ON ARCS AND PLANE CURVES

BEATRIZ MOTTA AND FERNANDO TORRES

ABSTRACT. We investigate complete plane arcs which arise from the set of rational
points of certain non-Frobenius classical plane curves over finite fields. We also point
out direct consequences on the Griesmer bound for some linear codes.

1. INTRODUCTION

In all that follows F = [F;, will denote the finite field of order g. Let n > 2, r > 2 be
integers. In this paper we are interested in certain subsets A of the projective plane
PG(F) = PG(q); we follow closely Giulietti et al. [5]. Let us consider the following
statements:

(Ag) n = #A;

(A1) There is no line ¢ in PG(q) such that #AN{ > r;

(As) For any point Py € PG(q) \ A, there exists a line ¢y in PG(q) such that Py € (g
and #AN L =7r.

Definition 1.1. If (A) and (A;) hold, A is called an (n,r)-arc. If in addition (As) is
true, A is said to be a complete (n,r)-arc.

These objects are mainly studied in the context of Finite Geometry, where many results
can be reformulated in terms of Curve Theory Over Finite Fields, Coding Theory or
Cryptography; see e.g. Hirschfeld’s book [8], [9], [1].

Problem 1.2. Giving ¢ and r as above, for which n do exist a complete (n,r)-arc in
PG(q)?

Remark 1.3. Let A be an (n,r)-arc in PG(q) and P € A. Then each line ¢ in PG(q) such
that P € ¢ contains at most (r — 1) points of A. Thus (see [8, Corollary 2.15])

n<(r—1)(g+1)+1=(r—1)qg+r.

In particular, n < ¢ + ¢+ 1 as r < #£y = ¢+ 1. We observe then that the plane PG(q)
is a (complete) (¢*> + ¢+ 1,q + 1)-arc. Further upper bounds can be found in [9, Table
5.2] or [1].

The arcs we are interested in this paper are those related to plane curves over finite fields;

our main reference on curves is the book [7] by Hirschfeld et al.
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Example 1.4. Let F(X,Y,Z) € F[X,Y,Z] be an absolutely irreducible, homogeneus
polynomial of degree r > 2. We consider the projective plane curve C : F' = 0 over the
algebraic closure F of F, where in addition (by simplicity) C will be assumed to be non-

singular. Let (X : Y : Z) be homogeneus coordinates on the projective plane PG(F). We
have ¢,(C) C C, where ¢, : (a:b:c) s (a?:b?: ¢?) is the F-Frobenius map on PG(F).

Then we are led to consider A := C(F) as being the set of F-rational points of C (namely,
the points P € C such that ¢,(P) = P). We assume n := #4 > 2.

For a line ¢ in PG(q) set 1, := # AN L. We have r, < r by Bezout’s theorem (see e.g. [7])
and hence A is in fact an (n,r)-arc.

Now concerning n = #.4 we have the following key obstruction (Hasse-Weil bound):

n<qg+1+29q,
where g = (r — 1)(r — 2)/2 is the genus of C (see e.g. [7, Theorem 9.18]).
Example 1.5. Let A C PG(q) be a (n,2)-arc. Thus n < ¢ + 2 by Remark 1.3; notice

that if A were defined as in Example 1.4 (i.e. from a non-singular plane curve of degree
n=2), thenn < ¢+ 1.

As a matter of fact, we work out on plane curves with a special geometrical property from
which an “easy” solution to Problem 1.2 is expected (cf. Question 2.5 below).

2. NUMBER OF F-RATIONAL PONTS

Notation and assumptions as in Example 1.4. Let C be a projective, non-singular plane
curve defined by F' = F(X,Y,Z) = 0. For P € C the equation

Fx(P)X + Fy(P)Y + F2(P)Z =0

defines the tangent line TpC of C at P, where Fx, Fy, F; are respectively the partial
derivative of F' with respect to the indeterminates X,Y, Z.

