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Abstract

Estimates for Kolmogorov and Gelfand n-widths of multiplier operators of multiple Walsh series are ob-
tained. Upper and lower bounds are established for n-widths of general multiplier operators. These results
are applied to get upper and lower bounds for n-widths of specific multiplier operators, which generate sets of
finitely and infinitely differentiable functions in the dyadic sense. It is shown that these estimates have order
sharp in various important cases.
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1 Introduction

In [2, 3, 16, 17, 18, 19, 20, 21, 22] techniques to study asymptotic estimates for n-widths of multiplier operators
defined for functions on the torus and on two-points homogeneous spaces

(
Sd, Pd(R), Pd(C), Pd(H), P 16(Cay)

)
were obtained. In the present paper we continue these studies considering now multiplier operators of multiple
Walsh series.

The studies on asymptotic estimates for Kolmogorov n-widths of Sobolev classes on the circle were performed
by several important mathematicians such as Rudin, Stechkin, Gluskin, Ismagilov, Maiorov, Makovoz and Scholz
in [9, 12, 24, 25, 34, 36, 37], they were initiated by Kolmogorov [15] in 1936 and completed by Kashin [13,
14] in 1977. Several techniques were applied in these different cases, among them we highlight a technique of
discretization due to Maiorov and the Borsuk theorem. Observing the historical evolution of the study of n-widths,
it is possible to note that it has been an usual practice to use different techniques in proofs of lower and upper
bounds and in estimates for classes of finitely and infinitely differentiable functions (see, e.g. [31]). One of the
objectives of this work is to give an unified treatment in the study of n-widths of sets of functions determined by
multiplier operators of multiple Walsh series.

The Walsh functions are defined on the unit interval [0, 1) and they form a complete orthonormal system in
L2[0, 1) (see [29, 35]). This system can be applied in different situations, such as: data transmission, filtering,
image enhancement, signal analysis and pattern recognition. The Walsh functions are easy to deploy on high-
speed computers and can be used with little storage space. This is due in part to the fact that the Walsh functions
assume only the values +1 and -1 (see [1]). However, the one-dimensional theory has not been sufficient, so
multidimensional Walsh analysis, at least for the two-dimensional case, has been developed. It is usual a problem
in Fourier analysis to be studied initially in the trigonometric case and then in the Walsh case. In several papers
we find studies involving multiple Walsh series which were first studied for multiple trigonometric series, for
example, Goginava [10, 11] extended for the d-dimensional case of the Walsh series, the result obtained for the
two-dimensional trigonometric series, where for f ∈ L logL([0, 2π]2) the means σnf = (1/n)

∑n
j=1 Sj,j(f), of

the partial sums Sj,j(f), converge a.e. to f as n → ∞, studied by Marcinkiewicz [26]. On the order hand, the
Cantor-Lebesgue theorem states that, if a trigonometric series converges to a finite sum on a subset of positive
measure, its coefficients tend to zero. The possibility of extending this theorem to the case of multiple series has
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been investigated by several authors, Plotnikov [32] has extended this result for the coefficients of multiple Walsh
series. Moreover, Ghodadra [7] defined the notion of bounded p-variation, p ≥ 1 for a function from a rectangle
[a1, b1] × · · · × [am, bm] to C and studied the order of magnitude of trigonometric Fourier coefficients of such
functions from [0, 2π]m to C, in [8], he has studied the order of magnitude of Walsh-Fourier coefficients for a
function of bounded p-variation form [0, 1]m to C. Other articles in which are obtained results for Walsh series that
have already been made for trigonometric series are [6, 33, 38].

Let N denote the set of positive integers and N0 the set of non-negative integers. For d ∈ N and k ∈ Nd0 let
|k| =

(
k2

1 + · · · + k2
d

)1/2 and |k|∗ = max1≤j≤d kj . Given l, N ∈ N0 we define Al = {k ∈ Nd0 : |k| ≤ l},
A∗l = {k ∈ Nd0 : |k|∗ ≤ l}, A−1 = A∗−1 = ∅. In Section 2 we give the definition of the multiple Walsh functions
ψk : Id → R, I = [0, 1), k ∈ Nd0. Let Hl = [ψk : k ∈ Al \ Al−1] be the linear space generated by the functions
ψk with k ∈ Al \ Al−1 and let dl = dimHl, TN =

⊕N
l=0Hl, H =

⋃∞
N=1 TN . Analogous we define H∗l , d∗l , T ∗N

and H∗ = H. Given a real function λ defined on the interval [0,∞) we consider the sequences Λ = {λk}k∈Nd
0

and Λ∗ = {λ∗k}k∈Nd
0

where λk = λ(|k|), λ∗k = λ(|k|∗) and the linear operators associated with these sequences
Λ,Λ∗ : H → H defined by Λ(

∑
akψk) =

∑
λkakψk, Λ∗(

∑
akψk) =

∑
λ∗kakψk. If Λ and Λ∗ are bounded from

Lp(Id) to Lq(Id) we also denote the extensions on Lp(Id) by Λ and Λ∗. In the present paper, we study estimates
for the n-widths of Kolmogorov and Gelfand for the multiplier operators Λ and Λ∗.

In Section 2 we give some definitions and basic results and we prove a theorem which provides estimates for
Levy means of special norms on Rn which we introduce using the multiple Walsh functions.

In Section 3 we prove two theorems where upper and lower bounds are established for n-widths of general
multiplier operators. The main tool to prove these results are the estimates for Levy means proved in Section
2. These results provide an unified treatment in the study of upper and lower bounds for n-widths of multiplier
operators of multiple Walsh series.

In the last section we apply the results in Section 3 to estimate the n-width of Kolmogorov of sets of differen-
tiable functions in the dyadic sense on Id. Let Λ(1) = {λk}k∈Nd

0
, Λ

(1)
∗ = {λ∗k}k∈Nd

0
, where λ(t) = t−γ(log2 t)

−ξ

for t > 1 and λ(t) = 0 for 1 ≤ t ≤ 1, with γ > 0, ξ ≥ 0, and let Λ(2) = {λk}k∈Nd
0
, Λ

(2)
∗ = {λ∗k}k∈Nd

0
, where

λ(t) = e−γt
r
, with γ, r > 0. Let Up denote the closed unit ball in Lp(Id) and let dn(A,X) denote the Kolmogorov

n-width of the subset A of a Banach space X . We have that Λ(1)Up and Λ
(1)
∗ Up are sets of finitely differentiable

functions in the dyadic sense, in particular, are Sobolev-type classes if ξ = 0, and Λ(2)Up and Λ
(2)
∗ Up are sets of

infinitely differentiable functions in the dyadic sense. The following two theorems are the result of our applications.

Theorem 1.1. If γ > max{d/2, d/p}, 1 ≤ p ≤ ∞, 2 ≤ q ≤ ∞, then for every n ∈ N,

dn(Λ(1)Up, L
q)� n−γ/d+(1/p−1/2)+(log2 n)−ξ

{
q1/2, 2 ≤ q <∞,
(log2 n)1/2, q =∞.

(1.1)

If γ > d/2, then for all n ∈ N, we have that

dn(Λ(1)Up, L
q)� n−γ/d(log2 n)−ξKn, (1.2)

where

Kn =



1, 1 ≤ p ≤ 2, 1 < q ≤ 2,

1, 2 ≤ p <∞, 2 ≤ q ≤ ∞,
1, 1 ≤ p ≤ 2 ≤ q ≤ ∞,
(log2 n)−1/2, 1 ≤ p ≤ 2, q = 1,

(log2 n)−1/2, p =∞, 2 ≤ q ≤ ∞.

Theorem 1.2. Let φn = dim Tn, ωn = φn − φ1−r/d
n − 1 and let Kn be as in Theorem 1.1. Then

d[ωn](Λ
(2)Up, L

q)� e−Rφ
r/d
n Kn, r > 0, n ∈ N, (1.3)
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d[ωn](Λ
(2)Up, L

q)� e−Rω
r/d
n Kn, 0 < r ≤ d, n ∈ N, (1.4)

d[φn−1](Λ
(2)Up, L

q)� e−Rφ
r/d
n Kn, r ≥ d, n ∈ N, (1.5)

dn(Λ(2)Up, L
q)� e−Rn

r/d
Kn, 0 < r ≤ 1, n ∈ N. (1.6)

For 0 < r ≤ 1 and all n ∈ N we have that

dn(Λ(2)Up, L
q)� e−Rn

r/d
n(1−r/d)(1/p−1/2)+

{
q1/2, 1 ≤ p ≤ ∞, 2 ≤ q <∞,
(log2 n)1/2, 1 ≤ p ≤ ∞, q =∞,

(1.7)

and for r > 1 and all n ∈ N,

dφn(Λ(2)Up, L
q)� e−γn

r

{
n(d−1)(1/p−1/q), 1 ≤ p ≤ 2 ≤ q ≤ ∞,
n(d−1)(1/2−1/q), 2 ≤ p, q ≤ ∞,

(1.8)

where

R = γ

(
dΓ(d/2)

2πd/2

)r/d
.

The results of the Theorem 1.1 also hold for the operator Λ
(1)
∗ and the results of the Theorem 1.2 hold if we

change the constantR by the constantR∗ = γ2−r.
The proofs in this paper are given only for the operators of type Λ. In the Remark 4.5 we explain as the results

can be proved for the operators of type Λ∗.
We proved that, the estimates for the Kolmogorov n-widths are sharp in various important situations. We get

for 2 ≤ p, q < ∞ and 0 < r ≤ 1 that dn(Λ(1)Up, L
q) � dn(Λ

(1)
∗ Up, L

q) � n−γ/d(log2 n)−ξ, dn(Λ(2)Up, L
q) �

e−Rk
r/d

, dn(Λ
(2)
∗ Up, L

q) � e−R∗kr/d .
In this paper there are several universal constants which enter into the estimates. These positive constants

are mostly denoted by the letters C,C1, C2, . . .. We did not carefully distinguish between the different constants,
neither did we try to get good estimates for them. The same letter will be used to denote different universal
constants in different parts of the paper. For ease of notation we will write an � bn for two sequences if an ≥ Cbn
for n ∈ N, an � bn if an ≤ Cbn for n ∈ N, and an � bn if an � bn and an � bn. Also, we shall put (a)+ = a if
a > 0 and (a)+ = 0 if a ≤ 0.

2 Main definitions and some results

Given n ∈ N0, there exists only one sequence {nk}k∈N0 , such that n =
∑∞

k=0 2knk, where nk ∈ {0, 1} for
all k ∈ N0. The elements of this sequence are called the binary coefficients of n. For n,m ∈ N0 and {nk}k∈N0 ,
{mk}k∈N0 , the binary coefficients of n and m, respectively, we define the dyadic addition of n and m by

n⊕m =
∞∑
k=0

2k |nk −mk| .

