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Abstract

Estimates for Kolmogorov and Gelfand n-widths of multiplier operators of multiple Walsh series are ob-
tained. Upper and lower bounds are established for n-widths of general multiplier operators. These results
are applied to get upper and lower bounds for n-widths of specific multiplier operators, which generate sets of
finitely and infinitely differentiable functions in the dyadic sense. It is shown that these estimates have order
sharp in various important cases.
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1 Introduction

In[2,3,16,17,18,19, 20, 21, 22] techniques to study asymptotic estimates for n-widths of multiplier operators
defined for functions on the torus and on two-points homogeneous spaces (S%, P4(R), P%(C), P*(H), P'5(Cay))
were obtained. In the present paper we continue these studies considering now multiplier operators of multiple
Walsh series.

The studies on asymptotic estimates for Kolmogorov n-widths of Sobolev classes on the circle were performed
by several important mathematicians such as Rudin, Stechkin, Gluskin, Ismagilov, Maiorov, Makovoz and Scholz
in [9, 12, 24, 25, 34, 36, 37], they were initiated by Kolmogorov [15] in 1936 and completed by Kashin [13,
14] in 1977. Several techniques were applied in these different cases, among them we highlight a technique of
discretization due to Maiorov and the Borsuk theorem. Observing the historical evolution of the study of n-widths,
it is possible to note that it has been an usual practice to use different techniques in proofs of lower and upper
bounds and in estimates for classes of finitely and infinitely differentiable functions (see, e.g. [31]). One of the
objectives of this work is to give an unified treatment in the study of n-widths of sets of functions determined by
multiplier operators of multiple Walsh series.

The Walsh functions are defined on the unit interval [0, 1) and they form a complete orthonormal system in
L?[0,1) (see [29, 35]). This system can be applied in different situations, such as: data transmission, filtering,
image enhancement, signal analysis and pattern recognition. The Walsh functions are easy to deploy on high-
speed computers and can be used with little storage space. This is due in part to the fact that the Walsh functions
assume only the values +1 and -1 (see [1]). However, the one-dimensional theory has not been sufficient, so
multidimensional Walsh analysis, at least for the two-dimensional case, has been developed. It is usual a problem
in Fourier analysis to be studied initially in the trigonometric case and then in the Walsh case. In several papers
we find studies involving multiple Walsh series which were first studied for multiple trigonometric series, for
example, Goginava [10, 11] extended for the d-dimensional case of the Walsh series, the result obtained for the
two-dimensional trigonometric series, where for f € Llog L([0,27]?) the means o, f = (1/n) > i=154,(f), of
the partial sums S; j(f), converge a.e. to f as n — oo, studied by Marcinkiewicz [26]. On the order hand, the
Cantor-Lebesgue theorem states that, if a trigonometric series converges to a finite sum on a subset of positive
measure, its coefficients tend to zero. The possibility of extending this theorem to the case of multiple series has
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been investigated by several authors, Plotnikov [32] has extended this result for the coefficients of multiple Walsh
series. Moreover, Ghodadra [7] defined the notion of bounded p-variation, p > 1 for a function from a rectangle
[a1,b1] X -+ X [@m,bm] to C and studied the order of magnitude of trigonometric Fourier coefficients of such
functions from [0, 27]™ to C, in [8], he has studied the order of magnitude of Walsh-Fourier coefficients for a
function of bounded p-variation form [0, 1]™ to C. Other articles in which are obtained results for Walsh series that
have already been made for trigonometric series are [0, 33, 38].

Let N denote the set of positive integers and Ny the set of non-negative integers. For d € N and k € Ng let
K| = (k2 + -+ k2)"/% and [k|. = max;<j<qk;. Given |, N € Ny we define 4, = {k € N¢ : [k| < 1},
Ay ={keNg: k|, <I}, Ay = A*, = . In Section 2 we give the definition of the multiple Walsh functions
Yk 17— R, I =1[0,1),k € Nd. Let H; = [) : k € A;\ A;_1] be the linear space generated by the functions
g withk € A;\ A;_1 and let d; = dim H;, Ty = @f\;o M1, H = UN—, Tn. Analogous we define H;, df, Ty
and H* = H. Given a real function A defined on the interval [0, co) we consider the sequences A = {)‘k}keNg
and A* = {Ai‘;}keNg where \x = A(k|), Ay = A(|k|,) and the linear operators associated with these sequences
A, A* 2 H — H defined by A(D akvk) = D Akakti, A" (D axthi) = Y Apaxtx. If A and A* are bounded from
LP(I%) to LI(I%) we also denote the extensions on LP(I%) by A and A*. In the present paper, we study estimates
for the n-widths of Kolmogorov and Gelfand for the multiplier operators A and A*.

In Section 2 we give some definitions and basic results and we prove a theorem which provides estimates for
Levy means of special norms on R™ which we introduce using the multiple Walsh functions.

In Section 3 we prove two theorems where upper and lower bounds are established for n-widths of general
multiplier operators. The main tool to prove these results are the estimates for Levy means proved in Section
2. These results provide an unified treatment in the study of upper and lower bounds for n-widths of multiplier
operators of multiple Walsh series.

In the last section we apply the results in Section 3 to estimate the n-width of Kolmogorov of sets of differen-

tiable functions in the dyadic sense on I¢. Let A(D) = {)‘k}keNg’ AV = {)‘lt}keNg’ where \(t) = t =7 (logy t) ¢
fort > land A(t) = 0for1 <t <1, withy > 0,£ > 0, and let A® = {)‘k}keNg’ Ag) = {/\lt}keNg’ where
A(t) = e ", with v, > 0. Let U, denote the closed unit ball in LP(I%) and let d,,(A, X) denote the Kolmogorov
n-width of the subset A of a Banach space X. We have that A(l)Up and AS)UP are sets of finitely differentiable

functions in the dyadic sense, in particular, are Sobolev-type classes if & = 0, and A(Q)Up and A&Q)Up are sets of
infinitely differentiable functions in the dyadic sense. The following two theorems are the result of our applications.

Theorem 1.1. If v > max{d/2,d/p}, 1 < p < o0, 2 < q < o0, then for everyn € N,

1/2 9 <
dn(AVU,, L9) < n =/ A/p=1/D+ (1og, )¢ EA e = q< 0, (1.1)
(logyn)'/2, q = cc.
If v > d/2, then for all n € N, we have that
dn(ADU,, L) > n™ 7 (logy n) K, (1.2)
where
1, 1<p<2,1<qg<2,
L, 2<p<oo2<q< o0,
K,=4 1, 1<p<2<g<oo,
(logyn)™1/2, 1<p<2q=1,
(logyn)™/2, p=0c,2< g < oo.
Theorem 1.2. Let ¢, = dim Ty, wn = én — ¢n /% — 1 and let K,, be as in Theorem 1.1. Then
r/d
di,, (APU,, L) > e R K, r>0,n€eN, (1.3)



A (AU, L9) > e R K, 0<r<dmneN, (1.4)
digy (AP, L) > e R4 K, r>dneN, (15)

do(ADU,, L) > e R K, 0<r<1lneN. (1.6)

For 0 < r <1landalln € N we have that

. 1/2 1<p<00,2<q<o0
d, A e —Rn"/d(1—r/d)(1/p—-1/2)+ ) 4> SP>00,2>¢ ) 17
(W0, L) <€ ! (logyn)'/2, 1< p<o0,q= o0, (-
and forr > 1l and alln € N,
d-1)1/p=1/0) 1 <p<2<g<
(2) q —yn” n ) SP>4x4=00,

where

R ()

2rd/2

The results of the Theorem 1.1 also hold for the operator AS}) and the results of the Theorem 1.2 hold if we
change the constant R by the constant R, = y27".

The proofs in this paper are given only for the operators of type A. In the Remark 4.5 we explain as the results
can be proved for the operators of type A..