It is a fundamental observation that a “large number” of F-rational of C is related with
the property “¢,(P) € TpC for almost all P € C” (cf. Remark 3.5 below). In this case
C is called Frobenius non-classical, otherwise it is called Frobenius classical; cf. [12], [6]
(compare Propositions 2.1, 2.4 below).

Proposition 2.1. Let C be a projective, non-singular, Frobenius classical plane curve
over F of degree r. Then

HC(F) < r(r +q—1)/2.

Proof. Let C be defined by F' = F(X,Y,Z) = 0. For P = (a : b: ¢) € C we notice that
¢q(P) € TpC if and only if

CLqFx(P) —I—quy(P) —l—Csz(P) =0.
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This led us to consider the (possible singular) curve C; defined by
G(X,Y,Z) = XFx(X,)Y,Z2)+ YFy(X,Y, Z)+ Z9F4(X,Y, Z) .
Now by Bezout’s theorem
Z I(P;CNCy) <r(g+r—1),
PeC(F)

since C € C; as C is Frobenius classical; here I(P;C N Cy) is the intersection multiplicity
of C and C; at P. We have

G(X,Y,Z)=Fx(X"— X)+ Fy (Y= Y) + F4(29 — Z) + rF(X,Y, Z),

and hence P € C; for P € C(F). Thus I(P;CNCy) > 2 for P € C(F) and the result
follows. O]

Remark 2.2. ([2, Theorem 2]) Let ¢ = p be a prime with p = 1 (mod 4), and ¢ a non-
square in F. The following plane curve C over F defined by

(Y +c2)e=D/2 L yo=D/2 _ zo=1/2 _ xe-1/2 _ o
is non-singular, Frobenius classical and satisfies the upper bound in Proposition 2.1; i.e.

4C(F) = 3(p — 1)*/8.

Question 2.3. Is the set of F-rational points of the curve C in Remark 2.2 above a
complete (n, (p — 1)/2)-arc with n = 3(p — 1)?/8?

We have the following complementary result.

Proposition 2.4. ([6, Theorem 1)) Let C a projective, non-singular, Frobenius non-
classical plane curve over ¥ of degree r. Then

#C(F)=r(¢g—1r+2).

Question 2.5. Is the set of F-rational points of the curve C in Proposition 2.4 a complete
(n,r)-arc with n =r(q —r +2)?

Remark 2.6. According to [1, Section 5] an (n,r)-arc in PG(q) is said to be large whenever
n/q > r — 2. Thus the arcs related to Question 2.5 would be large if and only if ¢ >
r(r —2)/2; on the other hand those related to Question 2.3 would not be so.

3. COMPLETE ARCS: PROPERTY A,

Throughout this section C : F(X,Y, Z) = 0 will be a projective, non-singular, Frobenius
non-classical plane curve of degree r > 2 defined over F.

Let us recall that the intersection multiplicity I(P;C N¥¢) at P € C of C and lines ¢ C
PG(F) satisfies: either jo(P) = 0 (P & {), or j;(P) = 1 (¢ is transversal to C at P) or
J2(P) > 1 (in this case ¢ is the tangent line TpC of C at P); see e.g. [12]. Moreover,
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J2(P) is the same for almost all P; this common value will be denote by € = ¢(C). The
finitely many points P, where js(P) # €, are the so-called inflexition points of C (or the
Weierstrass points of C with respect to the embedding C € PG(F)). These points include
the F-rational points since for such points P, jo(P) > € + 1; loc. cit.

Observe that for P € C(F), TpC is determinated by P and ¢4(P).
Lemma 3.1. ([6, Section 3]) Notation as above. Suppose that € > 2.
(1) Then € is a power of the characteristic of F and € < /q;

(2) r=1 (mod €);
(3) Vi+1<r<(g—1)/le—1).

Now we study property (As) for A = C(F).

Lemma 3.2. Let C be a projective, non-singular, Frobenius non-classical plane curve. Let
Uy be a line in PG(q) such that by # Tp for any P € C. Then {,NC C C(F).

