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Abstract

We consider a continuous kernel K on the torus Td and we study

the rate of convergence in Lq(Td), of functions of the type f = K ∗ φ,

φ ∈ Lp(Td), by its interpolating sk-splines. The rate of convergence is

obtained for functions in classes of Sobolev, of infinitely differentiable

functions and of analytic functions, and it provides optimal error es-

timates of the same order as best trigonometric approximation, in

several cases.

∗E-mail address: gaiba.juliana@gmail.com
†E-mail address: tozoni@ime.unicamp.br

1



1 Introduction

In this paper we continue our studies on convergence of sk-splines on

the torus initiated in [11]. We consider a continuous kernel K on the torus

Td and we study the rate of convergence of a function of the type f =

K ∗ φ, φ ∈ Lp(Td), in the norm of Lq(Td), by its interpolating sk-splines.

In our applications we consider functions in Sobolev classes, in classes of

infinitely differentiable functions and in classes of analytic functions. The

rate of convergence provides optimal error estimates of the same order as

best trigonometric approximation, in several cases.

Studies about convergence of sk-splines on the circle can be found in

[5, 6, 7, 10] and on the torus or on the sphere in [1, 2, 3, 4, 8].

Given n = (n1, . . . , nd) ∈ Nd and k = (k1, . . . , kd) ∈ Zd let xk =

(xk1 , . . . , xkd), xkl = πkl/nl. We denote by skn(f, ·) the unique interpo-

lating sk-spline of a function f with set of knots and interpolating points

Λn = {xk : 0 ≤ kl ≤ 2nl − 1, 1 ≤ l ≤ d}. Let Up be the closed unit ball of

Lp(Td) and let K ∗ Up = {K ∗ φ : φ ∈ Up}.
The following two theorems are the result of our applications to Sobolev

classes and to classes of infinitely differentiable functions and analytic func-

tions.

Theorem 1.1. For γ ∈ R, γ > d, let

K1(x) =
∑

l∈Zd\{0}

|l|−γeil·x, x ∈ Td,

where | · | = | · |2 or | · | = | · |∞. For n ∈ N, let n = (n, . . . , n) ∈ Nd. Then for

1 ≤ p ≤ 2 ≤ q ≤ ∞ with 1/p − 1/q ≥ 1/2, there exists a positive constant

Cp,q, independent of n ∈ N, such that

sup
f∈K1∗Up

||f − skn(f, ·)||q ≤ Cp,qn
−γ+d(1/p−1/q), (1)
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and for 1 ≤ q ≤ 2 ≤ p ≤ ∞, there exists a positive constant C, independent

of n, p and q, such that

sup
f∈K1∗Up

||f − skn(f, ·)||q ≤ Cn−γ. (2)

Given p, q ∈ R satisfying only the condition 1 ≤ p ≤ 2 ≤ q ≤ ∞, there exists

a positive constant C, independent of n, p and q such that

sup
f∈K1∗Up

||f − skn(f, ·)||2 ≤ Cn−γ+d(1/p−1/2), (3)

sup
f∈K1∗U2

||f − skn(f, ·)||q ≤ Cn−γ+d(1/2−1/q), (4)

sup
f∈K1∗Up

||f − skn(f, ·)||p′ ≤ Cn−γ+d(2/p−1). (5)

Theorem 1.2. Let r, α be two positive real numbers and let

K2(x) =
∑

l∈Zd\{0}

e−α|l|
r
∞eil·x, x ∈ Td.

For n ∈ N, let n = (n, . . . , n) ∈ Nd. Then for 1 ≤ p ≤ 2 ≤ q ≤ ∞ and r ≥ 1,

with 1/p − 1/q ≥ 1/2, there exists a positive constant Cp,q, independent of

n ∈ N, such that

sup
f∈K2∗Up

||f − skn(f, ·)||q ≤ Cp,qe
−αnr

n(d−1)(1/p−1/q), (6)

and for 1 ≤ q ≤ 2 ≤ p ≤ ∞ and r > 0, there exists a positive constant C,

independent of n, p and q, such that

sup
f∈K2∗Up

||f − skn(f, ·)||q ≤ Ce−αn
r

. (7)

Given p, q ∈ R satisfying only the condition 1 ≤ p ≤ 2 ≤ q ≤ ∞ and r ≥ 1,

there exists a positive constant C, independent of n, p and q, such that

sup
f∈K2∗Up

||f − skn(f, ·)||2 ≤ Ce−αn
r

n(d−1)(1/p−1/2), (8)
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sup
f∈K2∗U2

||f − skn(f, ·)||q ≤ Ce−αn
r

n(d−1)(1/2−1/q), (9)

sup
f∈K2∗Up

||f − skn(f, ·)||p′ ≤ Ce−αn
r

n(d−1)(2/p−1). (10)

The estimate (1) was proved in [11]. We remark that the set K1 ∗Up is a

class of Sobolev type on Td. The n-width of Kolmogorov of K ∗Up in Lq(Td)
is given by

dn(K ∗ Up, Lq) = inf
Tn

sup
f∈K∗Up

inf
g∈Tn
||f − g||q,

where Tn varies in the family of n-dimensional subspaces of Lq(Td). It follows

from [9] and [12] that

d(2n)d(K1 ∗ Up, Lq) � n−γ+d(1/p−1/2), 1 ≤ p ≤ 2 ≤ q ≤ ∞, (11)

d(2n)d(K1 ∗ Up, Lq) � n−γ, 1 ≤ q ≤ 2 ≤ p ≤ ∞. (12)

