
manuscript No.
(will be inserted by the editor)

Dynamic Control of Infeasibility for Nonlinear

Programming

Abel S. Siqueira · Francisco A. M.
Gomes

June 15, 2016
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1 Introduction

In this paper, we present a method for solving nonlinear optimization prob-
lems with inequality constraints. The method is an extension of the algorithm
proposed in Bielschowsky and Gomes [5], originally devised for equality con-
strained problems. It uses adaptative cylindrical regions around the feasible
set, called Trust Cylinders, to control the iterates and step sizes. This strategy
ensures that a step will not leave a reliable region around the feasible set,
hence the name Dynamic Control of Infeasibility, or DCI for short.

We follow the composite step approach, that consists of dividing the it-
eration into a normal and a tangential step. These steps are obtained using
a quadratic approximation for the Lagrangian function and a linear approxi-
mation for the constraints. This strategy is well-known, and can be seen, for
instance, in [5, 7, 8, 11, 12, 18, 19, 21, 23, 26, 33]. In addition, we treat the
bounds on the variables using interior-point techniques, controlling the steps
with fraction-to-the-boundary rules and a logarithm barrier function, as done
in [7, 8, 23, 44].

Many strategies exist for globalizing nonlinear programming methods. The
most traditional are line search [4, 6, 13, 44], trust region [7, 8, 12, 13, 18, 19,
21, 22, 25, 26, 33, 36], and the �lter approach [22, 25, 28, 31, 35, 37, 38, 44].
The trusts cylinders introduce a new way to obtain global convergence for
composite steps methods, without relying on merit function or �lters. As far
as we are concerned, the only similar approach is the trust-funnel method
proposed in [11, 30].

This paper is organized as follows. In Section 2 we introduce the DCI
method, detailing the algorithm. Sections 3 and 4 present the global and local
convergence properties of the method, respectively. Section 5 shows informa-
tion about our computational implementation and numerical results, followed
by some conclusions and open issues in Section 6.

2 The Method

The Dynamic Control of Infeasibility (DCI) method of Bielchowsky and Gomes
[5] was originally proposed for equality constrained problems. This work ex-
tends the method to handle the inequality constrained problem

min f(x)
s.t. cE(x) = 0,

cI(x) ≥ 0,
(2.1)

where f : Rn −→ R, cE : Rn −→ RmE , cI : Rn −→ RmI are twice continuously
di�erentiable functions.

Introducing a vector of slack variables, s ∈ RmI , we can rewrite (2.1) as

min f(x)
s.t. cE(x) = 0,

cI(x)− s = 0, s ≥ 0.
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Moreover, de�ning the vector z =

[
x
s

]
and the function

h(z) =

[
cE(x)

cI(x)− s

]
, (2.2)

we obtain the equivalent problem

min f(x)

s.t. h(z) = 0, s ≥ 0.

Following an interior point approach, we de�ne the function

ϕ(z, µ) = f(x) + µβ(z),

where β(z) = −∑mI
i=1 ln si, and reformulate our problem as

min ϕ(z, µ) s.t. h(z) = 0. (2.3)

The Lagrangian function for this new problem is

L(z, λ, µ) = ϕ(z, µ) + λTh(z).

Since (2.3) is an equality constrained problem, we can use the original DCI
method to solve it, although some modi�cations are required in order to ensure
convergence.

Let zc be an approximate solution for (2.3). A straightforward way to
obtain a new point z+c = zc + d is to approximately solve the problem

min
d

L(zc + d, λ, µ) s.t. h(zc + d) = h(zc).

Unfortunately, this problem can be ill-conditioned due to fact that the deriva-
tives of the objective function of (2.3) involve the inverse of the matrix S =
diag(s1, . . . , smI ). In fact, it is easy to see that

∇ϕ(z, µ) =
[
∇f(x)
−µS−1e

]
, ∇2ϕ(z, µ) =

[
∇2f(x) 0

0 µS−2

]
,

where the index z of the derivatives was omitted, that is,∇ϕ(z, µ) = ∇zϕ(z, µ)
and ∇2ϕ(z, µ) = ∇2

zzϕ(z, µ). One way to avoid the ill-conditioning is to intro-
duce the scaling matrix

Λ(z) =

[
I 0
0 S

]
,

so the vector d can be rewritten as d = Λ(zc)δ. With this modi�cation, we
de�ne the scaled gradient and the scaled Hessians of ϕ and L, respectively, as

g(z, µ) = Λ(z)∇ϕ(z, µ) =
[
∇f(x)
−µe

]
, (2.4)

Γ (z, µ) = Λ(z)∇2ϕ(z, µ)Λ(z) =

[
∇2f(x) 0

0 µI

]
, (2.5)

W (z, λ, µ) = Λ(z)∇2
zzL(z, λ, µ)Λ(z) =

[
Wx(x, λ) 0

0 µI

]
, (2.6)
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where m = mE +mI , and Wx(x, λ) = ∇2f(x)+

m∑
i=1

λi∇2ci(x). We also de�ne

the scaled Jacobian as

A(z) = ∇h(z)Λ(z) =
[
∇cE(x) 0
∇cI(x) −I

]
Λ(z) =

[
∇cE(x) 0
∇cI(x) −S

]
.

The Lagrange multipliers associated to the problem can be approximated
by the least squares solution of the dual feasibility scaled equation

Λ(z)∇L(z, λ, µ) = g(z, µ) +A(z)Tλ = 0.

These estimates are given by

λLS(z, µ) = argmin
λ

1

2

∥∥A(z)Tλ+ g(z, µ)
∥∥2 .

Note that, if A(z) has full rank, then

λLS(z, µ) = −[A(z)A(z)T ]−1A(z)g(z, µ).

Rewriting λLS(z, µ) =
[
λE(z, µ)

T λI(z, µ)
T
]T
, where λE(z, µ) ∈ RmE and

λI(z, µ) ∈ RmI , we de�ne the scaled projection of the gradient at z onto the
null space of A(z) as

gp(z, µ) = Λ(z)∇zL(z, λLS(z, µ), µ) = g(z, µ) +A(z)TλLS(z, µ)

The iteration of our method is decomposed into a normal and a tangential
step. The purpose of the normal step is to bring the iterates close to the feasible
set, while the tangential step drives the iterates towards optimality, keeping
feasibility under control.

The DCI method is based on what we call trust cylinders. These cylinders
are regions around the feasible set de�ned by

C(ρ) = {z ∈ Rn : ‖h(z)‖ ≤ ρ},

where ρ is called the radius of the trust cylinder. From an iterate zk−1, the
normal step gives zkc inside a cylinder with radius ρk, and the tangent step
obtains zk inside the cylinder of radius 2ρk. Figure 1 exempli�es the process.

