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1. Introduction

Disease mapping has been widely used in epidemiological studies [1] and
in public health surveys. This tool is often used to describe spatial variations
disease incidence and prevalence, and to obtain reliable statistical estimates
of local disease risk based on counts of administrative districts or regions
coupled with potentially relevant background information. A brief disease
mapping review can be seen in [2], [3] and [4], and applications in a variety
of conditions can be seen in [5], [6] [7], [8], [9], [10], [11] and [12].

The most popular model to estimate the relative risks was proposed by
Besag York and Mollié [13] denoted by BYM. This model has been studied
in various statistics fields, such as survival methods ([14], [15]), multivariate
models ([15], [16], [17] [18]) space-time models [19], [20], [21], [22]), and
others.
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In BYM model, the relative risk is decomposed into two random effects:
unstructured and spatially structured. The unstructured effect is an iid mul-
tivariate normal random variable. The spatially structured effect is the con-
ditional autoregressive (CAR) model, where the spatial dependence is ex-
pressed by a Markov structure. This means that the value of the random
effect of an area, given the value of all other, depends on a limited number
of areas, so-called neighborhood .

An essential aspect of BYM model, similar to most of the models based
on disease mapping, is the specification of the neighborhood spatial struc-
ture, denoted as neighborhood matrix W . The deterministic structure is
expressed by a quite flexible matrix, commonly based on adjacency neigh-
borhood, due to its simplicity, convenience and easily derivation through GIS
routines (Geographic Information System).

An important aspect of the BYM model is the smoothing that the spatial
structure causes on the relative risks estimates. When there is a association
between the incidence of a disease and non-spatial factors is not convenient to
use only a fixed adjacency neighborhood structure because this can cause to
an oversmooth of relative risk estimates ([23], [24], [25] and [26]). We propose
a solution for this problem considering a random neighborhood matrix which
can be represented by a graph.

In White and Ghosh [27] the authors propose a simple extension of the
CAR model, in which the neighborhood depends on the distance between
areas in the map and also on the unknown parameters. For distances greater
than a threshold, the entries of the neighborhood matrix follows an expo-
nential decrease with distance. The choice of parameters is made in order to
ensure two covariance matrix characteristics: positivity and sparseness.

Following a Bayesian approach, we propose a new model where for a fixed
neighborhood matrix class, we associate to each matrix of this class an a pri-
ori distribution. The goal is to update our knowledge about these unknown
matrices after observing the data. The proposed model automatically adapts
the neighborhood structure according to the evidence shown in data.

We propose two posterior estimators for matrices in a fixed neighborhood
matrix class, allowing an analysis of influence between areas. One of the
proposed estimators is simple and intuitive and the other estimator is more
robust, taking into account the global influence oh the areas os the map, but
it is more time-consuming.

The manuscript is organized as follows. In Section 1.1 and 1.2, we intro-
duce the notation and present some models that were proposed previously.
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In section 2, we present the definition our model. In Section ?? and 3, we
present three different examples of utilization and a simulation analysis of the
method. In Section 4, we illustrate the use of our model for disease mapping.
We end in Section 5 presenting the main conclusions.

1.1. Disease mapping

The basic idea in Disease mapping is to smooth a map of empirical relative
risks by “borrowing ” strength from other areas. In the following, we describe
the Bayesian hierarchical model we use to model Disease mapping as usually
found in literature.

We consider a region D ⊂ <2. The region D is a finite and enumerable
set of geographic sites (areas) D1, D2, . . . , Dn where D = D1 ∪D2 ∪ . . . ,∪Dn

with Di ∩Dj = ∅ if i 6= j. For the sake of notation, from now on we denote
the region Di as i with i = 1, . . . , n and Yi as the number of cases in region
i.

Let Nij the size of population at risk in the area i and group j, rj =∑n
i=1 yij∑n
i=1Nij

the global observed disease rate in the group j and Ei =
∑

j Nijrj
the expected number of cases of region i, under the hypotheses of constant
relative risk over the areas. We consider that the counts Y = (Y1, . . . , Yn),
conditional on the vector of relative risk ψ = (ψ1, . . . , ψn), are random inde-
pendent variables with Poisson (ψiEi) distribution .