For n = (n, . . . , n) ∈ Nd, the dimension of the space SK(Λn) of in-

terpolating sk-splines on Λn is (2n)d. For the cases 1 ≤ p ≤ 2 = q and

1 ≤ q ≤ 2 ≤ p ≤ ∞, we verify that the order of convergence for a function

f ∈ K1 ∗ Up by sk-splines obtained in Theorem 1.1 coincides with the order

of convergence for f by trigonometric polynomials given in (11) and (12),

that is, the rate of convergence is optimal in the sense of n-widths. There-

fore SK(Λn) is an optimal subspace for the Kolmogorov (2n)d-width of the

Sobolev class K1 ∗ Up in Lq, in the above cases.

It was proved in [1] an almost optimal estimate, in the sense of n-widths,

for functions in anisotropic Sobolev classes on the torus, optimal up to a

logarithmic factor.

The set K2 ∗Up is a class of infinitely differentiable functions if 0 < r < 1

and a class of analytic functions if r ≥ 1. It was proved in [9] that for r ≥ 1,

d(2n+1)d(K2 ∗ Up, Lq)� e−αn
r

n(d−1)(1/p−1/q), 1 ≤ p ≤ 2 ≤ q ≤ ∞, (13)

d(2n+1)d(K2 ∗ Up, Lq)� e−αn
r

, 1 ≤ q ≤ 2 ≤ p ≤ ∞, (14)
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and for 0 < r ≤ 1,

d(2n)d(K2 ∗ Up, Lq) � e−αn
r

, 1 ≤ q ≤ 2 ≤ p ≤ ∞. (15)

We verify that for all cases studied in Theorem 1.2, the order of conver-

gence for a function f ∈ K2 ∗Up by sk-splines coincides or is better than the

order of convergence by trigonometric polynomials given in (13) and (14).

When 0 < r ≤ 1, the result in Theorem 1.2 is optimal in the sense of n-

widths, for 1 ≤ q ≤ 2 ≤ p ≤ ∞, hence SK(Λn) is an optimal subspace for

the Kolmogorov (2n)d-width of the class K2 ∗ Up, of infinitely differentiable

(0 < r < 1) or of analytic functions (r = 1), in Lq, for 1 ≤ q ≤ 2 ≤ p ≤ ∞.

We do not know similar results to those of Theorem 1.2, on approximation

by splines, for infinitely differenciable or analytic functions on the torus.

When d = 1, the estimates in Theorems 1.1 and 1.2 were studied by A. K.

Kushpel (see [3, 5, 6]).

2 Preliminaries

The definitions, remarks, lemmas and theorems, in this section, can be

found in [11].

If (an) and (bn) are sequences, we write an � bn to indicate that there is

a constant C1 > 0 such that an ≥ C1bn for all n ∈ N and we write an � bn

to indicate that there is a constant C2 > 0 such that an ≤ C2bn for all n ∈ N.

We write an � bn to indicate that an � bn and an � bn.

We identify the d−dimensional torus Td with the d−dimensional cube

[−π, π]d. We will consider Td endowed with the normalized Lebesgue measure

dν(x).

For l = (l1, . . . , ld), k = (k1, . . . , kd), j = (j1, . . . , jd) ∈ Zd and x =

(x1, . . . , xd), y = (y1, . . . , yd) ∈ Rd, we denote x · y = x1y1 + · · · + xdyd;

lk = (l1k1, . . . , ldkd); l ≡ k mod(j) if there is p ∈ Zd such that l − k = pj;
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0 = (0, 0, . . . , 0); 1 = (1, 1, . . . , 1); |x|p = (|x1|p + |x2|p + · · · + |xd|p)1/p for

1 ≤ p <∞; |x|∞ = max1≤j≤d |xj|.
We denote by Lp = Lp(Td), 1 ≤ p ≤ ∞, the vector space of all mensurable

functions f defined on Td and with values in C, satisfying

||f ||p =

(∫
Td

|f(x)|pdν(x)

)1/p

<∞, 1 ≤ p <∞,

||f ||∞ = ess sup
x∈Td

|f(x)| <∞.

We write Up = {f ∈ Lp(Td) : ||f ||p ≤ 1}.
Given f ∈ L1(Td) we define the Fourier series of the function f by∑

m∈Zd f̂(m)eim·x, where f̂(m) =
∫
Td f(x)e−im·xdν(x).

The convolution product of two functions f and g in L1(Td), denoted by

f ∗ g, is defined by f ∗ g(x) =
∫
Td f(x− y)g(y)dν(y).