Consider the dyadic intervals

In,i =
[ i

2n
,
i+ 1

2n

)
, n ∈ N0, 0 ≤ i < 2n.

The Rademacher system {rn}n∈N0 , rn : [0, 1)→ R, is defined by

rn(x) = (−1)i, x ∈ In,i, 0 ≤ i < 2n+1, (2.1)
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and the Walsh-Paley system {ψn}n∈N0 on [0, 1) is defined by ψ0 := 1 and

ψn :=

∞∏
k=0

rnk
k , n > 0,

where {nk}k∈N0 are the binary coefficients of n. Now, given x ∈ [0, 1), we can write x =
∑∞

k=1 xk2
−k, where

xk ∈ {0, 1}. The sequence {xk}k∈N is called the dyadic expansion of x. The dyadic addition of x and y in [0, 1) is
defined by

x⊕ y =
∞∑
k=1

2−k |xk − yk| .

For x, y ∈ [0, 1) and n,m ∈ N, we have that

ψn(x⊕ y) = ψn(x)ψn(y), ψn⊕m(x) = ψn(x)ψm(x).

We consider [0, 1) endowed with the Lebesgue measure dλ(t). The Walsh-Paley functions {ψn}n∈N0 form a
complete orthonormal set in L2[0, 1).

Let’s consider Id, I = [0, 1), endowed with the Lebesgue measure dν(x) = dλ(x1) . . . dλ(xd). Given n =
(n1, . . . , nd),m = (m1, . . . ,md) ∈ Nd0, we define the dyadic addition of n and m by

n⊕m = (n1 ⊕m1, n2 ⊕m2, . . . , nd ⊕md),

and for all x = (x1, . . . , xd), y = (y1, . . . , yd) ∈ Id we define the dyadic addition of x and y by

x⊕ y = (x1 ⊕ y1, x2 ⊕ y2, . . . , xd ⊕ yd).

The Walsh-Paley functions on Id are defined as follows

ψn(x) = ψn1(x1) · · ·ψnd
(xd), n ∈ Nd0, x ∈ Rd.

We denoted by Lp = Lp(Id), 1 ≤ p ≤ ∞, the vector space consisting of all measurable functions f defined on Id

and with values in C, satisfying

‖f‖p = ‖f‖Lp(Id) =

(∫
Id
|f(x)|p dν(x)

)1/p

<∞, 1 ≤ p <∞,

‖f‖∞ = ‖f‖L∞(Id) = ess sup
x∈Id
|f(x)| <∞.

We write Up = {ϕ ∈ Lp : ‖ϕ‖p ≤ 1}. Given f ∈ L1(Id), we define the d-dimensional Walsh-Fourier series of f
by ∑

m∈Nd
0

f̂(m)ψm, f̂(m) =

∫
Id
f(x)ψm(x)dν(x).

We have that
ψn⊕m(x) = ψn(x)ψm(x), ψn(x⊕ y) = ψn(x)ψn(y), n,m ∈ Nd0 x, y ∈ Id,∫

Id
ψk(x)ψm(x)dν(x) = δk,m, k,m ∈ Nd0.

Moreover, the Walsh-Paley system {ψn}n∈Nd
0

form a complete orthonormal set in L2(Id). The convolution product
of two functions f, g ∈ L1(Id), denoted by f ∗ g, is defined by

(f ∗ g)(x) =

∫
Id
f(y)g(x⊕ y)dν(y).
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For f, g ∈ L1(Id), the Young’s inequality says that,

‖f ∗ g‖r ≤ ‖f‖q ‖g‖p ,

where 1/q = 1/p+ 1/r − 1 e 1 ≤ p, q, r ≤ ∞. If R is a non-negative real number, the spherical Dirichlet kernel
DR on Id is defined by

DR :=
∑

m∈Nd
0

|m|≤R

ψm.

If f ∈ L1(Id), we define the spherical partial sum of the Walsh-Fourier series of the function f by

SR(f) = f ∗DR =
∑

m∈Nd
0

|m|≤R

f̂(m)ψm.

In [35] is defined the dyadic derivative as follows. Given a function f defined on [0, 1), let

dnf(x) :=
n−1∑
j=0

2j−1(f(x)− f(x⊕ 2−j−1)), x ∈ [0, 1), n ∈ N0.

A function f is said to be differentiable in the dyadic sense at x ∈ [0, 1) if f [1](x) = limn→∞ dnf(x) exists and is
finite. f [1](x) is called the dyadic derivative of f at x (see [35]). Derivatives of higher order are defined inductively
for m = 2, 3, . . ., by f [m] := (f [m−1])[1]. This definition was extended to the d-dimensional case by Butzer and
Engels (see [4]). Let eq = (0, 0, . . . , 1, . . . , 0) be the vector of Rn with 1 on the qth coordinate and zero on the
other coordinates. For a function f defined on Id and n ∈ N and 1 ≤ q ≤ d let

dn,pf(x) :=

n−1∑
j=0

2j−1[f(x)− f(x⊕ eq2−j−1)], x ∈ Id.

If the limit
∂

∂xq
f(x) = lim

n→∞
dn,pf(x), 1 ≤ q ≤ d,

exists and is finite at x ∈ Id, we say that this limit is the first dyadic partial derivative, with respect to the qth
coordinate, of f in x. Partial derivatives of higher order are defined successively for r ∈ N by

∂r

∂xrq
f(x) =

∂

∂xq

(
∂r−1

∂xr−1
q

f(x)

)
, r ∈ N.

Every Walsh function is dyadically differentiable and for m ∈ N, k = 0, 1, 2, . . . and x ∈ [0, 1), we get ψ[m]
k =

kmψk (see [35]). The d-dimensional version for r ∈ N, k ∈ Nd0 and x ∈ Id, is given by

∂r

∂xrq
ψk(x) = (kq)

rψk(x),

where k = (k1, . . . , kq, . . . , kd), 1 ≤ q ≤ d.

Theorem 2.1. Let f ∈ L1(Id) and r ∈ N such that∑
k∈Nd

0

(kq)
r
∣∣∣f̂(k)

∣∣∣ <∞.
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Then, for almost everything x ∈ Id, the dyadic partial derivative of order r of f in x there exists and is given by

∂r

∂xrq
f(x) =

∑
k∈Nd

0

(kq)
rf̂(k)ψk(x).

Moreover, f, ∂f/∂xq, . . . , ∂rf/∂xrq ∈ Lp(Id), for 1 ≤ p ≤ ∞ and 1 ≤ q ≤ d, and the above convergence occurs
in the norm of Lp(Id), 1 ≤ p ≤ ∞.

Consider two Banach spaces X and Y . The norm of X will be denoted by ‖·‖ or ‖·‖X and the closed unit
ball {x ∈ X : ‖x‖ ≤ 1} by BX . We begin by recalling well-known definitions. Let A be a compact, convex and
centrally symmetric subset of X . The Kolmogorov n-width of A in X is defined by

dn(A,X) = inf
Xn

sup
x∈A

inf
y∈Xn

‖x− y‖X .

where Xn runs over all subspaces of X of dimension n. The Gelfand n-width of A in X is defined by

dn(A,X) = inf
Ln

sup
x∈A∩Ln

‖x‖X ,

where Ln runs over all subspaces of X of co-dimension n. The Bernstein n-width of A in X is defined as

bn(A,X) = sup
Xn+1

sup{λ : λB ∩Xn+1 ⊂ A},

where Xn+1 is any (n+ 1)-dimensional subspace of X . The following inequality is always valid:

bn(A,X) ≤ min{dn(A,X), dn(A,X)}. (2.2)

If T ∈ L(X,Y ), we define the n-widths of Kolmogorov, Gelfand and Bernstein of T , respectively, by

dn(T ) = dn(T (BX), Y ), dn(T ) = dn(T (BX), Y ), bn(T ) = bn(T (BX), Y ).

Given T ∈ L(X,Y ), let T ′ ∈ L(Y ′, X ′) be its adjoint operator, where X ′ and Y ′ denote the duals of the spaces X
and Y , respectively. If T is compact or Y is reflexive, then (see [31], p. 34)

dn(T ) = dn(T ′). (2.3)

The number of points with integer coordinates in the closed ball of radius R and centered at the origin of Rd,
is given by (see [5], [9], [27])

Nd(R) =

(
2πd/2

dΓ(d/2)

)
Rd + Ed(R), where Ed(R) ≤

(
4
√
dπd/2

Γ(d/2)

)
Rd−1 + CRd−3.

As a consequence, we have that dl � ld−1 and

2πd/2

dΓ(d/2)
Nd ≤ dim TN ≤

2πd/2

dΓ(d/2)
Nd + C1N

d−1. (2.4)

Let Λ = {λk}k∈Nd
0
, λk ∈ R, and 1 ≤ p, q ≤ ∞. If for all ϕ ∈ Lp(Id) there is a function f = Λϕ ∈ Lq(Id)

with formal Walsh-Fourier expansion given by

f ∼
∑

k∈Nd
0

λkϕ̂(k)ψk,
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such that ‖Λ‖p,q := sup{‖Λϕ‖q : ϕ ∈ Up} < ∞, we say that the multiplier operator Λ is bounded from Lp(Id)

into Lq(Id), with norm ‖Λ‖p,q. Let λ : [0,∞)→ R be a function and for every k ∈ Nd0 let

λ k = λ(|k|), λ∗k = λ(|k|∗).

We will consider multiplier operators associated with sequences of the type Λ = {λk}k∈Nd
0

e Λ∗ = {λ∗k}k∈Nd
0
.

Let us write ‖x‖2 =
(∑n

i=1 |xi|
2 )1/2, for the euclidean norm of the element x = (x1, . . . , xn) ∈ Rn and by

Sn−1 the unit euclidean sphere {x ∈ Rn : ‖x‖(2) = 1} in Rn. The Levy Mean for a norm ‖·‖ on Rn is defined by

M(‖·‖) :=

(∫
Sn−1

‖x‖2 dµ(x)

)1/2

,

where µ denotes the normalized Lebesgue measure on Sn−1.
Given M1,M2 ∈ N, with M1 < M2, we will use the following notations:

TM1,M2 =

M2⊕
l=M1+1

Hl, DM1,M2(x) = DM2(x)−DM1(x) and n = dim TM1,M2 .

