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Abstract

We study maximal curves arising from Chebyshev polynomials, where in particular
some results from Garcia-Stichtenoth [4] are revisited and generalized.
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1 Introduction

Let C be a (projective, nonsingular, geometrically irreducible algebraic) curve of genus g =
g(C) defined over the finite field F := Fq2 with q2 elements. Here we will be interested
in F-maximal curves; i.e., in those curves C whose number of F-rational points attains the
Hasse-Weil upper bound, namely

#C(F) = q2 + 1 + 2gq .

Apart from being an interesting mathematical object by its own, a maximal curve is often
used as a building block in order to obtain outstanding applications in Coding Theory,
Cryptography or Finite Geometry; cf. the books [8], [9]. In particular, looking at for
handling plane models for maximal curves is a problem of considerable interest nowadays.

In this paper we continue the study in Garcia-Stichtenoth paper [4], where F-maximal
curves of Kummer type

vN = F (u) , (1)

with F (u) being a certain shifted Chebyshev polynomial, were investigated.
Let π : X → Y be a dominant F-covering curves over F; then Y is F-maximal if X is so

(see Remark 3). Now a very well studied F-maximal curve is the Hermitian curve Hq+1 [5];
see Equation (2) and Remark 2.

This paper is organized as follows. In Section 2 we recall some preliminary results on
maximal curves and on (classical/reduced) Chebyshev polynomials. In Section 3 and Section
4, with X = Hq+1 and certain morphism π, we obtain F-maximal curves defined by poly-
nomials of type (1). Now if instead of Hq+1, we use certain generalization X = X (n, `,m)
introduced in Section 2.1 (cf. [20] and [18]) by looking at at certain double coverings we
also find F-maximal curves with such plane models. In any case, the results in [4] are wi-
dely generalized. In particular, the separability of (reduced) Chebyshev polynomials ϕm is
obtained provided that gcd(p,m) = 1 with p = char(F); see Theorem 22. Previously it was
known that ϕm is separable for m = (q − 1)/2, q odd [4, Thm. 6.1]
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Another interesting feature of our paper is the explicit equations that we state for F-
maximal elliptic with q = p, and p 6≡ 1 mod 24; see Example 25. For the case p ≡ 1
(mod 24) see Remark 26.

Notation. Throughout this paper N stands for the set of positive integers, integers; if
a, b ∈ N, a | b means “a divides b”; Pt is the projective space of dimension t over the algebraic
closure of the base field.

2 Preliminaries

2.1 Maximal curves

Let q be a power of a prime and F be the finite field with q2 elements. In Curve Theory a
very basic object of study is the set

M(q2) := {g ∈ N : there is an F-maximal curve of genus g} ;

so far, it is known that M(q2) ⊆ [0, g2] ∪ {g1} ∪ {g0}, where g0 := q(q − 1)/2) (Ihara [10]),
g1 := b(q − 1)2/4c (Fuhrmann-Torres [3]), and g2 := b(q2 − q + 4)/6c (Korchmáros-Torres
[12]). Now the following plane curve over F

Hq+1 : yq+1 + xq = 1 , (2)

the so-called Hermitian curve over F, is F-maximal of genus g0 (see e.g. [15, Ex. 6.3.6]).

Lemma 1. Notation as above. Let C be an F-maximal curve of genus g(C). Then

(1) g(C) = g0 if and only C is F-isomorphic to Hq+1 (Rück-Stichtenoth [14]);

(2) g(C) = g1 if and only if C is F-dominated by Hq+1 via any involution ([2], [1], [8, Thm.
10.48]);

(3) g(C) = g2 only if C is F-dominated by Hq+1 via certain morphism of degree 3 ([12]).

Remark 2. The Hermitian curve Hq+1 above can also be described by equations of type
either yq+1 = xq+1 + 1, or yq+1 = xq + x [15, Ex. 6.4.3].