Let (al)l∈Zd be a sequence of real numbers such that al = a−l for every

l ∈ Zd and
∑

l∈Zd |al| < ∞. Consider the kernel K(x) given by K(x) =∑
l∈Zd ale

il·x. Then K is a real function, continuous and even. Consider now

the convolution operator defined for f ∈ L1(Td) by Tf(x) = K∗f(x), x ∈ Td.
We have that T is a bounded linear operator from Lp(Td) to Lq(Td), for

1 ≤ p, q ≤ ∞ and for f ∈ L1(Td) we have Tf(x) =
∑

l∈Zd alf̂(l)eil·x. We

denote K ∗ Up = {K ∗ f : f ∈ Up}.
Let n = (n1, . . . , nd) ∈ Nd. For k = (k1, . . . , kd) ∈ Zd we denote xkl =

πkl/nl, 1 ≤ l ≤ d and xk = (xk1 , . . . , xkd). We also denote

Ωn = {j = (j1, . . . , jd) ∈ Zd : 0 ≤ jl ≤ 2nl − 1, 1 ≤ l ≤ d},

and Λn = {xk : k ∈ Ωn}, N = #Ωn = #Λn = 2dn1n2 · · ·nd.
The real vector space of all continuous functions f : Td → R endowed

with the norm of the uniform convergence will be denoted by C(Td). For a

fixed kernel K ∈ C(Td), a sk-spline on Λn is a function represented in the

form

skn(x) = c+
∑
k∈Ωn

ckK(x− xk),
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where the coefficients c, ck ∈ R, k ∈ Ωn, satisfy the condition
∑

k∈Ωn
ck = 0.

The points xk are the knots of the sk-spline skn(x).

Lemma 2.1. Let l ∈ Zd. Then

∑
k∈Ωn

eil·xk =

{
N, l ≡ 0 mod(2n),

0, otherwise,
and

∫
Td

eil·xdν(x) =

{
0, l 6= 0,

1, l = 0.

Definition 2.2. For K ∈ C(Td), j ∈ Zd and x ∈ Td, we define

λj(x) =
∑
k∈Ωn

eij·xkK(x− xk),

ρj(x) =
2

N
Re(λj(x)) =

2

N

∑
k∈Ωn

(cos (j · xk))K(x− xk),

σj(x) =
2

N
Im(λj(x)) =

2

N

∑
k∈Ωn

( sin (j · xk))K(x− xk).

Lemma 2.3. Let p, j ∈ Zd. Then for every x ∈ Td,

ρ2np+j(x) = ρj(x), ρ2np−j(x) = ρj(x), ρ−j(x) = ρj(x),

σ2np+j(x) = σj(x), σ2np−j(x) = −σj(x), σ−j(x) = −σj(x).

From now on we will consider a kernel K given by K(x) =
∑

l∈Zd ale
il·x,

where (al)l∈Zd is a sequence of real numbers such that
∑

l∈Zd |al| < ∞, al =

a−l for every l ∈ Zd and ρj(0) 6= 0 for all n ∈ Nd and j ∈ Ωn \ {0}.

Theorem 2.4. We have that

ρj(x) =
∑
p∈Zd

(a2np+jcos ((2np + j) · x) + a2np−jcos((2np− j) · x)),

σj(x) =
∑
p∈Zd

(a2np+j sin ((2np + j) · x)− a2np−j sin ((2np− j) · x)).
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Definition 2.5. We define s̃kn by

s̃kn(x) =
1

N
+

1

N

∑
j∈Ω∗n

ρj(x)

ρj(0)
, Ω∗n = Ωn \ {0}.

Definition 2.6. Let f be a function defined on Td and let {yj : j ∈ Ωn} ⊂ Td.
If there are constants c∗, c∗k ∈ R, such that

skn(f,yj) = c∗ +
∑
k∈Ωn

c∗kK(yj − xk) = f(yj), j ∈ Ωn,

we say that the sk-spline

skn(f,x) = c∗ +
∑
k∈Ωn

c∗kK(x− xk)

is an interpolating sk-spline of f with knots xk and interpolation points yk.

Theorem 2.7. For any function f defined on Td, there is an unique inter-

polating sk-spline of f with knots and interpolation points xk,k ∈ Ωn, that

can be written in the form

skn(f,x) =
∑
k∈Ωn

f(xk)s̃kn(x− xk).

Remark 2.8. Suppose al ≥ 0, for all l ∈ Zd and
∑

p∈Zd a2np−k ≤ Ca2n−k,

for all n = (n1, n2, . . . , nd) ∈ Nd and every k = (k1, . . . , kd) ∈ Zd, with

0 ≤ kj ≤ nj, for j = 1, 2, . . . , d, where C is a positive constant independent

of n and k. Then
∑

l∈Zd al <∞.

Lemma 2.9. Let a : [0,+∞)→ R be a decreasing and positive function and

let | · | = | · |p for some 1 ≤ p ≤ ∞. For each p ∈ Zd, let ap = a(|p|).

Suppose that there is a constant c1 > 0 such that for each n ∈ Nd,∑
p∈Zd

a2np ≤ c1a2n. (16)
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Then there is a constant c2 > 0 such that for each n ∈ Nd and k ∈ Zd with

|k| ≤ |n|, we have ∑
p∈Zd

a2np−k ≤ c2a2n−k. (17)

Theorem 2.10. Let a : [0,+∞) → R be a decreasing and positive function

and | · | = | · |p for some 1 ≤ p ≤ ∞. For each p ∈ Zd let ap = a(|p|).