Remark 2.2. Let Al \Al−1 = {ml
j : 1 ≤ j ≤ dl} where the elements ml

j are chosen satisfying |ml
j | ≤ |ml

j+1| for
1 ≤ j ≤ dl − 1. Then {ψml

j
: 1 ≤ j ≤ dl} is an orthonormal basis ofHl. We consider the orthonormal basis

Υ = ΥM1,M2 = {ψlj = ψml
j

: M1 + 1 ≤ l ≤M2, 1 ≤ j ≤ dl}

of TM1,M2 endowed with the order ψM1+1
1 , . . . , ψM1+1

dM1+1
, ψM1+2

1 , . . . , ψM1+2
dM1+2

, . . . , ψM2
1 , . . . , ψM2

dM2
. We denote

ξk = ψl+1
t , k = t+

l∑
j=M1+1

dj , 1 ≤ t ≤ dl+1, M1 ≤ l < M2,

and hence Υ = {ξk}nk=1. Let J : Rn → TM1,M2 be the coordinate isomorphism that assigns toα = (α1, α2, . . . , αn) ∈
Rn the function

J(α) = J(α1, . . . , αn) =

n∑
k=1

αkξk ∈ TM1,M2 .

Consider a function λ : [0,∞) → R such that, λ(t) 6= 0, for t ≥ 0, and let Λ = {λk}k∈Nd
0

be the sequence of
multipliers defined by λk = λ(|k|). Consider {λlj = λml

j
: M1 + 1 ≤ l ≤M2, 1 ≤ j ≤ dl} endowed with the order

λM1+1
1 , . . . , λM1+1

dM1+1
, λM1+2

1 , . . . , λM1+2
dM1+2

, . . . , λM2
1 , . . . , λM2

dM2
. We denote

λk = λl+1
t = λ(|ml+1

t |), k = t+
l∑

j=M1+1

dj , 1 ≤ t ≤ dl+1, M1 ≤ l < M2

and we get Λn = {λk}nk=1. Now consider the multiplier operator Λn defined on TM1,M2 by

Λn

( n∑
j=1

αjξj

)
=

n∑
j=1

λjαjξj . (2.5)

Also, we define the multiplier operator Λ̃n on Rn, by

Λ̃n(α) = Λ̃n(α1, . . . , αn) = (λ1α1, . . . , λnαn). (2.6)
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Given ϕ ∈ TM1,M2 and 1 ≤ p ≤ ∞, we define

‖ϕ‖Λn,p
= ‖Λnϕ‖p .

The application TM1,M2 3 ϕ→ ‖ϕ‖Λn,p
is a norm on TM1,M2 . For α ∈ Rn, we define

‖α‖(Λn,p)
= ‖J(α)‖Λn,p

= ‖ΛnJ(α)‖p ,

and we have that the application Rn 3 α→ ‖α‖(Λn,p)
is a norm on Rn. We will denote

Bn
Λn,p = Bn

Λ,p = {ϕ ∈ TM1,M2 : ‖ϕ‖Λn,p
≤ 1}, Bn

(Λn,p)
= Bn

(Λ,p) = {α ∈ Rn : ‖α‖(Λn,p)
≤ 1}.

If Λn is the identity operator I , we will write ‖·‖I,p = ‖·‖p, ‖·‖(I,p) = ‖·‖(p), Bn
I,p = Bn

p and Bn
(I,p) = Bn

(p).
For tn ∈ TM1,M2 , we have that tn = tn ∗DM1,M2 and from Young’s inequality we obtain

‖tn‖∞ = ‖tn ∗DM1,M2‖∞ ≤ ‖tn‖1 ‖DM1,M2‖∞ .

But, DM1,M2 = DM1,M2 ∗DM1,M2 , and using again Young’s inequality, we get

‖DM1,M2‖∞ ≤ ‖DM1,M2‖
2
2 =

M2∑
s=M1+1

dimHs = n,

and therefore ‖tn‖∞ ≤ n ‖tn‖1. Thus, if I denotes the identity operator, it follows that

‖I(tn)‖∞ ≤ n ‖tn‖1 and ‖I(tn)‖∞ ≤ ‖tn‖∞ .

Applying the Riesz-Thorin Interpolation Theorem to the pair of inequalities above, we get

‖tn‖∞ ≤ n
1/p ‖tn‖p , 1 ≤ p ≤ ∞; (2.7)

and
‖tn‖q ≤ n

1/2−1/q ‖tn‖2 , 2 ≤ q ≤ ∞. (2.8)

Lemma 2.3. ([23], p. 585) Let {rk}∞k=1 be the sequence of Rademacher functions defined in (2.1). Then for
m = 1, 2, . . .; i = 1, 2, . . . , n, let

δmi (θ) = m−1/2(r(i−1)m(θ) + · · ·+ rim−1(θ)), θ ∈ [0, 1).

Given a continuous function h : Rn → R satisfying

h(x1, . . . , xn)e−
∑n

k=1|xk| → 0,

uniformly when
∑n

k=1 |xk| → 0, we have that∫
Rn

h(x)dγ(x) = lim
m→∞

∫ 1

0
h((2π)−1/2(δm1 (θ), . . . , δmn (θ)))dλ(θ),

where dγ(x) = e−π‖x‖
2

dx is the Gaussian measure on Rn.

Theorem 2.4. Let n = dim TM1,M2 , ΥM1,M2 = {ξk}nk=1 be the orthonormal system of TM1,M2 and λ : [0,∞)→
R such that t→ |λ(t)| is a monotonic function and consider and the multiplier operator Λn on TM1,M2 defined in
(2.5). If t→ |λ(t)| is non-increasing, then there is an absolute constant C > 0, such that:
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(i) if 2 ≤ p <∞, then

n−1/2

(
M2∑

j=M1+1

|λ(l)|2 dl

)1/2

≤M(‖·‖(Λn,p)
) ≤ Cp1/2n−1/2

(
M2∑

l=M1+1

|λ(l − 1)|2 dl

)1/2

;

(ii) if 1 ≤ p ≤ 2, then

1

2
n−1/2

(
M2∑

l=M1+1

|λ(l)|2 dl

)1/2

≤M(‖·‖(Λn,p)
) ≤ n−1/2

(
M2∑

l=M1+1

|λ(l − 1)|2 dl

)1/2

;

(iii) if p =∞, then

n−1/2

(
M2∑

l=M1+1

|λ(l)|2 dl

)1/2

≤M(‖·‖(Λn,∞)) ≤ C(log2 n)1/2n−1/2

(
M2∑
M1+1

|λ(l − 1)|2 dl

)1/2

;

(iv) if p = 2, then

n−1/2

( M2∑
l=M1+1

|λ(l)|2 dl
)1/2

≤M(‖·‖(Λn,2)) ≤ n
−1/2

(
M2∑

l=M1+1

|λ(l − 1)|2 dl

)1/2

.

If t→ |λ(t)| is non-decreasing, then we obtain the estimates in (i), (ii), (iii) and (iv), exchanging λ(l) for λ(l− 1).

Proof. Consider t → |λ(t)| non-increasing. Firstly we will prove the inequality in (iv). For x = (x1, . . . , xn) =

(xM1+1
1 , . . . , xM1+1

dM1+1
, . . . , xM2

1 , . . . , xM2
dM2

) ∈ Rn, we get

‖x‖2(Λn,2) =

∥∥∥∥∥∥
n∑
j=1

λjxjξj

∥∥∥∥∥∥
2

2

=
n∑
j=1

|λj |2 |xj |2 ‖ξj‖22

≤
M2∑

l=M1+1

(
sup

1≤j≤dl
λ(|ml

j |)
)2 dl∑

j=1

(xlj)
2

≤
M2∑

l=M1+1

|λ(l − 1)|2
dl∑
j=1

(xlj)
2,

and hence ∫
Sn−1

‖x‖2(Λn,2) dµ(x) ≤
M2∑

l=M1+1

|λ(l − 1)|2
dl∑
j=1

∫
Sn−1

(xlj)
2dµ(x). (2.9)

But

1 =

∫
Sn−1

‖x‖2(2) dµ(x) =

n∑
j=1

∫
Sn−1

x2
jdµ(x) = n

∫
Sn−1

x2
jdµ(x),

for j = 1, . . . , n and therefore ∫
Sn−1

x2
jdµ(x) =

1

n
, j = 1, 2, . . . , n. (2.10)

By (2.9) and (2.10), we get ∫
Sn−1

‖x‖(Λn,2) dµ(x) ≤ 1

n

M2∑
l=M1+1

|λ(l − 1)|2 dl.
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Thus,

M(‖·‖(Λn,2)) =

(∫
Sn−1

‖x‖2(Λn,2) dµ(x)

)1/2

≤ n−1/2

( M2∑
l=M1+1

|λ(l − 1)|2 dl
)1/2

,

and in the same way

M(‖·‖(Λn,2)) ≥ n
−1/2

( M2∑
l=M1+1

|λ(l)|2 dl
)1/2

.

Therefore we get (iv).
Given f ∈ C(Sn−1), we define its extension f̃ on Rn\{0}, by f̃(x) = ‖x‖2(2) f(x/ ‖x‖(2)). It is known that∫

Sn−1

f(x)dµ(x) =
2π

n

∫
Rn

f̃(x)dγ(x),

where dγ is the Gaussian measure on Rn. If f(x) = ‖x‖2(Λn,p)
, x = (x1, . . . , xn) ∈ Sn−1, we obtain∫

Sn−1

‖x‖2(Λn,p)
dµ(x) =

2π

n

∫
Rn

‖x‖2(Λn,p)
dγ(x). (2.11)

Note that if x ∈ Rn, then ‖x‖(Λn,p)
≤
(
sup1≤j≤n |λj |

)∑n
j=1 |xj |, and hence

f̃(x)e−
∑n

k=1|xk| = ‖x‖2(Λn,p)
e−

∑n
k=1|xk| → 0,

uniformly when
∑n

k=1 |xk| → 0. Thus, applying Lemma 2.3 we obtain∫
Rn

f̃(x)dγ(x) = lim
m→∞

∫ 1

0

∥∥∥(2π)−1/2(δm1 (θ), . . . , δmn (θ)
∥∥∥2

(Λn,p)
dλ(θ). (2.12)

From (2.11) and (2.12), it follows that∫
Sn−1

‖x‖2(Λn,p)
dµ(x) = n−1 lim

m→∞

∫ 1

0
‖(δm1 (θ), . . . , δmn (θ))‖2(Λn,p)

dλ(θ). (2.13)

We have that

‖(δm1 (θ), . . . , δmn (θ))‖2(Λn,p)
= ‖ΛnJ(δm1 (θ), . . . , δmn (θ))‖2p =

∥∥∥∥∥∥
n∑
j=1

λjδ
m
j (θ)ξj

∥∥∥∥∥∥
2

p

=

(∫
Id

∣∣∣∣∣∣
n∑
j=1

λjδ
m
j (θ)ξj(x)

∣∣∣∣∣∣
p

dν(x)

)2/p

. (2.14)

Now, for x ∈ Id, let ϕ(j−1)m+i(x) = m−1/2ξj(x) and λ̃(j−1)m+i = λj , for j = 1, 2, . . . , n, i = 1, 2, . . . ,m and
m = 1, 2, . . .. Hence, we get

n∑
j=1

λjδ
m
j (θ)ξj(x) =

nm∑
j=1

ϕj(x)λ̃jrj−1(θ). (2.15)