On the algorithm, we use an approximation λk to λLS(z
k
c , µ

k) and de�ne
the projected gradient

ζk = g(zkc , µ
k) +A(zkc )

Tλk =

[
∇f(xkc ) +∇c(xkc )Tλk
−µke− Skc λkI

]
,

which is an approximation to gp(z
k
c , µ

k). We use the norm of the projected
gradient as an optimality measure, and keep the cylinder radii proportional to
this measure, which means that ρ = O(‖ζ‖).
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‖h(z)‖ = ρk

‖h(z)‖ = 2ρk

h(z) = 0

zk−1

zkc

zk

Fig. 1: The feasible set, the cylinders, and the steps of the algorithm. The �normal� iterate
zkc satis�es

∥∥h(zkc )∥∥ ≤ ρk and the �tangential� iterate zk satis�es
∥∥h(zk)∥∥ ≤ 2ρk.

The iterates are kept strictly feasible with respect to the bounds on the
variables. To ensure this, we use a fraction-to-the-boundary rule, i.e., given a
point z and a direction d, the step length α must satisfy

s+ αds ≥ εµs, (2.7)

where ds is the component of d corresponding to s and εµ > 0 is a small
constant. An outline of the method is given below.

Algorithm 1 DCI Method

1: Parameters: εg > 0, εh > 0, εa > 0, εµ ∈ (0, 1) and ν ∈ [10−4, 1].
2: Initial Values: z0, ρ0 > 0, µ0, k = 1, ρ0max.
3: Normal Step. Obtain zkc , λ

k, ρk, µk and ζk = g(zkc , µ
k) +A(zkc )

Tλk such that

∥∥∥h(zkc )∥∥∥ ≤ ∥∥∥h(zk−1)
∥∥∥ , ∥∥∥h(zkc )∥∥∥ ≤ ρk ≤ ν ∥∥ζk∥∥ ρk−1

max∥∥g(zkc , µk)∥∥+ 1
, and skc ≥ εµsk−1

4: if
∥∥h(zkc )∥∥ < εh,

∥∥ζk∥∥ < εg and
∣∣(skc )TλkI ∣∣ < εa, STOP with z∗ = zkc .

5: Update ρkmax .
6: Tangential Step. Obtain zk that su�ciently reduces the Lagrangian function and

satis�es ∥∥∥h(zk)∥∥∥ ≤ 2ρk and sk ≥ εµskc .

7: Increment k and return to Step 3.

To compute the normal step, we apply a method to solve the problem

min
s≥0

1

2
‖h(z)‖2 . (2.8)

The conditions on what the method must satisfy are generally satis�ed by the
usual descent methods, and they'll be described on the convergence hypothesis.
In our practical algorithm, each application of the method starts with the
previous zc and a new iterate z+c is obtained solving the subproblem

min
1

2
‖h(zc + d)‖2 s.t ‖d‖∞ ≤ ∆N , sc + ds ≥ εµsk−1 (2.9)
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where ∆N > 0 is the trust region radius for the normal step.
Step 3 of the algorithm also comprises the update of the trust region cylin-

der ρ, the penalty parameter µ and the projected gradient ζ. After solving
the normal subproblem to �nd z+c , we update the multipliers, the projected
gradient and the radius ρ, and verify if z+c remains inside the new cylinder.
If it is not the case, the whole process is repeated. Algorithm 2 outlines the
normal step.

Algorithm 2 Normal Step

1: Parameters: αρ > 0, αh > 0 and εh > 0.
2: Initial Value: zc = zk−1.
3: Compute λ, ζ = g(zc, µ) +A(zc)Tλ and update ρ and µ.
4: while ‖h(zc)‖ > max{ρ, εh} do

5: Find zc such that ‖h(zc)‖ ≤ ρ and sc ≥ εµsk−1 from (2.9).
6: If that is not possible, stop with possible infeasibility �ag.
7: Compute λ, ζ = g(zc, µ) +A(zc)Tλ, ρ and µ.
8: end while

9: De�ne λk = λ, ζk = ζ and ρk = ρ.

10: De�ne µk = min

{
µk−1, αρρk, αρρ

2
k,

(skc )
T max{0,−λkI }

mI
, αhh(z

k)

}
.

The main di�culty in the normal step is obtaining a new zc in Step 5 of
Algorithm 2, solving approximately (2.9). To solve this subproblem, we use a
modi�cation of the Dogleg method proposed in [24]. In general terms, we take
steps that are combinations of the Gauss-Newton step

dGN = −JT (JJT )−1h(zc)

and the Cauchy step dC = −αCJTh(zc), with J = ∇h(zc). Although it may
seem that the loop on Step 4 is very expensive, since it may require several zc
updates, we will show on Subsection 5.1 that, in practice, less than one loop
is usually required per iteration, making the normal step no more expensive
than an inexact restoration method.

In this algorithm, we compute λ so that it remains asymptotically close
to λLS(zc, µ), ensuring that the sign of the multipliers associated with the
inequalities are correct when µ tends to 0. This is done using the formula

λi =

{
λLSi(zc, µ), if i ∈ E,
min{λLSi(zc, µ), αµr}, if i ∈ I,

where α > 0 and r > 0 are chosen appropriately. After that, we compute ζ
and update ρ according to Algorithm 3. The update of ρ is partly empiri-
cal, including some safeguards for very small values, but it also include some
theorical properties required for convergence, which are discussed in the next
sections.

In the tangential step, the dual infeasibility is reduced through the mini-
mization of a quadratic approximation of the Lagrangian, subject to a scaled
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Algorithm 3 ρ Update

1: Given zc, µ, ρmax and ρ
2: Compute np = ‖ζ‖ /(‖g(zc, µ)‖+ 1).
3: if ρ > 2ρmaxnp then
4: Choose ρ+ ≤ ρmaxnp
5: else
6: Choose ρ+ = max{ρ,min{ρmaxnp,max{10−4ρmaxnp, 0.75ρmax}}}.
7: end if

trust region. The step δt is an approximate solution to the problem

min
δ

qk(δ) =
1

2
δTBkδ + δT ζk

s.t. A(zkc )δ = 0,
∥∥Λ(zkc )δ∥∥∞ ≤ ∆T , Skc δs ≥ (εµ − 1)skc ,

(2.10)

where Bk = diag(Bkx , B
k
s ) is a block diagonal approximation to W (zkc , λ

k, µk),
and ∆T > 0 is the trust region radius for the step. This subproblem is solved
with a modi�cation of the Steihaug method [42] to handle the bounds on a
similar way of what it does to the trust region.