Consider the kernel K given by

K(x) =
∑
l∈Zd

ale
il·x,

such that ∑
p∈Zd

a2np ≤ Ca2n,

where C is a positive constant independent of n ∈ Nd. Then there is a positive

constant C, such that for each 1 ≤ p ≤ 2 ≤ q ≤ ∞, with p−1 − q−1 ≥ 2−1

and all n ∈ Nd, we have

sup
f∈K∗Up

||f − skn(f, ·)||q ≤ C

∑
|l|≥|n|

a
qp(q−p)−1

l

p−1−q−1

.

3 Approximation by sk-Splines

In this section we will prove the Theorem 3.6, our main result. In our

applications we will use Corollary 3.7 since its hypotheses are easier to verify.

Lemma 3.1. For l ∈ Zd we have

̂̃
skn(l) =


1/N, l = 0,

0, l ≡ 0 mod (2n), l 6= 0,
2al

Nρl(0)
, l 6≡ 0 mod (2n).
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Proof: Using Theorem 2.4,

̂̃
skn(l) =

1

N

∫
Td

e−il·xdν(x) +
1

N

∑
j∈Ω∗n

1

ρj(0)

∫
Td

ρj(x)e−il·xdν(x)

=
1

N

∫
Td

e−il·xdν(x)

+
1

2N

∑
p∈Zd

∑
j∈Ω∗n

a2np+j

ρj(0)

∫
Td

(ei(2np+j−l)·x + e−i(2np+j+l)·x)dν(x)

+
1

2N

∑
p∈Zd

∑
j∈Ω∗n

a2np−j

ρj(0)

∫
Td

(ei(2np−j−l)·x + e−i(2np−j+l)·x)dν(x).(18)

Case 1: Suppose that l = 0. Then for j ∈ Ω∗n we have 2np + j 6= 0 and

2np− j 6= 0, for every p ∈ Zd. Then by Lemma 2.1∫
Td

e−i(2np−j)·xdν(x) = 0

and then by (18)

̂̃
skn(l) =

̂̃
skn(0) =

1

N

∫
Td

dν(x) =
1

N
.

Case 2: Suppose l ≡ 0 mod(2n), l 6= 0, that is, l = 2nq, q ∈ Zd, q 6= 0.

For every j ∈ Ω∗n and p ∈ Zd we have

2np + j− l = 2n(p− q) + j 6= 0, 2np− j− l = 2n(p− q)− j 6= 0,

2np + j + l = 2n(p + q) + j 6= 0, 2np− j + l = 2n(p + q)− j 6= 0

and since we also have l 6= 0, it follows from Lemma 2.1 and (18) that̂̃
skn(l) = 0.

Case 3: Suppose l 6≡ 0 mod(2n), that is, l = 2nq + k, k ∈ Ω∗n, q ∈ Zd.
Thus 0 = 2np + j− l = 2np + j− 2nq− k = 2n(p− q) + (j− k) implies

p = q and j = k; 0 = 2np+j+l = 2np+j+2nq+k = 2n(p+q)+(j+k)

implies that p = −1−q and j = 2n−k, 1 = (1, 1, . . . , 1); 0 = 2np−j−l =
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2np− j−2nq−k = 2n(p−q)− (j+k) implies p = 1+q and j = 2n−k;

and 0 = 2np− j + l = 2np− j + 2nq + k = 2n(p + q) + (k− j) implies

p = −q and j = k. Then using Lemma 2.1 and (18) we obtain that̂̃
skn(l) =

1

2N

a2nq+k

ρk(0)
+

1

2N

a2n(−1−q)+2n−k

ρ2n−k(0)
+

1

2N

a2n(1+q)−2n+k

ρ2n−k(0)
+

1

2N

a−2nq−k

ρk(0)
.

By Lemma 2.3 we have that ρ2nq−k(0) = ρk(0) = ρ2nq+k(0) = ρl(0) and

since a2nq+k = al = a−l = a−2nq−k it follows that

̂̃
skn(l) =

2al
Nρl(0)

.

Thus the lemma is proved.

Lemma 3.2. Let φ ∈ L1(Td) be such that ||φ||1 ≤ 1 and let

f(x) =

∫
Td

K(x− y)φ(y)dν(y) = K ∗ φ(x).

For every j ∈ Ωn we have

σn(f,x) = f(x)− skn(f,x) =

∫
Td

Φn(x,y)φ(y)dν(y)

where

Φn(x,y) = K(x,y)−
∑
k∈Ωn

K(xk − y)s̃kn(x− xk).

Moreover, considering the Fourier series of Φn(x,y) given by

Φn(x,y) ∼
∑

k1,k2∈Zd

Φ̂n(k1,k2)eik1·x+ik2·y

and coefficients of Fourier

Φ̂n(k1,k2) =

∫
Td

∫
Td

Φn(x,y)e−ik1·x−ik2·ydν(x)dν(y),

we have for k, j ∈ Zd,

Φ̂n(−k−j,k) = a−k

{
1, j = 0,

0, j 6= 0,

}
−a−k

̂̃
skn(−k−j)

{
N, j ≡ 0 mod (2n),

0, otherwise,

}
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where
̂̃
skn(l) is given in Lemma 3.1.

Proof: By Theorem 2.7 we have

σn(f,x) =

∫
Td

Φn(x,y)φ(y)dν(y).