From (2.13)-(2.15), for 1 ≤ p ≤ ∞ it follows that

M2(‖·‖(Λn,p)
) = lim

m→∞
n−1

∫ 1

0

(∫
Id

∣∣∣∣∣∣
nm∑
j=1

ϕj(x)λ̃jrj−1(θ)

∣∣∣∣∣∣
p

dν(x)

)2/p

dλ(θ). (2.16)
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Therefore, from (2.16), Jensen’s inequality and Khintchine’s inequality ([30], p. 41), we obtain for 2 ≤ p ≤ ∞

M(‖·‖(Λn,p)
) = n−1/2 lim

m→∞

(∫ 1

0

(∫
Id

∣∣∣∣∣∣
nm∑
j=1

ϕj(x)λ̃jrj−1(θ)

∣∣∣∣∣∣
p

dν(x)

)2/p

dλ(θ)

)1/2

≤ c(p)n−1/2 lim
m→∞

(∫
Id

(
nm∑
j=1

∣∣∣ϕj(x)λ̃j

∣∣∣2)p/2dν(x)

)1/p

. (2.17)

But,

nm∑
j=1

∣∣∣ϕj(x)λ̃j

∣∣∣2 =
n∑
j=1

m∑
i=1

∣∣∣ϕ(j−1)m+i(x)λ̃(j−1)m+i

∣∣∣2 =
n∑
j=1

|λj |2 |ξj(x)|2

≤
M2∑

l=M1+1

|λ(l − 1)|2
dl∑
j=1

|ξj(x)|2 =

M2∑
l=M1+1

|λ(l − 1)|2 dl

and analogously
nm∑
j=1

∣∣∣ϕj(x)λ̃j

∣∣∣2 ≥ M2∑
l=M1+1

|λ(l)|2 dl.

Therefore,
M2∑

l=M1+1

|λ(l)|2 dl ≤
nm∑
j=1

∣∣∣ϕj(x)λ̃j

∣∣∣2 ≤ M2∑
l=M1+1

|λ(l − 1)|2 dl. (2.18)

Thus, by (2.17) and (2.18) we have that

M(‖·‖(Λn,p)
) ≤ Cp1/2n−1/2

(
M2∑

l=M1+1

|λ(l − 1)|2 dl

)1/2

, (2.19)

where the universal constant C of the last inequality is obtained from the fact that c(p) � p1/2. Hence, we obtain
the upper estimate in (i). For p = 1, we get from (2.16), from Jensen’s and Khintchine’s inequality and by (2.18)

M2(‖·‖(Λn,1)) = n−1 lim
m→∞

∫ 1

0

(∫
Id

∣∣∣∣∣∣
nm∑
j=1

ϕj(x)λ̃jrj−1(θ)

∣∣∣∣∣∣ dν(x)

)2

dλ(θ)

≥ n−1 lim
m→∞

(∫
Id

∫ 1

0

∣∣∣∣∣∣
nm∑
j=1

ϕj(x)λ̃jrj−1(θ)

∣∣∣∣∣∣ dλ(θ)dν(x)

)2

≥ n−1(b(1))2

(∫
Id

( M2∑
l=M1+1

|λ(l)|2 dl
)1/2

dν(x)

)2

≥ n−1

(
1

2

)2
(

M1∑
l=M1+1

|λ(l)|2 dl

)
.

Since the levy Means is an increasing function of p, it follows that for 1 ≤ p ≤ 2,

M(‖·‖(Λn,p)
) ≥M(‖·‖(Λn,1)) ≥ n

−1/2

(
1

2

)( M2∑
l=M1+1

|λ(l)|2 dl

)1/2

.
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Therefore, the lower estimate in (ii) is proved. Finally, we consider p = ∞ and q = log2 n, applying (2.7) and
(2.19) we get

M(‖·‖(Λn,∞)) ≤

(∫
Sn−1

n2/q ‖ΛnJ(x)‖2q dµ(x)

)1/2

≤ C1q
1/2n1/qn−1/2

(
M2∑

l=M1+1

|λ(l − 1)|2 dl

)1/2

= C(log2 n)1/2n−1/2

(
M2∑

l=M1+1

|λ(l − 1)|2
)1/2

,

and thus the upper estimate in (iii) is proved. If the function t → |λ(t)| is non-decreasing, the proof is analogous.

3 Estimates for n-widths of general multiplier operators

Consider a norm ‖·‖ on Rn and denote the Banach space (Rn, ‖·‖) by E and its unity ball by BE . The dual
norm of ‖·‖ is defined by

‖x‖◦ = sup{|〈x, y〉| : y ∈ BE},

where 〈x, y〉 is the usual inner product of the elements x, y ∈ Rn. The dual space (Rn, ‖·‖◦) of E will be denoted
by E◦.

For the operators Λn, J , Λ̃n defined at the beginning of the previous section we have that Λn ◦ J = J ◦ Λ̃n and
J−1 ◦ Λn = Λ̃n ◦ J−1.

Theorem 3.1. ([28]) There exists an absolute constant C > 0 such that, for every 0 < ρ < 1, there exists a
subspace Fk ⊂ Rn, with dimFk = k > ρn, such that

‖x‖(2) ≤ CM(‖·‖◦)(1− ρ)−1/2 ‖x‖ , ∀x ∈ Fk.

Theorem 3.2. Let 1 ≤ q ≤ p ≤ 2, 0 < ρ < 1, n = dim TN , TN =
⊕N

l=0Hl , dk = dimHk, λ : [0,∞)→ R such
that t → |λ(t)| is a non-increasing function, and let Λ = {λk}k∈Nd

0
, λk = λ(|k|), λk 6= 0 for all k ∈ Nd0. Then

there is an absolute constant C > 0 such that

min{d[ρn−1](ΛUp, L
q), d[ρn−1](ΛUp, L

q)} ≥ C(1− ρ)1/2n1/2

( N∑
l=1

|λ(l)|−2 dl

)−1/2

kq,n,

with

kq,n =

{ (
1− 1/q

)1/2
, q > 1,

(log2 n)−1/2, q = 1,

where [ρn− 1] denotes the integer part of the number ρn− 1 and Up = {f ∈ Lp(Id) : ‖f‖p ≤ 1}.

Proof. Consider x, y ∈ Rn = J−1(TN ). Using the fact that J is a isomorphism and from Hölder’s inequality, it
follows that

‖x‖◦(Λn,q)
= sup{|〈x, y〉| : y ∈ Bn

(Λn,q)
} = sup

{∣∣∣∣∫
Id

(Λ−1
n J(x))J(ȳ)dν

∣∣∣∣ : J(ȳ) ∈ Bn
q

}

≤ sup

{∥∥Λ−1
n J(x)

∥∥
q′
‖J(ȳ)‖q : J(ȳ) ∈ Bn

q

}
≤
∥∥Λ−1

n J(x)
∥∥
q′

= ‖x‖(Λ−1
n ,q′) , (3.1)
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where 1/q + 1/q′ = 1 and Λ−1 = {λ−1
k }k∈Nd

0
. Now, given 0 < ρ < 1, we can apply Theorem 3.1 and get a

subspace Fk of Rn with dimFk = k > ρn, such that

‖x‖(2) ≤ CM(‖·‖◦(Λn,q)
)(1− ρ)−1/2 ‖x‖(Λn,q)

, x ∈ Fk,

and using (3.1), we have that

‖x‖(2) ≤ CM(‖·‖(Λ−1
n ,q′))(1− ρ)−1/2 ‖x‖(Λn,q)

, x ∈ Fk.

Hence, taking ε =
(
C
)−1

(1− ρ)1/2
(
M(‖·‖(Λ−1

n ,q′))
)−1, we get that ε ‖x‖(2) ≤ ‖x‖(Λn,q)

, for all x ∈ Fk. Thus, if
x ∈ Bn

(Λn,q)
∩Fk, ε ‖x‖(2) ≤ ‖x‖(Λn,q)

≤ 1, and we have εx ∈ Bn
(2) = J−1(Bn

2 ), which implies x ∈ ε−1Bn
(2), and

therefore
εBn

(Λn,q)
∩ Fk ⊂ Bn

(2). (3.2)

Using Theorem 2.4, we get

M(‖·‖(Λ−1
n ,q′ )) ≤ C1n

−1/2

(
N∑
l=1

|λ(l)|−2 dl

)1/2{
(q′)1/2, q′ <∞,
(log2 n)1/2, q

′
=∞.

But 1/q + 1/q′ = 1 and 1 ≤ q ≤ 2, and therefore

ε ≥ C2(1− ρ)1/2n1/2

(
N∑
l=1

|λ(l)|−2 dl

)−1/2{ (
1− 1/q

)1/2
, 1 < q ≤ 2,

(log2 n)−1/2, q = 1.
(3.3)

Considering that ΛU2 ⊂ ΛUp, it follows from basic properties of n-widths and (2.2) that

min{d[ρn−1](ΛUp, L
q), d[ρn−1](ΛUp, L

q)} ≥ b[ρn−1](ΛUp, L
q) ≥ b[ρn−1](ΛU2, L

q).

Since, dimFk = k > ρn ≥ [ρn− 1] + 1, then, by the definition of Bernstein n-width, by (3.1) and (3.2), it follows
that

b[ρn−1](ΛU2, L
q) ≥ bk−1(ΛU2, L

q) ≥ sup
Lk⊂Lq∩TN
dimLk=k

{β > 0 : β(Bn
q ∩ Lk) ⊂ ΛnB

n
2 }

= sup
J−1(Lk)⊂Rn

dimLk=k

{β > 0 : J−1(β(Bn
q ∩ Lk)) ⊂ J−1ΛnB

n
2 }

= sup
L̃k⊂Rn

dim L̃k=k

{β > 0 : Λ̃−1
n β(Bn

(q) ∩ L̃k) ⊂ B
n
(2)}

= sup
L̃k⊂Rn

dim L̃k=k

{β > 0 : β(Bn
(Λn,q)

∩ L̃k) ⊂ Bn
(2)}

≥ sup{β > 0 : β(Bn
(Λn,q)

∩ Fk) ⊂ Bn
(2)} ≥ ε.

Consequently, using (3.3) we conclude the proof of the theorem.

Corollary 3.3. In the conditions of Theorem 3.2, we have that

d[ρn−1](ΛUp, L
q) ≥ C(1− ρ)1/2n1/2

(
N∑
l=1

|λ(l)|−2 dl

)−1/2

Kn,

where Kn is given in Theorem 1.1.
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Proof. The proof follows by Theorem 3.2, by (2.3) and using basic properties of n-widths.