A way of finding elements of M(q2) is via the following remark which is commonly
attribute to J.P. Serre (cf. [11]):

Remark 3. Any F-subcover of an F-maximal curve is also F-maximal.

Remark 4. There are F-maximal curves which cannot be dominated by the Hermitian curve
Hq+1 above as the GK-curve shows (Giulietti-Korchmáros [7]; see also Tafazolian et al. [17])

Now let n, `,m be nonnegative integers such that gcd(q, nm) = 1. As a generalization
of the Hermitian curve Hq+1, we consider the curve X := X (n, `,m) defined to be the
nonsingular model over F of the plane curve yn = x`(xm + 1). By applying Riemann-
Hurwitz formula to the separable morphism x : X → P1, the genus g = g(X ) satisfies (see
e.g. [18, Lemma 2.1])

2g = (n− 1)m+ 2− gcd(n, `)− gcd(n, `+m) . (3)
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Remark 5. ([18, Remark 2.2]) To work out with the curve X (n, `,m) we can assume n > `;
otherwise, let ` = un + r, 0 ≤ r < n. Then X (n, `,m) is F-isomorphic to X (n, r,m) via
(x, y) 7→ (x, yx−u).

To deal with the F-rationality of X we recall that X is indeed F-covered by the Fermat
curve ynm = xnm + 1 (see e.g. [18, Lemma 2.4]). Then by using Remark 3 we obtain the
following:

Lemma 6. Notation as above. The curve X (n, `,m) is F-maximal if nm | (q + 1).

Remark 7. If n | (m+ 2), there is another sufficient condition to ensure the F-maximality
of X (n, `,m) whenever ` = 1, namely q ≡ m + 1 (mod nm) [19, Prop. 4.12]; see Section 5
below.

2.2 Chebyshev polynomials

A standard reference to deal with (classical) Chebyshev polynomials is [13]. Let X be a
symbol such that T = X + X−1 is transcendental over Z, the set of integers, let m ∈ N.
Then by applying the binomial formula in (X + X−1)m and induction on m, there exists a
monic polynomial Φm(T ) ∈ Z[T ] of degree m, so called the m-th Chebyshev polynomial, such
that

Xm +X−m = Φm(X +X−1) .

Clearly Φ1(T ) = T and Φ2(T ) = T 2 − 2. Let Φ0(T ) := 2. From the identity

(X +X−1)(Xm +X−m) = Xm+1 +X−m−1 +Xm−1 +X−m+1 ,

it follows the following recursive formula among Chebyshev polynomials:

Φm+1(T ) = TΦm(T )− Φm−1(T ) , m ≥ 1 .

This was generalized in [4] as follows: For two given polynomials P0(T ), P1(T ) ∈ Z[T ] define
the following (Chebyshev type) recursive formula:

Pk+1(T ) = TPk(T )− Pk−1(T ) , k ≥ 1 .

Lemma 8. ([4, Thm. 3.1, Remark 3.2])

(1) If m = 2k + 1, P0(T ) = 1, P1(T ) = T + 1, then Φm(T )− 2 = (T − 2)P 2
k (T );

(2) If m = 2k + 2, P0(T ) = 1, P1(T ) = T + 1, then Φm(T )− 2 = (T 2 − 4)P 2
k (T ).

(3) If m = 2k + 1, P0(T ) = 1, P1(T ) = T − 1, then Φm(T ) + 2 = (T + 2)P 2
k (T ).

(4) If m = 2k + 2, P0(T ) = T, P1(T ) = T 2 − 2, then Φm(T ) + 2 = P 2
k (T ).

Throughout, as we are working on curves over F = Fq2 , we consider the reduction module
p = char(F) of Φm and Pk; we denote such polynomials by ϕm and pk respectively.

