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Abstract

We consider a continuous kernel K on the torus T and we study
the rate of convergence in L4(T?), of functions of the type f = K * ¢,
¢ € LP(T9), by its interpolating sk-splines. The rate of convergence is
obtained for functions in classes of Sobolev, of infinitely differentiable
functions and of analytic functions, and it provides optimal error es-
timates of the same order as best trigonometric approximation, in

several cases.
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1 Introduction

In this paper we continue our studies on convergence of sk-splines on
the torus initiated in [II]. We consider a continuous kernel K on the torus
T¢ and we study the rate of convergence of a function of the type f =
K x ¢, ¢ € LP(T?), in the norm of L4(T?), by its interpolating sk-splines.
In our applications we consider functions in Sobolev classes, in classes of
infinitely differentiable functions and in classes of analytic functions. The
rate of convergence provides optimal error estimates of the same order as
best trigonometric approximation, in several cases.

Studies about convergence of sk-splines on the circle can be found in
[, [, [7, [10] and on the torus or on the sphere in [1, 2l 3], 4 [§].

Given n = (ny,...,nq) € N® and k = (ky,...,ky) € Z% let x =
(Thys -y Thy), Tk, = why/ny;. We denote by sky(f,-) the unique interpo-
lating sk-spline of a function f with set of knots and interpolating points
Ap ={xx:0 <k <2n,—1,1 <1 <d}. Let U, be the closed unit ball of
LP(TY) and let K« U, ={K *¢: ¢ € Up,}.

The following two theorems are the result of our applications to Sobolev
classes and to classes of infinitely differentiable functions and analytic func-

tions.

Theorem 1.1. Forv e R, v > d, let

Ki(x)= > [I77e™, xeT,
lez4\{0}
where || =]y or|-| =] |- Forn €N, letn = (n,...,n) € N Then for
1<p<2<qg<oowithl/p—1/q>1/2, there exists a positive constant
Cp.q, tndependent of n € N, such that

sup || f = ska(f,)|lg < Cpgn 7H/PHD), (1)
feK1xUp



and for 1 < ¢ <2 < p < 0o, there exists a positive constant C, independent
of n, p and q, such that

sup | = ska(f, ), < Tn. (2)

feK1xUp

Given p, q € R satisfying only the condition 1 < p <2 < g < oo, there exists

a positive constant C, independent of n, p and q such that

sup ||f = skn(f,-)[|o < O+ A/P712) (3)
feK1xUp

sup [ f — ska(f,-)|lg < Cn 727V, (4)
fEK1xU2

sup [|f = ska(f, )|y < Cn 7R, (5)
feK1xUp

Theorem 1.2. Let r,a be two positive real numbers and let
Ky(x) = Z e~ gilx e T,
1€z4\{0}
ForneN, letn=(n,...,n) €N% Then for1 <p<2<qg<ooandr>1,

with 1/p — 1/q > 1/2, there exists a positive constant C,,, independent of
n € N, such that

Sup ||f - Skn(fy ')||q S prqe_anrn(d—l)(l/p—l/q), (6)
fEK2xUp

and for 1 < q <2 <p< oo andr > 0, there exists a positive constant C,
independent of n, p and q, such that

sup ||f = ska(f,)lly < Ce™". (7)

feKaxUp

Given p,q € R satisfying only the condition 1 <p <2<qg< oo andr > 1,

there exists a positive constant C', independent of n, p and q, such that

sup ||f — skn(f,")|]s < Ce™®" pld=D0/p=1/2), ®
feKaxUp



sup ||f = ska(f,-)[ly < Cem " nlmD020,] (9)
feKaxUsz

sup ||f — ska(f, )|y < Ce ™ nl=DE/P=D), (10)
feKaxUp

The estimate (1) was proved in [I1]. We remark that the set K; x U, is a
class of Sobolev type on T?. The n-width of Kolmogorov of K x U, in L4(T¢)
is given by

do(K % U,, L?) = inf sup inf — ,
(K Uy 1) =it supinf 17 ~ gl

where T}, varies in the family of n-dimensional subspaces of L(T%). It follows
from [9] and [12] that

d(onyi (K1 * Uy, L7) < pT /P12 < <2< g < o0, (11)

dionya (K1 * Up, L) xn™7, 1<q<2<p<oo. (12)