We proved that, the estimates for the Kolmogorov n-widths are sharp in various important situations. We get
for2 < p,qg < ocand 0 < r < 1 that d,(AVU,, L7) < dn(AS)Up,Lq) = n™/(logyn) ¢, d, (AP, L) <
e R 4 (AP, L9) < e ReKT,

In this paper there are several universal constants which enter into the estimates. These positive constants
are mostly denoted by the letters C, C1, Cs, . ... We did not carefully distinguish between the different constants,
neither did we try to get good estimates for them. The same letter will be used to denote different universal
constants in different parts of the paper. For ease of notation we will write a,, > b,, for two sequences if a,, > Cb,,
forn € N, a,, < b, if a,, < Cb, forn € N, and a,, < b, if a,, < b, and a,, > b,,. Also, we shall put (a); = a if
a>0and (a)y =0ifa <0.

2 Main definitions and some results

Given n € Ny, there exists only one sequence {7y }en,, such that n = >°7° 2k, where ny € {0, 1} for
all k € Ny. The elements of this sequence are called the binary coefficients of n. For n,m € Ny and {ng }ren,.
{my }ken,, the binary coefficients of n and m, respectively, we define the dyadic addition of n and m by

[e.e]
n@m222k|nkfmk|.
k=0

Consider the dyadic intervals

Criodi+1
e [27 o
The Rademacher system {7y, }neng, ™ : [0, 1) — R, is defined by

), n€Np, 0<i<2™

ro(z) = (=1)', 2 €I, 0<i<2" 2.1)



and the Walsh-Paley system {1, }nen, on [0, 1) is defined by o := 1 and

o0
n = HT‘Zk, n >0,
k=0

where {ny, } e, are the binary coefficients of n. Now, given z € [0, 1), we can write z = Y .-, z,27F, where
zy, € {0,1}. The sequence {zy }ren is called the dyadic expansion of z. The dyadic addition of z and y in [0, 1) is
defined by

o0

roy=> 27|z —ul.
k=1

For z,y € [0,1) and n,m € N, we have that

V(T O Y) = Yn(2)Pn(Y), Ynem(®) = Yn(2)m(T).

We consider [0,1) endowed with the Lebesgue measure dA(¢). The Walsh-Paley functions {t, }nen, form a
complete orthonormal set in L2[0, 1).

Let’s consider 19, I = [0,1), endowed with the Lebesgue measure dv(x) = dA(z1)...d\(x4). Given n =
(n1,...,nq),m = (my,...,my) € NZ, we define the dyadic addition of n and m by

ndm= (n; ®my,ngdma,...,ngdmy),
and for all x = (z1,...,24),y = (y1,...,yq) € I? we define the dyadic addition of x and y by
XOYy= (1 Dy, r2DY2,...,TaD Yq)-
The Walsh-Paley functions on I¢ are defined as follows
Yn(X) = Y, (1) - Yny(xq), ME N¢ x e RY.

We denoted by LP = LP(I%), 1 < p < oo, the vector space consisting of all measurable functions f defined on ¢
and with values in C, satisfying

1/p
11y =l = ([ o) < oe, 12p <o

1flloe = I1f1 Lo (ray = ess sup | f(x)[ < oo.
xeld

We write U, = {¢ € LP : [|¢]|, < 1}. Given f € LY(I%), we define the d-dimensional Walsh-Fourier series of f

by
> Fmpim. Fm) = [ (vmx)av(x).

mENg

We have that
Ynem(X) = Yn(X)¥m(X), Yn(X DY) = Ya(X)Yn(y), n,me Ng X,y € I

Vi (X)thm (X)dv(X) = Om, k,m € NE.
Id

Moreover, the Walsh-Paley system {¢n}n€Ng form a complete orthonormal set in L?(1¢). The convolution product
of two functions f, g € L'(I%), denoted by f * g, is defined by

(f % g)(x /f 9(x @ y)du(y).

4



For f,g € L'(I%), the Young’s inequality says that,

1 gl < I1fllg llgll, »

where 1/g =1/p+1/r—1el < p,q,r < oco. If R is a non-negative real number, the spherical Dirichlet kernel
Dpg on I is defined by
Dp = Z V.

meNg
m|<R

If f € L'(I%), we define the spherical partial sum of the Walsh-Fourier series of the function f by

Sr(f)=f*Dr="Y_ F(m)fm
meNgd
Im|<R

In [35] is defined the dyadic derivative as follows. Given a function f defined on [0, 1), let
dnf(x) = Z 2]_1(f($) - f(.Z ® 2_J_1))7 LS [Oa 1)a n e I\IO-
j=0

A function f is said to be differentiable in the dyadic sense at z € [0,1) if fIU(z) = lim, o d,, f(z) exists and is
finite. f[1! (x) is called the dyadic derivative of f at x (see [35]). Derivatives of higher order are defined inductively
form = 2,3,..., by fI™ := (fm=1[, This definition was extended to the d-dimensional case by Butzer and
Engels (see [4]). Let e, = (0,0,...,1,...,0) be the vector of R” with 1 on the gth coordinate and zero on the
other coordinates. For a function f defined on [ dandn e Nand 1 < q <dlet

n—1

dopf(x) =Y 27Nf(x) - f(xpe 2], xel
§=0
If the limit

0 .
T%f(X) = lim dnpf(x), 1<q<d,

exists and is finite at z € I%, we say that this limit is the first dyadic partial derivative, with respect to the gth
coordinate, of f in z. Partial derivatives of higher order are defined successively for € N by

or o [ o1
ang(x) = 8%< (x)), r e N.

ozt
Every Walsh function is dyadically differentiable and for m € N, kK = 0,1,2,...and z € [0, 1), we get w,[fm] =

k™. (see [35]). The d-dimensional version for r € N, k € Ng and x € I is given by

87‘
(%Ug

Y(x) = (kg) Y (x),

where k = (k1,.... kg, ..., kq), 1 < ¢ <d.

Theorem 2.1. Let f € L'(I%) and r € N such that




Then, for almost everything X € I, the dyadic partial derivative of order r of f in X there exists and is given by

87‘

T
8acq

Fx) =Y (k)" Fk)e(x).

keNd

Moreover, f,0f [0xy, ..., 8Tf/8:cg € LP(I%), for 1 < p < oo and 1 < q < d, and the above convergence occurs
in the norm of LP(1%), 1 < p < oo.

Consider two Banach spaces X and Y. The norm of X will be denoted by ||-|| or ||| y and the closed unit
ball {z € X : ||z|| < 1} by Bx. We begin by recalling well-known definitions. Let A be a compact, convex and
centrally symmetric subset of X . The Kolmogorov n-width of A in X is defined by

dn(A, X) =infsup inf |z — .
J(AX) = ipfsup inf o =yl

where X, runs over all subspaces of X of dimension n. The Gelfand n-width of A in X is defined by

d"(A, X) =inf sup |[z[y,
L™ zeAnL»

where L,, runs over all subspaces of X of co-dimension n. The Bernstein n-width of A in X is defined as

bn(A, X) = sup sup{\: A\BN X, 41 C A},

Xn+1

where X, 11 is any (n + 1)-dimensional subspace of X. The following inequality is always valid:
bn(A, X) <min{d, (A, X),d" (A, X)}. 2.2)
If T € L(X,Y), we define the n-widths of Kolmogorov, Gelfand and Bernstein of 7', respectively, by
dn(T) = dn(T(Bx),Y), d"(T) =d"(T(Bx),Y), bn(T)=0bn(T(Bx),Y).

GivenT € L(X,Y),letT" € L(Y', X') be its adjoint operator, where X’ and Y’ denote the duals of the spaces X
and Y, respectively. If T" is compact or Y is reflexive, then (see [31], p. 34)

do(T) = d(T"). (2.3)

The number of points with integer coordinates in the closed ball of radius R and centered at the origin of R,
is given by (see [5], [9], [27])

omd/2 d 4/ dr/? a1 d—3
= <[ 2= - -3,
Ny(R) (dF(d/2)>R + E4(R), where Ey(R) < < T(d/2) >R +CR
As a consequence, we have that d; =< [9~! and
27Td/2 27Td/2
N¢ < di < ———N¢ N1, 2.4
(@Y S ATy S grm NG @4

Let A = {Ak}keNg’ M € Ryand 1 < p,q < oc. If for all ¢ € LP(I?) there is a function f = Ay € L9(I9)
with formal Walsh-Fourier expansion given by

F D pk)u,

keNd



such that [[Al],, . := sup{[[Ap||, : ¢ € Up} < oo, we say that the multiplier operator A is bounded from Lr(1%)
into L9(I1%), with norm Al .- Let A : [0,00) — R be a function and for every k € N4 Jet

M= A(KD, Ny = A(K],).