By induction on m ≥ 1 we can see that Φm is separable, in the sense that it has m
(distinct) roots in the complex numbers. It is not clear at all that this property still holds
true for ϕm over F̄, the algebraic closure of F. In [4, Thm. 6.1], the authors have shown
that the polynomial ϕ(q−1)/2 is separable for q odd. Here we generalize this result by showing
that in fact ϕm is separable whenever gcd(p,m) = 1s (see Theorem 22 below).
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3 The curve vn = ϕm(u)

Throughout this section, q is a power of a prime p > 2, F the finite field with q2

elements, and n,m ≥ 1 are integers such that

n | (q + 1)/2, and m | (q ± 1)/2 .

Set t := (q + 1)/2n and s := (q ± 1)/2m, and consider the morphism

π : H → P2, (x, y) 7→ (u : v : 1) := (xs + x−s : y2tx−t : 1) ,

where H is the Hermitian curve over F defined by yq+1 = xq+1 + 1 if s = (q + 1)/2m, or by
yq+1 = xq + x if s = (q − 1)/2m (see Remark 2).

Let C := C(n,m) be the nonsingular model of the plane curve π(H). Recall the definition
of the m-th Chebyshev polynomial ϕm over Fp in Section 2.2.

Theorem 9. The curve C above is F-maximal and admits a plane model of type

vn = ϕm(u) .

Proof. The curve is F-maximal by Remark 3. From q + 1 = 2nt and q + 1 = 2ms,

vn = y2ntx−nt = yq+1x−(q+1)/2 = x(q+1)/2 + x−(q+1)/2

= (xs)m + (x−s)m = ϕm(u) .

If q−1 = 2ms, the proof is similar by taking into consideration that in this case H is defined
by yq+1 = xq + x.

Remark 10. The numerical conditions in Theorem 9 cannot be relaxed; e.g., the curve
v2 = ϕ3(u) = u3 − 3u is not F169-maximal as follows by using MAGMA (computational
algebraic system).

Remark 11. The case n = 2, q = p and m ≥ 5 prime in Theorem 9 here, was already
considered in [16, Ex. 5.3].

Remark 12. By [4, Thm. 6.1] the polynomial ϕ(q−1)/2(x) is separable over Fp; hence ϕm(T )
is separable provided m divides (q − 1)/2 as ϕm ◦ ϕs = ϕms. In particular, for n | (q + 1)/2
and m | (q − 1)/2, g(C(n,m)) = (n− 1)(m− 1)/2. See Section 7 for further information.

4 The curves vn = ϕm(u)± 2

Let q be a power of a prime p ≥ 2, F the finite field with q2 elements and n,m ≥ 1 integers.
In this section we consider one of the following conditions:

(A) Both n and m divide q + 1;

(B) n divides q + 1 and m divides q − 1.

Set q + 1 = nt, q ± 1 = ms and define the morphism

π : H → P2, (x, y) 7→ (u : v : 1) := (xs + x−s : y2tx−t : 1) , (4)

where H is the Hermitian curve over F. Let C be the nonsingular model of the plane curve
π(H), and recall the definition of the m-th Chebyshev polynomial ϕm over Fp in Section 2.2.
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Theorem 13. Notation as above. If (A) or (B) holds true, then the curve C is F-maximal
and it can be defined by the plane model

vn = ϕm(u) + 2 .

Moreover, if (B) holds and provided that m is odd, then:

(a) g(C) = (n− 2)(m− 1)/4, whenever n is even;

(b) g(C) = (n− 1)(m− 1)/4, whenever n is odd.

Proof. The curve C is F-maximal by Remark 3. To compute the plane model we let H be
defined by yq+1 = xq+1 + 1 (resp. yq+1 = xq + x) in case A (resp. case (B)); see Remark 2.
Then vn = ϕm(u) + 2 follows as in the proof of Theorem 9.

Now assume (B) and let m = 2k + 1. From Lemma 8(3) we have a relation of type
ϕm(u) = (u + 2)p2k(u) − 2, where in addition pk(u) is separable with pk(−2) 6= 0 [4, Thm.
6.1]. Then we apply the Riemann-Hurwitz formula to the morphism u : C → P1 and the
proof follows after some computations.

