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Abstract

In this paper, we investigate entropy numbers of multiplier operators A = {A\g by ,q and A = {A} tkcpas
A A, LP(T%) — LY(T?) on the d-dimensional torus T, where A} = A(|k|) and Ak = A(kl) for a function A
defined on the interval [0,00), with [k| = (k? +--- + k2)"/?
lower bounds are established for entropy numbers of general multiplier operators. In the second part, we apply
these results to the specific multiplier operators A = {Ix|~7(In |k|)_£}kezd7 AN = {Ik|>7(In |k|*)_£}k€Zd’
A® = {e*”‘k‘r} and A = {eiﬂ/lkli} fory > 0,0 <7 <1and & >0. We have that A(1>Up and

kezd kezd

Ail)Up are sets of finitely differentiable functions on T¢, in particular, A(l)Up and Aﬁl)Up are Sobolev-type classes
if ¢ =0, and AU, and Af)Up are sets of infinitely differentiable (0 < r < 1) or analytic (r = 1) functions on
T¢, where U, denotes the closed unit ball of LP(T%). In particular, we prove that, the estimates for the entropy
numbers e, (AN U,, LY(T%)), en (AP U,, LYT?), en(APU,, LY(T?)) and e, (AP U,, L¢(T%)) are order sharp in

various important situations.

and |k|. = 1I£1jaé(d|k'j|. In the first part, upper and

1 Introduction

In [8], [9], [10] techniques were developed to obtain estimates for entropy numbers of multiplier operators defined for
functions on the sphere S? and on two-points homogeneous spaces. In this paper, we obtain estimates for entropy
numbers of multiplier operators A = {Ay }icza and Ay = {A }yzq defined for functions on the d-dimensional
torus T¢, where A = A(|k|) and A = A(kl+), for a function A defined on [0, 00), with [k| = (k34 + k?i)l/2 and
k|, = max [k

The entropy numbers measure a kind of degree of compactness of an operator and have many applications in
theory of functions and spectral theory ([4] and [14]), signals and image processing ([2] and [3]), probability theory
([2]), among others.

In the first part of this paper we give an unified treatment for entropy numbers of sets of functions determined by
multiplier operators. Upper and lower bounds are established for entropy numbers of general multiplier operators.
Among the tools used in the proofs of these results, the main is a theorem proved in [7], which provides estimates
for Levy Means of norms defined on R™. In the second part, we apply these results in the study of estimates
for entropy numbers of sets of finitely and infinitely differentiable functions on T¢. We show, in particular, that
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in various important situations the estimates are order sharp. An important tool used in the second part is the
estimate for the number of points with integer coordinates, contained in a closed ball centered at the origin of R¢,
for a given norm on R?.

Consider two Banach spaces X and Y. The norm of X will be denoted by || - || or || - || x and the closed unit ball
{z € X :||z|]| <1} by Bx. Let K be a compact subset of X and let ¢ > 0. A finite subset S = {x1,z2,...,2y} of
X is called an e-net for K in X, if for each x € K, there is at least one point 3 € S such that ||z, — z|| <€, that
is, K C U",(z) + €Bx). The set S = {x1,x2,...,2m} is called an e-distinguishable subset of K in X, if S C K
and ||z; — x| > eforall 1 <i,5 <m, i # j. If every e-distinguishable subset of K has at most m elements, we say
that S is a maximal e-distinguishable subset of K in X. A maximal e-distinguishable subset of K in X is a e-net
for K in X.

Let K be a compact subset of X. The nth entropy number of K in X, denoted by e, (K, X), is defined as the
infimum of all positive € such that there exist z1, ..., xon—1 in X satisfying

2n—1

K C J (xx + €Bx).
k=1

If T € £L(X,Y) is a compact operator, the nth entropy number e, (T) is defined as
en(T) = e, (T(Bx),Y).

Assume that Y is isometric to a subspace of a Banach space Y; and denote by i : Y — Y7 the isometric embedding.
Then for any T € L(X,Y) (see [13])

27er(T) < ep(ioT) < ex(T), k €N. (1.1)
If X and Y are Banach spaces and T, S € £(X,Y), then
ert1-1(T+S) < ex(T)+e(S), kleN. (1.2)

The d-dimensional torus T?, is defined as the cartesian product of d-times the quotient group R/27Z, namely,
T? = R/27Z x - -- x R/27Z. We can identify T¢ with the d-dimensional cube [—, 7]? and also with the cartesian
product S' x --- x S!, where S! denotes the unitary circle {¢* : t € [~m,7]}. We consider T¢ endowed with
the normalized Lebesgue measure dv(x) = (1/(2m)?) dzydas - - - dzg, where (1/27)dt is the normalized Lebesgue
measure on S'. For x,y € R? we denote by x - y the usual inner product z1y; + oys + - - - + Taqyq.

We denote by LP = LP(T?), 1 < p < oo, the vector space consisting of all measurable functions ¢ defined on T¢
and with values in C, satisfying

1/p
lele = Nellzres = ( [ tetor du<x>) < oo, 12p<oo,
T
[elloo = ll@llzoe(ray = ess sup |p(x)| < oo.
XeTd

We write U, = Brr = {p € LP : |||, < 1}.
For k = (ky, ks, ..., kq) € Z% and I, N € N, we will denote

N
A ={kezl |k <}, H = [eik'x ke Al\Alfl] , di=dimH, , Txn=EPH,
=0

and

N
Ar={kezl: [k, <}, H = [eik'x ke A;‘\A;:l} . di =dim¥H; . TR =PH,
=0



where A_; = A* | = and [f; : j € I'| denotes the vector space generated by the functions f;, with j € I.
As a consequence of the estimates for the number of points with integer coordinates contained in a closed
Euclidean ball centered at the origin of R? (see [5], [6] and [11]) we have that