We consider the relative risk ψ as random vector and the posterior dis-
tribution of ψ, conditioned on the vector of observed cases y = (y1, . . . , yn):

f(ψ|y) ∝ l(y1, . . . , yn)f(ψ), (1)

where l(y1, . . . , yn) is the likelihood function and f(ψ) is the a priori
distribution of parameter vector ψ.

We propose an extesion of the BYM model [13] that consider a spatial
dependence between the relative risks due to environmental and genetic sim-
ilarities of neighboring areas. They decompose the relative risk into two
components, a non-spatially structured (φ) and a spatially structured (θ):

logψi = µ+ φi + θi,

The non-spatial effects, φ = (φ1, . . . , φn), represent the individual contri-
bution of each area relative risk. The elements of φ are independents and
identically distributed according to a normal distribution N(0, 1/τφ) where
the degree of dispersion of spatially unstructured random effects is controlled
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by the unknown parameter τφ. If τφ is relatively small, the variability of ran-
dom effects (φ1, . . . , φn) is higher around their common mean of zero, mean-
ing high relative risks variability. On the other hand, if τφ is relatively large,
there is a small variation of these effects around zero..

The spatial structured effect, θ = (θ1, . . . , θn) introduce the spatial de-
pendence between the relative risks. This spatial component indicates that
geographically close areas tend to present similar risks. The effect vector
θ is modeled by a Gaussian Markov Random Fields [28] called conditional
autoregressive CAR.

θi|(θ−i,W, τθ, ρ) ∼ N

(
ρ
∑

jWijθj∑
jWij

,
τ−1θ∑
jWij

)
where i = 1, ..., n. (2)

Where ρ ∈ (0, 1), τθ is an hyper-parameter that is inversely proportional
to the variance of θi, W is an n×n matrix such that Wij = Wji and Wii = 0.
This form is most familiar as a CAR model, where W is commonly chosen
as the adjacency matrix with Wij = 1 if areas i and j are adjacent neighbors
and 0 otherwise.

According to Brook Lemma [29], the joint density of the parameter vector
θ is given by:

θ|(τθ,W, ρ) ∼ N(0, (1− ρW ∗)−1τ−1θ Dτθ), (3)

where Dτθ is a diagonal matrix with elements dii = 1/ni and ni =∑n
j=1Wij. If we use a neighborhood adjacency matrix, ni is the number of

neighbors of the area i. The matrix W ∗ is the stochastic matrix constructed
from W , with W ∗

ij = Wij/ni.

1.2. Maps as Graphs

Graphs are mathematical structures used to model relationships between
pairs of objects of a collection and can represent the neighborhood structure
of a region. We assume that each area is a node (vertice), usually located in
the centroid of the area. Two areas i and j with Wij > 0 are connected by
an edge. If Wij = 0, no edge is add. The width of the edges is proportional
to the value of Wij. When the matrix W is binary, only the edges different
of zero are drawn. We can see in Figure 1 an example of graph constructed
from a map in which we connect only adjacent areas (share borders).
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Figure 1: Representation of a graph from a map.

The map is identified by a graph G consisting of two sets VG and EG, also
denoted by G = (VG, EG). The first set VG is a collection of n vertices that
represents areas, and the secund set EG is a collection of arcs or edges. Then,
two vertices v e v′ are connected by an edge if and only if they are neighbors,
i.e., wvv′ > 0.

A subgraph of a graph G is a graph G ′ such that VG′ ⊆ VG and EG′ ⊆ EG.
A graph is called not directed if for all v and v′ ∈ VG the edge (v, v′) ∈ EG
iff (v′, v) ∈ EG.

A graph is called connected when there is a path (sequence of vertices)
connecting any different pair of vertices; otherwise, the graph is called dis-
connected. A cycle is a path v1, · · · , vk, vk+1 , onde v1 = vk+1, k ≥ 3. A
graph that has no cycles is called acyclic.

Given a graph G connected and undirected, a spanning tree T is an acyclic
subgraph that connects all vertices. Thus, a single path in a tree connects
any two nodes. Furthermore, the number of edges is equal to the number of
nodes minus one. This means that, if any edge is deleted, the tree is splited
into two disconnected subtrees. A single graph can be composed into more
than one spanning tree.