Let k, j ∈ Zd. Observe that

Φ̂n(−k− j,k) =

∫
Td

∫
Td

K(x− y)ei(k+j)·x−ik·ydν(x)dν(y)

−
∫
Td

∫
Td

(∑
m∈Ωn

K(xm − y)s̃kn(x− xm)ei(k+j)·x−ik·y

)
dν(x)dν(y).

Let us verify each of the above integrals separately. We denote the first term

of the sum by I and the second by II. Then by Lemma 2.1 we have

I =

∫
Td

∫
Td

(∑
s∈Zd

ase
is·(x−y)

)
ei(k+j)·x−ik·ydν(x)dν(y)

=
∑
s∈Zd

as

(∫
Td

ei(s+k+j)·xdν(x)

)(∫
Td

ei(−s−k)·ydν(y)

)
=

∑
s∈Zd

asδs,−(k+j)δs,−k

=

{
a−k, j = 0,

0, j 6= 0,
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and

II =
∑
m∈Ωn

∑
s∈Zd

eis·xmas

(∫
Td

ei(−s−k)·ydν(y)

)(∫
Td

ei(k+j)·xs̃kn(x− xm)dν(x)

)
=

∑
m∈Ωn

∑
s∈Zd

eis·xmasδs,−k

∫
Td

ei(k+j)·xs̃kn(x− xm)dν(x)

=
∑
m∈Ωn

e−ik·xma−k

∫
Td

ei(k+j)·xs̃kn(x− xm)dν(x)

= a−k
∑
m∈Ωn

e−ik·xm

∫
Td

ei(k+j)·x

(∑
l∈Zd

̂̃
skn(l)e−il·xmeil·x

)
dν(x)

= a−k
∑
m∈Ωn

e−ik·xm
∑
l∈Zd

̂̃
skn(l)e−il·xmδl,−(k+j)

= a−k
∑
m∈Ωn

e−ik·xm
̂̃
skn(−k− j)ei(k+j)·xm

= a−k
̂̃
skn(−k− j)

∑
m∈Ωn

e−ij·xm

= a−k
̂̃
skn(−k− j)

{
N, j ≡ 0 mod (2n),

0, otherwise.

.

Thus we obtain the expression of Φ̂n(−k− j,k) as a consequence of inte-

grals I and II.

Lemma 3.3. Let Φn as in Lemma 3.2. Suppose that ak > 0 for every k ∈ Zd.
Then ∑

l,m∈Zd

|Φ̂n(l,m)| <∞.

Proof: Let us show that
∑

k, j∈Zd |Φ̂n(−k− j,k)| <∞. Note that∑
k, j∈Zd

|Φ̂n(−k− j,k)| =
∑
k∈Zd

∑
j∈Zd

|Φ̂n(−k− j,k)|

=
∑
k∈Zd

|Φ̂n(−k,k)|+
∑
k∈Zd

∑
j∈Zd\{0}

|Φ̂n(−k− j,k)|

= S1 + S2. (19)
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Applying Lemma 3.1, Lemma 3.2 and Lemma 2.3, we can estimate S2 in the

following form:

S2 =
∑
k∈Zd

∑
j∈Zd\{0}

∣∣∣∣∣a−k
{

1 , j = 0,

0 , j 6= 0,

}
− a−k

̂̃
skn(−k− j)

{
N , j ≡ 0 mod (2n),

0 , j 6≡ 0 mod (2n),

}∣∣∣∣∣
= N

∑
k∈Zd

a−k
∑

s∈Zd\{0}

̂̃
skn(−(k + 2ns))

≤
∑
s∈Zd

a2ns + 2
∑
k∈Zd

a−k
ρk(0)

∑
s∈Zd\{0}

a−(k+2ns). (20)

By Theorem 2.4, ρk(0) >
∑

p∈Zd a2np+k, then using (20) we obtain that

S2 <
∑
s∈Zd

a2ns + 2
∑
k∈Zd

ak ≤ 3
∑
s∈Zd

ak <∞.

By Lemmas 3.1 and 3.2 we can estimate S1 in the following way:

S1 =
∑
k∈Zd

∣∣∣∣a−k(1−N̂̃skn(−k)

)∣∣∣∣
=

∑
k∈Zd\{0}

a−2nk +
∑

k 6≡0 mod (2n)

a−k

∣∣∣∣1− 2a−k
ρk(0)

∣∣∣∣ .
Since 0 < 2ak/ρk(0) = 2a−k/ρk(0) < 1, we have 0 < 1−2a−k/ρk(0) < 1 and

thus S1 <
∑

k∈Zd ak < ∞. Since S1 and S2 are bounded, the result follows

by (19).

Lemma 3.4. Let Φn as in Lemma 3.2. Consider the operator T defined on

Lp(Td), 1 ≤ p ≤ ∞, by

Tφ(x) =

∫
Td

Φn(x,y)φ(y) dν(y).