Theorem 3.4. Let λ : [0,∞) → R such that t → |λ(t)| is non-increasing function and let Λ = {λk}k∈Nd
0
,

λk = λ(|k|). Suppose that 1 ≤ p ≤ 2 ≤ q ≤ ∞ and that the multiplier operator Λ is bounded from L1(Id) to
L2(Id) and let. Let {Nk}∞k=0 and {mk}Mk=0 be sequences of natural numbers such that M ∈ N, Nk < Nk+1,
N0 = 0 and

∑M
k=0mk ≤ β, for β ∈ N. Then there exists an absolute constant C > 0, such that

dβ(ΛUp, L
q) ≤ C

(
M∑
k=1

|λ(Nk)| %mk
+

∞∑
k=M+1

|λ(Nk)| θ
1/p−1/q
Nk,Nk+1

)
,

where

%mk
=
θ

1/p
Nk,Nk+1

(mk)1/2

{
q1/2, 2 ≤ q <∞,
(log2 θNk,Nk+1

)1/2, q =∞,

and

θNk,Nk+1
=

Nk+1∑
s=Nk+1

dimHs, k ≥ 1.

Proof. Let M1,M2 ∈ N with M1 < M2, T0,M2 = TM2 =
⊕M2

l=0Hl and for M1 ≥ 1, let TM1,M2 =
⊕M2

l=M1+1Hl,
n = dim TM1,M2 =

∑M2
k=M1+1 dk, Bn

p := Up ∩ TM1,M2 , Bn
(p) := J−1(Bn

p ), λ0 = 0, and fix 0 < ρ < 1. By
Theorem 3.1, there exists a subspace Fk of Rn, with dimFk = k > ρn, such that, for all x ∈ Fk,

‖x‖(2) ≤ C1M(‖·‖(q))(1− ρ)−1/2 ‖x‖◦(q) .

For m = n− k, we have that (1− ρ)−1/2 < (n/m)1/2 and hence

‖x‖(2) ≤ C1M(‖·‖(q))
(
n

m

)1/2

‖x‖◦(q) .

Applying Theorem 2.4 for Λn = Id, we get

M(‖·‖(q)) ≤ C2

{
q1/2, 2 ≤ q <∞,
(log2 n)1/2, q =∞,

and consequently

‖x‖(2) ≤ C3

(
n

m

)1/2

‖x‖◦(q)

{
q1/2, 2 ≤ q <∞,
(log2 n)1/2, q =∞,

x ∈ Fk. (3.4)

Therefore by (2.3) and (3.4),

dm(Bn
2 , L

q ∩ TM1,M2) = dm(Bn
(2), (R

n, ‖·‖(q))) = dm((Bn
(q))
◦, (Rn, ‖·‖(2)))

≤ sup
x∈(Bn

(q)
)◦∩Fk

‖x‖(2)

≤ C3

(
n

m

)1/2
{
q1/2, 2 ≤ q <∞,
(log2 n)1/2, q =∞.

(3.5)

Denote BNk,Nk+1
p = Up ∩ TNk,Nk+1

and for f ∈ ΛUp ⊂ L2(Id) let SN (f) be the N -th Walsh-Fourier spherical
sum of f , that is,

SN (f) =
∑

k∈Nd
0

|k|≤N

f̂(k)ψk.
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For k ≥ 1, let φNk,Nk+1
(f) = SNk+1

(f)− SNk
(f) and φN0,N1(f) = SN1(f). Since SNs(f)→ f in L2(Id) when

s→∞, we obtain

∞∑
k=s

φNk,Nk+1
(f) = f − SNs(f) and lim

s→∞

∥∥∥∥∥
∞∑
k=s

φNk,Nk+1
(f)

∥∥∥∥∥
2

= 0.

Then, if f = Λϕ ∈ ΛUp ⊂ L2(Id), we have f =
∑∞

k=0 φNk,Nk+1
◦ Λ(ϕ), and hence

ΛUp ⊂
∞⊕
k=0

(φNk,Nk+1
◦ Λ)Up. (3.6)

Since φNk,Nk+1
◦ Λ(Up) = Λ ◦ φNk,Nk+1

(Up), by (3.6)

ΛUp ⊂
∞⊕
k=0

(Λ ◦ φNk,Nk+1
)Up. (3.7)

Now, using the fact that t→ |λ(t)| is a non-increasing function, for ϕ ∈ Up we get

∥∥(Λ ◦ φNk,Nk+1
)ϕ
∥∥

2
≤
( Nk+1∑
l=Nk+1

|λ(l − 1)|2
∑

j∈Al\Al−1

|ϕ̂(j)|2
)1/2

≤ |λ(Nk)|
( Nk+1∑
l=Nk+1

∑
j∈Al\Al−1

|ϕ̂(j)|2
)1/2

= |λ(Nk)|
∥∥φNk,Nk+1

ϕ
∥∥

2
. (3.8)

Applying Young’s inequality it follows that∥∥φNk,Nk+1
ϕ
∥∥

2
=
∥∥DNk,Nk+1

∗ ϕ
∥∥

2
≤ ‖ϕ‖p

∥∥DNk,Nk+1

∥∥
1/(3/2−1/p)

,

and also we get ∥∥DNk,Nk+1

∥∥2

2
=

∑
k∈ANk+1

\ANk

∑
j∈ANk+1

\ANk

∫
Id
ψk(x)ψj(x)dν(x)

=

Nk∑
s=Nk+1

dimHs = θNk,Nk+1
,

therefore for p = 1, we obtain ∥∥φNk,Nk+1
ϕ
∥∥

2
≤ θ1/2

Nk,Nk+1
‖ϕ‖1 .

For p = 2 we have ϕ ∈ U2 ⊂ L2(Id) and hence

∥∥φNk,Nk+1
ϕ
∥∥

2
=

( ∑
j∈ANk+1

\ANk

|ϕ̂(j)|2
)1/2

≤
(∑

j∈Nd
0

|ϕ̂(j)|2
)1/2

= ‖ϕ‖2 .

Applying the Riesz-Thorin Interpolation Theorem to the last two inequalities, we get∥∥φNk,Nk+1
ϕ
∥∥

2
≤ θ1/p−1/2

Nk,Nk+1
‖ϕ‖p ≤ θ

1/p−1/2
Nk,Nk+1

, 1 ≤ p ≤ 2.
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Thus, from (3.8) it follows that (Λ ◦ φNk,Nk+1
)Up ⊂ |λ(Nk)| θ

1/p−1/2
Nk,Nk+1

B
Nk,Nk+1

2 , and by (3.7)

ΛUp ⊂
∞⊕
k=0

|λ(Nk)| θ
1/p−1/2
Nk,Nk+1

B
Nk,Nk+1

2 . (3.9)

Since 2 ≤ q ≤ ∞, using (2.8), we get for ϕ ∈ BNk,Nk+1

2 that

‖ϕ‖q =
∥∥φNk,Nk+1

ϕ
∥∥
q
≤ φ1/2−1/q

Nk,Nk+1

∥∥φNk,Nk+1
ϕ
∥∥

2
≤ θ1/2−1/q

Nk,Nk+1
,

and hence BNk,Nk+1

2 ⊂ θ1/2−1/q
Nk,Nk+1

B
Nk,Nk+1
q . Therefore by (3.9),

ΛUp ⊂
M⊕
k=0

θ
1/p−1/2
Nk,Nk+1

|λ(Nk)|B
Nk,Nk+1

2 +
∞⊕

k=M+1

|λ(Nk)| θ
1/p−1/q
Nk,Nk+1

B
Nk,Nk+1
q , (3.10)

Now, using properties of n-widths, (3.4) and (3.10) we obtain

dβ(ΛUp, L
q) ≤

M∑
k=0

|λ(Nk)| θ
1/p−1/2
Nk,Nk+1

dmk
(B

Nk,Nk+1

2 , Lq ∩ TNk,Nk+1
)

+
∞∑

k=M+1

|λ(Nk)| θ
1/p−1/q
Nk,Nk+1

d0(B
Nk,Nk+1
q , Lq ∩ TNk,Nk+1

)

≤ C
( M∑
k=0

|λ(Nk)| %mk
+

∞∑
k=M+1

|λ(Nk)| θ
1/p−1/q
Nk,Nk+1

)
.

Remark 3.5. Let us now improve the estimate obtained in the previous theorem by specifying the sequences Nk

and mk. Given N ∈ N, we define N1 = N and

Nk+1 = min{l ∈ N : 2 |λ(l)| ≤ |λ(Nk)|},

thus 2 |λ(Nk+1)| ≤ |λ(Nk)| and therefore |λ(Nk+1)| ≤ 2−k |λ(N)|. For ε > 0, we define

M =

[
log2(θN1,N2)

ε

]
, mk = [2−εkθN1,N2 ] + 1, k = 1, 2, . . . ,M,

and m0 = θN0,N1 = θ0,N . We have that

M∑
k=1

mk ≤M + θN1,N2

∞∑
k=1

(2−ε)k ≤
log2(θN1,N2)

ε
+ θN1,N2

1

1− 2−ε
≤ CεθN1,N2 . (3.11)

Now let

β = M0 +

M∑
k=1

mk =

N∑
s=0

dimHs +

M∑
k=1

mk.

Then by Theorem 3.4 and denoting dβ := dβ(ΛUp, L
q), we get

dβ ≤ C
M∑
k=1

|λ(Nk)| %mk
+ C

∞∑
k=M+1

|λ(Nk)| θ
1/p−1/q
Nk,Nk+1

≤ 2C |λ(N)|
M∑
k=1

2−k(1−ε/2)
θ

1/p
Nk,Nk+1

θ
1/2
N1,N2

{
q1/2, 2 ≤ q <∞,
(log2 θNk,Nk+1

)1/2, q =∞,

+ 2C |λ(N)|
∞∑

k=M+1

2−kθ
1/p−1/q
Nk,Nk+1

.
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Definition 3.6. Let Nk and M be as in Remark 3.5. We say that Λ = {λk}k∈Nd
0
∈ Kε,p, for ε > 0 and 1 ≤ p ≤ 2,

if |λ(k + 1)| ≤ |λ(k)|, Nk < Nk+1 for all k ∈ N and if for all N ∈ N we have

M∑
k=1

2−k(1−ε/2)
θ

1/p
Nk,Nk+1

θ
1/2
N1,N2

≤ Cε,pθ1/p−1/2
N1,N2

.

The following result is an immediate consequence of Theorem 3.4 and Remark 3.5.