We will consider multiplier operators associated with sequences of the type A = {)‘k}keNg e, = {)\fz}keNg.

Let us write ||z[l, = (307, |2 )1/2, for the euclidean norm of the element x = (z1,...,z,) € R™ and by
S"~1 the unit euclidean sphere {z € R" : |#[[(9) = 1} in R™. The Levy Mean for a norm ||-|| on R" is defined by

1/2
M) = ( | |!ﬂf\|2du($)> ,

where ;1 denotes the normalized Lebesgue measure on S~ 1.
Given My, My € N, with M < M, we will use the following notations:

Mo

Tan Mz = @ His Dy (X) = Doy (X) = Doy (x) - and - no= dim Tayy a -
I=Mi+1

Remark 2.2. Let Aj\ A1 = {mé : 1 < j < d;} where the elements mév are chosen satisfying |m§| < |m§-+1|f0r
1<j<d —1 Then{¢y : 1 < j < d;} is an orthonormal basis of H;. We consider the orthonormal basis
J

T ="Tor s, = {U) =t 1 My +1 <1< My, 1< j <y}

Mi+1 Mi+1 Mi+2 Mi+2 M M-
11 7¢1 1 ,wl 2 ’w2

dary 1 V1 s Wy VL e Yy - We denote

of T, .M, endowed with the order 1

P

!
=y, k=t+ Z dj, 1<t<dpy, M <I1<DMs,
Jj=Mi+1

and hence Y = {&}}_,. Let J : R™ — T, w1, be the coordinate isomorphism that assigns to o = (a1, g, ..., 0p) €
R"™ the function
n
J(a) = J(al, e ,Ozn) = Zakfk € TMl,Mz-
k=1
Consider a function X : [0,00) — R such that, \(t) # 0, fort > 0, and let A = {)‘k}keNg be the sequence of
multipliers defined by \x = \(|K|). Consider {)\é = )\mzj My +1 <1< My,1<j<d}endowed with the order

Mi+1 Mi+1 yMi+2 M +2 Mo \M2
A ""’)‘dMﬁl’/\l ""’/\d1v11+2""’)‘1 ""’)‘dMQ‘ We denote

l
Me= AT =AMmY), k=t+ ) dj, 1<t<dyq, My <1< M,
Jj=M1+1

and we get Ay, = {\}}}_,. Now consider the multiplier operator A, defined on Ty, nr, by
n n
An (Z Oéjfj)z Z)\jajﬁj. (25)
j=1 J=1

Also, we define the multiplier operator Kn on R"™, by

Ap(a) = Aplag, ... an) = (Mag, ..., \pap). (2.6)



Given ¢ € Ty, m, and 1 < p < oo, we define
1ella, p = 1Anell, -
The application Tary v, S ¢ = ||@lla,, , is @ norm on Tag, v, For oo € R™, we define
leella, ) = (@)l a, p = [1AnT ()],
(An.p)
and we have that the application R" > o — ||a[| (5, ) is @ norm on R™. We will denote

an,p = B?\,p = {90 € TM1,M2 : H(ADHAmp < 1}? B?An,p) = B’(n/\,p) = {a eR": HaH(An,p) < 1}

If A, is the identity operator I, we will write ||-|| , = |- = Il BT, = By and Bf; ,, = B{.

p Il p) (10 = B

For t,, € T, iy, we have that t, = t, * D, v, and from Young’s inequality we obtain

[tnlloe = ltn * Dan syl oo < ltnlly [1Dar 05l o -

But, Dy v, = Dy vy * Dy ,, and using again Young's inequality, we get
Mo
2 .
||DM17M2||OO < HDMl,M2||2 = Z dimHy = n,
s=M1+1

and therefore ||t,,|| . < n||tnlly. Thus, if I denotes the identity operator it follows that

1 (En)lloe < nlltnll;  and  [[1(En)]lo < ltnllo -
Applying the Riesz-Thorin Interpolation Theorem to the pair of inequalities above, we get

tnlloo < n'P (ltnll,, 1<p < oo; @7

and
tnlly < 027 Ity ]y, 2<q< o0 (2.8)

Lemma 2.3. ([23], p. 585) Let {r;;}72, be the sequence of Rademacher functions defined in (2.1). Then for
m=12,..;1=1,2,...,n, let

67(0) = m™ 2 (r 1y (0) + - + Tim-1(0)), 0 € [0,1).
Given a continuous function h : R™ — R satisfying
Wy, ... @y)e” Zi=1l2el 5 0,

uniformly when Y _, |zi| — 0, we have that

1
/ h(@ydy() = T [ h(@R)VET0), 67 (6)dNE),

m—ro0 0

2 . .
where dry(x) = e~ dz is the Gaussian measure on R™.

Theorem 2.4. Let n = dim Tas, v, Y ary v = {€i} 1 be the orthonormal system of Tar, m, and X : [0,00) —
R such that t — |\(t)| is @ monotonic function and consider and the multiplier operator A, on Ty, v, defined in
(2.5). If t — |A(t)| is non-increasing, then there is an absolute constant C' > 0, such that:



(i) if2 <p < o0, then

M, 1/2 Mo 1/2
n—m( > |>\(l)|2dl) §M<||-||(An,p)>gcpmn—l/?( > |>\(l—1)|2dz> :

j=Mi+1 I=M;+1

(ii) if1 < p < 2, then

1 Mo ) 1/2 Mo , 1/2
2n1/2< > b dl> SM<\|-H<Amp>>Sn1/2< > - dz) ;
I=M;+1 I=M;+1

(iii) if p = oo, then
Mo 1/2 Mo 1/2
n_1/2< > |>\(l)|2dz> < M([[-ll(a,,00)) < Clogy n)mn_m( > - 1)I2dz> ;
I=Mi+1 Mi+1
(iv) if p = 2, then
Mo 1/2 Mo 1/2
(X DORE) M, 0 < n/< S - 1>|2dl> |
I=Mi+1 I=Mi+1

Ift — |\(t)] is non-decreasing, then we obtain the estimates in (i), (ii), (iii) and (iv), exchanging \(1) for A(I — 1).

Proof. Consider ¢ — |A(t)| non-increasing. Firstly we will prove the inequality in (iv). For z = (x1,...,2,) =
M;+1 Mi+1 M. M
(27 1+ ,...,:cd]\;il,...,xl 2,...,deQQ) € R", we get
2
n n
2 2,12 2
12 05a, 2 = || D_ Aiws&s|| = D NI Ll 115113
Jj=1 2 J=1
M2 2 dl
< 3 (s, Ami) Yoy
I=M;+1 M SIS j=1
M2 dl
2
< DL ME-DPY )
I=M7+1 Jj=1
and hence
M, d
[ el mdue) < Y0 Ba-DEY [ @hPdute) (2.9)
S I=M;+1 j=175""
But
n
2
1= [l dut) =Y [ @) =n [ sau),
Sn—1 j:1 Sn—1 Sn—1
for j = 1,...,n and therefore
1
/ idu(z) == ,j=1,2,...,n. (2.10)
Sn—1 n
By (2.9) and (2.10), we get
1 &
2
Lo el du@ <5 > Ma-DEd
I=M;y+1



Thus,

1/2
M) = ([ ol aute)) <72 (

and in the same way

Therefore we get (iv).