For n = (n,...,n) € N the dimension of the space SK(A,) of in-
terpolating sk-splines on A, is (2n)?. For the cases 1 < p < 2 = ¢ and
1 <qg <2< p<oo, we verify that the order of convergence for a function
f € Ky * U, by sk-splines obtained in Theorem coincides with the order
of convergence for f by trigonometric polynomials given in and ,
that is, the rate of convergence is optimal in the sense of n-widths. There-
fore SK(A,) is an optimal subspace for the Kolmogorov (2n)%-width of the
Sobolev class Ky * U, in L?, in the above cases.

It was proved in [I] an almost optimal estimate, in the sense of n-widths,
for functions in anisotropic Sobolev classes on the torus, optimal up to a
logarithmic factor.

The set Ky x U, is a class of infinitely differentiable functions if 0 <r < 1

and a class of analytic functions if » > 1. It was proved in [9] that for r > 1,
Ao s1ya (Ko 5 Up, L) < e plmDUp=a) g < p <2< g <00, (13)
dani1y (Ko % Uy, L) < e™®, 1< ¢ <2< p< oo, (14)
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and for 0 <r <1,

digpya(Ka % Uy, L) < e, 1< ¢<2<p<oo. (15)
We verify that for all cases studied in Theorem [1.2] the order of conver-
gence for a function f € Ky * U, by sk-splines coincides or is better than the
order of convergence by trigonometric polynomials given in and .
When 0 < r < 1, the result in Theorem 1.2 is optimal in the sense of n-
widths, for 1 < ¢ < 2 < p < oo, hence SK(A,) is an optimal subspace for
the Kolmogorov (2n)%-width of the class Kj * U, of infinitely differentiable
(0 < r < 1) or of analytic functions (r = 1), in L9, for 1 < ¢ <2 <p < 0.
We do not know similar results to those of Theorem [I.2] on approximation
by splines, for infinitely differenciable or analytic functions on the torus.
When d = 1, the estimates in Theorems [1.1] and [1.2] were studied by A. K.
Kushpel (see [3] 5] [@]).

2 Preliminaries

The definitions, remarks, lemmas and theorems, in this section, can be
found in [I1].

If (a,) and (b,,) are sequences, we write a,, > b, to indicate that there is
a constant C; > 0 such that a,, > C1b, for all n € N and we write a,, < b,
to indicate that there is a constant Cy > 0 such that a,, < Cyb,, for all n € N.
We write a,, < b,, to indicate that a,, < b, and a,, > b,,.

We identify the d—dimensional torus T¢ with the d—dimensional cube
[—m, % We will consider T endowed with the normalized Lebesgue measure
dv(x).

For 1 = (Iy,...,lg), k = (ki,...,ka),j = (j1,...,Ja) € Z¢ and x =
(21,...,24),y = (Y1,...,9a) € R% we denote x -y = z1y; + -+ + Tqya;
Ik = (lhki,...,l4ks); 1 = k mod(j) if there is p € Z? such that 1 — k = pj;



0=(0,0,...,0); 1= (1,1,...,1); x|, = (|z1]P + |w2|? + - + |24[P)/P for
1 < p <005 [x|os = maxigj<a |-
We denote by LP = LP(T?), 1 < p < oo, the vector space of all mensurable

functions f defined on T¢ and with values in C, satisfying

1/p
151l = ([ roorav) < o0 1< < o

1]l = ess sup | f(x)| < oo.
x€Td

We write U, = {f € LP(T?) : ||f]|, < 1}.
Given f € L'(T?) we define the Fourier series of the function f by

Y mez J?(m) mx where f = Jpu f(x)e"™>du(x).
The convolution product of two functlons f and g in LY(T?), denoted by
[ g, is defined by f * g(x) = [ f( (y)dv(y).