Proof. Suppose there exists P € £oNC with ¢,(P) # P. Since ¢4(ly) = {y, then ¢,(P) € 4.
Thus ¢y = TpC as TpC is determined by P and ¢,(P). O

Proposition 3.3. Let C be a projective, non-singular, Frobenius non-classical plane
curve of degree r. Suppose that for any Py € PG(q) \ C(F) there is a line {y in PG(q)
such that Py € {y and by # Tp for any P € C.

Then A = C(F) is a complete (r(q —r + 2),7)-arc.

Proof. We have #A = r(q — r + 2) by Proposition 2.4 above. Let Py € PG(q) \ C(F)
and ¢y be as in the hypothesis. By Lemma 3.1 {, N A C C(F). If #{,NC < n, then
I(P,4yNC) > 1 for some P € {,,NC and so ¢y = TpC, a contradiction. O

We have the following numerical sufficient condition.

Corollary 3.4. Let C be projective, non-singular, Frobenius non-classical, plane curve of
degree v and let € be the generic order of contact of C with tangent lines. If r(r — 1) <
e(q+1), then A:=C(F) is a complete (r(q —r + 2),r)-arc.

Proof. By a result of Kaji [10] the dual curve of C has degree r* = r(r — 1)/e. Thus the
hypothesis r* < ¢ + 1 allows us to apply Proposition 3.3. 0

Remark 3.5. Let C, r and € be as in Corollary 3.4. We have #C(F) = r(q¢ — r + 2)

(Proposition 2.4). Therefore after some computations we have

T*:u<q+1ifandonlyif#C(F)>(Q+1)(7’_5>-
€



ON ARCS AND PLANE CURVES 5

Example 3.6. Let ¢ = (2 be a square. We consider the Hermitian curve C C PG(F)
over F defined by the equation

Xé—l-l + Yf—‘rl + ZZ-‘rl =0.

After some computation we see that C is non-singular. Next we show that C is Frobenius
non-classical.

For P =(a:b:c) € C the tangent line TpC is given by the equation
(3.1) a'X +b'Y +Z=0.
We have ¢,(P) = (a* : b* : ¢©*) and hence

ala® + 07 + e = (@ B 4 Y =0,
so that ¢,(P) € TpC.
Let us compute next the set C(F).

o If Z =0 then (1:a:0) e C with o' = —1(x) (and hence o € F). Thus there
are ¢ 4+ 1 F-rational points over Z = 0.

e Let Z # 0 and consider the affine equation y‘*! =
elements of C(F') of type (a: 0: 1) with a as in (%).

e Let a € F such that a/t! # —1. There are (¢2 — (¢ +1))(£+ 1) points of C of type
(a:B:1) with g4 = —af+ — 1.

—x'1 — 1. There are ¢ + 1

Summing up, #C(F) = ((+ 1)+ ((+ 1)+ (> + 2 — (> — 20 — 1) = (* + 1 (this result also
follows from Proposition 2.4 above). We do observe that the set of F-rational points of
C attains the Hasse-Weil bound, namely #C(F) = % + 1 + 2gof, where gy = £({ — 1) /2.
We say that C is F-maximal. As a matter of fact, C is, up to isomorphism, the unique
F-maximal curve of genus gy [11].

Finally we show that A := C(F) is a complete (£ + 1, ¢ + 1)-arc.
We shall apply Corollary 3.4. From (3.1) we can identify TpC with the point (a’ : b : ),
where P = (a:b:c¢) € C. Thus
<a£)£+1 + (b2>£+1 + (Cé)éJrl -0
and hence the degree of the dual curve of C is 7* = ¢ + 1 and so 7* < £ + 1; the result

now follows.