Corollary 3.7. Let Λ = {λk}k∈Nd
0

and θNk,Nk+1
be as in Theorem 3.4, and let ε > 0, Nk, M , {mk}Mk=0 and β be

as in Remark 3.5 and 1 ≤ p ≤ 2 ≤ q ≤ ∞. Suppose that Λ ∈ Kε,p, for some ε > 0. Then there exists a constant
Cε,p > 0, such that

dβ(ΛUp, L
q) ≤ Cε,p |λ(N)| θ1/p−1/2

N1,N2

{
q1/2, 2 ≤ q <∞,
sup1≤k≤M (log2 θNk,Nk+1

)1/2, q =∞,

+ Cε,p |λ(N)|
∞∑

k=M+1

2−kθ
1/p−1/q
Nk,Nk+1

.

4 Proofs of the Theorems 1.1 and 1.2

Remark 4.1. Consider Λ(1) = {λk} k∈Nd
0
, with λk = λ(|k|), where λ(t) = t−γ(log2 t)

−ξ for t > 1 and λ(t) = 0

for 0 ≤ t ≤ 1, with γ, ξ ∈ R, γ > d/2, ξ > 0. We will prove that Λ(1) is a bounded operator from L1(Id) to
L2(Id). Given ϕ ∈ U1, for each n ∈ N, we defined

ϕn = ϕ̂(0) +

n∑
l=1

∑
k∈Al\Al−1

ϕ̂(k)ψk.

We have that

Λ(1)ϕn =

n∑
l=2

∑
k∈Al\Al−1

λkϕ̂(k)ψk,

Since |ϕ̂(k)| ≤ ‖ϕ‖1 ≤ 1 and dl � ld−1, we get for γ > d/2 and m,n ∈ N with n < m, that∥∥∥Λ(1)ϕm − Λ(1)ϕn

∥∥∥2

2
=

∫
Id

∣∣∣Λ(1)ϕm(x)− Λ(1)ϕn(x)
∣∣∣2 dν(x) =

m∑
l=n+1

∑
k∈Al\Al−1

λ2
k |ϕ̂(k)|2

≤ ‖ϕ‖21
m∑

l=n+1

∑
k∈Al\Al−1

λ2
k ≤

m∑
l=n+1

|λ(l − 1)|2 dl

≤ C1

m∑
l=n+1

(l − 1)−2γ(log2(l − 1))−2ξld−1

≤ C2

m∑
l=n

l−2γ+d−1 ≤ C3,

and thus
lim

m,n→∞

∥∥∥Λ(1)ϕm − Λ(1)ϕn

∥∥∥2

2
= 0.

Hence, {Λ(1)ϕn}∞n=1 is a sequence of Cauchy in L2(Id), and therefore it converges in L2(Id). We write

Λ(1)ϕ = lim
n→∞

Λ(1)ϕn =

∞∑
l=2

∑
k∈Al\Al−1

λkϕ̂(k)ψk, (4.1)
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where the convergence occurs in the norm of L2(Id). Therefore∥∥∥Λ(1)ϕ
∥∥∥2

2
=
∥∥∥ lim
n→∞

Λ(1)ϕn

∥∥∥2

2
= lim

n→∞

∥∥∥Λ(1)ϕn

∥∥∥2

2
≤ C.

Remark 4.2. Let ϕ ∈ L1(Id),m ∈ N and γ > m+d. If k ∈ Al\Al−1, then λ(|k|) ≤ λ(l−1) ≤ (l−1)−γ ≤ Cl−γ

and kq ≤ l for all 1 ≤ q ≤ d, hence

|λkϕ̂(k)| kmq = λ(|k|) |ϕ̂(k)| kmq ≤ Cl−γ ‖ϕ‖1 k
m
q ≤ Cl−γ+m ‖ϕ‖1 .

Then, since dl � ld−1, we get∑
k∈Al\Al−1

|λkϕ̂(k)| kmq ≤ C ‖ϕ‖1
∑

k∈Al\Al−1

l−γ+m ≤ C ′l−γ+m+d−1,

but −γ +m+ d− 1 < −1, therefore it follows that

∞∑
l=2

∑
k∈Al\Al−1

|λkϕ̂(k)| kmq ≤ C ′
∞∑
l=2

l−γ+m+d−1 <∞.

Thus, applying Theorem 2.1 we obtain that the dyadic partial derivative ∂m(Λ(1)ϕ)/∂xmq there exists and

∂m

∂xmq
(Λ(1)ϕ) =

∞∑
l=2

∑
k∈Al\Al−1

λkϕ̂(k)kmq ψk.

Therefore, the dyadic partial derivative ∂m(Λ(1)ϕ)/∂xmq (x) there exists for almost all x ∈ Id and 1 ≤ q ≤ d, if
γ > m + d, that is, Λ(1)ϕ is a function that has partial derivatives until the order m, in the dyadic sense, for all
ϕ ∈ L1(Id), and the above series converges in the norm of Lp, 1 ≤ p ≤ ∞.

Proof of Theorem 1.1. We will prove (1.1). Since γ > d/2, it follows from Remark 4.1 that the multiplier operator
Λ(1) is bounded from L1(Id) to L2(Id), which is a necessary condition for the application of Corollary 3.7.

Let us fix δ > 0 and let λ1, λ2 : (1,+∞) → R be defined by λ1(t) = t−γ and λ2(t) = t−γ−δ. Let a > 1

and b, b1, b2 ∈ R such that 2λ(b) = λ(a), 2λ1(b1) = λ1(a) and 2λ2(b2) = λ2(a). The functions λ, λ1, λ2 are
decreasing, and then b, b1, b2 > a, b1 = 21/γa, b2 = 21/(γ+δ)a and b1 = b(log2 b/ log2 a)ξ/γ . Since b > a, b1 > b

and b > b2 we get 21/(γ+δ)a < b < 21/γa. Therefore for a = Nk, we have 21/(γ+δ)Nk < b < 21/γNk. But, since
Nk ≤ Nk+1 − 1 < b ≤ Nk+1 < b+ 1, it follows that

21/(γ+δ)Nk < Nk+1 < 21/γNk + 1, k ≥ 1. (4.2)

Integrating the function xd−1 and using that dl � ld−1, we get

θNk,Nk+1
�

Nk+1∑
s=Nk+1

sd−1 ≤
Nk+1−1∑
s=0

sd−1 +Nd−1
k+1 � N

d
k+1.

Now

θNk,Nk+1
≥
∫ Nk+1

(Nk+1+Nk)/2
xd−1dx

� Nd
k+1 −

Nd
k+1

2d

[
1 + d

(
Nk

Nk+1

)
+
d(d− 1)

2!

(
Nk

Nk+1

)2

+ · · ·+
(

Nk

Nk+1

)d]
≥ Nd

k+1(1− Cγ,δ,d), (4.3)
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where 0 < Cγ,δ,d < 1. Therefore
θNk,Nk+1

� Nd
k+1, k ≥ 1. (4.4)

From (4.2) we get
2k/(γ+δ)N ≤ Nk+1 ≤ Cγ2k/γN, k ≥ 1. (4.5)

Consider M = [ε−1 log2 θN1,N2 ] as in Remark 3.5. Then M � ε−1 log2N � ε−1 log2 n and hence, by (4.4) and
(4.5)

σ = |λ(N)|
∞∑

k=M+1

2−kθ
1/p−1/q
Nk,Nk+1

� N−γ+d(1/p−1/q)(log2N)−ξ
∞∑

k=[Cε−1 log2N ]

2−k(1−d(1/p−1/q)/γ). (4.6)

We have that 1 ≤ p ≤ 2 ≤ q ≤ q ≤ ∞ and γ > d/2, and then 0 ≤ 1/p−1/q ≤ 1 and 1−(d/γ)(1/p−1/q) > 0.
Therefore

∞∑
k=[Cε−1 log2N ]

2−k(1−(d/γ)(1/p−1/q)) � 2−(1−(d/γ)(1/p−1/q))Cε−1 log2N
1

1− 2−(1−(d/γ)(1/p−1/q))

� N−Cε
−1(1−(d/γ)(1/p−1/q))

and thus we obtain by (4.6) that σ � N−γ+d(1/p−1/q)−Cε−1(1−(d/γ)(1/p−1/q))(log2N)−ξ. Hence, for 0 < ε <

(C(1− (d/γ)(1/p− 1/q))/(d(1/p− 1/q)), it follows that

σ � N−γ(log2N)−ξ. (4.7)

From (4.4), (4.5) and M � ε−1 log2N , we get

M∑
k=1

2−k(1−ε/2)
θ

1/p
Nk,Nk+1

θ
1/2
N1,N2

� Nd(1/p−1/2)

Cε−1 log2N∑
k=1

2−k(1−ε/2−d/γp). (4.8)

Now 1 − d/γp > 0, since γ/d > 1/p, and then t = −(1 − ε/2 − d/γp) < 0 if we take 0 < ε/2 < 1 − d/γp.
Therefore from (4.8), (4.4) and (4.5),

M∑
k=1

2−k(1−ε/2)
θ

1/p
Nk,Nk+1

θ
1/2
N1,N2

≤ Cε,pθ1/p−1/2
N1,N2

, (4.9)

and hence Λ(1) ∈ Kε,p. Thus applying Corollary 3.7 and using (4.7) we get

dβ(Λ(1)Up, L
q)� |λ(N)| θ1/p−1/2

N1,N2

{
q1/2, 2 ≤ q <∞,
sup1≤k≤M (log2 θNk,Nk+1

)1/2, q =∞,
+N−γ(log2N)−ξ.

By (4.4), (4.5), by the definition of M , and since n � Nd, we get, for 1 ≤ k ≤M that

θNk,Nk+1
� (2k/γN)d ≤ (2M/γN)d ≤ Nd+dC/γε = (Nd)1+C/γε � n1+C/γε,

and then log2 θNk,Nk+1
� log2 n. Now, by (4.4) and (4.5), it follows that θ1/p−1/2

N1,N2
� Nd(1/p−1/2) and hence

dβ(Λ(1)Up, L
q)� N−γNd(1/p−1/2)(log2N)−ξ

{
q1/2, 2 ≤ q <∞,
(log2 n)1/2, q =∞,

+N−γ(log2N)−ξ.
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But n � Nd, and thus

dβ(Λ(1)Up, L
q)� n−γ/d+(1/p−1/2)(log2 n)−ξ

{
q1/2, 2 ≤ q <∞,
(log2 n)1/2, q =∞.

(4.10)

Since n � Nd and M � ε−1 log2N , from the Remark 3.5, by (4.4) and (4.5) we get

β � Nd + 2d/γNd

[Cε−1 log2N ]∑
j=1

(2−ε)j � Nd � n,

and then by (4.10) we obtain (1.1) for 1 ≤ p ≤ 2. If 2 ≤ p ≤ ∞, then Λ(1)Up ⊂ Λ(1)U2 and hence (1.1) follows
for 2 ≤ p ≤ ∞.

Now we will prove (1.2). Since dk � kd−1 and n � Nd we get(
N∑
k=1

|λk|−2 dk

)−1/2

�

(
N∑
k=1

(k−γ(log2 k)−ξ)−2kd−1

)−1/2

� (N−γ−d/2)(log2N)−ξ

� n−γ/d−1/2(log2 n)−ξ.