Theorem 14. Let q be a power of a prime, n,m ≥ 1 integers satisfying (A) above. Suppose
that m = nd− 2 with d odd. In this case C = π(H) also admits the plane model:

vn = ϕm(u)− 2 .

Proof. Similar to the proof of Theorem 13.

Remark 15. The results in this section generalize those in [4, Sect. 4].

5 Double subcovers of X (n, `,m), I

Notation as in Section 2.1; in particular, q is a power of a prime p, F is the finite field with
q2 elements, X := X (n, `,m) is the nonsingular model of the plane curve yn = x`(xm + 1),
where n, `,m are nonnegative integers such that gcd(q, nm) = 1 and n > ` ≥ 0. We restrict
our attention to the case:

m ≥ n, m = nd− 2` , d ∈ N .

We notice that this condition is related with Remark 7 above. In particular, X is equipped
with the involution

τd : (x, y) 7→ (x−1, yx−d) ;

in this section we deal with the double covering

πd : X → C := C(n, `,m) := X/〈τd〉 . (5)
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5.1 Case: d even

Theorem 16. Notation as above and suppose that d is even. If nm | (q + 1), the curve C is
F-maximal and it is defined by a plane model of type

vn = ϕm/2(u) ,

where ϕm/2 is the m/2-th Chebyshev polynomial over Fp as giving in Section 2.2.
In addition, suppose q is odd, gcd(n, `) = a and gcd(n, `+m) = b, then

g(C) =
(n− 1)(m− 2) + 2− a− b

4
.

Proof. The curve C is F-maximal by Lemma 6 and Remark 3. Let us consider the morphism
on X

π = (u, v) := (x+ x−1, yx−d/2) .

Then π ◦ τd = π and hence πd = π; thus the shape of the plane model of C follows as in the
proof of Theorem 9.

To compute the genus we apply Riemann-Hurwitz formula to (5); by (3), 2g(X ) =
(n− 1)m− a− b, and the fixed points of τd correspond to those (x, y) ∈ C such that x2 = 1
and yn = ±2 as d is even. Hence τd has 2n fixed points, and the claimed genus follows after
some computations.

5.2 Case: d odd

Here we notice that m ≡ n (mod 2). Recall the definition of the polynomials ϕs and pk
given in Section 2.2.

Theorem 17. Notation as above and suppose that d is odd. If nm | (q + 1), the curve
C = πd(X (n, `,m) above is F-maximal and it is defined by a plane model of type

(1) vn = (u+ 2)n/2ϕm/2(u) whenever n is even;

(2) vn = (u+ 2)(n+1)/2p(m−1)/2(u) whenever n is odd.

In addition, suppose q is odd, gcd(n, `) = a and gcd(n, `+m) = b, then

(a) g(C) = (n−1)(m−1)+3−a−b
4

whenever n is even;

(b) g(C) = (n−1)(m−1)+2−a−b
4

whenever n is odd.

Proof. The curve C is F-maximal by Lemma 6 and Remark 3. Set d = 2k + 1 and so
ϕd(T ) + 2 = (T + 2)p2k(T ) by Lemma 8(3).

(1) Let n be even and consider the morphism on X

π(x, y) = (u, v) := (x+ x−1, (y + yx−d)/pk(x+ x−1)) .

Then π ◦ τd = π and so π = πd. Now we obtain the plane models arguing as in Theorem 9;
as a matter of fact, let w := y + yx−d, then

wn = ynx−dn/2(xd + x−d + 2)n/2 = x`−nd/2(xm + 1)(xd + x−d + 2)n/2 ; i.e.,
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wn = ϕm/2(u)(ϕd(u) + 2) = ϕm/2(u)((u+ 2)p2k(u))n/2 .