The tree T is compatible with G, if T can be obtained from the pruning
edges of G. We represent this definition as T ≺ G when T is compatible
with G and T 6≺ G otherwise.

2. Model definition

In this work, we investigate a more flexible disease-mapping model in
terms of neighborhood structure. We propose the a priori neighborhoods
matrices classes W , allowing the consider of a stochastic neighborhood. We
call this model as Stochastic Neighborhood (SN). Thus, the matrix W is a
random object in a classW , we can rewrite the hierarchical model as follows:
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yi|(φi, θi, Ei) ∼ Poisson(Eie
φi+θi) iid i = 1, ..., n;

φi|τφ ∼ N(0, τ−1φ ) iid i = 1, ..., n;

τφ|(a, b) ∼ Gamma(a, b);

θi|(θ−i,W, τθ, ρ) ∼ N

(
ρ
∑

jWijθj∑
jWij

,
τ−1θ∑
jWij

)
i = 1, ..., n;

τθ|(c, d) ∼ Gamma(c, d);

P (W = W ) = f(W ), ∀ W ∈ W .

Then, the a posteriori distribution for parameters and hyper-parameters
is proportional to:

f(φ1, . . . , φn, θ1, . . . , θn, τφ, τθ,W |y1, . . . , yn)

∝
( n∏
i=1

e−Eie
φi+θi (eφi+θiEi)

yi

yi!

)
f(φ1, . . . , φn|τφ)f(θ1, . . . , θn|τθ,W )f(τφ)f(τθ)f(W ).(4)

Using the shorthand notation, we denote f(W |φ1, . . . , φn, θ1, . . . , θn, τφ, τθ, y1, . . . , yn) =
f(W |γ−W ,y) and the conditional distribution for W can be written as:

f(W |γ−W ,y) ∝ det (2π (1− ρW ∗)−1τ−1θ Dτθ)
−1/2e

−1
2
θt[τθD

−1
τθ

(1−ρW ∗)]θf(W ).(5)

In the following, we present three examples of classes for spatial structures
W. The first class does not present any hyperparameter, the second class
has one hyperparameter and the third class has both one hyperparameter
and one covariate. For more examples, see appendice.

1. W = {W : W ∈ {T : T ≺Wcomplete}}, where T represents a spanning
tree of graph G and Wcomlete is a complete graph in which all areas
are nearby each other. As T is a spanning tree, it is pruned exactly
n(n − 1)/2 − (n − 1) edges. The set of all possible spanning trees
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of this class represents all realization of W1 and have an associated
probability. If we attribute, for example, equal probability for each
tree, we are in discrete uniform distribution case. Then we use the
Matrix-Tree Theorem, proved by Kirchhoff [30], in order to solve the
problem about the number of spanning trees of a regular graph. Two
examples of spanning trees from a graph with 20 areas can be seen in
figure 2.

Figure 2: Two possible spanning trees in a graph with 20 areas.

2. W = {W(k) : Wij(k) = 1 if j ∈ {l : dj(i) ≤ d(k)(i)}, Wij(k) =
0 otherwise}. where dl(i) = ||i− l|| with l 6= i, d(k)(i) it is k-th order
statistics, and k is a hyper-parameter
This class contains only those graphs that connect the set of k ∈
{1, 2, . . . , n − 1} nearest neighbors of each area. This means that this
class has n− 1 possible neighborhood matrices, and the probability of
each one depends on the value k can assume. Figure 3 presents exam-
ples of this class on a map transformed into graph in which we vary
the values of k.

Figure 3: Example of class W2.
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We propose two distributions for k:

• k ∼ Ud(1, (n− 1)) ,

• k = 1 + k∗, with k∗ ∼ Bin((n− 2), p) and p ∈ (0, 1),

where Ud is the discrete uniform distribution. The hyper-parameter
p varies according to the researcher’s interest. If it seems more
plausible few edges, i.e., if there are many connections between
graphic areas, the value of p is close to zero. Otherwise, if areas
are very close to each other, it is intuitive to think that each area
will relate to many others around them, adding many edges in the
graph. In this situation, p ≈ 1 is more suitable.