Let (a1)1cze be a sequence of real numbers such that a; = a_; for every
1 € Z% and ) a |m| < oo. Consider the kernel K(x) given by K(x) =
> 1eza €™, Then K is a real function, continuous and even. Consider now
the convolution operator defined for f € L'(T9) by T'f(x) = Kxf(x), x € T
We have that T is a bounded linear operator from LP(T¢) to L%(T¢), for
1 < p,g < ooand for f € LY (T% we have Tf(x) = 30 arf(De™. We
denote K U, ={K = f: f € U,}.

Let n = (ny,...,n4) € N For k = (ky,...,kq) € Z% we denote zy, =
mwki/ny, 1 <1 <dand xx = (2g,,...,2x,). We also denote

O ={j=01....Ja) €Z: 0<j<2m—1,1<1<d},

and Ay = {xic k€ D}, N =#Q = #Ay =2nn, 0.

The real vector space of all continuous functions f : T — R endowed
with the norm of the uniform convergence will be denoted by C(T¢). For a

fixed kernel K € C(T?), a sk-spline on A, is a function represented in the

form

skn(x) = c+ Z oK (x — xy),
KEQn
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where the coefficients ¢, ¢y € R, k € ), satisfy the condition ZkeQn cx = 0.
The points xy are the knots of the sk-spline sky(x).

Lemma 2.1. Let 1 € Z*. Then

. N, 1=0 mod(2 . 0, 1#0
Z e — { ’ mod(2n), and / e dy(x) = { 170
Td

et 0, otherwise, 1, 1=0.

Definition 2.2. For K € C(T%), j € Z* and x € T¢, we define

Aj(x) = Z eI (x — xy),

1) = S ReO(3) = 1 3 (e0s (530 K (x — ),
2 2 .
33) = 2 ImO0) = - 3 (s 340 K (x 3.

Lemma 2.3. Let p,j € Z%. Then for every x € T¢,
Ponp+(X) = pi(X),  panp-j(X) = pi(x), p—j(x) = pi(x),
Oonp+i(X) = 03(X),  Oomp-j(X) = —0j(x), 0_j(x) = —0j(x).

From now on we will consider a kernel K given by K(x) = Y, 7. me™™,

where (ay),czq is a sequence of real numbers such that >, ;4 [a] < 0o, ay =
a_y for every 1 € Z¢ and p;(0) # 0 for all n € N? and j € Q, \ {0}.

Theorem 2.4. We have that

pi(x) = Y (aznp+jcos (20p + ) - X) + aanp-jcos((2np —j) - x)),

oj(x) = Z (@onp+jsin ((20np +j) - X) — agnp—jsin ((2np — j) - x)).



Definition 2.5. We define sky by

1 pJX

_ =0 .

N 0 n n\{O}
JGQ*

sk (x) =

Definition 2.6. Let f be a function defined on T and let {y; : j € Qn} C T

If there are constants c*, c;, € R, such that

ska(f,y3) = ¢+ D qK(y; —x) = f(y;), §€ O,

keQn

we say that the sk-spline

skn(f,x) =c"+ Z K (x —xy)

keQn

1s an interpolating sk-spline of f with knots xyx and interpolation points yy.

Theorem 2.7. For any function f defined on T?, there is an unique inter-
polating sk-spline of f with knots and interpolation points xy,k € Qy, that

can be written in the form

= > f(xu)ska(x — xu).
keQn
Remark 2.8. Suppose ay > 0, for all1 € Z¢ and ZpEZd aonp—k < Caon_k,
for all n = (ny,n9,...,nq) € N and every k = (ky,...,ky) € Z%, with
0<k;j <ny, forj=1,2,...,d, where C is a positive constant independent
ofn and k. Then ), ;4 a1 < 0.

