
assuming regularity. STAM Journal on Optimization 9(4), 965-990 (1999).
URL http://dx.doi.org/10.1137/51052623497331762

Fletcher, R., Leyffer, S.: Nonlinear programming without a penalty func-
tion. Mathematical Programming 91(2), 239-269 (2002). URL http:
//dx.doi.org/10.1007/s101070100244


http://coral.ie.lehigh.edu/~frankecurtis/wp-content/papers/CurtGoulRobiToin13.pdf
http://coral.ie.lehigh.edu/~frankecurtis/wp-content/papers/CurtGoulRobiToin13.pdf
http://dx.doi.org/10.1137/08072471X
http://dx.doi.org/10.1137/08072471X
http://dx.doi.org/10.1137/090747634
http://dx.doi.org/10.1137/090747634
http://dx.doi.org/10.1137/S0895479897321076
http://dx.doi.org/10.1137/S0895479899357346
http://dx.doi.org/10.1137/S0895479899357346
http://dx.doi.org/10.1137/S089547980343641X
http://dx.doi.org/10.1145/1462173.1462176
http://dx.doi.org/10.1145/1462173.1462176
http://dx.doi.org/10.1137/S1052623492238881
http://dx.doi.org/10.1137/S1052623494276026
http://dx.doi.org/10.1137/S1052623494276026
http://dx.doi.org/10.1007/s101070100263
http://dx.doi.org/10.1137/S1052623497331762
http://dx.doi.org/10.1007/s101070100244
http://dx.doi.org/10.1007/s101070100244

Dynamic Control of Infeasibility for Nonlinear Programming 25

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Forsgren, A., Gill, P.E., Wright, M.H.: Interior methods for nonlinear op-
timization. SIAM review 44(4), 525-597 (2002). URL http://dx.doi.
org/10.1137/50036144502414942

Francisco, J.B., Kreji¢, N., Martinez, J.M.: An interior-point method for
solving box-constrained underdetermined nonlinear system. Journal of
Computational and Applied Mathematics 177, 67-88 (2005). URL http:
//dx.doi.org/10.1016/j.cam.2004.08.013

Gomes, F.A.M.: A sequential quadratic programming algorithm that
combines merit function and filter ideas. Computational and Applied
Mathematics 26(3), 337-379 (2007). URL http://dx.doi.org/10.1590/
S0101-82052007000300003

Gomes, F.A.M., Maciel, M.C., Martinez, J.M.: Nonlinear programming al-
gorithms using trust regions and augmented Lagrangians with nonmono-
tone penalty parameters. Mathematical Programming 84(1), 161-200
(1999). URL http://dx.doi.org/10.1007/s10107980014a

Gomes, F.A.M., Siqueira, A.S.: Dcicpp. http://www.github.com/
abelsiqueira/dcicpp| (2009)

Gonzaga, C.C., Karas, E., Vanti, M.: A globally convergent filter method
for nonlinear programming. SIAM Journal on Optimization 14(3), 646—
669 (2003). URL http://dx.doi.org/10.1137/51052623401399320
Gould, N.I.LM., Orban, D., Toint, P.L..: CUTEst: a constrained and un-
constrained testing environment with safe threads for mathematical opti-
mization. Computational Optimization and Applications 60(3), 545-557
(2015). URL http://dx.doi.org/10.1007/s10589-014-9687-3

Gould, N.I.M., Toint, P.L.: Nonlinear programming without a penalty
function or a filter. Mathematical Programming 122(1), 155-196 (2010).
URL http://dx.doi.org/10.1007/s10107-008-0244-7

Karas, E.-W., Gonzaga, C.C., Ribeiro, A.A.: Local convergence of fil-
ter methods for equality constrained nonlinear programming. Opti-
mization 59(8), 1153-1171 (2010). URL http://dx.doi.org/10.1080/
02331930903085342

Karypis Lab: Metis - serial graph partitioning and fill-reducing matrix
ordering. http://www-users.cs.umn.edi/ karypis/metis

Lalee, M., Nocedal, J., Plantenga, T.: On the implementation of an algo-
rithm for large-scale equality constrained optimization. STAM Journal on
Optimization 8(3), 682-706 (1998). URL http://dx.doi.org/10.1137/
51052623493262993

Nocedal, J., Wright, S.J.: Numerical Optimization, 2 edn. Springer (2006).
URL http://dx.doi.org/10.1007/978-0-387-40065-5