3. W = {W(h) : Wij(h) = g(xi, xj)}, where g(xi, xj) = I[xi≥h] ∗ I[xj≥h]
is the product of indicator functions denoted by I and h is a hyper-
parameter. As an example, we can consider the spread of H1N1 Flu
Virus in 2009. Due to the traffic of people coming from many different
places, cities with international airports were very affected by the virus,
due to the ease spread of the disease [31], [32]. For this reason, several
cities with international airports were quickly affected [33]. In this case,
Mexico City and São Paulo,for instance, are considered neighbors shar-
ing no boundary. The covariate is the gross domestic product (GDP)
of each city. An example of this class can be seen in figure 4, where we
adopted the covariate X as the Brazil capitals population size and an
hyper-parameter h = 2.4millions. We can also use as covariate: size in
kilometer , per capita income, Human Development Index and climate.

Figure 4: Example of class with covariate.
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2.1. Spatial Structure Estimators

Now we are interested in estimating spatial structure given the observa-
tion y within a Bayesian framework. Naturally, any estimation strategy is
based on the a posteriori distribution.

The parameters τφ e τθ, have a known conditional distribution and are
estimated directly by the Gibbs sampler. On the other hand, the samples
of parameters W, θ and φ, are obtained through the Markov chain Monte
Carlo (MCMC) algorithm. From the neighborhood matrices sample, our goal
is to obtain a summary measure, such as posteriori mean, posteriori median
and posteriori mode.

Since a the neighborhood matrix can be seen as graph (see section 1.2),
we used posteriori estimators graphs.

In order to propose a simple and intuitive estimator we defined the first
a posteriori estimator graph Ĝ as:

Ĝ = argminGi

m∑
j=1

Q(Gi,Gj), (6)

where the dissimilarity funtion Q(Gi,Gj) between the graphs Gi and Gj is
defined by:

Q(Gi,Gj) =

∣∣∣EGi\EGj ⋃EGj\EGi
∣∣∣

|EGi |+ |EGj |
, (7)

where EGi and EGj represent the sets of graph edges from Gi e Gj respec-
tively. The notation EGi\EGj represent the difference between the two sets
EGi and EGj , i.e, the set of edges belonging to Gi and that do not belong to
Gj.

In our work, we propose one second more robust posteriori graph estima-
tor Ĝp defined by:

Ĝp = argminGi

m∑
j=1

Qp(Gi,Gj), (8)

where dissimilaritie function Qp(Gi,Gj) between the graphs Gi and Gj is
defined by:

Qp(Gi,Gj) =
n∑
k=1

n∑
l=1

(A(Gi)kl − A(Gj)kl)2. (9)
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and the matrices of paths A(Gi) with the elements Akl, k = 1, . . . , n,
l = 1, . . . , n is defined by:

A(Gi)kl = argminr

n∑
t=1

w∗rktw
∗r
tl > 0

,
where W ∗ is the stochastic matrix constructed from the neighborhood

adjacency matrix and W ∗r is r-th power of stochastic matrix W ∗. This
implies that the elements of the matrix paths A(Gi) indicate the minimum
number of required steps to go from one node to another in a graph Gi.
Hence the first order neighbors (adjacent) need only one step to become
interconnect, neighbors of second order (neighbor of neighbor) need two steps,
Akl = 2, and so on.

Then, both posteriori graph estimators are the one that has the smallest
dissimilarity between all graphs sampled via MCMC.

3. Simulation

In order to better assess the performance of the proposal method, we
compare some simulation results. Our focus is to compare our results with
those obtained by existing models. Specifically, we will use the BYM model,
which assume the random effects spatially structured in the model CAR and
neighborhood structure as adjacency. Therefore, we used the hierarchical
structure described in section 2.