27Td/2 2 d/2 d/2 d/2

141 -2 < g < d—1 d—2 N < di <
dr(d)2) QI sd s gyl TG and gramps N < dimy < gres,

N+ C3NL (1.3)
It is easy to see that
df =@2l+1)?— (20— 1% and 2¢N? <dim Ty < 2¢N? + CyNI-L,

In particular d; < df < 197! and dim Ty = dim 73 =< N%. Aplying the above inequalities we get

1 1 2d/2
RS S M - (1.4)
dim Ty = FN¢ F2Nd+1 dr(d/2)

and
1

dim 'T* -
Let A = {Ap ezar A € C, and 1 < p,q < co. If for any o € LP(T?) there is a function f = Ap € LY(T) with
formal Fourier expansion given by
> Ak Flgerk,

k ez

dN d CGN_d+1.

such that [|A[l,, = sup{||A¢]|lq : ¢ € Up} < 00, we say that the multiplier operator A is bounded from L? into LY,
with norm ||Alp 4.

In this paper, we consider multipliers operators A = {Ay iz and Ax = {A] Jgcza, where A = A([k[) and
Ak = A([kl.) for a complex function A defined on the interval [0, 00). Let

AD — (1) 2) k|~ @2 _ [ _—v K"

W = {[k[77(In [k]) E}kezda o= { k77 (In k) 5}keZd LA {e i }keZd and A = {e i }kEZd ’

where v, 7 > 0, £ > 0. We prove, in particular, that for 2 <p < oo, 1 <g<o00,é>0and 0 <r <1,

ex(AVU,, L9 < ep(AVU,, L9) < k/4nk)™¢, 5> d/2

and
er(APU,, L) = eiCkT/(UHT)7 ek(Ag)Up,Lq) = efc*kr/(d“), v >0,
where /(@+r) /(@+r)
0 = ~d/(dD) (d+ r)dl'(d/2)(In 2) and C, — /() (d+7)(In2)
2rmd/2 24y ’

A(l)Up and Ail)Up are classes of finitely differentiable functions on T¢. In particular, if £ = 0, are classes of Sobolev
type. The sets A(Q)Up and Ag)Up are classes of infinitely differentiable functions if 0 < r < 1 or analytic functions
if r =1.

In general, when we work with harmonic analysis on the torus, it is indifferent to use square or spherical partial
sums. However, we verified that the technique used here is sensitive to the type of sum that we used to work with
sets of infinitely differentiable or analytic functions on the torus.

Let A be a convex, compact, centrally symmetric subset of X. The Kolmogorov n-width of A in X is defined
by

dn(4, X) = inf sup nf |If = gll,

where X, runs over all subspaces of X of dimension n. It was proved in [7] that, for 2 < p,q < o0, £ > 0 and
0<r<i,
dy(AVU,, L) = d (AVU,, L9 < n= 7/ (lnn)~¢, v > d/2,



and
d, (NPT, L9 = e ®"" 4, (APU,, L) = e Ry 50,

where R = v (dl“(d/2)/2ﬂ'd/2)r/d and R, = 727". We remark that on the circle S* = T, unlike the Kolmogorov

n-widths, the entropy numbers of the Sobolev (or Sobolev type) classes W = W) (T'), have essentially the same

asymptotic behavior for all 1 < p,q < co. This fact was discovered in [1] and we have that
dn (W), L) > e, (W), L9)

as n — oo. We show that for T and the multiplier operators A®) and Ag), the n-widths and the entropy numbers
are essentially different. We can verify that for 2 < p,q < oo, v > d/2 and £ > 0,

dn(AVU,, L) > €, (AVU,, L) = n™/(Inn) ¢,
but for 2 <p,g<oco,y>0and 0 <r <1,
do(APU,, L) < e,(AP U, LY).

In this article there are several universal constants which enter into the estimates. These positive constants are
mostly denoted by the letters C, C1, C5 . ... We did not carefully distinguish between the different constants, neither
did we try to get good estimates for them. The same letter will be used to denote different universal constants in
different parts of the paper. For ease of notation we will write a,, > b,, for two sequences if a,, > Cb,, for n € N,
an < by, if a,, < Cb,, for n € N, and a,, < b, if a,, < b,, and a,, > b,,.

2 Estimates for Levy Means

The results in this section were proved in [7].
Let us denote by |||z]|| the euclidean norm (3)_; |zx|?) Y2 of the element z = (x1,x2,...,2,) € R™ and by
S~ the unit euclidean sphere {x € R™ : |||z||| = 1} in R". The Levy mean for a norm | - || on R" is defined by

win = ([ el ae)

where 4 denotes the normalized Lebesgue measure on S™ 1.
Given M7, My € N, with M; < M, we will use the following notations

M,
TMl,Mz = @ 7‘[17 DM1,1V12 (X) = .DM2 (X) - DM1 (X) and n = dim TJV[1,M2~
I=M;+1

Let {£,}7_, be a basis of Tas, u,, orthonormal in L?(T%) and let J : R™ — Ty, a1, be the coordinate isomorphism

that assigns to a = (ay,as,...,a,) € R” the function

J(@) = > awbe € Tasy s,
k=1
Let B; be a subset of A; \ A;_1 with exactly d;/2 elements and such that, if k € Bj, then —k ¢ B;. Take
B, = {mé : 1 < j < d;/2} where the elements are chosen satisfying |m§\ < |m§-+1| for 1 < 5 < d;/2. For each
1 < j <d;/2 we define §§j71(x) = ﬁcos(mé - x) and féj(x) = V2 sen(m! - x). Thus {fé} is a ordered and
orthonormal basis of H;, constituted only by real functions. We consider the orthonormal basis