By Corollary 3.3 for ρ = 1/2 we get

d[(n−2)/2](Λ
(1)Up, L

q) ≥ Cn1/2

(
1− 1

2

)1/2
(

N∑
k=1

|λk|−2 dk

)−1/2

Kn

� n−γ/d(log2 n)−ξKn.

Then for m,n ∈ N such that n ≥ 4 and [(n− 3)/2] ≤ m ≤ [(n− 2)/2] it follows that

dm(Λ(1)Up, L
q) ≥ d[(n−2)/2](Λ

(1)Up, L
q)� m−γ(log2m)−ξKm,

concluding the proof of (1.2).

Remark 4.3. Let Λ(2) = {λk}k∈Nd
0
, with λ k = λ(|k|), where λ : [0,∞)→ R is given by λ(t) = e−γt

r
, γ, r > 0.

We will prove that Λ(2) is a bounded operator from Lp(Id) to Lq(Id), for 1 ≤ p, q ≤ ∞. It is sufficient to show
that Λ(2) is bounded when p = 1 and q =∞. Let ϕ ∈ U1 and for all n ∈ N, let

ϕn = ϕ̂(0) +
n∑
l=1

∑
k∈Al\Al−1

ϕ̂(k)ψk.

Therefore

Λ(2)ϕn = ϕ̂(0) +
n∑
l=1

∑
k∈Al\Al−1

λkϕ̂(k)ψk.

Since dl � ld−1 and |ϕ̂(k)| ≤ ‖ϕ‖1 ≤ 1, then for n,m ∈ N, with n < m, and all x ∈ Id, we get

∣∣∣Λ(2)ϕm(x)− Λ(2)ϕn(x)
∣∣∣ ≤ m∑

l=n+1

‖ϕ‖1
∑

k∈Al\Al−1

λk ≤
m∑

l=n+1

e−γ(l−1)rdl

≤ C1

m∑
l=n

e−γl
r
ld−1.
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Let n0 ∈ N such that e−γl
r ≤ C2l

−d−1 for all l ≥ n0. Then, if n ≥ n0, we get∣∣∣Λ(2)ϕm(x)− Λ(2)ϕn(x)
∣∣∣ ≤ C3

m∑
l=n

l−2, (4.11)

and hence
lim

n,m→∞

∣∣∣Λ(2)ϕm(x)− Λ(2)ϕn(x)
∣∣∣ = 0,

that is {Λ(2)ϕn(x)}∞n=1 is a sequence of Cauchy in R, and therefore converges in R. We write

Λ(2)ϕ(x) =
∞∑
l=0

∑
k∈Al\Al−1

λkϕ̂(k)ψk(x), x ∈ Id. (4.12)

Therefore from (4.11), ∥∥∥Λ(2)ϕ
∥∥∥
∞
≤ sup

x∈Id

∣∣∣Λ(2)ϕ(x)
∣∣∣ ≤ C4.

Remark 4.4. Let ϕ ∈ L1(Id) and m ∈ N. If k ∈ Al \ Al−1, then λ(|k|) ≤ λ(l − 1) = e−γ(l−1)r and kq ≤ l for
all 1 ≤ q ≤ d. Hence, we get

|λkϕ̂(k)| kmq = λ(|k|) |ϕ̂(k)| kmq ≤ e−γ(l−1)r lm ‖ϕ‖1 .

Consider C1 > 0 a constant such that e−γ(l−1)r lm+d+1 ≤ C1 for all l ∈ N. Then, we obtain

∞∑
l=0

∑
k∈Al\Al−1

|λkϕ̂(k)| kmq ≤ ‖ϕ‖1
∞∑
l=0

∑
k∈Al\Al−1

e−γ(l−1)r lm

≤ C2 ‖ϕ‖1
∞∑
l=1

e−γ(l−1)r lmld−1

≤ C1C2 ‖ϕ‖1
∞∑
l=1

l−2 <∞.

Hence, applying Theorem 2.1 we obtain that the dyadic partial derivative of order m of Λ(2)ϕ there exists and

∂m

∂xmq
(Λ(2)ϕ) =

∞∑
l=0

∑
k∈Al\Al−1

λkϕ̂(k)
∂m

∂xmq
ψk =

∞∑
l=0

∑
k∈Al\Al−1

λkϕ̂(k)kmq ψk.

Therefore, the dyadic partial derivative ∂m(Λ(2)ϕ)/∂xmq (x) there exists for almost all x ∈ Id and all m ∈ N, that
is, Λ(2)ϕ is a function that has dyadic partial derivative of any order for all ϕ ∈ L1(Id), and the above series
converges in the norm of Lp, 1 ≤ p ≤ ∞.

Proof of Theorem 1.2. For θ, η, r > 0 and η ≥ r − 1, we get

N∑
k=1

eθk
r
kη =

N∑
k=1

(
1

θr
k1−r+η

)
eθk

r
θrkr−1 ≤ (θr)−1N1−r+η

N∑
k=1

eθk
r
θrkr−1

� N1−r+η
∫ N+1

1
eθx

r
θrxr−1dx� N1−r+ηeθ(N+1)r . (4.13)

Note that

(N + 1)r = N r +
r

N

(
1 +

(r − 1)

2!

1

N
+

(r − 1)(r − 2)

3!

1

N2
+ · · ·

)
≤ N r + C1N

−1,
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and hence eθ(N+1)r ≤ C2e
θNr

. Therefore by (4.13), for η ≥ r − 1, we obtain

N∑
k=1

eθk
r � N1−r+ηeθN

r
. (4.14)

Consider N ∈ N fixed and let n = dim TN . By (2.4) it follows that(
2πd/2

dΓ(d/2)

)
Nd ≤ n ≤

(
2πd/2

dΓ(d/2)

)
Nd + C3N

d−1. (4.15)

Hence

nr/d ≤
(

2πd/2

dΓ(d/2)

)r/d
N r

(
1 +

C3(
2πd/2

dΓ(d/2)

)
N

)r/d
.

If Ad = 2πd/2/(dΓ(d/2)), then there exists a constant C4 such that(
1 +

C3

AdN

)r/d
= 1 +

r

d

C3

AdN

(
1 +

r/d− 1

2

C3

AdN
+

(r/d− 1)(r/d− 2)

3!

(
C3

AdN

)2

+ · · ·
)

= 1 +
r

d

C3

AdN
SN ≤ 1 +

r

d

C3C4

AdN
,

Thus, for r > 0,

nr/d ≤
(

2πd/2

dΓ(d/2)

)r/d
N r + C4N

r−1, (4.16)

and therefore from (4.15) and (4.16), since n � Nd, if we writeR = γ(dΓ(d/2)/(2πd/2))r/d, we get

−Rnr/d ≤ −γN r ≤ −Rnr/d + C5n
(r−1)/d, r > 0. (4.17)

From the fact that dl � ld−1 and n � Nd, if we take ρ = 1− n−r/d, we obtain

(1− ρ)1/2n1/2

( N∑
l=1

|λ(l)|−2 dl

)−1/2

� n−r/2d+1/2(Nd)(r−d)/2de−γN
r � e−γN

r
,

and hence by Corollary 3.3 and (4.17) we get

d[ωN ](Λ
(2)Up, L

q)� (1− ρ)1/2n1/2

(
N∑
l=1

|λ(l)|−2 dl

)−1/2

Kn

� e−γN
r
Kn � e−Rn

r/d
Kn. (4.18)

But n = φN � Nd, then (log2 φN )−1/2 � (log2N)−1/2, therefore KφN � KN and consequently

d[ωN ](Λ
(2)Up, L

q)� e−Rφ
r/d
N KN ,

and hence we obtain (1.3). If r > d, then [ωN ] = φN − 1 and thus by (1.3) we get (1.5).
Now consider 0 < r ≤ d. We have that

(1− n−r/d)r/d = 1− r

d
n−r/d +

r(r − d)

2!d2
(n−r/d)2 − r(r − d)(r − 2d)

3!d3
(n−r/d)3 + · · ·

= 1− n−r/d r
d

(
1 +

(d− r)
2!d

n−r/d +
(d− r)(2d− r)

3!d2
(n−r/d)2 + · · ·

)
= 1− n−r/d r

d

1

1− n−r/d
≥ 1− C6n

−r/d,
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and then (ωN + 1)r/d = nr/d(1− n−r/d)r/d ≥ φr/dN − C6. Therefore

e−R(ωN+1)r/d ≤ e−R(φ
r/d
N −C6) � e−Rφ

r/d
N (4.19)

and hence from (1.3) we get
d[ωN ](Λ

(2)Up, L
q)� e−R(ωN+1)r/dKN . (4.20)

Let us consider now 0 < r ≤ 1. We have that

1 <
e−γN

r

e−γ(N+1)r
≤ eγr. (4.21)

Using (1.3), (4.17), (4.20) and (4.21), we can conclude that

d[ωN+1](Λ
(2)Up, L

q)� e−γ(N+1)rKN+1 � e−γN
r
KN ≥ e−Rφ

r/d
N KN

� e−R(ωN+1)r/dKN . (4.22)

For k ∈ N such that [ωN ] < k ≤ [ωN+1], it follows by (4.21) and (4.22) that

dk(Λ
(2)Up, L

q)� d[ωN+1](Λ
(2)Up, L

q)� e−R(ωN+1)r/dKN � e−Rk
r/d
KN

� e−Rk
r/d
Kk,

and thus we obtain (1.6). Finally, if 0 < r ≤ d, by (4.21) we obtain e−Rl
r/d � e−R(l+1)r/d , l ∈ N and hence we

get by (4.20) that
d[ωN ](Λ

(2)Up, L
q)� e−R(ωN+1)r/dKN � e−R(ωN )r/dKN ,

which demonstrates (1.4).
Now we will prove (1.7) and (1.8). Given k ∈ N, let xk ∈ R such that 2λ(xk) = λ(Nk), that is, xk =(

N r
k + ln 2/γ

)1/r. We have that Nk < xk ≤ Nk+1 < xk + 1, and thus

(N r
k + (ln 2)/γ)1/r ≤ Nk+1 < (N r

k + (ln 2)/γ)1/r + 1. (4.23)

Hence

N r
k+1 ≤

(
N r
k +

ln 2

γ

)[
1 + r

(
N r
k +

ln 2

γ

)−1/r

+
r(r − 1)

2!

(
N r
k +

ln 2

γ

)−2/r

+ · · ·

]

≤
(
N r
k +

ln 2

γ

)
+C1

(
N r
k +

ln 2

γ

)1−1/r

.