M, 2) > nl/Z(

Given f € C(S" 1), we define its extension f on R™\{0}, by f(z) =

[ raduta) =

where dry is the Gaussian measure on R™. If f(z) =

27
L el di@) =2 [ el dr(e)

Note that if z € R", then [|z([

v < (SuP1c<n IN1) 220

f(;z)e* Py

1|95k| —

2
EL e

uniformly when »";'_, || — 0. Thus, applying Lemma 2.3 we obtain

f()

= lim
m—0o0

From (2.11) and (2.12), it follows that

/ o2,
Sn

We have that

1(67(6), - - 6,(0)

m =1,2,.... Hence, we get

M2 (Il o, )

) du(z)

Mir )

= lim n~
m—00

e~ ZZ/:I‘:Bkl — 07

2
-1/2 m m
/H 2m)"V2(5m(8),. .., 8" (H)H(Amp)d)\(e).
—1 m m 2
0! lim / 157 (6). . 82O,y ANO).
n 2
= [[An T (57(0), -, 8O3 = || D Aid7(0)¢;
j=1
p

2/p
(/ ijajm )E;(x dy(x)) .
7j=1

Now, for x € I, let ¢ (j_1)m4:(x) = m~Y2¢;(x) and X(j_l)mH =\, forj=12...,ni=1

Z A0 (6)€5(x

From (2.13)-(2.15), for 1 < p < oo it follows that

L

Z%

10

)\7“]1

)\le

0)

0).

p

2/p
dV(X)> d\(0).

2

g Ly oony

M 1/2
> wa-nfa)
I=M;+1
Ms 1/2
> k)
I=M;+1
HmHé) f(z/|lz]l(2))- It is known that
2 ~
" [ Fen),
HxH?An,p), = (21,...,2,) € S", we obtain

@2.11)

2.12)

2.13)

(2.14)

m and

(2.15)

(2.16)



Therefore, from (2.16), Jensen’s inequality and Khintchine’s inequality ([30], p. 41), we obtain for 2 < p < oo

M(H-n(Amp))=n—1/2nggnoo</ (/ leoj Py (6)
J

p

2/p 1/2
du(x)) d)\(9)>

nm 9 p/2 1/P
< ¢(p)n~1/? li_r>n (/ (Z‘cpj(x))\j‘ > du(x)) . (2.17)
m—00 1d -
7j=1
But,
>[N = D03 [ nmei R Gimei| = X2 16 )
j=1 j=1i=1 j=1
Mo dl Mz
< > M= IG@IE= Y] -1
I=M;+1 7j=1 I=M;+1
and analogously
Z‘% )\‘ A dy.
= M1+1

Therefore,

Mo nm 9 Mo

> DOPAY |e@n] < Y Ae-1Pd (2.18)

I=M+1 j=1 I=M+1
Thus, by (2.17) and (2.18) we have that

My 1/2
M(||~H(An,p>>scpl/2n1/2( > \w—l)r?dz) : 2.19)
I=My1+1

where the universal constant C' of the last inequality is obtained from the fact that ¢(p) < p

1/2, Hence, we obtain

the upper estimate in (i). For p = 1, we get from (2.16), from Jensen’s and Khintchine’s inequality and by (2.18)

ME(|l g, ) =" lim

;(/Id Zs@;
”nlinoo(/[/ Z%

2
)\ iri—1(0) dy(x)> d\(0)

2
)\ iri—1(0) d)x(H)dl/(X))

Mo 1/2 2
2”1<b<1>>2</,d< ) |w>|2dz) du<x>>

I=M;+1

m(i)( S AL

I=M;+1

).

Since the levy Means is an increasing function of p, it follows that for 1 < p < 2,

Mo 1/2
M(-lp, ) = M Aml>>n—1/2(§)( > |A<z>|2dl> .
I=Mi+1

11



Therefore, the lower estimate in (ii) is proved. Finally, we consider p = oo and ¢ = logy n, applying (2.7) and
(2.19) we get

1/2
M([[-ll e, 00)) < (/S n?/4 HAnJ<x)||§du<w)>

My 1/2
< Clql/in/qn_l/z< Z AT - 1) dz)
I=M;+1

Mo 1/2
=C<log2n>1/2n—1/2( > |A<Z—1>2> :

l=Mi1+1

and thus the upper estimate in (iii) is proved. If the function ¢ — |A(¢)| is non-decreasing, the proof is analogous.
O

3 Estimates for n-widths of general multiplier operators

Consider a norm |[|-|| on R™ and denote the Banach space (R™, ||-||) by E and its unity ball by Bg. The dual
norm of ||-|| is defined by
lz|* = sup{|{z, )| : y € Be},
where (x,y) is the usual inner product of the elements =,y € R™. The dual space (R, ||-||°) of E will be denoted
by E°.
For the operators Ay, J, A, defined at the beginning of the previous section we have that A,, o J = J o A, and
JloA,=A,0J L.

Theorem 3.1. ([28]) There exists an absolute constant C' > 0 such that, for every 0 < p < 1, there exists a
subspace Fy, C R"™, with dim Fy, = k > pn, such that
lallgy < CMAMIP)L = o)™ 2 |2ll, ¥z € F.

Theorem 3.2. Let 1 < ¢<p<2,0<p<l,n=dmTy, Ty = @IJL)H[, dr, = dim Hy, A : [0,00) — R such
that t — |\(t)| is a non-increasing function, and let A = {Ak}keNg’ M = A(|K|), A # 0 forall k € N{. Then
there is an absolute constant C > 0 such that

N —1/2
e e ) O Rl 0 DU ) B
=1

with

k — (1_1/Q)1/2a q> 17
o (logon)™'2, q=1,

where [pn — 1] denotes the integer part of the number pn — 1 and U, = {f € LP(I?) : I £Il, <1}

Proof. Consider z,5y € R" = J~!(Ty). Using the fact that .J is a isomorphism and from Holder’s inequality, it
follows that

[2055,.0) = supAI{2,0)] 3 € By} = sup{] [ st a@)sa g e B:;}

<sup |, (@)

ANI@, T € Bg}é AT @), = Nl oy, GD

12



where 1/¢ +1/¢ = 1 and A~ = {A;l}keNg. Now, given 0 < p < 1, we can apply Theorem 3.1 and get a
subspace Fy, of R” with dim Fj, = k& > pn, such that

l2lla) < CM (I Ga, )X = 2) "2 Nl (a, g @ € Fiy

and using (3.1), we have that

2]l 2y < CM (Il pz1 )X =) 2l (ar gy @ € Fre
Hence, taking € = (C)fl(l )1/2( (11l s )71 we get thateHxH(2 < ||z[l(y,, q)- for all z € Fy. Thus, if
T € By, N s € [zl[2) < lzll(p, g S 1. and We have ex € B = J~ L(By), Wthh 1mp11es T Ee€ 13?) and
therefore

Using Theorem 2.4, we get

—1/2 = -2 2 (Q’)l/Q ¢ <o
M(|lllaz1,qy) < Can Z A d (logyn)'/2, ¢ = .

=1

Butl/qg+1/¢' =1and 1 < g < 2, and therefore

—1/2
1/2, 1/2 Y —2 / (1- 1/61)1/2’ I<qg<2,
e > Cy(1—p)' 202 (Y MO 2 d, 1o (3.3)
=1

(loggn)™"/%, ¢=1.
Considering that AUy C AU, it follows from basic properties of n-widths and (2.2) that
min{diy,, 1 (AUp, L), d¥" (AU, L)} 2 b1 (AUp, L) 2 b1y (AU2, L?).