O = (&), = {€ M +1<1< My, 1<j<d}



§M1+1 Mo £M2
o8y a8 e Sy,

Consider a function A : [0,00) — R and let A = {Ay }1 54 be the sequence of multipliers defined by A} = A(|k|).
For My +1 <1< Myel<j<dy/2, wedefine \y; | =\, = Ami = A(Jml|) and consider the numerical sequence

of Tar, .M, endowed with the order 5{\41“

Av={Ntioy = N My +1<1< My, 1< <dy}

Mi+1 Mqi+1
AV AN

An (Z%ﬁk) = arés. (2.5)
k=1 k=1

We denote also by A, te multiplier operator on R™, defined by

endowed with the order
by

. /\fb, ceey Ag@ . Let A,, be the multiplier operator defined on Ty, s,

Ap(ag,. ..., an) = (Xlal, cey ApQiy).
We suppose that A(|k|) # 0 for My < |[k| < Ma, k € Z2. Given ¢ € Tar, m, € 1 < p < 00, we define
1€llanp = 1AnE]lp-
The application Tas, a, 3 & — ||€]|A,,p 1S & norm on Tz, a, -For a € R™, we define
e = AT (Q)lla, .

and we have that the application R” 5 a +— |||(a,, p) is @ norm on R™. We will denote

BXn,p = BX,p = {5 € TN[17M2 : ”5”/\71,;0 < 1}7
Bl Biap = {e€R:allg, » < 1}
If A,y is the identity operator I, we will write || [[r, = |- llp, |- ll(rp) = Il lw), Bf, = By and By, = B,.

Now, let ¢ € Tar, m,, ¢ real. We have that

M, My  di/2

Y = Z Z @(k)eik‘x = Z Z(aéjflgéjfl(x)+al2j§éj(x)) = Zakfk(x>v
k=1

l=M;+1 kEAl\Alfl I=M1+1 j=1
where af; | = ($(m}) + §(—ml)) /v/2 and oy = (—=p(m}) + H(—m})) /v/2i. Hence
Mo K no_
Ap(x) = D Y APH)EET = Y Narbi(x) = Anp(x).
I=My;+1 kGAL\Alfl k=1

Thus, since B = U, N Tary M, then
ApnBy = AB} C AU). (2.6)

Theorem 2.1. ([7], p. 51) Let A : [0,00) — R such that t — |A(t)| is a monotonic function, let n = dim Tz,
and consider the orthonormal system {&,}7_ of Tar, v, and the multiplier operator Ay, on Tar, v, defined in (2.5).
If t — |\(t)| is decreasing, then there is an absolute constant C > 0 such that:

(i) If 2 < p < o0, then

M, 1/2 M, 1/2
n_1/2< > IA(l)Ide> < M- lanp) < Cpl/gn_l/g( > /\(l—1)|2d1> ;

I=My;+1 I=My;+1



(i1) If p = oo, then

M 1/2 M 1/2
2 2
n1/2< > I/\(l)2d1> < M([[- llan,00) < C(In n)1/2n1/2< > I/\(ll)l2dz> ;

I=M,+1 I=M,+1

(1ii) If 1 < p <2, then

1 M, 1/2 Mo V2
271-1/2( Z |/\(l)|2d1> < M(|- llanp) < n_1/2< Z |)\(l—1)|2dl> ;
I=M;+1 I=Mi+1
(i) If p=2, then
. 1o » 1/2
n/< > I/\(l)|2d1> < M- lan2) < 0721 Y0 A -DPd,
I=M;+1 I=Mi41

If t — |A(t)| is increasing, then we obtain the estimates in (i), (ii), (iii) e (iv), permuting A(1) for Ml —1).

3 Estimates for entropy numbers of general multiplier operators

The polar set of a compact subset K of R™ is defined by

K° = {x € R™: sup [{z,y)| < 1}
yeK

and the norm || - || ko is defined by
[zlle = sup {[{z, )| :y € K}, x € R".
Theorem 3.1. (Urysohn Inequality, [13]). Let K be a compact subset of R™. We have that
Vo, () \ " .
(VI(B())) < [ el duto)

where Vol, (A) denotes the volume of a measurable subset A of R™.

Proposition 3.1. ([13]) Let V be a convex, centrally symmetric, limited and absorbent subset. Then there is a
constant C' > 0 such that for all n € N,

1/n
Vol,, (V) Vol,, (V°)

(VoL (ng)))2

Theorem 3.2. Let A = {Ag}reze be a multiplier operator, where Ax = A(| k |), for some function X : [0,00) — R,

v
Q

such that t — |\(t)| is decreasing. Then there is a constant C > 0, depending only p and q, such that, for all
N, keN andn:Zfile,

N
er(AU,, L) > C27k/m <H)\(l)|dl> Oy,

=1



where d; = dimH; and

1, p<oo,q>1,
9 — (Inn)~Y2, p<oo,q=1,
") (nn)"Y2 p=oo, g >1,
(Inn)~!, p=o0,q=1.
In particular, if kK = n, then
en(AU,, L) > C|AN(N)|Sy,. (3.7)

Proof. By the definitions of the norms || - [ e || - ||,y on R", where n = dim To,n, o,y = @1111 ‘H; and by the
Holder inequality, we have that for all x € R"

l2lty < lellgy, 1/a+1/q =1

Thus, if 1 < q < 2, it follows by Theorem 3.1 and Theorem 2.1 that

Vol, (B?q)) v

Vol,, (B("z))

[ ety dute) < [ el duta)

(q/)1/27 ) < q/ < 00,
< Ml - ln) < C 3.8
< M-l < { A (39
Analogously, for all 2 < p < c©
) R 1/n
Vol ((5,)°) P2 2<p<oo,
< Oy a )1/2 B (3.9)
Vol (B, ) nn)!/?%, p=oo.