Then

||T ||p,p ≤
∑
j∈Zd

||Λj||p,p,

where Λj is the multiplier operator generated by the sequence Λj = {Φ̂n(−k−
j,k)}k∈Zd.
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Proof: Applying Lemma 3.3 we have

Tφ(x) =

∫
Td

∑
k1∈Zd

∑
k2∈Zd

Φ̂n(k1,k2)eik1·x+ik2·y

φ(y) dν(y)

=

∫
Td

∑
j∈Zd

∑
k∈Zd

Φ̂n(−k + j,k)e−i(k−j)·x+ik·y

φ(y) dν(y)

=
∑
j∈Zd

eij·x

(∑
k∈Zd

Φ̂n(−k + j,k)φ̂(−k)e−ik·x

)
=

∑
j∈Zd

eij·x(Λ∗jφ)(x),

where Λ∗j = {Φ̂n(k + j,−k)}k∈Zd . Using Lemma 2.3 we have that ρj(0) =

ρ−j(0) and then by Lemma 3.1
̂̃
skn(l) =

̂̃
skn(−l), for every l ∈ Zd. In

particular
̂̃
skn(−k − j) =

̂̃
skn(k + j) for every k, j ∈ Zd. Therefore, since

ak = a−k, by Lemma 3.2 we have Φ̂n(−k− j,k) = Φ̂n(k + j,−k). Then

||Tφ||p ≤
∑
j∈Zd

||Λ∗jφ||p =
∑
j∈Zd

||Λjφ||p,

what proves the lemma.

Lemma 3.5. Let Φn be as in Lemma 3.2 and Λj as in Lemma 3.4. Then

for 1 ≤ p ≤ ∞ and n ∈ Zd, we have

sup
f∈K∗Up

||f − skn(f, ·)||p ≤
∑
s∈Zd

||Λ2ns||p,p

where Up = {ϕ ∈ Lp(Td) : ||ϕ||p ≤ 1} and K ∗ Up = {K ∗ ϕ : ϕ ∈ Up}.

Proof: Applying Lemma 3.2 we have that Φ̂n(−k − j,k) = 0 for every

j 6≡ 0 mod (2n), for all k ∈ Zd. By Lemma 3.2 and Lemma 3.4 we have

sup
f∈K∗Up

||f − skn(f, ·)||p = sup
φ∈Up

∣∣∣∣∣∣∣∣∫
Td

Φn(·,y)φ(y)dν(y)

∣∣∣∣∣∣∣∣
p

≤
∑
j∈Zd

||Λj||p,p =
∑
s∈Zd

||Λ2ns||p,p,

15



concluding the proof.

Theorem 3.6. Let | · | be a norm on Rd and let K be the kernel given by

K(x) =
∑
l∈Zd

ale
il·x,

where (al)l∈Zd is a sequence of real numbers such that al = a−l for every

l ∈ Zd and al ≥ ak > 0 if |k| ≥ |l|, k, l ∈ Zd \ {0}. Suppose that there

exists a positive constant C such that for every n ∈ Nd and all k ∈ Zd with

|k| ≤ |n|, ∑
p∈Zd

a2np−k ≤ Ca2n−k.

Then there exists a positive constant C independent of n such that for 1 ≤
q ≤ 2 ≤ p ≤ ∞,

sup
f∈K∗Up

||f − skn(f, ·)||q ≤ Can.

Proof: It follows from Remark 2.8 that the kernel K satisfies the conditions

in Lemma 2.3. Let us apply the Lemma 3.5 for p = 2 and then we have to

bound ||Λj||2,2 for j = 2ns, where Λj = {Φ̂n(−k − j,k)}k∈Zd . Let j = 0. By

Lemmas 3.1 and 3.2, since ak = a−k and s̃kn(−k) = s̃kn(k), we have that

Φ̂n(−k,k) = ak

1−


1, k = 0,

0, k ≡ 0 mod (2n),k 6= 0,
2ak
ρk(0)

, k 6≡ 0 mod (2n).


 (21)

For k = 0 we have Φ̂n(−k,k) = 0. For k ≡ 0 mod (2n), k 6= 0, let

q ∈ Zd, q 6= 0 be such that k = 2nq. Applying the hypothesis we obtain

that Φ̂n(−k,k) = a2nq ≤ Ca2n ≤ Can.

By Theorem 2.4

2ak
ρk(0)

= 1−
∑

p∈Zd\{0} (a2np+k + a2np−k)

2ak +
∑

p∈Zd\{0} (a2np+k + a2np−k)
. (22)
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Suppose now that k 6≡ 0 mod(2n). For |k| ≤ |n|, we have 2|n| ≤ |2n− k|+
|k| ≤ |2n − k| + |n| and thus |n| ≤ |2n − k|. In the same way we obtain

|n| ≤ |2n + k|. Thus by the hypothesis, (21) and (22)

Φ̂n(−k,k) =
ak
∑

p∈Zd\{0} (a2np+k + a2np−k)

2ak +
∑

p∈Zd\{0} (a2np+k + a2np−k)
(23)

≤ 1

2

∑
p∈Zd\{0}

(a2np+k + a2np−k)

≤ C

2
(a2n+k + a2n−k)

≤ Can.

For |k| > |n|, using (23) we have

Φ̂n(−k,k) ≤
ak
∑

p∈Zd\{0} (a2np+k + a2np−k)∑
p∈Zd\{0} (a2np+k + a2np−k)

= ak ≤ an.