The observed number of cases yi, was obtained using the bayesian spatial
hierarchical model described in section 2. The rate of incidence by group

j , rj =
∑n
i=1 yij∑n
i=1Nij

, is based on data from bronchitis and population in 127

micro-regions of Paraná, Rio Grande do Sul, Santa Catarina and São Paulo,
between August 2010 and August 2011. The data are available on the Min-
istry of Health website Sistema de Informaes Hospitalares do SUS (SIH/SUS)
and IBGE. In this case, we implemented a scenario where a determided city
influences small neighboring towns. This influence is expressed through a
graph that has an edge between the big city and the surrounding towns.

The selected a priori matrix class is the union of the class with an adja-
cency restriction with a new class W ′ defined as:

W ′ =
{
W (k) : Wij = 1 se i ∈ B e j ∈ {l : dl(i) ≤ d(k)(i)}
W (k) : Wij = 0 c.c

10



where dl(i) and d(k)(i) were definided in second example of section 2,
P (i ∈ B) = Ni/

∑n
i=1Ni and k ∼ Binomal((n− 2), 0.35). We denote by B

the set of cities that will be sampled as influence cities.
We also use the following a priori distributions:

τφ ∼ Γ(0.01, 0.01);

τθ ∼ Γ(0.01, 0.01);

ρ ∼ U(0, 1)

We ran the chains for 10000 iterations, with 500 iterations as burn-in. In
each simulation, we verify the DIC value, the relative risk deviation estima-
tive and the a posteriori distribution of ρ.

Figure 5(a) shows the graphics of the relative risk deviation estimative
in which the boxplot of our model is in the left and the boxplot of the CAR
model is in the right.

Table 1 shows that our modelpresents lower estimatives variability.
On the left side of the figure 5(b) the boxplot shows the estimates of ρ in

SN model and, on the right, we see the ρ estimatives boxplot in CAR model.
Both models estimates are concentrated in the true value, 0.99. However,
our model shows less variability.

SN CAR

0.
0

0.
5

1.
0

1.
5

2.
0

s ψ̂

(a) SN model

SN CAR

0.
95

0.
96

0.
97

0.
98

0.
99

ρ

(b) CAR model

Figure 5: Box-plot of the relative risk deviation estimatives.
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Finally, the table 1 shows that in 76.2% of the simulations the DIC value
is smaller in our model and, in more than half of the simulations, the same
behavior also occurred with the RAMSEL.

Table 1: Simulation results comparing the SN and CAR model.

Models % smaller DIC % smaller RMSE % smaller RMSEL
SN 76.2 32.5 55

CAR 23.8 67.5 45

4. Application

In this section, we apply the our model for two different diseases. In the
first application, we use the bronchitis data of the female population of 127
micro-regions of Paraná, Rio Grande do Sul, Santa Catarina and São Paulo,
from August 2010 to August 2011. In the second application, we use data
of infectious meningitis deaths in the same period of time. We choose to use
two different a priori neighborhood matrix in each application. In the first
application we choose the following class:

W =

{
W (k) : Wij = di(j)

β if i ∈ B and di(j) ≤ 200km
W (k) : Wij = 0 otherwise

where P (i ∈ B) = log(Ni)/
∑n

i=1 log(Ni), |P| = k1, β = (
log0.5

log50
) e k1 ∼

Binomal(n, 0.03).
We fix a negative value in β to causes a decay in value wij when the

distance between the areas increases. Beside that, the β value is chosen such
that wij = 0.5 when two cities are 50 km far. We limited the maximum
value to 200 km because we believe that this threshold is reasonable when
we are considering the environmental influence between areas. Since the geo-
graphical coordinates are given by latitude and longitude degrees, we use the
Haversine conversion to find the distance between two areas in Kilometers.

In the second application we apply the a prior matrix class defined in the
the section 3.

From table 2, we see that our model has a much smaller DIC value than
the one found by the CAR model in both applications.
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Table 2: Application results of the SN and CAR models.

Models DIC - Aplication1 DIC - Aplication2
SN 33605.29 49859.76

CAR 40130.87 60353.66

Figures 8 e 7 show the estimative relative risks maps of our model, by the
SMR estimated (yi/Ei) and the CAR model, respectively, for data bronchitis
and meningitis. We conclude that our model shows smoother risk estimated
value than the CAR model, because we added more edges between areas.