Hence, we obtain by Proposition 3.1 and by (3.9)

1/n
Vol (Bj,) ) S ol 2 <p< oo, (3.10)
Vol,,(B%,) = (Inn)~Y2 p=oo. '

2

Now, let z1,...,7xn( a minimal enet for AnB&) in (R™, ] - [l(g))- Then AnB(T;) C UkN:(i)(xk + GB&)), from

where Vol, (AnB(},)) < €"N(€)Vol,(B(;,). Thus, remembering that for 7' € L(R",R") and X C R", Vol,(T(X)) =
(det T')Vol,, (X)), where det T' denotes the determinant of the matrix of the operator T', we obtain

1/n 1/
(Voln(B("))) (Voln(AnB("))) Vol (B2 )\ /"
detA,,)"/" P - P < e(N()Vn [ ———ta) 3.11
( € n) l/n - 1/n — 6( (€>) VO] (Bn ) : ( : )
(Voln(ng))) (VOln(Bg;))) (2)
Hence, by (3.10), (3.11) and (3.8), it follows that
1/n
172 9<p< Vol (B%,)
1 p ) ~p 0, 1 (p)
R R R i
1/n
Vol (B,) (¢ 1/2 9 <
n (2) ) (@)%, <q < oo,
< e(N(EHY" [ ———=22 < C1e(N(e)) (3.12)
Voln(B&)) (Inn)'/2, ¢ = oc.

Taking N (e) = 28~1, we obtain by basic properties of entropy numbers, by (??), by entropy numbers definition and
by (3.12), for 2<p<ocand 1 < ¢g<2

N 1/n
er(AU,, L) > 27len(AU, NTon, LINTon) =27 > C27F/"(det A,)Y/™ > Cs27F/m (H)\(l)dl> .
=1



Now, if 1 <p <2el<q<2, observing that U C U, we find by basic properties of entropy numbers and by
the previous inequality, that

N 1/n
ex(AU,, L) > ep(AUy, L) > Cg27F/m NOK :
p

=1

For 1 <p < oo and 2 < ¢ < oo, we have that U; C U, and thus, using basic properties of entropy numbers and the
two previous inequalities, we get

N 1/n
e(AUp, LY) > ex(AU,, L2) = Cr27H/" (HA(M) .

We therefore conclude that, for p < oo and ¢ > 1,

N 1/n
ex(AU,, L7) > 27k/m (HA(Z)‘“) .

The remaining cases follow with similar analysis.

To prove (3.7), we assume k = n. Since ¢ — |\(t)] is decreasing, then |[A(1)] > |[A(2)] > -+ > |A(N)| and
thus
N N N
[T @ = IR = p@)=iat =
k=1 k=1

whence e, (AU, L?) > C|A(N)|Y,.

Remark 3.1. Let N € N. We define Ng =0, Ny = N and
Niy1 =min{M € N: e|A(M)| < |A(Np)]}.

Let

Nit1

9Nk7Nk+1 = dimTNk;Nk+1 = § di.
I=Np+1

For e > 0, we put

M = |:1n]9N17N2:|,

€

mk:[e_ekHNl,NQ]—&—l, k=1,....M

and mo = Oy, N, = 0o,n. We have that
M
ij < Cen, N, -
j=1

We say that A = { A\ }xeza € Kep, € >0, 1 <p <2, if [Nk+1)|] < |A(k)|, Ngt+1 > Ni, for all k € N and if for
all N € N we have

M 91/p
Zefk(l €) Nl’“/’;VkH < C. Hll\f/lei/Q'

N1,N2



Remark 3.2. For A = {\(|k|)}xeza and for k € N and 1 < g < 0o fized, we define

1/n
@ 2-k+1Vol,, (B2

Y =xr=3su (2) A(J ,
Xi = = 3sup Vol (B, jl;[l\

where n = dim To . Observed that xi, depends on k, g and the function X. We have that

1/n 1/n

n N d;
[Ipae ) < (TI(sw pan) | = sw ho) (3.13)

j=1 \I<GSN 1<j<N

and consequently

1/n
Vol,,(B7)
(@) _ < Zsup (2 k) [ @) sup |A(J

for all k € N. Since B(T;) C B(”Q) for 2 < q < oo, we get by (3.10)

1/n

Vol,, (B} 1/2 <

1< Lﬁlﬂ) <cg o 2% g <00, (3.14)
Voln(B(q)) (Inn)t/2, ¢ =ooc.

Lemma 3.1. ([12]) Let E = (R™,|| - ||) a Banach Space n-dimensional and let

= () = [ el duo).

Then, there is a positive constant C, such that, for all m € N

n (n/m)'2M*, m <n,
: <
€m (B(2)7 E) =~ C { efm/nM*j m> n.

Theorem 3.3. Let A : [0,00) — R such that t — |A(t)| is a decreasing function and let A = { Ak reza, Ak = A(K]).

We suppose that A € Ko for any e > 0. Let x3, as in Remark 3.2, M, Ny, On, n,,, and m; as in Remark 3.1 and
M

letn=Fk+ Zml, k € N. Then, there is an absolute constant C > 0 such that, for 2 <p < oo, 1 < q < 2, we have
1=1

en(AU,, L) < Cxp,

and for 2 < p,q < co we have that

en(AUvaq)
q'/?, 2 < g < oo, - o—igl/2= 1/q
< Cxk e - + Y e (3.15)
SuplngM(lnaN Nﬁl) y 4 =09, =M1
Proof. By ([7], p. 59), for p = 2, we get
AUz C AUQQTN—F@M |B 3N @ 1/32 JlﬁBN Nitr

Jj=1 j=M+1
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where Ty = EB;V:O ;. Using basic properties of entropy numbers and (1), it follows that
M
en(AU3, L) < ep(AU2 0 To, LI0 T) + > NN e, (BN, 170 T v, )
=1

o0
+ ( D |A<NZ>|6}V12N;/;IBN17NM,Lqmmm>, (3.16)
I=M+1

where T, = {p € LY(T%) : (k) =0, | k |< s}. Using basic properties of entropy numbers again and (1), we have
that

oo
€111 ( @ I/\(Nl)|0]1v/l2Nll+/quNz Nz+1’Lq mTNM+1)