Finally, as v = w/pk(u), the result follows.
(2) For n odd the proof is similar.
To compute the genus of C we proceed as in Theorem 13. Here, as d is odd, the fixed

points of τd are related to the equations x = 1, yn = 2, and the point (−1, 0) if n is odd.
Thus τd has n (resp. n + 1) fixed points if n is even (resp. n is odd) and the proof follows
after some computations using Riemann-Hurwitz formula applied to (5).

6 Double subcovers of X (n, `,m), II

Notation as in Section 5. In particular, q is a power of prime p ≥ 2, F is the finite field with q2

elements, and X := X (n, `,m) is the nonsingular model of the plane curve yn = x`(xm + 1),
where n, `,m are nonnegative integers such that gcd(q, nm) = 1, n > ` ≥ 0, m ≥ n and
m = nd − 2` for certain d ∈ N. In the following cases, as in Section 5, the curve X is also
equipped with involutions.

(A) n even, or

(B) both n, ` odd and d even.

6.1 Case n even

Here X is equipped with the involution τd : (x, y) 7→ (1/x,−y/xd), and we deal with the
double coverings

πd : X → C = Cd(n, `,m) := X/〈τd〉 . (6)

Theorem 18. Notation as above and suppose that both n and d are even. If nm | (q + 1),
the curve C = Cd(n, `,m) is F-maximal and it is defined by a plane model of type

(1) vn = (u− 2)n/2ϕm/2(u) whenever d is odd;

(2) vn = (u2 − 4)n/2ϕm/2(u) whenever d is even,

where ϕm/2 is the m/2-th Chebyshev polynomial over Fp.

Proof. The curve C is F-maximal by Lemma 6 and Remark 3. Set d = 2k + 2 and let
ϕd(T )− 2 = (T 2 − 4)p2k(T ) (cf. Lemma 8(2)). Then the morphism (6) above is defined by

π = (u, v) = (x+ x−1, (y − yx−d)/pk(x+ x−1)) ,

as π◦τd = π; therefore we obtain the claimed plane model as in the proof of Theorem 17.

Remark 19. In the above theorem, if d is odd, then one can show that the curve C is also
defined by vn = (u+ 2)n/2ϕm/2(u); cf. Theorem 17(1).
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6.2 Case: Both n, ` odd and d even

Herem is even and so the curve X is equipped with the involution τd : (x, y) 7→ (−1/x,−y/xd);
we deal with the double covering

πd : X → C = Cd(n, `,m) := X/〈τd〉 . (7)

Theorem 20. Notation as above and suppose that d is even and both n and ` are odd. If
nm | (q + 1), the curve C = Cd(n, `,m) is F-maximal and it is defined by a plane model of
type

v2n = (u2 − 4)nϕ2
(m−1)/2(u) ,

where ϕ(m−1)/2 is the (m− 1)/2-th Chebyshev polynomial over Fp.

Proof. The curve C is F-maximal by Lemma 6 and Remark 3. To see the claimed plane
model, set d = 2k + 2 and let ϕd(T ) = (T 2 − 4)p2k(T ) + 2 (cf. Lemma 8(2)). Then (7) is
given by

π = (u, v) = (x+ x−1, (y − yx−d)/pk(x+ x−1)) ,

as π ◦ τd = π; the proof now follows as in Theorem 17.

7 Further results

Throughout this section, q is a power of a prime p ≥ 2, F the finite field with q2, and n,m
nonnegative integers.

Let gcd(q, nm) = 1 and let X = X (n, `,m) be the curve in Section 2.2 with ` = 1; i.e.,
the nonsingular model of yn = x(xm+1) which was very much studied in [19]. Let us assume
the hypotheses in Remark 7:

m = dn− 2 ∈ N, q ≡ m+ 1 (mod nm) ,

so that X is F-maximal. Therefore from the proof of Theorems 16, 17, 18, 20 above, we
obtain the following result.