Since, dim Fj, = k > pn > [pn — 1] + 1, then, by the definition of Bernstein n-width, by (3.1) and (3.2), it follows
that

b[pn—l] (AUy, L) > by_1 (AU, LY) > sup {f>0: ﬁ(Bn N L) C AyBy}
L CLINTN
dim L=k

= sup {8>0: J_I(B(B;‘ N L) CJ'A,By}
J~N(Ly)CR™
dim Ly=k

= sup {>0:4A, 15( ﬁLk) C By}
LkCR"
dim L=k

= sup {f>0:5(B] ﬂLk)CBZ)}
LkCRn
dim L=k

> sup{8 > 0: B(B(y, o NFk) C By} > €.
Consequently, using (3.3) we conclude the proof of the theorem. O

Corollary 3.3. In the conditions of Theorem 3.2, we have that

N —1/2
dipn—1) (AU, L9) > C(1 — p)'/?n}/? (Z A2 dz> K,

=1

where K,, is given in Theorem [.1.
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Proof. The proof follows by Theorem 3.2, by (2.3) and using basic properties of n-widths. O

Theorem 3.4. Let A : [0,00) — R such that t — |\(t)| is non-increasing function and let A = {)‘k}keNg’
M = M[K|). Suppose that 1 < p < 2 < q < oo and that the multiplier operator A is bounded from L*(I?) to
L2(19) and let. Let {Ny}2, and {my} . be sequences of natural numbers such that M € N, Ny < Nj1,
No =0 and EkMzo my < B, for 8 € N. Then there exists an absolute constant C' > 0, such that

M 0o
dﬁ(AUp,Lq)SC(ZP\(Nk)lkaJr ) M(Nk)w}v/ﬁ]viﬁ),

k=1 k=M+1

where Y

P

o — ONe N | a2, 2 < g < oo,
iy = —— L
g (mk?)l/Z (log2 eNk,NkJrl)l/Qv q = 00,
and
Ng41
ONeNeyy = Y dimH,, k> 1
S:Nk+1

Proof. Let M1, My € N with My < Ma, To ar, = Tas, = @)% Hy and for My > 1, et Tag, v, = D24, 41 Moo

n = dim Tan = Yplan 11 dhs By o= Up N Tarvizs By == J7H(Bp), Ao = 0, and fix 0 < p < 1. By

Theorem 3.1, there exists a subspace Fj, of R", with dim Fy, = k > pn, such that, for all z € Fj,
Il < CLM () (1 = p) "2 2,
For m = n — k, we have that (1 — p)~'/2 < (n/m)"/? and hence
n\ /2
lelloy < M) (2) el

Applying Theorem 2.4 for A,, = Id, we get

1/2 2 < <
qa’, AN
: <
M| ) < { log, m)1/2, g — o0,
and consequently
1/2 1/2
n o q“, 2 <q < o0,
< — .. 34
@]9y < C3<m> 1%l ) { (logy n)2, ¢ = oo, T € L (3.4)

Therefore by (2.3) and (3.4),

dm(B;lv LN TM1,M2) = dm( ?2)7 (Rn7 HH(q))) = dm(( zzq))o’ (an ||H(2)))

< sup 7l
:ce(BgD)oka
1/2 1/2 9 <
<oy L) g4, 2RI (3.5)
m (logyn)'/?, g = cc.
Denote By *™**' = U, N T, wy,, and for f € AU, C L*(I?) let Sx(f) be the N-th Walsh-Fourier spherical

sum of f, that is,

Sn(f) =Y Flk)t.
keNd
k<N

14



For k > 1,let ¢y, Ny (f) = Snios (F) — Sn, (f) and ¢, v, (f) = S, (f). Since Sy, (f) — f in L?(I%) when
s — 00, we obtain

Z ¢Nk,Nk+1 (f) = f - SNs(f) and sll)rgo Z quk,Nlﬁ»l (f) = 0
k=s k=s 2
Then, if f = Ap € AU, C L*(I%), we have f = >_3% ) dn,,Nesy © Alg), and hence
AU, C @(¢Nk7Nk+1 ° A>UP' (3.6)
k=0
Since ¢, N, © AMUp) = Ao dn, N, (Up), by (3.6)
AU, € (A 0 ¢, N1 )Up- (3.7)

k=0

Now, using the fact that ¢ — |A(¢)| is a non-increasing function, for ¢ € U, we get

N1 1/2
H(Aowk,zvmwugs( IS |¢<j>|2)

I=Np+1 jEAl\Al_l
Nit1 , 1/2
g|A<Nk>|< SO 1806 )
I=Np+1jeANAI
= ANV @8 Mg 2 - (3.8)

Applying Young’s inequality it follows that

HngkyNkJrlSOHQ - “DNk’Nk+1 * 30“2 = HSOHp HDN/C7N7€+1H1/(3/2—1/])) )

and also we get

LIV D SEND DI AT L7

keANIH-l\ANk jEANk+1\ANk
N,

= Z dim’HS = eNk7Nk+17
S=Nk+1
therefore for p = 1, we obtain
1/2
HQSNkakJrl(’DHQ < O8N N el

For p = 2 we have ¢ € Uy C L%(I?%) and hence

fovsnsla=( 5 10607 (Z|¢<j>|2)1/2=||¢|2.

1/2
<

Applying the Riesz-Thorin Interpolation Theorem to the last two inequalities, we get

1/p—1/2 1/p—1/2
H¢Nk7Nk+190H2 S HNIiNIH»l HSDHp S QNIiNIH»l’ 1 S p S 2

15



Thus, from (3.8) it follows that (A © ¢, v, )Up C [A(NR)| 037 512 By ™1 and by (3.7)

N 1 1/2 5 Ng,N,
AUp C @ ’/\(Nk) A{:NkilB kN1

Since 2 < ¢ < oo, using (2.8), we get for ¢ € Bév’“’N’““ that

_ 1/2-1/q 1/2—1/q
HSOH = H‘ZﬁNmeHSDHq = ¢Nk,Nk+1 “qukak+1(p|‘2 < HNIWNHN
N, N, 1/2—1 Ny, N,
and hence B, """ C HN/k Nk/le B2k Therefore by (3.9),
1/p—1/2 N, N, pL/p=1/a pNeN
AU C @9]\{:1\%41 )| B PR 4 GB ]\{kaiqlB ’ k+1

k=M+1
Now, using properties of n-widths, (3.4) and (3.10) we obtain

M
1/p—1/2 Ny, N,
d(AU, L9) < 3 NN 037 32 iy (BN L7 1 Tan,.,)
k=0

o
1 1 1, N
+ > IO do (BN L0 Ty, )
k=M+1

1 —1
<c<2u (N)| 0m, + Z N/:Nk@

k=M+1

3.9

(3.10)

O

Remark 3.5. Let us now improve the estimate obtained in the previous theorem by specifying the sequences Ny,

and my. Given N € N, we define Ny = N and
Niy1 =min{l € N: 2|A(1)| < [AMNVg)|}s
thus 2 | AN(Ny1)| < |MNINy)| and therefore | \(Ni11)| < 27% [\(N)|. For € > 0, we define

1 0
M:[OgZ(Nl’NQ)], me = [27%0n, Ny +1, k=1,2,..., M,
€

and mo = On,,N, = to,n. We have that

- - —e\k log2(9N1,N2) 1
ka <M +0n, N, Z(Q )< =t ‘9N1,N2ﬁ < COn,y N, -
k=1 k=1 €
Now let
M N M
8= My —|—ka = Zdim’l—[s —I—ka.
k=1 s=0 k=1
Then by Theorem 3.4 and denoting dg := dg(AU,, L?), we get
ds < CS " MIV) C pL/p 1/
B Z| k)l omy + Z Ni)| 0 Nig,Nig1
k=1 k=M+1
1/p
< 20 |>\ | 22 k(l—e/Q)M q1/27 2 < q < 00,
9L/2 (logy Oy Ny 1) /% g =00
Ni,Na 2 ko lVE41 ’ ’
kgl/p—1/q
+2C |>\ Z 2" aNk Ni41°
k=M+1
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Definition 3.6. Let Ny, and M be as in Remark 3.5. We say that A = {Ak}keNg € Kep, fore >0and1 <p <2,
if [Nk +1)] < |A(k)|, Nx < Ngyqforallk € Nand if forall N € N we have

1/p

0
(1—e/2) NN Wy
ZZ 1/2 =C, 71’(91\71 Ny -
N1,N2

The following result is an immediate consequence of Theorem 3.4 and Remark 3.5.