Therefore we show that for every k ∈ Zd we have that

|Φ̂n(−k,k)| ≤ Can. (24)

Let j = 2ns, s ∈ Zd \{0}. For |k| ≤ |ns| we have 2|ns| ≤ |2ns+k|+ |ns|
and then |ns| ≤ |2ns + k|. By Lemmas 3.1 and 3.2∣∣∣Φ̂n(−k− 2ns,k)

∣∣∣ = a−kN
̂̃
skn(−2ns−k) ≤ 2a2ns+k

ak
ρk(0)

≤ 2a2ns+k ≤ 2ans

since ak/ρk(0) < 1 for every k ∈ Zd. For |k| ≥ |ns|, by Lemmas 3.1 and 3.2∣∣∣Φ̂n(−k− 2ns,k)
∣∣∣ = a−kN

̂̃
skn(−k− 2ns) = 2ak

a2ns+k

ρk(0)
≤ 2ak ≤ 2ans

because a2ns+k/ρk(0) < 1 for every k ∈ Zd. So we proved that for any

s,k ∈ Zd, s 6= 0 we have that

|Φ̂n(−k− 2ns,k)| ≤ 2ans. (25)
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Since for every bounded sequence of multipliers Λ = {λk}k∈Zd we have

||Λj||2,2 = supk∈Zd |λk|, then by hypothesis, Lemma 3.5, (24) and (25), we

have that

sup
f∈K∗U2

||f − skn(f, ·)||2 ≤
∑
s∈Zd

||Λ2ns||2,2

=
∑
s∈Zd

sup
k∈Zd

|Φ̂n(−k− 2ns,k)|

= sup
k∈Zd

|Φ̂n(−k,k)|+
∑

s∈Zd\{0}

sup
k∈Zd

|Φ̂n(−k− 2ns,k)|

≤ Can +
∑

s∈Zd\{0}

2ans. (26)

Given p ∈ Zd, there exists q ∈ Zd such that np = 2nq + k, where kj = 0

or kj = nj. Let A = {k = (k1, . . . , kd) : kj = 0 or kj = nj, 1 ≤ j ≤ d}. If

k ∈ A we have |k| ≤ |n|. Then using the hypothesis we obtain∑
p∈Zd

anp ≤
∑
k∈A

∑
q∈Zd

a2nq+k ≤ C
∑
k∈A

a2n+k.

But |2n + k| ≥ |2n| ≥ |n|, then a2n+k ≤ an and therefore∑
p∈Zd

anp ≤ C
∑
k∈A

an ≤ 2dCan.

By (26) we conclude that

sup
f∈K∗U2

||f − skn(f, ·)||2 ≤ Can + 2d+1Can = C̄an.

Then we proved the result for p = q = 2.

If 1 ≤ q ≤ 2 ≤ p ≤ ∞, using that ||f ||q ≤ ||f ||2 ≤ ||f ||p we conclude the

proof of the theorem.

The following result is a direct consequence of Theorem 3.6 and Lemma

2.9.
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Corollary 3.7. Let a : [0,+∞) → R be a decreasing and positive function

and | · | = | · |p for some 1 ≤ p ≤ ∞. For p ∈ Zd \ {0} let ap = a(|p|) and

let a0 = 0. Consider a kernel K given by

K(x) =
∑
l∈Zd

ale
il·x,

such that ∑
p∈Zd

a2np ≤ Ca2n,

where C is a positive constant that is independent of n ∈ Nd. Then there

exists a positive constant C such that for 1 ≤ q ≤ 2 ≤ p ≤ ∞ and all n ∈ Nd,

we have

sup
f∈K∗Up

||f − skn(f, ·)||q ≤ Can.

Corollary 3.8. Let K be a kernel as in Corollary 3.7 and let 1 ≤ p ≤ 2 ≤
q ≤ ∞. Then there exists a positive constant C, independent of n ∈ Nd, such

that

sup
f∈K∗Up

||f − skn(f, ·)||2 ≤ C

∑
|l|≥|n|

a2
l

(2−p)/2p

a2−2/p
n , (27)

sup
f∈K∗U2

||f − skn(f, ·)||q ≤ C

∑
|l|≥|n|

a2
l

(q−2)/2q

a2/q
n , (28)

sup
f∈K∗Up

||f − skn(f, ·)||p′ ≤ C

∑
|l|≥|n|

al

2/p−1

a2−2/p
n . (29)

Proof: Fix n ∈ Nd. Let Φn(x,y) be as in Lemma 3.2 and let T be the

operator of Lemma 3.4. It follows from the Corollaries 2.10 and 3.7 that

there exists a positive constant C such that

||T ||1,2 ≤ C

∑
|l|≥|n|

a2
l

1/2

= M0,
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||T ||2,2 ≤ Can = M1,

||T ||2,∞ ≤M0.

||T ||1,∞ ≤ C
∑
|l|≥|n|

al = M2.

As ||T ||1,2 ≤ M0 and ||T ||2,2 ≤ M1, applying the Riesz-Thorin Interpola-

tion Theorem we obtain (27). Now using that ||T ||2,∞ ≤ M0 and ||T ||2,2 ≤
M1, applying the Riesz-Thorin Interpolation Theorem we obtain (28). In an

analogous way, since ||T ||1,∞ ≤M2 and ||T ||2,2 ≤M1, we obtain (29).

4 Proofs of the Theorens 1.1 and 1.2

Proof of Theorem 1.1: The proof of (1) and the verification that the

hypothesis of Corollary 3.7 is satisfied can be found in [11]. Applying the

Corollary 3.7 we obtain

sup
f∈K∗Up

||f − skn(f, ·)||q ≤ C5|n|−γ,

for 1 ≤ q ≤ 2 ≤ p ≤ ∞. For n = (n, . . . , n) we have |n|2 =
√
dn and

|n|∞ = n, therefore the estimates (1) and (2) are proved.