Lemma 2.9. Let a : [0,400) — R be a decreasing and positive function and
let | -] =], for some 1 < p < oco. For each p € Z¢, let ap = a(|p|).
Suppose that there is a constant ¢, > 0 such that for each n € N,

Z a?np S C1G2n. (16)

pEZd



Then there is a constant cy > 0 such that for each n € N and k € Z¢ with
k| < |n|, we have
Z Aonp—k S Colon—k- (17>

pezd

Theorem 2.10. Let a : [0,4+00) — R be a decreasing and positive function
and |- | = |-, for some 1 < p < oco. For each p € Z% let ap = a(|p|).
Consider the kernel K given by

such that
Z a2np S CaZna

peZd
where C' is a positive constant independent of n € N¢. Then there is a positive
constant C, such that for each 1 < p < 2 < q < oo, with p™' — ¢t > 27!
and all n € N¢, we have

pfl_qfl

sup |1 = shalf, My < © S aprer!

6 *U,
fekxUp 1> n]

3 Approximation by sk-Splines

In this section we will prove the Theorem [3.6] our main result. In our

applications we will use Corollary [3.7]since its hypotheses are easier to verify.

Lemma 3.1. Forle Z¢ we have

1/N, 1=0,
/S\En(l) = 2(()1’ 1=0 mod (21’1), 1 7é 0,
1

N (0)' 1# 0 mod (2n).



Proof: Using Theorem [2.4]

= 1 : 1 1 ‘
kn 1 - le-xd - . 721-xd
hal) = [t Yo [ it i)
1 )
= N e_“'xdy(x)
Lo Z Z C;znpﬂ/ i(2np+j—1)-x +67i(2np+j+l)-x)dy(x)
pezZd je J

b T e [ b 31

pezZd JEQ, pi(

Case 1: Suppose that 1 = 0. Then for j € 2} we have 2np + j # 0 and
2np — j # 0, for every p € Z%. Then by Lemma

/ e~ 1mPi)x gy (x) = 0
Td

and then by

skn(l) = skny(0) = N dl/( )= N

Case 2: Suppose 1 = O0mod(2n), 1 # 0, that is, | = 2nq, q € Z%, q # 0.
For every j € Q0 and p € Z? we have

2np+j—1l=2n(p—-q)+j#0, 2np—j—1l=2n(p—q)—j#0,

2np+j+1=2n(p+q)+j#0, 2np—j+l=2n(p+q)—j#0

%d since we also have 1 # 0, it follows from Lemma and that
skn(1) = 0.

Case 3: Suppose 1 Z 0mod(2n), that is, 1 = 2nq + k, k € QF, q € Z%
Thus 0 =2np+j—1 = 2np+j—2nq—k = 2n(p — q) + (j — k) implies
p=q and j=k;0=2np+j+l = 2np+j+2nq+k = 2n(p+q)+(j+k)
implies that p=—-1—q and j=2n—-k, 1=(1,1,...,1);0 =2np—j—1 =
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2np—j—2nq—k = 2n(p—q)—(j+k) impliesp=1+4+q and j=2n-k;
and 0 =2np—j+1 = 2np—j+2nq+k = 2n(p+q) + (k —j) implies
p=—q and j=k. Then using Lemma [2.1] and we obtain that

~ 1 aongsx . 1 Gon(—1-qy+2n-k = 1 Gonaiq—2n+k = 1 G—ong—k
ska(l) = — — —_— )
2N pk(0) 2N ponk(0) 2N pan-xk(0) 2N p(0)

By Lemma we have that pong-k(0) = pk(0) = pangik(0) = m(0) and
since Gong+k = A1 = G_] = A_2nq_k it follows that

= 2&1

skn(l) = :

v Npi(0)

Thus the lemma is proved. O

Lemma 3.2. Let ¢ € L*(T?) be such that ||p||y <1 and let
f) = | Kx=y)oly)dvly) = K+ o(x).

For every j € Q, we have

oulf %) = F(x) — sha(f.X) = / B, y)6(y)dr(y)

where
Pu(x,y) = K(x,y) = Y K(xi— y)skn(x — xi).

keQn

Moreover, considering the Fourier series of ®n(x,y) given by

o, (X, y> -~ Z i](kla k2)6ik1'x+ik2'y

k1,ko€Z4

and coefficients of Fourier

(f);(khkz):/ / O (x,y)e RV dy (x)du(y),
T JTd

we have for k,j € 74,

= 1, j=0 = N, j=0 mod (2
(Dn(_k_.bk) = a—x ) ’ —a_k Sk’n(—k—j) > J 1o ( n)7
0, j#0, 0, otherwise,
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where ;\/;n(l) is given in Lemma .