Remark 3.7. Let C be the Hermitian curve of degree r = £ + 1 in Example 3.6. Let € be
the generic order of contact of C with lines. Since the degree of the dual curve of C is
r* = {41 by Kaji [10] we have ¢ = ¢ as r* = n(n — 1) /e. Thus the intersection divisor of
C and TpC at a point P with jo(P) = € (%) is of type

(3.2) C-TpC =I(P + ¢y(P).
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We observe that (x) holds in fact for any P ¢ C(F). If P € C(F), j2(P) > e+ 1 and hence
(3.3) CTpC = ({+1)P.
Finally, the arc A = C(F) has the following incident properties:

e Let P € A and /¢ a line in PG(F) such that P € /. Then #/ N A = 1, or
#HINA=1+1.

Indeed, if ¢ = TpC from (3.3) we have #¢ N A = 1. On the contrary if ¢ # TpC. Then
I(P;¢NC) =1. If there is Q € £ NC, ¢,(Q) # Q, then ¢,(Q) € £NC and so { = THC
which is not possible by (3.2). Now for Q € {NC C A, I(Q;¢/N.A) =1 by (3.1) and the
result follows from Bezout’s theorem.

Remark 3.8. ([6, Proposition 6]) For the Hermitian curve C in Example 3.6 we just
observed that € = ¢(C) = ¢. As a matter of fact this curve is the unique non-singular
Frobenius non-classical curve C of degree at most £+ 1 and € = ¢(C)¢ > 2.

Example 3.9. (Related to a Serre’s question; [15, Proposition 1.1]) We look for a
projective non-singular quartic plane curve C over F such that #C(F) > 4(4+¢—1)/2 =
2(3 + ¢). Such a curve must be Frobenius non-classical by Proposition 2.1; therefore,
#C(F) = 4q — 8 by Proposition 2.4. Let € be the generic order of contact of C with lines.
Then € € {2,3} by Lemma 3.1(2).

Let € = 3. Then ¢ = 9 by Lemma 3.1(3) and so #C(F) =28 =9+ 1+ 2¢ -3, with g = 3.
This means that C must be an F-maximal curve of genus gy = 3; i.e., C is the Hermitian
curve X4 4+ Y* 4 Z* =0 by [11] (see also [6, Proposition 6]).

Let ¢ = 2. Here we point out that € has to be a power of the characteristic (and so ¢ is a
power of two), see [6, Section 3] (or [4, Corollary 3]). Moreover, there exists a F-divisor
S =73 pegvp(S)P on C (see [12, p. 9]) such that

grad(S) =€e-4+ (¢+2) -4 > 2[4q — §]

and hence ¢ € {2,4,8}. As a matter of fact Top [15] observed that ¢ = 8 and C must be
F-isomorphic to the plane curve C defined by
X'+ Y'+ 2+ XY+ Y 2P+ PXP+ XY Z + XY Z+ XY Z? = 0.

Let A := C(Fg). We have n(n—1) = 12 < 2(8+1) and so by Corollary 3.4 A is a complete
(24,4)-arc in PG(Fg). We do remark that the largest complete (n,4)-arc in PG(Fy) is
for n = 28; see [8, Table 12.3].

Next we present examples of complete arcs obtained from non-singular, Frobenius non-
classical plane curves which do not satisfy the numerical hypothesis in Corollary 3.4.
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Example 3.10. ([3], [7, Theorem 8.81]) Let p > 2 be a prime, @ > 2 be an integer,
q=p* and set r := (p® — 1)/(p — 1). Let C be the plane curve in PG(F) defined by the
afin equation

y = f(x) :==xg"(x) + hP(x), where

a—2
g(x) = 2Z%0 7 41, and h(z) = prz :
=0

Observe that for x € F, f(x) = N(z) + T(z) being respectively T and N the trace and
norm functions from F to F, (the finite field of order p).

This curve is non-singular, Frobenius non-classical with ¢(C) = p whose degree is r. In
particular, the condition r(r — 1) < €(¢ + 1) holds only for a = 2. In this case r = p + 1
and we obtain a complete (n,p + 1)-arc with n = p* + 1.

Let o > 3.