I=M+1
< Z |)‘(Nl)‘011\//f;/zl+/1q€1 (BthVl’NHl’Lq N TNlaNl+1)
I=M+1
1/2—-1
= 3 IR (3.17)
I=M+1

Thus, we get, by (3.16) and (3.17)

en(AUs, LY) < ep(AU; N T, LI N Ty) +Z\A N)em, (By N LI A T v )

=1
= 1/2—1
+ 3 e (3.18)
I=M+1
Let us prove first that

ek(AUg ﬁTN,LqﬁTN) < Xk- (3.19)

It is easy to see that ¢ > 2
INN)IBGy € [MN)IBp) € AnBp). (3.20)
Let © = {zj}1<j<m be a xi-separate maximal subset of A, B, in (R” l-ll¢g)), in other works, ||z; —z;|(q) > X&»

for all i # j. It follows from maximality that © is a xx-net of Ap B, i n (R™, || - ||(g) and that the balls
Xk pn .
+ EB(q)y 1<j<m

they are mutually disjoint. Applying (3.20), it follows that

U (5 + 5 80) < 3008,
j=1
where the union is disjoint. Hence, we get in terms of volume
Xk \" 3" (1
()" - volu(Byy) < 5o | TTRGIS | Volu(B).
and thus

Xk

3 \" Vol,( N
m < () VoL, (B H|A (3.21)
Jj=1
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From the definition of xj, we obtain

—1
3 n VOI n N
2} < 9kl . .29
(Xk: ) B Vol (Bf,) 1;[ (3.22)

By (3.21) and (3.22), we conclude that the cardinality m of a © xj-separate net of AHB&) can be estimated by
m < 2F=1 and thus (3.19) follows by definition of entropy numbers.

Now, applying the Lemma 3.1 to the Banach Space E; = (RN || - ll(q) and m;, remembering that
m; = [e 0N, N,] +1 > e 0y, N, and that M*(E;) < M(E;) we get
1/2 1/2
em, (Bévj»Nj-#l’Lq NTN, Njpt) = emj(Bg) Nj+1 B < Nj, N, 1/2+1 M*(Ej) < N19/72J+1 eg/QM(E ).
m; N1,N2
Thus, applying the Theorem 2.1, we obtain
N 0Ny , /2 2<¢g<
R R R VR
. N1,N2 (h’l eN NJ+1) » 4= 00,

and thereby, since [A(N;)| < |A(N)|e™7*! and A € K, 5, we have that

Z'A |6m1 j+17LquNj7Nj+1)
91/2 1/2
Ze—]u e/2) N Njwr | @7 2< g <o,
91/2 Na (IHHN N]+1)1/27 q = o0,
1/2 92 < <
< - e 1= (3.23)
SuplSjSM(ln QN N]+1) / y =00
and - -
1/2—1/q _]+1 1/2—1/q _j 1/2 l/q
Yo PWION N < A Y ON, N < Z e : (3.24)
Jj=M+1 j=M+1 j=M+1
Finally, by (3.18), (3.19), (3.23) and (3.24), we obtain (3.15).
O

4 Estimates for sets of finitely differentiable functions

In this section, we apply the results of the preceding section for obtaining estimates for entropy numbers of the
multiplier operators AV = {Aktkezar M = A(K[), where X : [0,00) — R is defined by A(t) = ¢™7(Int)~¢, ¢t > 1
and A\(t) =0, for 0 < ¢t <1, ,£ € R, v > d/2, € > 0. We have that A(VU, are sets of finitely differentiable
functions on T?. In particular, if £ = 0, A(l)Up are Sobolev type classes on T¢.

Lemma 4.1. For v, >0 ek €N, let g:[2,00) — R be the function defined by
k(In2
g(z) = — (n2) _ %lnx—gln(lnx).
Then, there is constants C1,Ca,C > 0 depending only of the ~,&,d, such that the mazimum of the function g is

assumed in a point T satisfying
ClkglﬂkSCQk, kz:[

and

g(zp) < C— glnk —&In(In k).
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Proof. We have that ¢ (z) = 0 if and only if = k(In2)d (Inz)/(yInz + df).
The function ¢ is zero at a single point ay,, which is a local maximum for the function g. If h(z) = (Inz)/(yInz+
dg), then h(2) < h(z) < 1/~ for x > 2 and therefore

(In2)%d Inz < (In2)d

k < k(ln2)d
(In2) ylnz+d§ — v

k.
yIn2+d§ —

Thus, there is constants C; e Co which depend only d, v, &, satisfying
Clk‘ S Tk S Cgk’, k Z 1.

Let C7 < C < (5 such that zp = Ck, so

kln2 ~ —
= —_ - — < it — .
g(zk) ol dln(Ck) EIn(In(Ck)) < C dlnk EIn(In k)
O
Theorem 4.1. We have that
_ _ 1 2<p<o0,q<o0
AVU, LY < k7Y (Ink) "¢ ’ ’ ’ 4.25
(AU, L) (In k) (Ink)'/2, 2 <p<oo,q= o0, 12
and
1, p <00, q>1,
—1/2 _
ee(ADU,, L) > k= (In k)¢ (k)™ /% p<oo,q=1, (4.26)

(Ink)=/2, p=o0,q>1,
(Ink)=', p=o0,qg=1.