Proof: By Theorem [2.7] we have
malf) = [ Bulx )0y )in(y),
Let k,j € Z%. Observe that
Bo(k=ik) = [ [ K)o i)

/ / ( 2 K sha o~ xm>e“““""‘“"y) v (x)dv (y).

meQy

Let us verify each of the above integrals separately. We denote the first term
of the sum by I and the second by I1. Then by Lemma [2.1] we have

Lz
- B () (o)

(x— y)) ei(k+j)'x_ik'ydy(x)dy(y)

seZd
= Z asds,f(k+j)5s,—k
sezd
. ax, j=0,
Lo o
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and

1= 3 S emma ([ i) ([ e

meQ, sezd
= Z Zels'x’“asés,k/ e )X gk (x — X )dV(X)
meQ), sezd T4
= Z e_ik"‘ma_k/ ei(kﬂ)'x;lgn(x—xm)dy(x)
mEQn Td
~ o X e [ (S et e
= a_k Z efik'xm Zskn(l)eiillxm&’_(k.ﬁ)
meQ), IGZd
= a_g Z e “‘x“‘sk —k — j)e'kt)xm
Ln\eﬂ
= a,k;\lgn(—k—j) Z e xm
mEQn
= N, j=0mod (2n),
— 4 wska(—k —j) . (2n)
0, otherwise.

Thus we obtain the expression of (/Isn(—k —Jj, k) as a consequence of inte-
grals I and I1. O

Lemma 3.3. Let ¢, as in Lemma . Suppose that ay, > 0 for every k € Z2.

Then
3 [@a(l,m)| < co.

1,mezd

Proof: Let us show that >, ;. |(f>;(—k —Jj, k)| < co. Note that

ST Pk =ik = Y > [@a(-k-j.k)

k,jezd kez jezd
= > 12k K)[+ Y Y [Pu(-k—j k)
kezd kezd jez\ {0}
= S+ 5. (19)
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Applying Lemma 3.1, Lemma[3.2] and Lemma [2.3] we can estimate Sy in the

following form:

sy Y

kGZdeZd\{O} 0 ) j 7é 07
= N> ax Y ska(—(k+2ns))
kezd seZ\{0}
a_
< Z A2ns + 2 Z (;) Z a—(k+2ns)-
sezd kezd Pk s€Z4\{0}

By Theorem [2.4] p(0) > 4 Gonpik, then using (20) we obtain that
y PEZ P

Sy < Zagns+22ak§32ak<oo.

s€Z4 kezd scZ4

By Lemmas [3.1] and [3.2] we can estimate S; in the following way:

Sio= ) lax (1 —Nﬁn(—k)ﬂ

kezd
2a_
— Z A _9onk + Z a_x 1 — (01{) .
kez\ {0} k 0 mod (2n) Pk

Since 0 < 2ay/pk(0) = 2a_x/px(0) < 1, we have 0 < 1 —2a_x/pk(0) < 1 and
thus S; < Zkezd ax < 0o. Since S; and S; are bounded, the result follows

by . O

Lemma 3.4. Let ¢, as in Lemma[3.3 Consider the operator T defined on
LP(T), 1 < p < o0, by

To(x) = [ Palx,¥)0(y) )

Then
1T pp < > 1Ajllpo

jezd
where A; is the multiplier operator generated by the sequence A; = {&);(—k—
j> k)}kEZd .