Claim. A := C(F) is a complete (n,r)-arc with n = r(¢ — r + 2) (this follows from
Proposition 2.4).

We have to show property (As) for A. Let Py = (a:b:c) € PG(q) \ A.

If ¢ = 0, the line ¢y : Z = 0 intersects C in r points in PG(F), namely (« : 8 : 0) with
a” = " (notice that any r-th root of unity belongs to F).

Let Py = (a:b:1). Let f(a) # 0 and consider the line ¢y : X = aZ. Since f(a) € F,,
then the points (a: 8 : 1) with 8" = f(a) belong to PG(F) so that #£AN ¥y = 7.

Finally let f(a) = 0. We have a # 1,—1 since p > 2 and b # 0 as By ¢ A. Let
(Y = my(X —aZ) +bZ (vesp. ly : Y = ma(X — aZ) 4+ bZ) be the line with
my ="b/(a+1) (resp. my =b/(a —1)). Let

(m(X —a) +b)" = F(X) =0, (ma(X —a)+b)" — F(X) =0.

If m? =1 and m% = 1 we would have (a + 1)” = (a — 1) which together with f(a) =0
give a contradiction. Hence one of the lines ¢; makes (A2) works and so A is a (n, r)-arc.

Remark 3.11. (On the uniqueness of arcs) In PG(p3), p > 2 a prime, there are at least
two non-isomorphic complete (n,r)-arcs with r = (p* = 1)/(p — 1) = p* + p+ 1 and
n=r(qg—r+2).

Indeed Example 3.13 above defines one of such an arc, say A;. Now we consider the curve
D given by
yp2+p+1 — PPt +1.

After some computation one can show that D is also non-singular and Frobenius non-
classical such that A, := D(F) is a complete (n,r)-arc. Finally, suppose that there
exists a projective bijective map T : PG(p®) — PG(p?®) such that T(A;) = A;. By
[3] we know that T(C) # D) (recall that A; = C(F)) so that by Bezout’s theorem
k=@ +p+1)(p>—p*—p+1) < (p*+p+1)? which is a contradiction.
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Question 3.12. Let PG(F), r, n, A;, Ay as above. In PG(q) do exist a complete
(r,n)-arc which is not isomorphic to A; and Ay?

Example 3.13. As for a numerical example we let p = 3 in Remark 3.11 and so r =
3+3+1 =13, n = 13(27 — 13 + 2) = 208. Thus there are at least two complete
non-isomorphic (208, 13)-arcs in PG(27).

Let us recall that the deficiency of an (n,r) arc in PG(q) is D := (r — 1)g+r — n (cf.
Remark 1.3). In our case, D = 129. Arcs with “large D” (say D > n) can be constructed
in general via several combinatorial methods [8, Section 12.4], [9]. Our examples on the
other hand give arcs of small deficiency which can be conatructed via non-Frobenius plane
curves.

Finally, let m be the biggest integer for which there is a complete (m, 13)-arc in PG(27).
Then 208 < m < 337. Shall we improve these bounds?

We end this paper with a remark on linear codes (cf. [8, Section 2.14], [1]). First of all we
notice that an (n,r)-arc in PG(q) can be raised to a linear code over F whose parameters
are: length n, dimension 3, and minimum distance d = n —r. We are concerned with the
so-called Griesner bound on n [16, Theorem 5.2.6], namely
2
n>gy(3,d) =Y [d/q].
i=0
Proposition 3.14. For a code [n,3,d] associated to an (n,r)-arc on a projective, non-

singular, Frobenius non-classical curve over F of degree r we have n = g,(3,d) provided
that r(g —r+1) < ¢

Proof. Here we have d =n —r =r(q — r + 1 by Proposition 2.4 and so
n>n—r+[(n—r)/q +1.
Now from Remark 1.3 the result follows. O

Example 3.15. The arcs obtained from the Hermitian curve (Example 3.6) and those

from the quartics in Example 3.9 satisfy Proposition 3.14. For further considerations see
Storme [14].
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