Theorem 21. Let gcd(q, nm) = 1 such that n divides m+ 2. If q ≡ m+ 1 (mod nm), then
each of the following equation define a F−maximal curve:

(1) vn = ϕm/2(u) if d is even;

(2) vn = (u+ 2)n/2ϕm/2(u) if d is odd and n is even;

(3) vn = (u+ 2)(n+1)/2p(m−1)/2(u) if d is odd and n is odd;

(4) vn = (u2 − 4)n/2ϕm/2(u) if both d and n are even;

(5) v2n = (u2 − 4)nϕ2
m/2(u) if d is even and n is odd.

In addition, the genus of the nonsingular model C of each curve above satisfies:

(a) In case (1), g(C) = (n−1)(m−2)
4

;

(b) In case (2), g(C) = (n−1)(m−1)+1
4

;
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(c) In case (3), g(C) = (n−1)(m−1)
4

;

(d) In case (4), g(C) = (n−1)m−2
4

;

(e) In case (5), g(C) = (n−1)m
2

.

Next we will use Theorem 21 to deduce separability properties of the associated (reduced)
Chebyshev polynomials ϕt over F̄p. The following theorem generalizes the results of [4, Thm.
6.1]

Theorem 22. Let m be an integer such that gcd(p,m) = 1. Then

(a) The m-th Chebyshev polynomial ϕm(T ) is separable over Fp;

(b) If m divides (q ± 1)/2, then the polynomial ϕm(T ) having all roots in F;

(c) If m is an odd divisor of q + 1, then

ϕm(T ) = (T + 2)p2(T )− 2 ,

where p(T ) ∈ Fp[T ] is a separable polynomial of degree (m− 1)/2.

Proof. (a) Consider the curve C given by the equation vm+1 = ϕm(u). From Theorem 21(a)
we get that the genus of C is m(m − 1)/2 since we have 2m = 2(m + 1) − 2. On the other
hand, we know that the curve C is a Kummer curve and so by computing also the genus of
C using [15, Prop. 3.7.3], we conclude that ϕm(u) is a separable polynomial.

(b) If m divides (q ± 1)/2, then Theorem 9 implies that the curve v(q+1)/2 = ϕm(u) is
F-maximal. By the first part we know that the polynomial ϕm(u) is separable and so the
desired result follows from [19, Thm. 3.2].

(c) The proof is similar to the part (a) using Theorem 17(b).

Corollary 23. Let m be an odd integer or a divisor of (q ± 1)/2. If the curve vn = ϕm(u)
is F-maximal, then n divides q + 1.

Proof. If m is odd, then one can show that ϕm(0) = 0; and if m divides (q ± 1)/2, then by
the above theorem we get that ϕm has all roots in F. Hence we conclude that n is a divisor
of q + 1 from [19, Thm. 3.2] because from Theorem 22 we know that ϕm is a separable
polynomial.

Example 24. Let q be even. As we mention in Lemma 1(2), there is a unique F-maximal
curve C (up to isomorphism) of genus g(C) = g1 = q(q − 2)/4 which in fact can be defined
by the Artin-Schreier model yq+1 = xq/2 + . . . + x2 + x (see e.g. [1]). Let n = q + 1 and
m = q − 1. Then according to Theorem 13(b) above the plane equation vq+1 = ϕq−1(u) + 2
is also another plane model over F for C.

Example 25. Here we give explicit examples of maximal elliptic curves over Fp2 for any
prime p 6≡ 1 ≡ (mod 24).

• v2 = ϕ3(u), if p ≡ 7, 11, 19, 23 (mod 24).

• v2 = (u+ 2)ϕ2(u), if p ≡ 5, 13 (mod 24).
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• v3 = ϕ2(u), if p ≡ 17 (mod 24).

Remark 26. Let p be a prime with p ≡ 1 (mod 73). The first value is p = 73; for such
value, from MAGMA (computational algebraic system), it turns out that the elliptic curve

v2 = u3 − 3u2 − 3u+ 3 = ϕ3(u)− 3ϕ2(u)− 3

is F732-maximal. This is the only explicit Fp2-maximal elliptic curve we know so far for p ≡ 1
(mod 24).
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