Corollary 3.7. Let A = {)‘k}keNg and O, N, ., be as in Theorem 3.4, and let € > 0, Ny, M, {mk}ﬁio and (3 be
as in Remark 3.5 and 1 < p < 2 < q < oo. Suppose that A € K, for some € > 0. Then there exists a constant
Cep > 0, such that

B 1/2 2<g< oo
d AU’Lq SCE NN 91/17 1/2 q ) >q ’
,3( p ) ,p| ( )| N1,N2 SuplSkSM(logzeNk,Nk+1)1/2> q = 00,
kgl/p—1/q
+C7p|)\ Z 2 eNk Nk+1
k=M+1

4 Proofs of the Theorems 1.1 and 1.2

Remark 4.1. Consider AV = {\} keng With M = A(|k|), where A(t) = t=7(logy t) ¢ for t > 1 and \(t) =
for0 <t <1, with,& € R, v > d/2, & > 0. We will prove that A is a bounded operator from L'(I%) to
L2(I%). Given ¢ € Uy, for eachn € N, we defined

=200+ D> Pk

=1 ke A\A;_,

We have that

Yon=>"" > M@K&),

=2 ke A\A;_;

Since |p(kK)| < |l¢ll; < 1and d; < 1971, we get for v > d/2 and m,n € N with n < m, that

- /I AV )~ AV, ) = S Y RIBP

l=n+1 kEAl\Al,1

<lel? > > A<D a-1fd

H AW, — AWy,

l=n+1 kEAl\Al_l l=n+1
<O Y (1=1)"(logy(1 — 1))~
l=n+1

<Cyy Il < oy,

l=n

and thus N

= 0.
2

lim ‘A(l)gpm — A(l)gon

m,n— 00

Hence, {NMp, 120 | is a sequence of Cauchy in L*(I%), and therefore it converges in L*(I%). We write

AW = Tim AT %—Z > Bk, (4.1)

n—oo
=2 ke A\A;_y
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where the convergence occurs in the norm of L*(I d). Therefore

2
= lim ‘A(l)apn

n—o0

lim A(l)gon

n—o0

o~

Remark 4.2. Let p € L'(I%), m € Nandy > m+d. If k € A)\A;_1, then \(|k|) < \(I—1) < (I-1)7Y <Ol
and kg <l forall1 < q < d, hence

MB(K)| Ky = A(K[) [B(K)| k" < CUY ol kg < CLT ol -

Then, since d; =< 191 e get
S INGWET < Cllell, > < ot
keA\A;_q keAN\A;_1

but —y +m +d — 1 < —1, therefore it follows that

i > B B < c’iz—ﬂm%—l < 0.

=2 kEAl\Al_l =2

Thus, applying Theorem 2.1 we obtain that the dyadic partial derivative 8m(A(1)g0) / Oxy" there exists and

om = N m
8371(1&(1)90) = Z AP (K) kg ).
g =2 ke A\A;_,

Therefore, the dyadic partial derivative "™ (A1) )/ Oxy(x) there exists for almost all x € T dand1 < q < d, if
v > m +d, that is, A(l)cp is a function that has partial derivatives until the order m, in the dyadic sense, for all
@ € LY(I9), and the above series converges in the norm of LP, 1 < p < oo.

Proof of Theorem 1.1. We will prove (1.1). Sincey > d/2, it follows from Remark 4.1 that the multiplier operator
AW is bounded from L' (I%) to L?(I%), which is a necessary condition for the application of Corollary 3.7.

Let us fix > 0 and let A1, A2 : (1,4+00) — R be defined by \;(t) = ¢t~V and A\o(t) = t 7779, Leta > 1
and b,b1,by € R such that 2\(b) = A(a), 2A1(b1) = Ai(a) and 2X\2(b2) = A2(a). The functions A, A1, Ao are
decreasing, and then b, by, by > a, by = 2'/7a, by = 2/ g and by = b(log, b/ log, a)¢/7. Since b > a, by > b
and b > by we get 21/t g < b < 21/7q. Therefore for a = Ny, we have 21/ N, < b < 21/7N,,. But, since
N < Ngg1—1 < b < Niy1p < b+ 1, it follows that

SVOHIN, <« Npyy <2V N +1, k> 1. (4.2)

Integrating the function z%~! and using that d; =< 1971, we get

N1 Npy1—1
9Nk7Nk+1 = Z s < s+ Nl?—?ll = ngJrl-
s=Ni+1 s=0
Now
N1
eNk,Nk+1 Z/ xd_ldﬂf
(Ng41+Ng)/2
Ng N, did—1)( Ny \? Ny \¢
o ) ()]
b 24 Nit1 2! Ni+1 Ni+1
> N1 (1= Csa), (4.3)
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where 0 < C, 54 < 1. Therefore

ON Ny = ng—i-lv k=>1. “4.4)
From (4.2) we get
HFOHIN < Ny <C2N, k> 1. (4.5)
Consider M = [e ! log, O, n,] as in Remark 3.5. Then M = ¢ !log, N =< ¢ !log, n and hence, by (4.4) and
4.5)
> [e.e]
Z 27 kejlv/:’Niﬁ < N—-v+/p=1/q) (log, N)_f Z 9—k(1=d(1/p=1/0)/7)  (4.6)
k=M+1 k=[Ce1log, N]

Wehavethatl <p<2<g<qg<ooandvy >d/2,andthen0 < 1/p—1/q < land1—(d/v)(1/p—1/q) >0
Therefore

SO 2 R-A/P-La) < o= (=@ p-1/)0 log N 1
1 — 2—-1=(d/m/p—1/q))

k=[Ce~1logy N]
< N-Ce =@/ /p=1/a)

and thus we obtain by (4.6) that o < N ~/+d(1/p=1/a)=Ce"(1~(d/7)(1/p=1/9) (1og, N) €. Hence, for 0 < e <
(C(1 = (d/3)(1/p— 1/9))/(d(1/p — 1/q)), it follows that

o < N77(logy N)~¢. (4.7)
From (4.4), (4.5)and M =< ¢! logy N, we get

91/10 Ce_llogQN
22 k(1—¢/2) Nk/»NkJrl < N4/p=1/2) Z 9—k(1—¢/2—d/vp) (4.8)
k=1 Ni,N k=1

Now 1 —d/vyp > 0, since v/d > 1/p, and thent = —(1 — ¢/2 —d/vp) < Oif we take 0 < €/2 < 1 — d/~p.
Therefore from (4.8), (4.4) and (4.5),

M 911\//pN 1/p—1/2
k(1—e/2) ko iVi+1 p—
§j2 [Pt < G, (4.9)
=1 N1,N2

and hence AV € K ¢,p- Thus applying Corollary 3.7 and using (4.7) we get

1/2 9 <

1/p=1/2 ) 4%, S g < o0, - -

ds(AVU,, LT) < [A(N)[ 037 { Sup; < 11089 O, e Y2, g = 00 + N7 (logy N)~¢.
SRS ksdVE4+1

By (4.4), (4.5), by the definition of M, and since n = N9, we get, for 1 < k < M that
eNk Ney < (2k/’yN)d < (2M/7N)d < Nd+dC/'ye _ (Nd)l-i-C'/’yE < nl-l—C/’ye’
and then log, O, v, ., < logy n. Now, by (4.4) and (4.5), it follows that 6, /p 1/2 < N41/p=1/2) and hence

1/2 <
dg(AVU,, L) < N-YNU/P=1/2) (1og, N)~ { PR 2SU<0 L N (log, N)E
) q - OO?

(logyn)
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But n < N%, and thus

q'/?, 2 < ¢ < oo,

4.10
(logyn)'/2, (10

dg(A(l)Up,Lq) < n—v/d+(1/p—1/2)(log2 n)—¢ {
q = 00.