From (1) and (2) we have∑
|l|≥|n|

a2
l

1/2

≤ Cn−γ+d/2,
∑
|l|≥|n|

al ≤ Cn−γ+d e an = n−γ.

Then the estimates (3), (4) and (5) follow from Corollary 3.8.

Proof of Theorem 1.2: Consider r > 0 and let us fix n = (n, n, . . . , n). For

each s ∈ N let Bs = {l ∈ Zd : s−1 ≤ |l|∞ < s}. Then we have Zd =
⋃∞
s=1 Bs.

If p ∈ Bs, then −sr < −|p|r∞ ≤ −(s− 1)r. Let al = e−α|l|
r
∞ for l ∈ Zd \ {0}
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and a0 = 0. Since 2np = 2np and #Bs ≤ Csd−1, s ∈ N, we have∑
p∈Zd

a2np =
∞∑
s=2

∑
p∈Bs

a2np

≤
∞∑
s=2

∑
p∈Bs

e−α(2n)r(s−1)r

≤ C
∞∑
s=2

sd−1e−α(2n)r(s−1)r

= Ca2n

∞∑
s=2

e(d−1) ln s−α(2n)r((s−1)r−1)

≤ Ca2n

∞∑
s=2

eAs
r/4−α(2n)r((s−1)r−1), (30)

where A = 4(d − 1)/r, considering that g(x) = 4(d−1)
r

xr/4 − (d − 1) lnx ≥ 0

if x ≥ 1. Let a ∈ N such that (x− 1)r − 1 ≥ xr/2, x ≥ a. Then there exists

a constant M1 > 0 such that∑
p∈Zd

a2np ≤ Ca2n

(
M1 +

∞∑
s=a

eAs
r/4−α(2n)rsr/2

)
.

Let b ∈ N, b ≥ a, such that (A+ 1)xr/4 ≤ α4rxr/2, x ≥ b. Then there exists a

constant M2 > 0 such that∑
p∈Zd

a2np ≤ Ca2n

(
M1 +M2 +

∞∑
s=b

e−s
r/4

)
.

Now let c ∈ N, c ≥ b be such that e−x
r/4 ≤ x−2, x ≥ c. Then there exist

positive constants M3 and M4 such that∑
p∈Zd

a2np ≤ Ca2n

(
M1 +M2 +M3 +

∞∑
s=c

s−2

)
≤ Ca2n (M1 +M2 +M3 +M4) = C̄a2n.

Thus we showed that the hypotheses of Theorem 2.10 and Corollary 3.7

are satisfied.
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Now consider r ≥ 1 and 1 ≤ p ≤ 2 ≤ q ≤ ∞ such that p−1−q−1 ≥ 1/2 and

let s = (p−1−q−1)−1. Then since #Bs ≤ C1s
d−1, s ∈ N and (a−b)r ≤ ar−br

if a ≥ b > 0, we have

∑
|p|∞≥|n|∞

(ap)s ≤
∞∑

j=n+1

∑
p∈Bj

e−αs|p|
r
∞

≤
∞∑

j=n+1

C1j
d−1e−αs(j−1)r

= C1

∞∑
l=n

(l + 1)d−1e−αs|n|
r
∞e−αs(l

r−|n|r∞)

≤ C1e
−αsnr

∞∑
j=0

(j + n+ 1)d−1e−αsj
r

≤ C3n
d−1e−αsn

r
∞∑
j=1

jd−1e−αsj
r

≤ C3n
d−1e−αsn

r
∞∑
j=1

jd−1e−αsj,

because (j + 1 + n)d−1 ≤ 2d−1C2j
d−1nd−1. Let k ∈ N be such that e−αst ≤

t−2d, t ≥ k. Then

∑
|p|∞≥|n|∞

(ap)s ≤ C3n
d−1e−αsn

r

(
k−1∑
j=1

jd−1e−αsj +
∞∑
j=k

jd−1j−2d

)

≤ C3n
d−1e−αsn

r

(
K5 +

∞∑
j=k

j−2

)
= C4n

d−1e−αsn
r

.

Thus  ∞∑
|p|∞≥|n|∞

(ap)s

s−1

≤ C5e
−αnr

n(d−1)(1/p−1/q).
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By Theorem 2.10 we have that

sup
f∈K∗Up

||f − skn(f, ·)||q ≤ C6e
−αnr

n(d−1)(1/p−1/q),

for 1 ≤ p ≤ 2 ≤ q ≤ ∞ and r ≥ 1, and by Corollary 3.7 we have that

sup
f∈K∗Up

||f − skn(f, ·)||q ≤ C7e
−αnr

,

for 1 ≤ q ≤ 2 ≤ p ≤ ∞ and r > 0. This proves (6) and (7).

From (6) and (7) we have ∑
|l|∞≥|n|∞

a2
l

1/2

≤ C8e
−αnr

n(d−1)/2,
∑

|l|∞≥|n|∞

al ≤ C8e
−αnr

n(d−1) e an = e−αn
r

.

Therefore the estimates (8), (9) and (10) follow from Corollary 3.8.
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