The step δt is required to be at least as good as a Cauchy step, and to
remain inside the cylinder C(2ρk). If the tangent step signi�cantly undermines
the reduction of the infeasibility obtained in the normal step, we also make a
second order correction, as suggested in [10]. This is veri�ed by the conditions

‖h(zc + δt)‖ > min{2ρ, 2 ‖h(zc)‖+ 0.5ρ}
or

‖h(zc)‖ ≤ 10−5 and ‖h(zc + δt)‖ > max{10−5, 2 ‖h(zc)‖}.
Following an idea given in [34], the correction direction d+ is given by

d+ = argmin
δ

1

2

∥∥A(zkc )δ + h(zkc + δt)− h(zkc )
∥∥

= −A(zkc )T [A(zkc )A(zkc )T ]−1[h(zkc + δt)− h(zkc )]
The correction is de�ned as δsoc = αd+, where α ∈ (0, 1) is chosen so that
δt + δsoc satisfy the same fraction-to-the-boundary condition as δ in (2.10).
Algorithm 4 shows an outline of the tangential step.

To close this section, let us show how to update ρmax in step 5 of Algorithm
1. This parameter is used to control the size of the cylinder radius at each
iteration, and depends not only on the norm of the projected gradient, but
also on the variation of the Lagrangian, that is given by

∆Lkc = L(zkc , λ
k, µk)− L(zk−1c , λk−1, µk−1) = ∆Lk−1T +∆LkN ,

where the contributions of the normal and tangential steps to the Lagrangian
variation are, respectively,

∆LkN = L(zkc , λ
k, µk)− L(zk−1, λk−1, µk−1),

∆LkT = L(zk, λk, µk)− L(zkc , λk, µk).
The update of ρmax is described in Algorithm 5.
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Algorithm 4 Tangential Step

1: Parameters: η1 ∈ (0, 1
2
], η2 > η1, αR ∈ (0, 3

4
], αI > 1.

2: Initial Values: ∆T , r = 0 and z+ = zkc .
3: while

∥∥h(z+)
∥∥ > 2ρk or r < η1 do

4: Compute the Cauchy Step δCP = −αCP ζk, where αCP is the solution of

min
α>0

qk(−αζk) s.t.
∥∥∥αΛ(zkc )ζk∥∥∥∞ ≤ ∆T , −αSkc (ζk)s ≥ (εµ − 1)skc

5: Starting at δCP , compute δt such that

qk(δt) ≤ qk(δCP ),
∥∥∥A(zkc )δt∥∥∥∞ ≤ ∆T Skc δ

k
s ≥ (εµ − 1)skc

6: If necessary, compute a second order correction δsoc.
7: d+ = Λ(zkc )(δt + δsoc).
8: z+ = zkc + d+.
9: ∆LkT = L(z+, λk, µk)− L(zkc , λk, µk).
10: r = ∆LkT /qk(δt).

11: if
∥∥h(z+)

∥∥ > 2ρk or r < η1 then

12: ∆T = αR∆T ,
13: else if r > η2 then

14: ∆T = αI∆T .
15: end if

16: end while

17: De�ne zk = z+.

Algorithm 5 ρmax Update

1: Initial Value: Lref de�ned in the previous iteration. For k = 0, we set Lref =∞.

2: ∆LkN = L(zkc , λ
k, µk)− L(zk−1, λk−1, µk−1)

3: if ∆LkN ≥
1
2
[Lref − L(zk−1, λk−1, µk−1)] then

4: ρkmax = ρk−1
max/2

5: else
6: ρkmax = ρk−1

max

7: end if

8: if ∆LkN > − 1
2
∆Lk−1

T then

9: Lref = L(zkc , λ
k, µk)

10: end if

3 Global Convergence

The convergence theory of the method is based on relatively weak assumptions.
The four hypotheses that are needed to show that Algorithm 1 is globally
convergent are described below.

Hypothesis H1 The functions f , cE and cI are C2.

Hypothesis H2 The sequences {zkc } and {zk}, the approximations Bk and
the multipliers {λk} remains uniformly bounded.

Hypothesis H3 The restoration is always possible and is reasonably short,
i.e., given ρ and y, it is always possible to �nd yc such that ‖h(yc)‖ ≤ ρ and

‖yc − y‖ = O(‖h(y)‖). (3.1)
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Hypothesis H4
∥∥δksoc∥∥ = O(

∥∥δkt ∥∥2).
Hyphotesis H1 is natural, since the method uses exact or approximate second
derivatives. H2 is required to avoid the possibility of taking unbounded de-
scent directions. H3 is important because the restoration can fail, although we
show in Section 3.1 that, when it happens, at least a stationary point of the
infeasibility is found. Finally, H4 is a traditional hypothesis for second order
correction steps.

If H1 holds, then the remaining hypotheses will also hold if, for example,
the level set {z | ‖h(z)‖ ≤ ‖h(z0)‖} is compact, the feasible set is not empty
and ∇h(z) has full rank on this set.

We present now some properties of the algorithm, starting with those re-
lated to the trust cylinder. From the de�nition of the cylinder radius on step
3 of Algorithm 1, the conditions established on steps 3 and 6 of the same
algorithm, and the way we update ρmax on Algorithm 5, we have

ρk ≤ ρk−1max

∥∥ζk∥∥ ≤ 2ρkmax

∥∥ζk∥∥ , (3.2)

ρkmax ≤ ρk−1max ≤ 104ρk
∥∥g(zkc , µk)∥∥+ 1

‖ζk‖ , (3.3)∥∥h(zkc )∥∥ ≤
∥∥h(zk−1)∥∥ ≤ 2ρk−1. (3.4)

Besides, we require the iterates to follow the fraction-to-the-boundary rule
given in (2.7), which means that

skc ≥ εµsk−1, sk ≥ εµskc , s+ ≥ εµskc . (3.5)

Moreover, from the de�nition of µk in step 10 of Algorithm 2, we also have

µk ≤ αρmin{ρk, (ρk)2}. (3.6)

From this point forward, we assume that the sequences {zkc } and {zk}
generated by the algorithm satisfy H1-H4. To ease the reading, we also de�ne
the matrices Λkc = Λ(zkc ), Λ

k = Λ(zk) and Λ+ = Λ(z+), and denote the full
normal step by δkN = zkc − zk−1. From the sequence of normal steps in loop 4
in Algorithm 2, and Hypothesis H3, we have