Suppose 0 < r ≤ 1. We have that (N r
k + (ln 2)/γ)1−1/r ≤ 1, hence N r

k+1 ≤ N r
k + C2 and consequently for

all k ∈ N,

N r
k +

ln 2

γ
≤ N r

k+1 ≤ N r
k + C2. (4.24)

Proceeding by induction on k, for the inequality in (4.24), since N1 = N , we get

N r + k
ln 2

γ
≤ N r

k+1 ≤ N r + C2k. (4.25)

From (4.23), it follows that Nk+1 � Nk(1 + ((ln 2)/γ)N−rk )1/r, then

Nk+1 � Nk

(
1 +

ln 2

rγ
N−rk +

(1− r)(ln 2)2

2r2γ2
N−2r
k +

(1− r)(1− 2r)(ln 2)3

6r3γ3
N−3r
k + · · ·

)
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and thereforeNk+1−Nk � N1−r
k . In an analogous way we can show thatNd

k+1−Nd
k � N

d−r
k andNd−1

k+1−N
d−1
k �

Nd−r−1
k . Thus, we get

θNk,Nk+1
�

Nk+1∑
s=Nk+1

ld−1 ≤
∫ Nk+1

Nk

xd−1dx+ (Nd−1
k+1 −N

d−1
k ) � Nd−r

k (1 +N−1
k ) � Nd−r

k ,

θNk,Nk+1
≥
∫ Nk+1

Nk

xd−1dx � Nd
k+1 −Nd

k � Nd−r
k

and then
θNk,Nk+1

� Nd−r
k . (4.26)

Therefore by (4.25) and (4.26) it follows that (θNk,Nk+1
/θN1,N2)r/(d−r) � N−rN r

k ≤ 1 + C2kN
−r for k suffi-

ciently large. Thus, since for any δ > 0, there exists kδ ∈ N such that 2δk ≥ 1 + C2kN
−r, if k ≥ kδ, taking

δ′ = δ(d− r)/r, we obtain
θNk,Nk+1

θN1,N2

≤ C32δ
′k, < k ≥ kδ. (4.27)

Suppose 1 ≤ p ≤ 2, and consider ε, p and δ satisfying ε/2 + δ′/p < 1. Then

M∑
k=1

2−k(1−ε/2)
θ

1/p
Nk,Nk+1

θ
1/2
N1,N2

=
M∑
k=1

2−k(1−ε/2)

(
θNk,Nk+1

θN1,N2

)1/p

θ
1/p−1/2
N1,N2

≤ C4θ
1/p−1/2
N1,N2

,

and therefore Λ(2) ∈ Kε,p. Hence applying Corollary 3.7 we get

dβ(Λ(2)Up, L
q) ≤ Cε,p |λ(N)| θ1/p−1/2

N1,N2

{
q1/2, 2 ≤ q <∞,
sup1≤k≤M (log2 θNk,Nk+1

)1/2, q =∞,

+ Cε,p |λ(N)|
∞∑

k=M+1

2−kθ
1/p−1/q
Nk,Nk+1

. (4.28)

Now, from (4.26) and (4.27) we obtain

|λ(N)|
∞∑

k=M+1

2−kθ
1/p−1/q
Nk,Nk+1

= |λ(N)| θ1/p−1/q
N1,N2

∞∑
k=M+1

2−k

(
θNk,Nk+1

θN1,N2

)1/p−1/q

≤ C5 |λ(N)|N (d−r)(1/p−1/q)(2−(1−δ′′ ))M+1
∞∑
j=0

(2−(1−δ′′ ))j

≤ C6 |λ(N)|N (d−r)(1/p−1/q)(2−(1−δ′′ ))M+1,

where δ
′′

= δ′(1/p− 1/q), δ′′ < 1. Since 3.5, M =
[
ε−1 log2 θN1,N2

]
� ε−1 log2 θN1,N2 and θN1,N2 � Nd−r, we

get

|λ(N)|
∞∑

k=M+1

2−kθ
1/p−1/q
Nk,Nk+1

≤ C8 |λ(N)|N ((1/p−1/q)−C7(1−δ′′ )ε))(d−r) ≤ C8 |λ(N)| ,

for 0 < ε < C7(1− δ′′)(p−1 − q−1). Then, it follows by (4.26) and (4.28) that

dβ(Λ(2)Up, L
q)� e−γN

r
N (d−r)(1/p−1/2)

{
q1/2, 2 ≤ q <∞,
sup1≤k≤M (log2 θNk,Nk+1

)1/2, q =∞.
(4.29)
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Using (4.25) and (4.26), we obtain θNk,Nk+1
≤ (N r + C2(k − 1))(d−r)/r, and using that M ≤ ε−1 log2 θN1,N2 ,

θN1,N2 � Nd−r, Nd � n, n = φN = dim TN and that 1 ≤ k ≤ M , we obtain that log2 θNk,Nk+1
� log2 n.

Therefore by (4.29)

dβ(Λ(2)Up, L
q)� e−γN

r
N (d−r)(1/p−1/2)

{
q1/2, 2 ≤ q <∞,
(log2 n)1/2, q =∞.

(4.30)

It follows from Remark 3.5, (3.11) and (4.26), that β = m0 +
∑M

k=1mk ≤ n+C9N
d−r ≤ n+C10n

1−r/d. Thus

d[n+C10n1−r/d](Λ
(2)Up, L

q)� e−γN
r
N (d−r)(1/p−1/2)

{
q1/2, 2 ≤ q <∞,
(log2 n)1/2, q =∞.

(4.31)

Let τN = n+ C10n
1−r/d. Since 0 < r ≤ 1, we get from (4.17) that −γN r ≤ −Rnr/d + C11 and hence

−γN r +Rτ r/dN ≤ −Rnr/d +Rτ r/dN + C11

= Rφr/dN (−1 + (1 + C10φ
−r/d
N )r/d) + C11.

If N is large enough, we have that

(1 + C10φ
−r/d
N )r/d = 1 +

∞∑
k=1

(r/d)(r/d− 1) . . . (r/d− k + 1)

k!
(C10φ

−r/d
N )k

≤ 1 + C10
r

d
φ
−r/d
N SN ≤ 1 + C12φ

−r/d
N

and then
−γN r +Rτ r/dN ≤ C13. (4.32)

Consider l ∈ N, such that [τN ] ≤ l ≤ [τN+1]. From (4.21) it follows that 1 < e−γN
r
/(e−γ(N+1)r) ≤ eγr, and

therefore using (4.31), (4.32) and that n � Nd, we obtain

dl(Λ
(2)Up, L

q) ≤ d[τN ](Λ
(2)Up, L

q)

� e−γN
r
N (d−r)(1/p−1/2)

{
q1/2, 2 ≤ q <∞,
(log2 φN )1/2, q =∞,

� e−γ(N+1)rN (d−r)(1/p−1/2)

{
q1/2, 2 ≤ q <∞,
(log2 φN )1/2, q =∞,

� e−R(τN+1)r/d(τN )(1−r/d)(1/p−1/2)

{
q1/2, 2 ≤ q <∞,
(log2 τN )1/2, q =∞,

� e−Rl
r/d
l(1−r/d)(1/p−1/2)

{
q1/2, 2 ≤ q <∞,
(log2 l)

1/2, q =∞,

which proves (1.7) for 1 ≤ p ≤ 2 ≤ q ≤ ∞. If 2 ≤ p ≤ ∞, (1.7) follows since ΛUp ⊂ ΛU2.
Now, consider r > 1. In this case we will apply Theorem 3.4. Since −γ(k + 1)r + γkr ≤ −γrkr−1 for k ≥ 1

then eλ(k+ 1) ≤ e−γrkr−1+1λ(k). Fix a ∈ N such that e−γrk
r−1 ≤ 1 for k ≥ a and let N ≥ a, N0 = 0, N1 = N ,

Nk+1 = N + k, M = 0, β = m0 = n = φN . Applying Theorem 3.4 for 1 ≤ p ≤ 2 ≤ q ≤ ∞, we get

dφN (Λ(2)Up, L
q)�

∞∑
k=1

λ(Nk)θ
1/p−1/q
Nk,Nk+1

=

∞∑
k=1

λ(N + k − 1)θ
1/p−1/q
Nk,Nk+1

.
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But λ(N + k) ≤ e−kλ(N) for k ≥ 1, and thus

dφN (Λ(2)Up, L
q)� λ(N)

∞∑
k=1

e−(k−1)θ
1/p−1/q
Nk,Nk+1

� λ(N)
∞∑
k=1

e−kθ
1/p−1/q
Nk,Nk+1

.

Since θNk,Nk+1
=
∑Nk+1

s=Nk+1 dimHs =
∑N+k

s=N+k dimHs = dimHN+k, for 1 ≤ p ≤ 2 ≤ q ≤ ∞ it follows that

dφN (Λ(2)Up, L
q)� λ(N)

∞∑
k=1

e−k(dimHN+k)
1/p−1/q � λ(N)

∞∑
k=1

e−k((N + k)d−1)1/p−1/q

� λ(N)
∞∑
k=1

e−k(Nk)(d−1)(1/p−1/q) = λ(N)N (d−1)(1/p−1/q)
∞∑
k=1

e−kk(d−1)(1/p−1/q)

� λ(N)N (d−1)(1/p−1/q) = e−γN
r
N (d−1)(1/p−1/q).

Finally if 2 ≤ p, q ≤ ∞, since Λ(2)Up ⊂ Λ(2)U2, we obtain

dφN (Λ(2)Up, L
q) ≤ dφN (Λ(2)U2, L

q)� e−γN
r
N (d−1)(1/2−1/q),

concluding the proof of (1.8).

Remark 4.5. Now consider |k|∗ = max1≤j≤d |kj | for k ∈ Nd0 and let

A∗l = { k ∈ Nd0 : |k|∗ ≤ l}, H
∗
l = [ψk : k ∈ A∗l \A∗l−1],

d∗l = dimH∗l , T ∗N =
N⊕
l=0

H∗l .

We can see that d∗l = (2l + 1)d − (2(l − 1) + 1)d � ld−1 and 2dNd ≤ dim T ∗N ≤ 2dNd + CNd−1. Considerer
the multiplier operators Λ

(1)
∗ = {|k|−γ∗ (log2 |k|∗)−ξ}k∈Nd

0
and Λ

(2)
∗ = {e−γ|k|r∗}k∈Nd

0
for γ, r > 0 and ξ ≥ 0.

Through minor modifications in the proofs in this paper we can show that Theorem 2.4, Theorem 3.2, Corollary
3.3, Theorem 3.4 and Corollary 3.7 also hold if we change Hl, TN , dl and λk by H∗l , T ∗N , d∗l and λ∗k. Theorem 1.1
also hold if we change Λ(1) by Λ

(1)
∗ and Theorem 1.2 hold if we change Λ(2) by Λ

(2)
∗ and the constant R by the

constantR∗ = γ2−r.
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