Proof. Let n = dim Ty. Since A(N) = N~7(InN)~¢ < n~"/4(Inn)~¢, we obtain by (3.7)

1, p<o0,q>1,
(Inn)~Y2, p<oo, qg=1,
(Inn)~Y2, p=o0,q>1,

(Inn)~!, p=o0,qg=1.

en(ADU,, L) > 077/ (Inn) ¢

Now, let k& € N such that dim Ty_; < k < dim Ty = n. It follows by basic properties of entropy numbers and by

the previous inequality that

1, p<oo,qg>1,
(Inn)~'2, p<oo, g=1,
(Inn)='/2, p=o0,¢>1,

(Inn)~t, p=o0,qg=1.

er(AVU,, L) > e, (AVU,, L) > n~"/4(Inn)~¢

But, n < N4 < (N - 1) < dimTy_; < k < dim 7y = n, whence k < n and thus, we obtain (4.26) of the above
inequality. Now, let us note that
1/n

N 1/n
o = (TIPG® ) = (=)™ = )] = ) (4.27)

Moreover

1/n

N N N
1 =1 NG < i & n(ln j . 4.9
no, = In EIA(J)I < n;dj nj n;d] n(lnj) + C (4.28)
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By (1.3), we have that d; > Ej% ' — Cyj?~2, where E = 2n%/2/T'(d/2) and C, is a positive constant. Thus, if
f(z) = Exz¥ 'lnz — Coz??Inz and h(z) = Ex¢ " lIn(lnz) — Co2¢~2In(lnx), then

N N
1§ djlnj > l/ f(z) dz > ENdlnN—LNd’llnN—kCg,
n = n Jo nd n(d—1)
and N
1 , I E Cs g1
75 , > - > — -2 ,
nj:?)djln(ln]) > n/2 h(z) de > ndN In(ln N) n(d—l)N In(ln N) + Cy4

Now, by (1.4), we have that 1/n > 1/FN? — C/F?N*! where F = E/d and therefore

N
;;djlnj > <F]1vd‘p2§d+1> (5 NdlnN—dc_QlNdllnN+Cg>
> InN + Cs. (4.29)
and
1 . 1 c E Co oy
Ejz::gdjln(lnj) > (FNd_F2Nd+1> <dN (I N) - =N 1n(1nN)+04)
> In(InN) + Cs. (4.30)

Consequently, we obtain by (4.28), (4.29) and (4.30)

Ino, < —yInN-—&In(InN)+Cy

and therefore, sice N < n¢,

op < N7 N)TE n~/4(Inn)"¢. (4.31)
By (4.27) and (4.31), it follows that
on = n~4(Inn)"¢ (4.32)
and thus, we obtain by (3.14) and (4.32), for 2 < ¢ < oo

Xk =< sup 275 "o, = sup 27F/"n=7/d(Inn) "¢, (4.33)
N>1 N>1

Let i
g(z) = —;1112 — glnx —¢In(Inx).

Then, follows by (4.33) and by Lemma 4.1, that for 2 < g < oo,
i = eSUPNg(”) - eg(xk) < 66_(7/d)1nk—£ln(1nk) = k_v/d(lnk)_g.
It follows by ([7], p. 62) for p = 2 that A(D ¢ Kco. Thus, applying the Theorem 3.3 and observing that
> 6’79]1\,/],2&11_1? < 1 (ver [7], p. 62 ), we obtain
en(AVU,, L) < xp < k774Ink)™¢, 2<p<oo, 2<q< o0 (4.34)

Let ny, € N such that xy € [ng, ng+1). Then e9(h) = e9(k) = xx and ng < zp < k. We apply the Theorem 3.3 for k
and N = [(nk)l/d] = k4 and thus n = dim Ty = nj = k. Now, since for k > 1, ONL Niyr < N,f+1, Nip1 < /7N
(ver [7], p. 61) and n < N9 we get by Remark 3.1

M
n=k+Y mj < k+Y e 90y N, < k+N' < k+n <k
j=1 j=1
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and thus, by (4.34) it follows that
er(AVU, L) < k74nk)™¢, 2<p<oo, 1<q< o0 (4.35)
For 2 < p < o0 e ¢ = o0, using (3.14), we obtain with analogous reasoning
er(AVU,, L) < k™4 (Ink)~¢(Ink)'/2. (4.36)

By (4.35) and (4.36), finally we get (4.25), concluding the demonstration.

5 Estimates for sets of infinitely differentiable functions

In this section, we apply the results of Section 3 in obtaining estimates for entropy numbers of multipliers operators
AR = { Mt kezar Ak = A(|k[), where A : [0,00) — R is defined by A(t) = e 4,7 > 0. We have that A®)U, are
sets of infinitely differentiable functions if 0 < » < 1 or analitics if 7 = 1 on the torus T<.

Remark 5.1. Let v,r € R, v, > 0. For N,k € N and n = dim Ty, let

N
1

Avp = —— | kIn2 "d|.

N,k n( n +WZ l)

1=1
We know by (1.8) that d; < 197! and n < N?, and thus

N

N N
E I"d, = E (=l < / 2l de < N
1=1 0

=1

and therefore
Ang = g(N), (5.37)

where g(x) = —kx=% — a". The function g assumes absolute mazimum value in x = (d/r)"/ T/ (@+7) = Gince

for allr >0 ex > 1, we have that —dkz= %! < k[(x+1)"?—279 < 0and0 < (z+1)" —2" < ra""!, then
glz+1) > g(z) —ra"".
In this manner, since g is decreasing for x > xy, it follows that
glz) —raz"t < gz +1) < gla+t) < glz), z>xp, 0<E< L.

But, there is N € N such that xj;, < N < x5+ 1, and therefore

glzr) —ray b < g(N) < sgpg(N) < glan).

Hence
_Clkr/(d-H“) _ C2k(T—1)/(d+T) < supg(N) < —Clkr/(d‘”),
N

with Cy = (d + r)d= /(@40 p=r/(d+1) gnd Cy = p(d+D/(d47) q(r=1)/(d+7) * Thys, we obtain by (5.37),

sup Ay, < supg(N) = K/,
N N
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Theorem 5.1. For 0 <r <1, we have that

L p<o00,q>1,
/(dtr Ink)~'/2, p<oo,g=1
A L1y s o ’ ’ ’ 5.38
AT 1) > e (Ink)~12, p=o0,¢>1, (539
(hlk)_l, p:OO,q:L
where .
¢ - /s ((d+r)d0(d/2)(n2) r/(dtr)
7 2rmwd/2 '
Proof. Since
N 1/n N
27k (H |A<l>|dl> = ez </ Zl%) = et
=1 1=1
we obtain by the Theorem 3.2
1, p<oo,q>1,
Inn)~1/2 =1
ex(ADU,, L7) > eAr (Inm)=% p<oc,g=1, (5.39)

(lnn)_l/Qa p=00,q>1,
(lnn)717 p:OO,q:l.