∥∥zk+1
c − zk

∥∥ = O(
∥∥h(zk)∥∥). (3.7)

Besides, Hypotheses H1-H4 allow us to choose a constant δmax > 0, such that,
for every iteration k,

∥∥δkt ∥∥+ ∥∥δksoc∥∥+ ∥∥δkN∥∥ ≤ δmax. (3.8)
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The hypotheses and (3.7) also allow us to de�ne ξ0 > 0, such that, for all
k, if

∥∥z − zkc ∥∥ ≤ δmax and µ ≤ µ0, then

‖Aj(z)‖ ≤ ξ0, j = 1, . . . ,m, (3.9)∥∥∇2hj(z)
∥∥ ≤ ξ0, j = 1, . . . ,m, (3.10)

‖∇f(x)‖ ≤ ξ0, (3.11)∥∥∇2f(x)
∥∥ ≤ ξ0, (3.12)

‖g(z, µ)‖ ≤ ξ0, (3.13)

‖Γ (z, µ)‖ ≤ ξ0, (3.14)∥∥Bk∥∥ ≤ ξ0, (3.15)∥∥λk∥∥ ≤ ξ0, (3.16)∥∥δksoc∥∥ ≤ ξ0
∥∥δkt ∥∥2 , (3.17)∥∥Λkc∥∥ ≤ ξ0, (3.18)∥∥zk+1

c − zk
∥∥ ≤ ξ0

∥∥h(zk)∥∥ , (3.19)

skc ≤ ξ0s
k−1, (3.20)

sk ≤ ξ0s
k
c . (3.21)

Our main global convergence result is given by Theorem 1, which is based
on six lemmas. The �rst one shows that the normal step is well-de�ned.

Lemma 1 Under Hypothesis H1-H3, the loop on step 4 of Algorithm 2 ter-
minates �nitely.

Proof Denote the point and the radius at the beginning of the loop as zc and
ρ, and at the end as z+c and ρ+. Notice that ‖h(z+c )‖ ≤ ρ < ‖h(zc)‖. Now, if
the condition on step 3 of Algorithm 3 is not satis�ed, then, from step 6 of the
same algorithm, we have ρ+ ≥ ρ ≥ ‖h(z+c )‖, and z+c is accepted. Otherwise,
if step 3 is never satis�ed, then we have ρ+ < ρ/2. Hence ρ converges to zero,
and eventually we'll have ρ < εh, thus ‖h(z+c )‖ < ρ < εh. ut

The next lemma provides a bound on the increase of the infeasibility caused
by the tangential step in relation to the intermediate point zkc , generated by
the normal step.

Lemma 2 The trial iterate z+ generated on step 8 of Algorithm 4 satis�es∥∥h(z+)− h(zkc )∥∥ ≤ ξ0 ‖δt‖2, where ξ0 is a positive constant.

Proof See Lemma 3.1 of [5]. ut
The following lemma shows that, under assumptions H1-H4, the tangen-

tial step does not fail, and provides a su�cient reduction of the Lagrangian
function.

Lemma 3 If xkc is not a stationary point to problem (2.1), then z+ is even-
tually accepted. Furthermore, we can de�ne constants ξ1, ξ2 and ξ3 such that,
for every k,

∆LkT ≤ −ξ1
∥∥ζk∥∥min{ξ2

∥∥ζk∥∥ , ξ3√ρk, 1− εµ}. (3.22)
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Proof The proof of this Lemma is essentially the same as the proof of Lemma
3.2 in [5]. The noteworthy di�erence is that the Cauchy step δCP de�ned in
step 4 of Algorithm 4 now satis�es

‖δCP ‖ ≥ min

{ ‖ζ‖
‖B‖ , ∆, 1− εµ

}
,

while only the �rst two terms inside the braces were considered in [5]. ut
The next lemma establishes an upper bound to the normal variation of the

Lagrangian function. Note that this variation can be positive.

Lemma 4 There is a positive constant ξ4 such that, for k su�ciently large,

∆Lk+1
N ≤ ξ4ρkmax

∥∥ζk∥∥ .
Proof Using the Mean Value Theorem, we have

∆Lk+1
N =

= ϕ(zk+1
c , µk)− ϕ(zk, µk) + h(zk+1

c )Tλk+1 − h(zk)Tλk + (µk+1−µk)β(zk+1
c )

= ∇ϕ(zξ, µk)T (zk+1
c −zk) + h(zk+1

c )Tλk+1 − h(zk)Tλk + (µk+1−µk)β(zk+1
c )

= ∇f(xξ)T (xk+1
c −xk) + µk∇β(zξ)T (zk+1

c −zk) + h(zk+1
c )Tλk+1 − h(zk)Tλk

+ (µk+1 − µk)β(zk+1
c ),

with zξ = ηzk + (1 − η)zk+1
c , for some η ∈ [0, 1]. Under hypothesis H2, there

is a constant M > 0 such that ski , s
k
ci ≤ M . Using this, (3.11), (3.5), (3.16),

(3.19), (3.4), (3.6) and (3.2), we obtain

∆Lk+1
N ≤ ξ0

∥∥xk+1
c − xk

∥∥+ µk
mI∑
i=1

ski − sk+1
ci

ηski + (1− η)sk+1
ci

+ ξ0
∥∥h(zk+1

c )
∥∥

+ξ0
∥∥h(zk)∥∥+ (µk − µk+1)mIM

≤ ξ20
∥∥h(zk)∥∥+ ξ0

∥∥h(zk)∥∥+ ξ0
∥∥h(zk)∥∥+ µkmI

(
1− εµ

η + (1− η)εµ
+M

)
≤ (ξ20 + 2ξ0)2ρ

k + ρkmI

(
1− εµ

η + (1− η)εµ
+M

)
≤ ξ4ρkmax

∥∥ζk∥∥ ,
where ξ4 = 4(ξ20 + 2ξ0) + 2mI

1− εµ
η + (1− η)εµ

+ 2M . ut

Lemma 5 shows that, between iterations where ρmax does not change, the
Lagrangian function value decreases proportionally to the Lagrangian variation
in the tangential steps.

Lemma 5 If ρk+1
max = ρk+2

max = · · · = ρk+jmax, for all j ≥ 1, then

Lk+jc − Lkc =

k+j∑
i=k+1

∆Lic ≤
1

4

k+j−1∑
i=k

∆LiT + rk,

where rk = 1
2 [L

k
ref − Lkc ].
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Proof See Lemma 3.4 of [5]. ut

Finally, the next lemma ensures the existence of su�cient normal space in
the trust cylinders, so that the Lagrangian function can be decreased.