14

1 i=0 = N j = 0mod (2n),
aik ) J Y o aikskn(—k —j) Y -i' mo ( n)
0 , j# Omod (2n),

1

(20)



Proof: Applying Lemma we have

rolx) = [ | X3 Falkake)e T ) o) duty)

ki1€Z4 kocZd

= / 37N Bu(—k+j ke DY | by du(y)

j€Ze kezd

- Zw(Zq» —k +j,k)o(~k )-ZkX>

jezd kezd

= > eIX(Aj9)(2),

jezd
where A} = {3(k +J, —k) bieza- Using Lemma we have that p;(0) =
p—;(0) and then by Lemma ska(1) = skn(—1), for every 1 € Z%. In

particular sk: n(—k—j) = sk (k +j) for every k,j € Z4. Therefore, since
ax = a_y, by Lemma we have <I>n(—k -j k)= <I>n(k +j,—k). Then

1Tl < DAl = D 1Ay,
jezad jezd
what proves the lemma. O
Lemma 3.5. Let ®, be as in Lemma and A;j as in Lemma [3.4 Then
for 1 <p<oo andn € Z¢, we have

sup || = ska(f,)lp < Y [ A2nsllpp

feK*U, sezd
where U, = {¢o € LP(T9) : ||p||, <1} and K« U, = {K * p : p € U, }.
Proof: Applying Lemma ﬂ we have that &D;(—k —Jj,k) = 0 for every
j# 0 mod (2n), for all k € Z?. By Lemma [3.2/ and Lemma 3.4 we have
sup 17 = ska(Flly = su || [ Sul.3)6(y)dv(y)
FERXU, ¢Up | |J 14

ZHApr ZHA?nSprv

jezd se€zZd

p

IN
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concluding the proof. O

Theorem 3.6. Let |- | be a norm on R? and let K be the kernel given by

K(x) = Z ae™™,
lezd

where (ay)ieze s a sequence of real numbers such that ay = a_y for every
1€ Z% and ay > arc > 0 if |k| > 1], k,1 € Z%\ {0}. Suppose that there
exists a positive constant C' such that for every n € N and all k € Z with
k| < nf,

Z aonp—k < Cagn_k.

pEZ4
Then there exists a positive constant C independent of n such that for 1 <
g<2<p< oo,

sup |1f = sha(f, )y < Can

feKxU),

Proof: It follows from Remark 2.8 that the kernel K satisfies the conditions
in Lemma [2.3] Let us apply the Lemma [3.5] for p = 2 and then we have to
bound ||A;||o.» for j = 2ns, where Aj = {®p(—k — j, k) eza. Let j = 0. By

—~

Lemmas and since ax = a_x and ;\l;n(—k) = sku(k), we have that

1, k=0,
da(-kk) = ac|1- 207 k =0 mod (2n) k # 0, (21)
ak
, k # 0 mod (2n).
Px(0) (2n)

For k = 0 we have (f;(—k, k) = 0. For k = 0 mod (2n), k # 0, let
q € Z%, q # 0 be such that k = 2nq. Applying the hypothesis we obtain
that &);(—k, k) = aong < Cagn < Cay,.

By Theorem

2a 1_ > pezd\ {0} (@2np+k + Q2np—k)
pk(o) 2ak'+_E:pezmﬁo}(a2np+k'+'a2np—k)

(22)
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Suppose now that k #Z 0 mod(2n). For |k| < |n|, we have 2|n| < |2n — k| +
k| < |2n — k| + |n| and thus |n| < |2n — k|. In the same way we obtain
In| < |2n + k|. Thus by the hypothesis, and

3(_k k) = ax ZpGZd\{O} (@2np+k + G2np—k) (23)
n ) 2ax + Zpezd\{O} (aan—i-k + a2np—k)

1
S 5 Z (a2np+k + af2np—k)
peZ\{0}
C
S 5 (a2n+k + a2n—k)
< Cay.

For |k| > |n|, using we have

Y a G2n + Qonp—
(I)n<—k, k) < kszZd\{O}( 2np+k 2np k) — o < ay.
ZpeZd\{o} (aan—l—k + aan—k)
Therefore we show that for every k € Z? we have that
[®n(—k k)| < Can. (24)

Let j = 2ns, s € Z4\ {0}. For |k| < |ns| we have 2|ns| < |2ns + k| + |ns|
and then |ns| < |2ns + k|. By Lemmas and [3.2]