Let f(z) = (2r%/2/T(d/2)) 24"~ + C12977=2. By (1.3), it follows that

N N+1
> rrd, /1 f(z) dz
=1

(N 4+ 1) 4+ Oy (N + 1)L,

A

ling
=
IA

271_d/2
S TaR)d+n

By (1.4) we have that n > (27r%/2/dT'(d/2)) N and thus

N
Y r dr(d/Q)’y 27Td/2 d+r d+r—1
— < N+1 N+1
n l;l A = SraNd \Tapya@sn ™ YT HOW L

d’7 T 1 " r—1 r—1 1 T r—2
< — . _
< (d—|—7‘)(N+l) +C2<1+N> N +C5(N +1) +C4<1+N> N
dy
< N+1)" 4+ Cs.
< (d—|—r)( +1)"+Cs

Now, since 0 < r < 1, we have that (N +1)" = N”" (1+N‘1)T < N" 4+ C,.N"™"! < N" 4 Cq4 and thus

N
v . dry -
5?:11 d, < (d+r)N + Cy. (5.40)

Then, we get by (5.40) and (1.3)

Ay > de(d/Z)(ln2)kN7d _dy

N" — Cs. 5.41
- 27d/2 d+r 7 (5-41)

Let
o) = —dl(d/2)(In2)k _, B dy

(@) 2md/2 v d+r " Cr-
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It is easy to see that the absolute maximum of the function g is attained at

1/(d+r
b= (D@20
2rymwd/2

We can show, as in the Remark 5.1, that there is a constant Cg such that

and thus we obtain

g(xy) — Cs < St]bpg(NJrl) < g(xp).

Therefore, it follows by (5.41),
sup Ay > supg(N +1) = g(zx) — Cs.
N N

But

(d+ r)dr(d/2)(n2)
2rmwd/2

r/(d+r)
glzg) = _,yd/(d+r) < ) Er/n) _ o, — _egr/@dn) o,

and thus
sup AN,k 2 —Ckr/(d+T) - Cg.
N

Hence, by (5.39) we get

1, p<oo,q>1,
ex (AU, L) 5 —Ck"/ (lnn)~'2, p<oo, q=1,
" (Inn)~Y2, p=oo,¢>1,

(lnn)ila p=o00,¢g=1

By the Remark 5.1, we have N =< k'/(¢*7) and thus n =< N% =< k%(@+7) whence Inn = Ink%(@+") =< Ink and
therefore
1, p<oo,q>1,
R/ (@t (In k‘)_l/2, p<oo,q=1,
(Ink)='2, p=o0,q¢>1,
(Ink)™Y, p=o0,qg=1.

er(APU,, L) > e

Theorem 5.2. For 0 < r <1, we have that

1, 2<p<oo,1<qg<o,

en(ADU, L) <« ¢ CF/
HA 0, 1) Ink, 2<p<oo,q=o0,

where C is the constant in the statement of the theorem 5.1.

Proof. By ([7], p. 67), we know that there is a constant § such that One Ny < Cre® FNYT" for all k € N and we

have that M < 6_11110]\/1,]\]2 < (C3InN. Thus, for 1 <k < M, lneNk7Nk+1 < C3ln N < Cylnn and hence

sup (In 191\;,“,]\;“1)1/2 < Cs(In n)1/2 . (5.42)
1<k<M
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For 2 < ¢ < oo, we obtain by (3.14),

1/n
N
) 1 2<qg< o0
< sup G2 k/m ()| % g - ’
Xk S nzlf; 6 31;[1| ()l (lnn)1/2, q = oo,
_ 06 sup e—(kan-&-’yE;\;l j"'dj)/n 17 2< q < 00,
N ()2, g=oo,
1 2<g< o0
- C AN,k ’ = ’
Gskfpe { (Inn)'/2, ¢ =oo.
By (3.14) we get too
Xk > Crsupe™n
N
and thus
. : 1, 2< )
PN ANE <y SN A o 4= (5.43)
(Inn)'/2, q= 0.
If f(z) = (2r%2/T(d/2)) 2¥T7=1 — Cx¥*"=2  then by (1.3)
N N N /2
2m C
"d, > ) > dt = ————— N7~ dtr-1 5.44
2. l;f()—/o ey de = Sy d+r—1 (5.44)
By (1.4), we have that
k k  Ck _2r/?
n — FNd [F2ZNd+1° ~dl(d/2)"

But, by Remark 5.1, we have that N = k'/(¢+7) and then, since 0 < r < 1, we can guarantee the existence of an

absolute constant Cg satisfying

k k _dr(d/2)k . _,
g 2 FNd —CS - WN —CS. (545)
Once again using (1.4), it follows by (5.44) for 0 < r <1,
N J—
v Z rd > 2m/2 v 2142~ C 1
n&t TS F(d+)0(d)2) F2(d+r)T(d/2)
’)’C r—1 706 r—2
- = N N
Fd+r—1 " T Fa+ro1)
dy
> N" — (Cy. 5.46
T od+r ? (5.46)
Thus, by (5.45) and (5.46), we get
N
k y ard/2)(ln2) k __, dry
A = —m2-->» I'df < ——————N"°— N™ . A4
Nk o n lz:; b= 2rd/2 (d+r) o (5.47)
bet dr(d/2)(In2) k d
- w\e)me)k a4 or
gi(r) = 5-d/2 x Tt + Cho.