0.0 0.5 1.0 1.5 2.0

(a) CAR Risk

0.0 0.5 1.0 1.5 2.0

(b) SMR Risk

0.0 0.5 1.0 1.5 2.0

(c) SN Risk

Figure 6: Risk map of bronchitis data

Figures 8(a) e 8(b) show the graphics of the deviations of the relative
risks estimative and of the estimates of ρ respectively. In both figures, the
boxplot of our model is the left one and boxplot of CAR model in the right
side. As well as occurred with the results obtained during the simulations,
our model presents lower variability of estimative.

Figure 9 and 10 present the a posteriori estimative on the left side. On
the right side we plot graphs showing the edges that have been added to the
graph when compared to adjacency graph.

In the case of bronchitis, more edges were added near São Paulo and
Campinas region when compared to the adjacency matrix. Moreover, the
mean percentage of times that these edges were observed on each sample
generated is 0.92 and variance is equal to 0.07. This means that, in the public
health context, it is quite reasonable to analyze this region more carefully,
since these cities have mutual influence.

In meningitis case, we observe the existence of four influence cities: Cu-
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0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

(a) CAR Risk

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

(b) SMR Risk

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

(c) SN Risk

Figure 7: Risk map of meningitis data
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(a) Bronchitis data

1 2

0
1

2
3

4
5

(b) Meningitis datal

Figure 8: Box-plot of the deviations of the estimated ρ. The left side represents the SN
model and the right represents the CAR model.
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ritiba, Porto Alegre, So Paulo and Campinas. The mean percentage of times
that these edges were observed on each sample generateof edges added (in
addition to the adjacency matrix) is 0.43 with variance equal to 0.42.

Figure 9: The left graph represents the estimated graph and the rigth graph shows the
edges that have been added to the graph when compared to adjacency graph in bronchitis
data.

Figure 10: The left graph represents the estimated graph and the rigth graph shows the
edges that have been added to the graph when compared to adjacency graph in Meningitis
data.

5. Conclusion

In this work, we consider an extension of models where two random effects
can explain the relative risk of a particular diseas. In the BYM model, the
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neighborhood matrix is fixed before the analysis and is usually based on
adjacency for convenience. We allow the spatial matrix to be a random
elements of a neighbor class. We proposed classes of matrices, which allowed
the usage of methods (e.g., the MCMC) to make inferences about the spatial
structure. Furthermore, we proposed two posteriori estimators and tested
our model in different situations.

The simulation lead us to conclude that the results obtained in space-
structure estimative in a lattice were satisfactory. The results attested a
better fit of our model when compared to CAR.

Finally, we can conclude that our proposal is more suitable for disease
mapping, since it makes unnecessary to select a single neighborhood matrix
and the results are more accurate.

6. Appendix

6.1. Simple Class of random matrices

In this first group we propose some simple classes that involve hyper-
parameters such as distances between areas, nearest neighbor and spanning
trees.

1. W1 = {W(d) : Wij(d) = 1 if dj(i) ≤ d; Wij(d) = 0 otherwise}.
This class also incorporates an unknown hyper-parameter of distance
d ∈ R+ .

Figure 11: Example of class W3

We propose two distributions for d:
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• d ∼ U(d(1)(•), d(n)(•)), ie, the minimum and maximum distance
between all possible pairs of vertices of the graph,

• d = d(n)(•)× d∗, com d∗ ∼ Beta(α, β).

The hyper-parameters α and β allow greater flexibility in the
choice of d. If α is equal to one, we give more weight to small
values of d. If we also set β equal to one, we face a case where all
the possible values of p have the same weight.

2. W2 = {W(C) : TAG ≺ W(C−) ≺ Wadj}, where W(C−) is the matrix
compatible with the adjacency matrix Wadj in which it is obtained
from the pruning of C edges of Wadj. It can be atributed a distribution
for the hyper-parameter C.

• C ∼ Ud

(
0, [Cmax − (n− 1)]

)
,

where Cmax is the number of edges in graph that uses only adja-
cency neighborhood.

• C ∼ Binomial
(

[Cmax − (n− 1)], p
)

.

The hyper-parameter p allows more flexibility in choosing the
number of edges C, which are cut from the adjacency matrix Wadj.