—~

‘(f);(_k - 2I1S, k)‘ = a—k]\[;\lgn<_2rlS - k) < 2a2ns+k% < 2aZns—&-k < 2aps
Pk

since ax/pk(0) < 1 for every k € Z?. For |k| > |ns|, by Lemmas and

Aons+k
Px(0)

‘@; (—k — 2ns, k)‘ — a_ Nskn(—k — 2ns) = 2 < 2ax < 2ang

because aonsik/px(0) < 1 for every k € Z?. So we proved that for any
s,k € Z? s # 0 we have that

o~

|q)n(_k - 21’15, k)| < 2aps. (25>
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Since for every bounded sequence of multipliers A = { Ay }xeze we have

[|A]|2.2 = Supyega |Ax|, then by hypothesis, Lemma , and , we
have that

sup [[f = ska(f, )2 < D [[Asnsllo2

feEK*Usz

sezZd

3w (k205 K
ez KEL

= sup|<f>;(—k,k)|+ Z sup@;(—k—Qns,kN
kezd sez4\{0} kezd

< Cay+ Z 2aps. (26)

sezd\ {0}
Given p € Z% there exists q € Z? such that np = 2nq + k, where k; = 0
or kj = n;. Let A = {k: (k’l,...,kd) : k’j =0 or kj = ng, 1 S] < d} If
k € A we have |k| < |n|. Then using the hypothesis we obtain

Z anp S Z Z a2nq+k S CZ Q2n+k-

peZd keA qezd keA

But |2n + k| > |2n| > |n|, then asy 1k < ay, and therefore

Z anp < C’Zan < 29Cay,.

peZd keA

By we conclude that

sSup ||f - Skn(fv )||2 < CVa'n + 2d—HC(an = C_’an-
feK*Us

Then we proved the result for p = ¢ = 2.
If 1 <q<2<p<oo,using that |[f||, < ||f]l2 < ||f]l, we conclude the
proof of the theorem. n
The following result is a direct consequence of Theorem and Lemma
2.9
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Corollary 3.7. Let a : [0,400) — R be a decreasing and positive function
and || =1, for some 1 <p<oo. Forp e Z*\ {0} let ap, = a(|p|) and
let ag = 0. Consider a kernel K given by

K(x) = Z ae™™,

1ez4d
such that

Z G2np S CaQna

pEZd
where C is a positive constant that is independent of n € N%. Then there
exists a positive constant C such that for 1 < ¢ <2 <p < 0o and alln € N¢,

we have

sup || f = ska(f.)lls < Can.

feK«U),
Corollary 3.8. Let K be a kernel as in Corollary[3.7 and let 1 < p <2 <
q < 0o. Then there exists a positive constant C, independent of n € N, such
that

(2-p)/2p
sup ||f = ska(f, )< C | > af az (27)
feKxU,
[11>]n]
(¢—2)/2q
sup ||f = ska(f,)lg < C | > af azl*, (28)
feEK*Us
[1>]n]
2/p—1
sup || — ska(f, )y <C | D @ ap *". (29)
feKxUp 1> n]

Proof: Fix n € N% Let ®,(x,y) be as in Lemma (3.2 and let T" be the
operator of Lemma It follows from the Corollaries and that

there exists a positive constant C' such that
1/2

ITlhe<C{ D ai | =M,

[1=|n|
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[T]|22 < Can = My,
[ T]|2,00 < M.
1T <C > ay = M.
1]=n]

As ||T||12 < My and ||T'||2,2 < M;, applying the Riesz-Thorin Interpola-
tion Theorem we obtain (27). Now using that ||T|s,cc < Mo and ||T]|22 <
My, applying the Riesz-Thorin Interpolation Theorem we obtain . In an
analogous way, since ||T'||1.00 < My and ||T||22 < M;, we obtain ([29).