The absolute maximum value of g; is attained at the point

o = (d+7)dl'(d/2)(In2) i JRVICERD)
2rymd/2
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and thus
sup Anr < supg(N) < gi(ar)
N N

d+r)dl(d/2)(In2)\ "/ ")
— /a4 (( +r)dIl'(d/2)(In )) /@) 4o

2rmd/2

— _Ckr/(d+r) + ClO~

Then, It follows by (5.43) that

_Ckr/(d+r)
€ 9 2 S q < 00,
Xk < { ey Avk(lan)12, g = oo, (5.48)

In particular, for ¢ = oo, using (5.47) and remembering that n < N¢, we obtain

Ye < sup eNrE(InN)Y? <« sup eANrtznnN)
N N

_dr(d/2)(In2) k
< sup e 274/2
N

N™=¢— L N"+1 In(In N)+C1o

Let now
_dl"(d/2)(1n2) k —d_ dy

92(1‘) = 2'/Td/2 d+T

Analogously to has been done in the Lemma 4.1, we observe that the maximum value of the function g5 is obtained

1
x4+ 3 In(lnz) + Cyp.

at a point Ty, satisfying Cyzy < T, < Caxg, whence supy go(N) is obtained when N < Zj, =< xy, =< k/(4+7),

Therefore for ¢ = oo, we have that

X < supedVr(Ink)l? <« e_Ckr/(dJrr)(lnk)l/?
N

and by (5.48)

_epr/ @+ 1, 2 <q < o0,
< e 5.49
Xk { (Ink)1/2, q = 0. (5.49)
Since A(?) € K, 5, for any € > 0 (See [7] p. 67), applying the Theorem 3.3, we get
e, (A, 1)
L 2<p<oo, 1<g<oo, >
—jigl/2—1/q
< Xk sup (In 0N7~,N7+1)1/2, 2<p< o0, q=o00, + Z e 70N N,
1<5<M T j=M+1
_ipl/2—1 " -
But Z;’;Mﬂe JHN/ijjJ/j <1 (See [7], p. 62), Inn < In N < Ink¥ (") =< Ink, and by (5.42)
1 2<p<o0,1<g< @
e, (APU,, L9 < ’ ’ ’
PO B S0 aps, 2<p<o0, =0
Then, it follows by (5.49)
Xk 2<p<o0,1<¢<y,
ey (AP, L) < e ORI 9 < p <00, 2< g < o,
e_Ckr/(d“) Ink, 2<p<oo,q=o00.
For 1 < ¢ < 2, by (5.49) we have that x,(cq) < X,(f) < e and thus
vaim [ 1, 2<p<oo,1<q<oo,
en(ADU,, L) < ¢k e (5.50)
Ink, 2<p<oo,q=o00.
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We have that Z]Ail m; < C.On, n, Thus using the fact that Oy, y, < N?~" and remembering that N =< k/(4+7),

we obtain
M
n = k+ ij < k+ Cllk(d_r)/(d+r)7
j=1
hence, it follows by basic properties of the entropy numbers and by (5.50), that

1, 2<p<oo,1<g<oo,

e s (AU L) < e=CRT
[k+Cr1k(d=m)/(d+ )]( p ) Ink, 2<p< o0, q=00.

Let @) =k + an(dw)/(dﬂ). Then
c (_kr/(dJrr) _HOZ/(dH)) — cpr/td+n) (_1 I (1 +Cllk2r/(d+r)>T/(d+T)>

rCi1 , _ rdC%
- /() A1 g =3e/(dtr) 4L
¢ <d Fr 2d+r)? +

IN

C(12

and hence
_ckr/(d+r) L/t o/ ()
e Ck < eCu e Cey, < e Coy, )

Then, by (5.51) we get

r/(d+r) 1, 2<p<oo,1<q< oo,
el (AP, L) < e %% o <p<oo,1<g<

‘We observe now that

r/(d+r)
sz/(dw) —  pr/(d+r) <1+an,—2r/(d+r)>
r/(d+r TCll —2r/(d+r Td0121 —4r/(d+r
k/(ﬂ(”djwk /( ),2(d+r)2k f@n) Y
and thus o Jc?
r/(d+r) 5 pr/(d+r) (4 Ll p—2r/(d+r) _ ratbi, Jo—4r/(d+r)
R < Y 2(d+1)?
and

r r r r C —or ,
P < (k+1) /<d+’<1+2+1;(k+1) 2r/(d+ >).

Since 0 < (k 4 1)7/(d+r) — gr/(d+r) <y /(d 4 1), it follows that
0 < (pzi(f-‘r?“) — (Pz/(d—&-r) < (k + 1)r/(d+r) — kT/(d+T) + 013 < T/(d + 7‘) + Clg = 014

and therefore .
e C%x
s —— @ < O
e “Prt1

(5.51)

(5.52)

(5.53)

Finally, since 0 < r < 1, if [px] <1 < [pr+1], we obtain by basic properties of entropy numbers, by (5.52) and (5.53)

(AP, L) < e (AU, L)

< —Copy/ (4D 1, 2<p<o0,1<qg<oo,
e .
Ink, 2<p< o0, qg=00,
< 67Cw;/+(ld+r) 17 2 < p < oo, 1 < q < o0,
hl(Plca QSPSOOMZ:OQ
< €7Clr/(d+r) 1, 2<p<oo,1<¢g<o0,
Inl, 2<p<oo,q=o00.
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Remark 5.2. Now, consider the multiplier operators

ALY = {27 (n k) Yy e and AP = {eMEL Ly e e R v >0, €20

Making simple adjustments in the proofs in this paper, we can show that the Theorems 3.2 and 3.3 also hold if
we change Hy, Tn, di and A by Hf, Tx, di and Aj;, the Theorem 4.1, if we change AD by AS}) and the Theorems
5.1 and 5.2 , also hold if we change A by Ag) and the constant C by the constant

r/(d+r
C :’yd/(d+r) ((d+r)(1n2)> /( + )
- 24y '
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