3. W3 = {W(C) : TAG ≺W(C+) ≺Wcomplete},
The graph W(C+) represents the graph in which was added C edges in
a spanning tree of the graph G. An example of this class could be seen
in figure ref fig: classe5.

Figure 12: Example of class W5.

We propose the following distributions to hyper-parameter C:
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• C ∼ Ud

(
0,
[(

n
2

)
− (n− 1)

])
.

• C ∼ Binomial
([(

n
2

)
− (n−1)

]
, p
)

. The hyper-parameter p allows

more flexibility in choosing the number of edges C to be add from
spanning tree.

Despite the classesW2 andW3 look the same, there is a very important
difference between them. In class W2, edges are based on boundaries,
i.e., if there is any edge between two areas, it means that they are
necessarily adjacent. In the class W3, this is not a rule. There is
a chance that both areas are connected by an edge and they do not
divide any borders.

4. W4 = {W(C) : W(C−) ≺ Wadj}, where hyper-parameter C could be
distributed in the following ways:

• C ∼ Ud

(
0, Cmax

)
, where Cmax is the number of edges in adjacency

graph,

• C ∼ Binomial
(
Cmax, p

)
.

5. W5 = {W(C) : W(C−) ≺ Wcompleto}, where hyper-parameter C could
be distributed in the following ways:

• C ∼ Ud

(
0,
(
n
2

))
,

• C ∼ Binomial
((

n
2

)
, p
)
.

The classesW4 andW5 are variations of previous classes. The modifica-
tion made in these classes allows all edges of the graph to be removed.
We can note, however, that when using these classes, the resulting
graphs are not always connected.

6. W6 = {W(r) : TAG ≺W(r) ≺Wcomplete}, where W(r) corresponds to
a graph in which all vertices are connected to other exactly r vertices.
The hyper-parameter r could be:

• r ∼ Ud

(
0,
(
n−1
2

))
,

• r ∼ Binomial
((

n−1
2

)
, p
)
.
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6.2. Class of random matrices with covariates

In second group we propose some classes that include covariates such as
population sizea, area size and gross domestic product (GDP).

This class allows using other important informations to building a neigh-
borhood matrix.

1. W7 = {W(h) : Wij(h) = 1 if g(xi, xj) ≥ h, Wij(h) = 0 otherwise},
where x = {x1, . . . , xn} is the observed vector of covariateX, g(xi, xj) =
|xi − xj| and h is a hyper-parameter.
Suppose three equidistant towns A, B and C. The B and C cities are
small towns with no so good infrastructure, while the city A is a big
city. When an individual gets sick in the small towns, he will be brought
to the big city. Thus, the problem with the infrastructure provides a
of ”link” between the small towns and the big city. Thus, city A is
neighbor of B and C and the latter two are not neighbors to each
other. In this case, covariate X could represents the population of each
city. In this way, when the difference between the sizes is greater than
a limit h, these cities are linked.

6.3. Combination Class of random matrices

There are situations where it is not sufficient to use a single class. We
could analyze, for instance, the delivery traffic (mail) in a region. We assume,
in this case, two types of distribution logistics. The first uses road routes,
where companies tend to choose shorter routes between cities. This type of
distribution can be expressed using the class W8 of minimum spanning tree,
in which costs of edges may be associated with distances between cities ( see
first proposed class in section 2). The second type of delivery is air traffic
between major cities. This type of distribution is essential, since the delivery
volume from large cities is far superior when compared to the volume of small
cities. Distribution via aircraft can be represented by the class W9 (see the
third proposed class in section 2). Thus, it becomes essential to use both
classes, see figure 13 and the alternative for these cases is the combination
of classes.

1. W10 = {W : λ1W8 + λ2W9}, where W8 ∈ W8, W9 ∈ W9, λi ∈ (0, 1)
with i = 1, 2 and λ1 + λ2 = 1.
The parameters λi i = 1, 2 control the weight that are given to each
neighborhood matrix. In our example, the matrix W8 is connected
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and the matrix W9 is not connected. You can add additional matrix
in this combination, the still restrictions are maintained

∑
i λi = 1 and

λi ∈ (0, 1).

Figure 13: Example of class W10.
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