The lemma is based on the fact that for large enough k, inequality (3.22)

ensures that
∣∣∆LkH ∣∣ is greater than a fraction of

√
ρk. Besides, in the proof of

Lemma 4, we saw that
∥∥∆LkN∥∥ = O(ρk), which means that, for a very large

k, the restoration will not destroy the decrease of the Lagrangian function,
preventing the algorithm from making excessive updates of ρmax.

Lemma 6 If DCI generates an in�nite sequence {zk}, then
(i) There are positive constants ξ5 and ξ6 such that, if

ρkmax < min{ξ5
∥∥ζk∥∥ , ξ6}, (3.23)

then ρmax doesn't change on iteration k + 1.
(ii) Furthermore, if lim inf

∥∥ζk∥∥ > 0, then there is k0 > 0 such that, for all
k ≥ k0,

ρkmax = ρk0max. (3.24)

(iii) If the tangential step and the vector of multipliers satisfy∥∥zk − zkc ∥∥ = O(
∥∥ζk∥∥), (3.25)∥∥λk+1 − λk

∥∥ = O(
∥∥ζk∥∥), (3.26)

(λk+1
I )T (sk+1

c − sk) = O(
∥∥ζk∥∥ ρk), (3.27)

then (3.24) is satis�ed, regardless of the value of lim inf
∥∥ζk∥∥. In other

words, ρkmax remains su�ciently bounded away from zero.

Proof The proof of this Lemma is similar to the proof of Lemma 3.5 in [5].
The di�erences are that the constant ξ6 must satisfy ξ6 ≤ 1

2ξ1(1 − εµ)/ξ4,
(to compensate the di�erences between Lemma 3 and Lemma 3.2 in [5]), that
(3.26) was modi�ed to use only the approximation to the multipliers instead of
the function λLS , and that the proof of the third part requires the additional
assumption (3.27), due to the inclusion of the barrier function. ut

We now present the global convergence theorem of our algorithm.

Theorem 1 Under Hypothesis H1-H4, if method DCI generates an in�nite
sequence, then there is a subsequence that converges to a stationary point of
(2.1). If conditions (3.25), (3.26) and (3.27) are also satis�ed, then every con-
vergent subsequence of {xkc} has a limit point that is stationary for (2.1).

Proof The proof of this Theorem is essentially the same as the one given for
Theorem 3.6 of [5], using the corresponding lemmas when necessary. However,
the main theorem of [5] says only that every accumulation point of {zkc } is
stationary, so we need a few extra steps to prove that every convergent subse-
quence of {xkc} has a limit point that is stationary for (2.1).
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Thus, let {kl} be a subsequence of indexes such that
∥∥ζkl∥∥ −→ 0. From

properties (3.2)-(3.4) and (3.6), we have that ρkl −→ 0,
∥∥h(zklc )

∥∥ −→ 0 and

µkl −→ 0. Now, from the de�nition of ζkl we conclude that −µkle−Sklc λklI −→
0, so that Sklc λ

kl
I −→ 0, and ∇f(xklc )+∇c(xklc )Tλkl −→ 0. Furthermore, λklI ≤

α(µkl)r, so that limλklI ≤ 0. Therefore, the limit point of this subsequence is
stationary. ut

3.1 Convergence to infeasible stationary points

If problem (2.1) is infeasible, our method will fail to �nd a point inside the
trust cylinder. In this case, the algorithm stops declaring that a infeasible
stationary point was found.

In this section, we show that, if the normal step can't �nd zkc such that∥∥h(zkc )∥∥ ≤ ρk,
then at least it converges to a stationary point of (2.1). In order to obtain this
result, we write the infeasibility measure at x as

min ‖cE(x)‖2 +
∥∥c−I (x)∥∥2 , (3.28)

where v− = (min{0, v1},min{0, v2}, . . . ,min{0, vn})T .

Theorem 2 z∗ = [x∗, s∗]T is a stationary point for the normal problem (2.8)
if, and only if, x∗ is a stationary point for (3.28).

Proof We simply need to show that ∇cI(x∗)T [cI(x∗)− s∗ − c−I (x∗)] = 0, and
this is obtained through simple algebraic manipulations. ut

We assume here that the normal algorithm converges to a stationary point
for (2.8). The conditions for this to happen depend on the method chosen, but
are usually mild. For instance, using the method described by Francisco et al.
[24], this result can be achieved under the following hypotheses.

Hypothesis H5 (H1 from [24]) The sequence {zjN} generated by the nor-
mal algorithm is bounded. (This can be obtained, for example, if the level set
{z | ‖h(z)‖ ≤ ‖h(z0N )‖} is bounded.)

Hypothesis H6 (H2 from [24]) For every z, w in a convex, open and bounded
set L containing the whole sequence generated by the algorithm and every point
whose value is computed during the algorithm, we have

‖∇h(z)−∇h(w)‖ ≤ 2γ0 ‖z − w‖ .
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4 Local Convergence

We now analyze the local behavior of the method assuming that a convergent
sequence to a local minimizer exists.

Let {zk} and {zkc } be sequences that converge to z∗, and assume that {λk}
converges to λ∗ = λLS(z

∗, 0). In this case, we have∇f(x
∗) +∇c(x∗)Tλ∗ = 0,

cE(x
∗) = 0, cI(x

∗) ≥ 0,
cI(x

∗)Tλ∗I = 0, λ∗I ≤ 0.

Let A(x) = {i ∈ E ∪ I : ci(x) = 0}, A∗ = A(x∗) and ∇cA(x) = [ci(x)]
T
i∈A(x).

We restrict our attention to the case where x∗ is a �good minimizer� for (2.1),
in the sense that the rows of ∇cA(x∗) are linearly independent, and

yT
[
∇2f(x∗) +

∑
i∈A∗

∇2ci(x
∗)λ∗i

]
y ≥ θ1 ‖y‖2 , (4.1)

with θ1 > 0 and y ∈ T = {w : wT∇ci(x∗) = 0 : i ∈ E ∪ J}, where J = {i ∈ I :
λ∗i < 0}.

Suppose that λkA and λ∗A are the vectors that contain, respectively, the
components of λk and λ∗ corresponding to the active constraints. Since∇cA(x)
is continuous, it has full row rank in a neighborhood of x∗, so we can de�ne

λA(x) = −[∇cA(x)∇cA(x)T ]−1∇cA(x)∇f(x),
gA(x) = ∇f(x) +∇cA(x)TλA(x),

and
HA(x, λ) = ∇2f(x) +

∑
i∈A∗

∇2ci(x)λi.