Since n < N%and M = ¢! logy N, from the Remark 3.5, by (4.4) and (4.5) we get

[Ce~tlogy N
B< N4 2N N (27 < N <,
j=1

and then by (4.10) we obtain (1.1) for 1 < p < 2. If 2 < p < o0, then A(l)Up c AW, and hence (1.1) follows
for2 < p < 0.
Now we will prove (1.2). Since dj, < k%! and n < N¢ we get

N —1/2 N -1/2
(Z Ak~ dk> = (Z(k_7(10g2 kf)_f)_%d_l) > (N7 (logy N)~¢
k=1 k=1
= n 4712 (log, n) ¢,

By Corollary 3.3 for p = 1/2 we get

N2 (N —-1/2
di(n—2)/2)(ADU,, L) > Cnt/? <1 — 2) <; e 72 dk) K,

> n~ % logy n) ¢ K,,.
Then for m,n € N such that n > 4 and [(n — 3)/2] < m < [(n — 2)/2] it follows that
A (AVU,, LY) > dj,_g) /9 (AP U, L9) > m™ (logy m) ™ Ko,
concluding the proof of (1.2). O

Remark 4.3. Let A(2) = {Ak}keNg’ with A\, = A([K|), where X : [0, 00) — R is given by A(t) = e, v,r > 0.
We will prove that A® is a bounded operator from LP(I?) to LY(I%), for 1 < p,q < oco. It is sufficient to show
that A@) is bounded when p = 1 and q = co. Let ¢ € Uy and for all n € N, let

en=20)+> 3 Al

=1 ke A\A;_
Therefore
AP0, =30)+ " > Mp(k)t

=1 ke A\A;_,

Since d; < 197V and |p(K)| < |||, < 1, then for n,m € N, withn < m, and all x € 1%, we get

m m
A%, 00 - A%, < 3 el Y M< Y e
l=n+1 keAl\AZ_l l=n+1

m
<Oy e

l=n

20



Let ng € N such that e """ < Cgl_d_lfOI” alll > ng. Then, if n > ng, we get
‘A(Z)‘Pm(x) - A(2)Q0n(x)‘ <3y 172 @4.11)

and hence

that is {A(z)gon (x)}0°, is a sequence of Cauchy in R, and therefore converges in R. We write

=> > MBKek(x), xeI’ (4.12)
=0 ke A\A;_;
Therefore from (4.11),

[a®] | < su
xcld

A(2)<p(x)) <y

Remark 4.4. Let o € L'(I%) andm € N. If k€ A\ Aj_y, then \([k|) < X1 — 1) = e V" and k, < I for
all1 < q < d. Hence, we get

AP (k)| K = A([K]) [P(k)| B < e g
Consider Cy, > 0 a constant such that e~ 7=V"[m+d+1 < O for all | € N. Then, we obtain

DY ®IE < el > Y ey

=0 ke A\A;_; =0 ke A\A;—1

< Chllglly Y e =1yt
=1

< GG llly Y177 < oo
=1

Hence, applying Theorem 2.1 we obtain that the dyadic partial derivative of order m of A(Q)go there exists and

T (A) Y Y Ak i mzwk—z S AR

q = OkEAl\Al 1 = OkeAl\Al 1

Therefore, the dyadic partial derivative 8" (A )/ Oxy' (x) there exists for almost all x € I 4 and all m € N, that
is, A(Q)go is a function that has dyadic partial derivative of any order for all p € L'(I d), and the above series
converges in the norm of LP, 1 < p < oo.

Proof of Theorem 1.2. For §,n,7 > 0andn > r — 1, we get

N N
3 (e R D Y
k=1 k=1 k=1
N+1
< N / P Oram N de < NITTHIIWNADT (4.13)
1

Note that

r __ ATT r (T_]')l (T—l)(T—Q) 1 r -1
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and hence e/ (N+1)" < CQBQNT. Therefore by (4.13), for n > r — 1, we obtain

N
Zeel& < N17r+1760N”' (4.14)
k=1

Consider N € N fixed and let n = dim 7. By (2.4) it follows that

27Td/2 J 27Td/2 p i
<dF(d/2)>N =n= (dr(d/2)>N + 5N (4.15)

d/2 r/d r/d
oo (2 Y iy G
(/) (dF(d/2))N

Hence

If Ag = 2r%2/(dTl’(d/2)), then there exists a constant Cy such that

<1+ Cs >T/d:1+7“ Cy <1+7~/d—1 Cy +(r/d—n(r/d—z)< Cy >2+...)

AgN d AgN 2 AgN 3! AyN
r 03 7”0304
=14 — <1+ -
+dAdNSN_ +dAdN’
Thus, forr > 0,
1d 2ﬂ.d/2 r/d L

"< | N" 4+ CyN"™ 4.16
< (i) N EONT 10

and therefore from (4.15) and (4.16), since n < N?, if we write R = y(dT'(d/2)/(21%2))"/?, we get
—Rn"t < AN < —Rn™4 4 CynV/A S 0. 4.17)

From the fact that d; =< 19! and n < N9, if we take p=1-— n_T/d, we obtain
N —1/2
(1 - p)1/2n1/2 <Z |)\(l)|72 dl) > nfr/2d+1/2(Nd)(rfd)/Zdef'yN’“ > 677NT,
=1

and hence by Corollary 3.3 and (4.17) we get

N —-1/2
Qo) (AU, L) > (1= p) ! 2n /2 (Z O dl) "
=1
> eV, > e K, (4.18)
Butn = ¢ = N9, then (log, én) /2 = (logy N)~1/2, therefore K4, = Ky and consequently
Ay (AU, L9) 5 e RV ey,

and hence we obtain (1.3). If » > d, then [wy] = ¢ — 1 and thus by (1.3) we get (1.5).
Now consider 0 < r < d. We have that

(1 —nr/tyt =y ety OB gy mrayy T2 DU 2D gy

2142 31d3
_ d—r) _ (d—r)2d—r), _
) S C k) Iy R C ) [ el P N S
" d( M - R U s
i grd Y d
1—n dl—n*’“/d_l Cen™ "7,
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and then (wy + 1)/¢ = p"/4(1 — p=/dyr/d > gb%d — C§. Therefore

e~ Rlon+D7 o RGN ~Co)  ~ROY" (4.19)
and hence from (1.3) we get
Ay (AP, LT) > e REn+0" pg (4.20)
Let us consider now 0 < r < 1. We have that
e N’ or
Using (1.3), (4.17), (4.20) and (4.21), we can conclude that
r r r/d
d[wN+1}(A(2)Up, Lq) > 677(N+1) Kyi1 > e N Ky > e RoN Ky

> e Rn )" g (4.22)

For k € N such that [wy]| < k < [wy1], it follows by (4.21) and (4.22) that

dp(APU,, L) > dyy ((APU,, L9) > e RN+ [ s o R ey
> e Rk,
and thus we obtain (1.6). Finally, if 0 < r < d, by (4.21) we obtain e~ RITT e*R(l“)r/d, [ € N and hence we

get by (4.20) that
d[WN}(A(z)Upa L) > e_R(wNH)T/dKN > e_R(wN)T/dKNa

which demonstrates (1.4).
Now we will prove (1.7) and (1.8). Given k € N, let x;, € R such that 2\(z;) = A(Vg), that is, z; =
(N,: +In 2/7)1/T. We have that N < xp < Npi1 < a2k + 1, and thus

(N} + (In2)/NY" < Ny < (N + (In2)/4)Y7 + 1. (4.23)

Hence

In2

NEi < (N,: n “)
:

In2 In2\ -1/

< (e )

Suppose 0 < r < 1. We have that (N} + (In2)/7)'~'/" < 1, hence N
allk € N,

In2\ /" —1 n2\ "
1+r<N,§+n> G )<N,;‘+n> TR
gl 2! v

41 < Ni + O3 and consequently for

In2
NI+ DT < NI, < Nj+Cb. (4.24)

Proceeding by induction on k, for the inequality in (4.24), since N; = N, we get
In2
N"+k— < Np 1 < N" + Cok. (4.25)
Y