Perigaro, G.A., Ribeiro, A.A., Karas, E.-W.: Global convergence of a gen-
eral filter algorithm based on an efficiency condition of the step. Ap-
plied Mathematics and Computation 219(17), 9581-9597 (2013). URL
http://dx.doi.org/10.1016/j.amc.2013.03.012

Powell, M.J., Yuan, Y.: A trust region algorithm for equality constrained
optimization. Mathematical Programming 49, 189-211 (1991). URL
http://dx.doi.org/10.1007/BF01588787


http://dx.doi.org/10.1137/S0036144502414942
http://dx.doi.org/10.1137/S0036144502414942
http://dx.doi.org/10.1016/j.cam.2004.08.013
http://dx.doi.org/10.1016/j.cam.2004.08.013
http://dx.doi.org/10.1590/S0101-82052007000300003
http://dx.doi.org/10.1590/S0101-82052007000300003
http://dx.doi.org/10.1007/s10107980014a
http://www.github.com/abelsiqueira/dcicpp
http://www.github.com/abelsiqueira/dcicpp
http://dx.doi.org/10.1137/S1052623401399320
http://dx.doi.org/10.1007/s10589-014-9687-3
http://dx.doi.org/10.1007/s10107-008-0244-7
http://dx.doi.org/10.1080/02331930903085342
http://dx.doi.org/10.1080/02331930903085342
http://dx.doi.org/10.1137/S1052623493262993
http://dx.doi.org/10.1137/S1052623493262993
http://dx.doi.org/10.1007/978-0-387-40065-5
http://dx.doi.org/10.1016/j.amc.2013.03.012
http://dx.doi.org/10.1007/BF01588787

26

Abel S. Siqueira, Francisco A. M. Gomes

37.

38.

39.

40.

41.

42.

43.

44.

45.

Ribeiro, A.A., Karas, E., Gonzaga, C.C.: Global convergence of filter meth-
ods for nonlinear programming. SIAM Journal on Optimization 19(3),
1231-1249 (2008). URL http://dx.doi.org/10.1137/060672285
Shanno, D.F., Vanderbei, R.J.: An interior-point algorithm for non-
convex nonlinear programming. Computational Optimization and Ap-
plications 13, 231-252 (1999). URL http://dx.doi.org/10.1023/A:
1008677427361

Siqueira, A.S.: NOPE - Nonlinear Optimization Preprocessing tEchniques.
URL https://github.com/abelsiqueira/nope

Siqueira, A.S.: Base matrices. http://www.github.com/abelsiqueira/
base_matrices|(2009)

Siqueira, A.S., da Silva, R.G.C., Santos, L.R.: Perprof-py: A python pack-
age for performance profile of mathematical optimization software. Journal
of Open Research Software 4(1), e12 (2016). DOI 10.5334/jors.81. URL
http://doi.org/10.5334/jors.81

Steihaug, T.: The conjugate gradient method and trust regions in large
scale optimization. STAM Journal on Numerical Analysis 20(3), 626-637
(1983). URL http://dx.doi.org/10.1137/0720042

Wang, Q., Zhang, X., Zhang, Y., Yi, Q.: AUGEM: automatically generate
high performance dense linear algebra kernels on x86 CPUs. In: Proceed-
ings of SC13: International Conference for High Performance Computing,
p- 25. ACM (2013)

Wichter, A., Biegler, L.T.: On the implementation of an interior-point
filter line-search algorithm for large-scale nonlinear programming. Math-
ematical Programming 106(1), 25-57 (2006). URL http://dx.doi.org/
10.1007/s10107-004-0559-y

Xianyi, Z., Qian, W., Yunquan, Z.: Model-driven level 3 BLAS perfor-
mance optimization of Loongson 3A processor. In: Proceedings of the
2012 IEEE 18th international conference on parallel and distributed sys-
tems, pp. 684—691. IEEE computer society (2012)


http://dx.doi.org/10.1137/060672285
http://dx.doi.org/10.1023/A:1008677427361
http://dx.doi.org/10.1023/A:1008677427361
https://github.com/abelsiqueira/nope
http://www.github.com/abelsiqueira/base_matrices
http://www.github.com/abelsiqueira/base_matrices
http://doi.org/10.5334/jors.81
http://dx.doi.org/10.1137/0720042
http://dx.doi.org/10.1007/s10107-004-0559-y
http://dx.doi.org/10.1007/s10107-004-0559-y

	Introduction
	The Method
	Global Convergence
	Local Convergence
	Numerical Experiments
	Conclusion