In a neighborhood V ∗ of x∗, we can de�ne the orthogonal projector in the
null space of ∇cA(x) as

P (x) = I −∇cA(x)T [∇cA(x)∇cA(x)T ]−1∇cA(x),
which is Lipschitz continuous, since c ∈ C2.

In addition to H1-H4, our local convergence analysis requires the following
hypotheses.

Hypothesis H7 ∥∥λk+1 − λk
∥∥ = O(

∥∥ζk∥∥),
(λk+1
I )T (sk+1

c − sk) = O(
∥∥ζk∥∥ ρk).

Hypothesis H8 Bkx is asymptotically uniformly positive de�nite in N (∇cA(xkc )),
that is, we can rede�ne the constant θ1 of (4.1) in a way that, for k su�ciently
large,

θ1 ‖y‖2 ≤ yTBkxy ≤ ξ0 ‖y‖2 , (4.2)

for y ∈ N (∇cA(xkc )).
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Hypothesis H9 Let ZkA be a matrix whose columns are a orthonormal basis
for the null space of ∇cA(xkc ). De�ne

δkx = −ZkA[(ZkA)TBkxZkA]−1(ZkA)T gA(xkc ), (4.3)

δksi =
1

skci
∇cIi(xkc )T δkx, (4.4)

and δkA = [(δkx)
T (δks )

T ]T . We assume that δkA is the �rst step tried by the
algorithm if

∥∥δkA∥∥ ≤ ∆ and skc + Skc δ
k
s ≥ εµskc . In addition, we assume that

P (xkc )[B
k
x −HA(x

∗, λ∗)]δkx = o(
∥∥δkx∥∥), (4.5)

and that
(δks )

T [Bks − µI]δks = o(
∥∥δks∥∥2). (4.6)

Note that, if skci −→ 0, then i ∈ A∗, i.e. ∇cIi(xkc )T is one of the rows of
∇cA(xkc ), which implies that ∇cIi(xkc )TZkA = 0, so δksi = 0. Otherwise, skci
remains bounded away from zero, which means that there is a constant smin >
0 such that skci ≥ smin for i 6∈ A∗.
Hypothesis H10 There are positive constants θA and θp, such that, for k
su�ciently large,

1

θp

∥∥ζk∥∥ ≤ ∥∥gA(xkc )∥∥ ≤ θA ∥∥ζk∥∥ ,∥∥cA(xkc )∥∥ = Θ(
∥∥h(zkc )∥∥), ∥∥cA(xk)∥∥ = Θ(

∥∥h(zk)∥∥),∥∥xk+1
c − xk

∥∥ = O(
∥∥cA(xk)∥∥).

Since ∇cA(x) and HA(x, λ) are continuous and ∇cA(x∗) has full rank, our
hypotheses imply that there exist θ3 > 0 and a neighborhood V ∗ of x∗ such
that, for x, xkc ∈ V ∗,∥∥∇h(z)Tλ∥∥ ≥ θ3 ‖λ‖ , λ ∈ Rn+mI , s ∈ RmI+ . (4.7)

Besides, using (4.5), the fact that HA(x
∗, λ∗) =Wx(x

∗, λ∗) and the continuity
of Wx, we obtain

P (xkc )[B
k
x −Wx(x

k
c , λ

k)]δkx = o(
∥∥δkx∥∥). (4.8)

Now, dividing qk(δ) = qkx(δx) + qks (δs), where

qkx(δx) =
1

2
δTxB

k
xδx + δTx∇f(xkc )

and

qks (δs) =
1

2
δTs B

k
s δs + δTs (−µe),

we have that δkx = ZkAν
k ∈ N (∇cA(xkc )), where νk is the minimizer of

min qkx(ν) = qkx(Z
k
Aν) =

1

2
νT (ZkA)

TBkxZ
k
Aν + νT (ZkA)

T∇f(xkc ).
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Therefore, since (ZkA)
T∇f(xkc ) = (ZkA)

T gA(x
k
c ), we have

(ZkA)
T [BkxZ

k
Aν

k + gA(x
k
c )] = 0. (4.9)

Moreover, from (4.2) and the fact that (ZkA)
TZkA = I, matrix [(ZkA)

TBkxZ
k
A]
−1

satis�es, in the neighbourhood V ∗, for every u ∈ Rn−mA ,

1

γ2
‖u‖2 ≤ uT [(ZkA)TBkxZkA]−1u ≤

1

γ1
‖u‖2 . (4.10)

In the next lemma, we show that δkA is eventually accepted by the algo-
rithm.

Lemma 7 For k su�ciently large, the step δkA is accepted by Algorithm 1.

Proof Since gA(x
k
c ) ∈ N (∇cA(xkc )), there is νkp such that gA(x

k
c ) = ZkAν

k
p with∥∥gA(xkc )∥∥ =

∥∥νkp∥∥. Combining (4.3) and (4.10) we have

∥∥δkx∥∥ ≤ 1

γ1

∥∥gA(xkc )∥∥ . (4.11)

Furthermore, for i 6∈ A∗,

∣∣δkAi∣∣ = ∣∣∣∣∇ci(xkc )T δkxsi

∣∣∣∣ ≤ ξ0
smin

∥∥δkx∥∥ ≤ ξ0
γ1smin

∥∥gA(xkc )∥∥ ,
so

∥∥δks∥∥ ≤ mAξ0
γ1smin

∥∥gA(xkc )∥∥ . (4.12)

Therefore, for k su�ciently large,

∥∥δkA∥∥ ≤ θ4 ∥∥gA(xkc )∥∥ , (4.13)

where θ4 =
√
1 + (mAξ0/smin)2/γ1. Since gA(x

k
c ) −→ 0, we have

∥∥δkA∥∥ < ∆min

and δks ≥ (εµ − 1)e for k su�ciently large. Thus, from Hypothesis H9, δkA will
be the �rst step tried by the algorithm, in some neighbourhood V ∗.