From (4.23), it follows that Ny, 1 < Ni(1 + ((In2)/v) N, ")Y/", then

m2 . (1-r)(n2)? _, (1-7)(1-2r)In2)3 4
Npjr < N[ 1+ —N, "+ —— " N~ N 4.
k+1 k( + ’]”"}/ k + 27‘272 k + 67‘3’)/3 k +
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and therefore Ny41— N < N,ifr. In an analogous way we can show that NI?H —N,‘j = N,f " and N,f_Hl N,?il =
N,gH"*l. Thus, we get

gy d—1 Newr d—1 d—1 d—r “1 d—r
ONy Nypi1 = Z [ S/ r N dr + (N — N7 ) <XNT"(1+ N7 ) < N7
S=Nk+l Nk

Nerr 0y d d d
- - - -
ONy Nypi1 = /N % 'dz < N{, | — N} < N
k

and then
ONg Ny < NI (4.26)

Therefore by (4.25) and (4.26) it follows that (Ox, N, /On,,n,)™/ @) < NT"NJ < 14 CokN~" for k suffi-
ciently large. Thus, since for any § > 0, there exists ks € N such that 20k > 1 4 CokN™T, if k > ks, taking
8" = 6(d — r)/r, we obtain

9Nk7

NolNist o cood'® o o> ks, 4.27)
ON, N,

Suppose 1 < p < 2, and consider ¢, p and 0 satisfying €/2 + §’ /p < 1. Then

S NS ONNeon \ 77 g1/0-1/ /p-1/
—k(1—e€/2) Nk NVk+1 k(1—e/2) ko VE41 1/p—1 2 1/p—1/2
Z 2 ‘ 91/2 Z 2" ‘ < N, N ) 0N1,N2 <C 0N1 N2
— N17N2 k=1 1,4V2
and therefore A(?) ¢ K. ;. Hence applying Corollary 3.7 we get
1/2 2 < ¢ < oo,

2 1/p—1/2 q’,
dﬁ(A( )Up7Lq) < Cep [AV)] 0Ny N, { sup; <<y (log 9Nk,Nk+1)1/2a g= oo

+Cep AN Z a7k (4.28)
k M+1

Now, from (4.26) and (4.27) we obtain

00 0 1/p—1/q
k 1/P 1/‘1 1/p 1/q — Ng, N1
> el eyl 3 o (e )
k=M-+1 k=M+1 1,4V2

< Cs |A(N)| N (/p=1/a) (9= (1-3" M+1Z —(1-6")

< Cg | (V)] N(d—r)(l/p—l/q)(2—(1—5 ))M+17

where 5// = 5/(1/17 - 1/(])’ §" < 1. Since 35, M = [671 10g2 0N1,N2]>< 671 10g2 0N1,N2 and 0N17N2 = Ndir, we
get

> 2oyt < G AQN)| N(W/p=Y/a)=Cr1=809)(d=1) < Cg AV,
k=M+1

for 0 < e < C7(1 —38")(p~ — ¢~1). Then, it follows by (4.26) and (4.28) that

1/2
dﬁ(A(2)Up7Lq) < ¢~ IN" N(d=1)(1/p=1/2) { q'/?, 2 < g < oo,

4.29)
SuplngM(logQ 9Nk7Nk+1)1/2a q = 0.
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Using (4.25) and (4.26), we obtain O, n,,, < (N" + Co(k — 1))(d_”")/r, and using that M < ¢ !log, 0N, Ny
On, Ny =< N7 Ne < n,n= ¢y = dim Ty and that 1 < k < M, we obtain that logy Ony N,y << logg n.

Therefore by (4.29)

q'/?, 2 < g < oo,

4.30
(logy )2, g = oo. 30

dg(A(Q)Up, L) < e N N(d=n(/p=1/2) {

It follows from Remark 3.5, (3.11) and (4.26), that 8 = mg + 224:1 my < n+ CoN¥7" < n+ Cion'~"/% Thus

1/2 2 < <
(2) —yN” Ar(d—r)(1/p=1/2) ) 47 > q < oo,
iy cyom—r/a) (AP U, L) < e N p { (logyn)12. q= oo, 4.31)

Let 7v = n + Chon' /4. Since 0 < r < 1, we get from (4.17) that —yN" < —Rn'/% 4+ C}; and hence
—yN" + RT;,/d < —Rn" 4 RT;;;/d +Cn

=RV =1+ (14 Crody’H)/? + C1y.

If N is large enough, we have that

(1+ Cropy/Hr/d =1+ i (r/d)(r/d —1)...(r/d—k+1) (Crodr

k!
k=1
< 14 Cuo oy Sn < 14 Cuogy
and then
—yN" + RT;;/d < Ci3. (4.32)

Consider [ € N, such that [7ny] < | < [rn4+1]. From (4.21) it follows that 1 < e*VNT/(e*V(N“)T) < e’ and
therefore using (4.31), (4.32) and that n < NV 4 we obtain

di(APU,, L) < dj (APy,, L9)

N

r 1/2 2<g< o

< e YN N(dfr)(l/pfl/Q) qa’', >4q )
(10g2 ¢N)1/2a q = 00,

1/2
< e VWAL pr(d=r)(1/p—1/2) { q / ) 2 < q < o0,

(10g2 ¢N)1/27 q = o0,

1/2
< e*R(TN+1)T/d(TN)(lfr/d)(l/p71/2) { q / ) 2< g <o,

(IOgQ TN)I/Q’ q = 00,
< e RU (1=r/d)(1/p—1/2) q'/?, 2< g <o,
(10g2 l)1/27 q = 00,

which proves (1.7) for 1 <p <2 < g < o0. If 2 < p < o0, (1.7) follows since AU, C AUs.

Now, consider r > 1. In this case we will apply Theorem 3.4. Since —y(k + 1)" + vk" < —yrk" ! fork > 1
then eA(k + 1) < e*W’“Pl“)\(k). Fix a € Nsuch thate " " < 1fork > aandlet N > a, Ny =0, N; = N,
N1 =N+k M=0,8=mg=n=¢yn. Applying Theorem 3.4 for 1 < p <2 < g < o0, we get

- 1/p—1 . 1/p—1
Qo (NPT, L) < 3 MNRON] " = SOMN + k= DO/
k=1 k=1
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But A\(N + k) < e ®*A\(N) for k > 1, and thus

(e.) o
L1 —kpl/p—1
diopy (AP0, L) < MN) Y e (00N < AN Y e o) 0
k=1 k=1
Since Oy, N,y = Zivz’“]tiﬂ dim M, = 300, dim H, = dim H g, for 1 < p < 2 < ¢ < oo it follows that

Mg

dgp (NPT, L) < AN) D e F(dim Huyse) PV < AN) D e F((V 4 k)41 p=ta
k=1

e
Il
—

o

< MN) “F(NE)EDA/p=1/a) = \(N)Nd-DA/p=1/a) Ze—kk(d—l)(l/p—l/q)

Mg

k=1

ol

< MN)N :(il D(1/p=1/q) — (=N N(d=1)(1/p—1/q)
Finally if 2 < p, ¢ < o0, since A(Q)Up c A@U,, we obtain
d¢N(A(2)Up,Lq) < dyy (AU, L) « N N@-D0/2=1/a)
concluding the proof of (1.8). O
Remark 4.5. Now consider |k|, = max;<;<q |k;| for k € N& and let

Al ={keNj: |k, <1}, H =[x keANA],
N
di =dim ¥, Ty =P H;.

1=0
We can see that di = (21 +1)¢ — (2(1 — 1) + 1)¢ < 1! and 2N? < dim T3 < 2¢N? + CN9L. Considerer
the multiplier operators AWY = {Ik|5 7 (logs |K|«)~ 5}k€Nd and A?) = = {ekEY, nd for v, > 0and § > 0.
Through minor modifications in the proofs in this paper we can show that Theorem 2 4, Theorem 3.2, Corollary
3.3, Theorem 3.4 and Corollary 3.7 also hold if we change H;, Ty, d; and Mg by H, Ty, df and ;. Theorem 1.1
also hold if we change A1) by AS}) and Theorem 1.2 hold if we change A2 by AS‘Q) and the constant R by the
constant R, = y27".
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