]

4 Proofs of the Theorens [1.1] and 1.2

Proof of Theorem 1.1: The proof of and the verification that the
hypothesis of Corollary is satisfied can be found in [II]. Applying the
Corollary [3.7] we obtain

sup ||f = skn(f,)llg < Cs[n|™7,
feK=U,

for 1 < ¢<2<p<oo Forn=(n,...,n) we have |n|, = v/dn and
In|o = n, therefore the estimates (1) and ([2]) are proved.
From and we have

1/2
Z a12 < C’n_7+d/2, Z a <Cn "t e q,=n"".
[11>[n] [11>[n]
Then the estimates , and follow from Corollary . m
Proof of Theorem 1.2: Consider 7 > 0 and let us fix n = (n,n,...,n). For

each s € Nlet By ={l1€ Z%: s—1 < |l|x < s}. Then we have Z* = |J2, Bs.
If p € B, then —s" < —|p|., < —(s —1)". Let a; = e % for 1 € Z¢\ {0}
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and ag = 0. Since 2np = 2np and #B, < Os?1 s € N, we have

D tmp = DD amp
pezd s=2 pEB;
< Z Z e—a(2n)’“(s—1)r
s=2 peBs
< CZ Sd—le—a(Qn)r(s—l)T
5=2
= Caoy, Z e(d—l)lns—a(Qn)r((s—l)r—l)
5=2
)
< Can, Z A"/ =a@n) (=17 -1) (30)

s=2
where A = 4(d — 1)/r, considering that g(x) = @x”/‘* —(d=1)lnz >0
if z > 1. Let a € N such that (x —1)" — 1 > 2"/2, 2 > a. Then there exists
a constant M; > 0 such that

Z a/2np S Ca2n (Ml + ZeAsT/4a(2n)7‘sr/2> '

pEZA s=a

Let b € N,b > a, such that (A +1)2"/* < a4"2"/2,x > b. Then there exists a
constant M, > 0 such that

> amp < Cany <M1 + M+ ) e—S”“> :

peZd s=b

r/4

Now let ¢ € N, ¢ > b be such that e™*""" < 272, 2 > c. Then there exist

positive constants Mz and M, such that

Z A2np S Cagn (M1 + M2 + M3 + ZS_2> S CCLQn (M1 + Mg + M3 + M4) = CGQH.

pEeZd

Thus we showed that the hypotheses of Theorem and Corollary

are satisfied.

S=C
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Now consider r > land 1 < p < 2 < ¢ < cosuch that p~*—¢~* > 1/2 and
let s = (pt—¢ 1), Then since #B, < C1s*!,s € Nand (a—b)" < a”"—b"
if a > b > 0, we have

Z (ap)® < Z Ze—wap\Qo

|Ploo> (100 j=n+1peB;

Z Cvljd—le—as(j—l)r

j=n+1
00

= Cl Z(l _I_ 1)d_1€_as‘n|goe_as(lr_lnlgo)

l=n

IN

o0

C«le—asn7' Z(] +n+ 1>d—16—o¢8j7l

=0

0o

1 —asn” A1 —vsAT

and 16 asn Z]d 16 asj
J=1

IN

IN

00

— f— r o] — J— y

< and 1e asn Zjd 16 0‘53’
J=1

because (7 + 1+ n)ét < 2471059 4= Let k € N be such that e~ <
t=24 ¢t > k. Then

k—1

Z (ap)s < C«Snd—le—asnr (Zjd—le—asj +Zjd—1j—2d>
j=k

[Ploo>In]00 j=1
00
< Cynd-leas <K5 + Zj2>
j=k
= Cynitemos
Thus
o

Z (ap)® < Cre o pld=1/p=1/q)

IPloc =[]0
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By Theorem [2.10] we have that

sup || f — skn(f, )|l < Coe™ @ pld=D0/p=1/0),
FEK*Up
for 1 <p<2<g<ooandr>1,and by Corollary [3.7 we have that

sup ||f — ska(f, )llg < Cre "
feKx*U,

for1<¢g<2<p<ooandr>Q0. Thisproves@and .
From @ and @ we have

1/2
Z a; < Cge ™ =172, Z at < Cge ™ nldVeq, =e .
[1oo>[n]oo oo >[n]oo
Therefore the estimates , @ and follow from Corollary . O
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