For k su�ciently large, qx(ν) is a positive de�nite quadratic function.
Therefore, it's minimum, qx(ν

k), satis�es

qx(δ
k
x) ≤ −

1

2γ2

∥∥gA(xkc )∥∥2 , (4.14)
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where the last inequality comes from (4.10). Besides, using (4.4), (3.15), (3.9),
(3.6), (3.2), (4.11) and Hypothesis H10, we have

qs(δ
k
s ) =

1

2
δTs Bsδs + δTs (−µe) ≤

1

2
‖Bs‖

∑
i6∈A∗

δ2si − µ
∑
i 6∈A∗

δsi

=
1

2
‖Bs‖

∑
i6∈A∗

1

s2i
[∇ci(xkc )T δx]2 − µ

∑
i 6∈A∗

∇ci(xkc )T δx
si

≤ 1

2
m

ξ30
s2min

‖δx‖2 + αρρ
km

ξ0
smin

‖δx‖

≤ mξ30
2smin

‖δx‖2 +
αρρ

k−1
maxm

smin

∥∥ζk∥∥ ‖δx‖
≤ mξ30

2sminγ21

∥∥gA(xkc )∥∥2 + αρρ
0
maxmθp
sminγ1

∥∥gA(xkc )∥∥2 . (4.15)

Combining (4.14) with (4.15), we obtain

q(δA) = qx(δx) + qs(δs) ≤ γ3
∥∥gA(xkc )∥∥2 , (4.16)

where γ3 = − 1
2γ2

+
mξ30

2sminγ2
1
+

αρρ
0
maxmθp
sminγ1

.

Now, using a Taylor expansion, the fact that A(zkc )δ
k
A = 0 and δkx =

P (xkc )δ
k
x, (4.8), (4.6), (4.11), (4.12) and (4.13), we have

∆L+
T = L(zkc + Λkc δ

k
A, λ

k, µk)− L(zkc , λk, µk)

= ∇zL(zkc , λk, µk)TΛkc δkA+
1

2
(δkA)

TΛkc∇2
zzL(z

k
c , λ

k, µk)Λkc δ
k
A+o(

∥∥Λkc δkA∥∥2)
= (ζk)T δkA +

1

2
(δkA)

TW (zkc , λ
k, µk)δkA + o(

∥∥δkA∥∥2)
= q(δkA) +

1

2
(δkA)

T [W (zkc , λ
k, µk)−Bk]δkA + o(

∥∥δkA∥∥2)
= q(δkA) + o(

∥∥gA(xkc )∥∥2). (4.17)

From (4.16), (4.17) and the fact that η1 ∈ (0, 1), it follows that, for k su�-
ciently large,

r =
∆L+

T

q(δkA)
= 1+

o(
∥∥gA(xkc )∥∥2)
q(δkA)

≥ 1+
1

γ3

o(
∥∥gA(xkc )∥∥2)
‖gA(xkc )‖2

≥ 1− 1

γ3
γ3(1−η1) = η1,

which implies that one of the conditions of step 3 of Algorithm 1 is satis�ed.
Finally, from (3.18), (4.13), and Hypothesis H10, we have∥∥Λkc δkA∥∥ ≤ ∥∥Λkc∥∥∥∥δkA∥∥ ≤ ξ0θ4 ∥∥gA(xkc )∥∥ ≤ ξ0θ4θA ∥∥ζk∥∥ .

Combining (4) with Hypothesis H7 we ensure that the hypotheses of the third
part of Lemma 6 are satis�ed, so there exists a su�cienly large k0 such that
ρkmax = ρk0max for k ≥ k0. Therefore, using (3.3) and (3.13), we obtain∥∥ζk∥∥ ≤ 104ρk

∥∥g(zkc , µk)∥∥+ 1

ρkmax

≤ 104ρk
ξ0 + 1

ρk0max

= βρk,
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where β = 104(1+ξ0)/ρ
k0
max. Along with (2), (4.13), Hypotheses H10 and (3.4),

this implies that, for k su�ciently large,∥∥h(zkc + Λkc δ
k
A)
∥∥ ≤ ∥∥h(zkc )∥∥+ ∥∥h(zkc + Λkc δ

k
A)− h(zkc )

∥∥ ≤ ∥∥h(zkc )∥∥+ ξ0
∥∥δkA∥∥2

≤
∥∥h(zkc )∥∥+ ξ0θ

2
4

∥∥gA(xkc )∥∥2 ≤ ∥∥h(zkc )∥∥+ ξ0θ
2
4θ

2
A

∥∥ζk∥∥2
≤ ρk + βξ0θ

2
4θ

2
A

∥∥ζk∥∥ ρk = ρk(1 + βξ0θ
2
4θ

2
A

∥∥ζk∥∥).
Since, for k su�ciently large, βξ0θ

2
4θ

2
A

∥∥ζk∥∥ < 1, step δkA is eventually
accepted. ut

From now on, we will also suppose that the normal step satis�es the fol-
lowing hypothesis.

Hypothesis H11 For k su�ciently large, the normal step δk+1
N = zk+1

c − zk
is obtained taking one or more steps of the form

δ+N = −J+h(zc) = −JT (JJT )−1h(zc), (4.18)

where J satis�es

‖J −∇h(zc)‖ = O(
∥∥ζk∥∥). (4.19)

Note that, using (4.7), we can rede�ne θ3 in a way that
∥∥JTλ∥∥ ≥ θ3 ‖λ‖ for k

su�ciently large.
Using a Taylor expansion, (4.7), (4.18), (4.19), (3.19) and the continuity

of A(z), it is easy to show that, if zk+1
c 6= zk for k su�ciently large, then the

�rst normal step of iteration k + 1, say δ+N , satis�es∥∥δ+N∥∥ =
∥∥J+h(zc)

∥∥ ≤ 1

θ3
‖h(zc)‖ = O(‖h(zc)‖), (4.20)

and ∥∥h(zk+1
c )

∥∥ = o(
∥∥h(zk)∥∥). (4.21)

In the next lemma, we show that ‖gA(x)‖ and ‖cA(x)‖ de�ne an optimality
measurement, i.e. they can be used to measure how close a point x is to x∗.

Lemma 8 In a neighborhood V ∗ of x∗, we have

‖x− x∗‖ = Θ(‖cA(x)‖+ ‖gA(x)‖).

Proof Since gA(x) and cA(x) are Lipschitz continuous, we have

‖cA(x)‖+ ‖gA(x)‖ = ‖cA(x)− cA(x∗)‖+ ‖gA(x)− gA(x∗)‖ = O(‖x− x∗‖)

Now, let us consider the Lagrangian function associated to the active con-
strains, i.e. LA(x, λ) = f(x) + cA(x)

Tλ, whose derivatives are

∇LA(x, λ) =
[
∇f(x) +∇cA(x)Tλ

cA(x)

]
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and

∇2LA(x, λ) =

[
HA(x, λ) ∇cA(x)T
∇cA(x) 0

]
.

Notice that ∇LA(x∗, λ∗) = 0 and ∇2LA(x
∗, λ∗) is invertible.

Let us de�ne ex = x∗−x, eλ = λ∗−λ and e = [eTx e
T
λ ]
T . Since ∇2LA(x

∗, λ∗)
is invertible, we have that∥∥∇2LA(x

∗, λ∗)v
∥∥ ≥ σ ‖v‖ ,

for every v ∈ Rn+mA . Moreover, since ∇LA is di�erentiable, there are neigh-
borhoods of x∗ and λ∗ such that, for x and λ in these neighborhoods,

‖∇LA(x, λ)‖ = ‖∇LA(x, λ)−∇LA(x∗, λ∗)‖ ≥
σ

2

∥∥∥∥[x− x∗λ− λ∗
]∥∥∥∥ ≥ σ

2
‖ex‖ .

In particular, in a neighbourhood of x∗ we can choose λ = λA(x), so that

‖x− x∗‖ ≤ 2

σ
‖∇LA(x, λA(x))‖ = O(‖gA(x)‖+ ‖cA(x)‖).

ut

To conclude this section, we present the local convergence theorem of our
method, showing that it has the same convergence rate as the equality con-
strained algorithm proposed in [5].

Theorem 3 Under hypotheses H1-H11, xk and xkc are 2-step superlinearly
convergent to x∗. If a normal step is calculated every iteration, then xk con-
verges superlinearly to x∗.

Proof The proof of this theorem is similar to the one presented for Theorem
4.3 of [5], taking into account only the active constraints. ut

5 Numerical Experiments

In this section we present a comparison of our C++ implementation of the algo-
rithm, that is called DCICPP, with the other well-known algorithms ALGENCAN
version 3.0.0-beta [2, 3] and IPOPT version 3.12.4 [44] with MA57 solver from
HSL [1]. To analyze the performance of our algorithm, we used the CUTEst
[29] repository of problems. A computer with an Intel i5-4440 3.1 GHz pro-
cessor and 8Gb of RAM was used for the tests. The code can be obtained in
[27]. Other packages used in our implementation include OpenBLAS [43, 45],
Metis [32], SuiteSparse's CHOLMOD [9, 14�17], base_matrices [40] and nope
[39].

Our comparison is based on the performance pro�les proposed by Dolan
and Moré [20]. The pro�les were generated with the software perprof-py [41].
Given a set of problems P and a set of algorithms S, we de�ne ts,p as the time
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algorithm s ∈ S takes to solve a problem p ∈ P . Then, for each algorithm
s ∈ S that solves problem p ∈ P , we de�ne the performance ratio

rs,p =
ts,p

min{ta,p : a ∈ S, a solves p} .

If algorithm s does not solve p, then we simply set rs,p = +∞.

Finally, we de�ne the performance function of an algorithm s as

Ps(t) =
|{p ∈ P : rs,p ≤ t}|

NP
,

where NP is the number of elements in the set P . To compare the algorithms,
we plot their functions on a �nite interval [1, rf ].

Our algorithm uses the Cholesky factorization to solve the linear systems in
the normal step and to compute the Lagrange multipliers. As such, it is better
suited for small and medium sized problems, with full rank Jacobians. Thus,
in our tests we consider the 638 problems for which all of the Jacobians have
full rank, and with no more than 5000 variables or constraints. The results are
shown on Figure 2a. As it may be seen, DCICPP has a very good performance,
surpassing the other two algorithms in e�ciency, and also attaining a good
robustness. Furthermore, it is the best algorithm for the problems in which no
method is more than 20 times slower than the worst algorithm.
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Fig. 2: Performance pro�les (a) For the 638 problems for which Cholesky doesn't fail, and
with no more than 5000 variables or 5000 constraints; (b) For the 525 problems in (a) for
which the converging algorithms have close function value.

In addition to this comparison, we consider also the problems for which
all converging algorithms seem to �nd the same solution, using the criteria
given in [44]. Let fs,p be the objective function value obtained by solver s for
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problem p. We say that the converging algorithms have not found the same
solution for problem p if

fmax
p − fmin

p

1 + max{
∣∣fmax
p

∣∣ , ∣∣fmin
p

∣∣} > 10−1,

where fmax
p and fmin

p are, respectively, the maximum and minimum of {fs,p |
s ∈ S, s converges}. Using this de�nition, there are 525 problems for which all
algorithms seem to converge to the same solution. The resulting performance
pro�le is shown of Figure 2b. Notice that the same analysis apply, despite the
small loss on comparative robustness.

5.1 E�ciency of the restoration

One concern about the new algorithm is the e�ciency of the infeasibility reduc-
tion scheme. The main purpose of using trust cylinders is to avoid computing
a normal step per iteration, as done by SQP algorithms, for example. However,
in the worst case scenario, the algorithm may need to make not only one, but
several restorations in order to obtain ‖h(zc)‖ ≤ ρ.

Fortunately, Figure 3 shows that, in practice, the normal step of the algo-
rithm is quite e�cient. This �gure, built from a set of 458 constrained problems
for which dcicpp takes more than one iteration to converge, relates the per-
centage of iterations without restorations to the percentage of iterations with
just one restoration step. The diameter of each circumference shown in the
�gure is proportional to the number of problems with the same coordinates.
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Fig. 3: Percentage of iterations with one or no restoration for 458 problems.
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Diagonal lines link problems with the same percentage of iterations with
no more that one restoration. The line segment that connects (100, 0) and
(0, 100), for example, shows all of the 315 problems (69% of the total) for
which no iteration takes more than one restoration. In fact, 238 of these 315
problems are located on the upper half of the segment, which means that
no restoration was done on at least 50% of the iterations for these problems.
Moreover, only 49 problems are below the segment that corresponds to 80%,
i.e., for 89% of the problems the iterations with more than one restoration do
not exceed 20% of the total number of iterations. Considering all of the 50528
iterations taken by DCICPP to solve these 458 problems, no restoration was
made on 73% of them, just one restoration was necessary on 26%, and only
1% required more than 1 restoration.
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Fig. 4: Distribution of the problems according to the average number of restorations per
iteration.

Figure 4 shows an histogram detailing the distribution of the problems
according to the average number of restorations per iteration. From this �gure,
it is clear that making more than one restoration per iteration is a rare event.
Besides, the median of the number of restorations per iteration is just 0.5.

6 Conclusion

In this paper we show how to extend the DCI method proposed by Bielschowsky
and Gomes [5] to handle inequality constraints. The new algorithm maintains
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the good convergence properties of the original method, showing superlinear
local convergence under reasonable assumptions. A preliminary implementa-
tion of the new algorithm shows that it is competitive to well-known nonlinear
programming codes. The code is already available online and can be used with
the CUTEst collection.

As a future work, we plan to combine the method with an iterative solver
in order to handle very large problems, and to devise some strategy to handle
rank de�cient Jacobians.
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