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Abstract: We propose generalized linear mixed models (GLMM) to evaluate the
performance of undergraduate students from the State University of Campinas
(Unicamp). For each student we have the final GPA score as well as the number of
courses he/she failed during his/her Bachelor’s degree. The courses are separated
in three categories: Required (R), Elective (E) and Extracurricular courses (Ex).
Therefore, for each response variable, each student may have at most three mea-
sures. In this model we need to take into account the within student correlation
between required, elective and extracurricular courses.
The main purpose of this study is the sector of High School education from which
college students come - Private or Public. As some affirmative action programs
are being implemented by the Brazilian government to include more students
from Public Schools in the Universities, there is a great interest in studies of
performance of undergraduate students according to the sector of High School of
which they come from. The data set comes from the State University of Campinas
(Unicamp), a public institution, in the State of São Paulo, Brazil and one of the
top universities in Brazil. The socioeconomic status and academic data of more
than 10,000 students admitted to Unicamp from 2000 through 2005 forms the
study database.

Keywords: generalized linear mixed models; multivariate analysis; zero inflated
models; overdispersion.

1 Introduction

Many authors have been working to study the performance of undergrad-
uate students. Pedrosa et al. (2007) proposed regression models to assess
the performance of undergraduate students using as response variable the
relative gain which is based on the relative rank of his/her final (or last)
recorded GPA (Grade Point Average) and his/her entrance exam grade
rank. Maia et al. (2013) tried to find more robust methods to evaluate the
performance of students in different groups using nonparametric methods
such as those based on quasi U-statistics (Pinheiro et al., 2011).
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The class of generalized linear mixed models (GLMM) have been studied by
Williams (1982); Zeger et al. (1988); Breslow and Clayton (1993); Breslow
and Lin (1995); Schall (1991); Rodrigues-Motta et al. (2013) and others.
Here, we will use GLMM to model the GPA scores and the number of
failed courses by the students. Note that in this case we have two different
distributions for the response variables: a continuous variable (which may
be normal distributed) and a count variable (which may be Poisson or
negative binomial distributed, zero inflated or not).
For each student we have all the grades in the courses taken in the univer-
sity as well as the number of courses he/she failed during his/her Bachelor’s
degree. The courses are separated in three categories: Required (R), Elec-
tive (E) and Extracurricular (Ex) courses. Then, we could get the GPA
score for each type of course (R, E or Ex). We also have their entrance
exam grades (e.g., SAT scores) as well as their socioeconomic status, which
are going to be considered as covariates in the models.
The main purpose of this study is the sector of High School education
from which college students come - Private (Pr) or Public (Pu). In Brazil,
the great majority of middle class students go to Private High Schools
(around 70%). The data set comes from the State University of Campinas
(Unicamp), a public institution, located in the State of São Paulo and one
of the top research universities in Brazil. The socioeconomic data of more
than 10,000 students admitted to Unicamp from 2000 through 2005 forms
the study database.

2 Statistical Methods

Let Yij = (Yij1, Yij2)> be the vector of observations of subject i for courses
of type j. Here, j can be up to three, i.e, j = 1, . . . ,mi (mi is the number of
types of courses taken by individual j), since a student may not have taken
extracurricular courses or may have dropped out and not taken extracur-
ricular or elective courses. We will use two independent GLMMs to fit Yij1
and Yij2 separately, using a normal distribution for Yij1 (the GPA score)
and a discrete distribution for Yij2 (the number of failed courses). We will
consider Poisson, Negative Binomial and zero-inflated models for Yij2, since
we are dealing with count data that can be zero-inflated or have overdis-
persion. Looking at Figure 1, one can see that there is a high frequency of
zero failed courses, specially in Biological, Arts and Social Sciences, which
may be an indication of overdispersion in a Poisson model.
Now, let Yi1 be the vector of GPA scores for R, E and Ex and Yi2 be the
vector of the number of courses failed by individual i.
In the GLMM notation, we have

h(µijk) = x>ijkβ and Var(Yijk) = g(µijk)φ, k = 1, 2, (1)

where µijk = E(Yijk) , h(µijk) is some link function, g(µijk) is the variance
function and φ is the dispersion parameter.
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FIGURE 1. Distribution of the number of courses failed according to each area.

For the GPA scores (Yij1), with a normal distribution, the model is

µij1 = E(Yij1) = x>ij1β and Var(Yij1) = σ2. (2)

For the number of failed courses (Yij2), with the negative binomial distri-
bution, the model is

log(µij2) = log(E(Yij2)) = x>ij2β + log(Nij) and Var(Yij2) = µij2 + κµ2
ij2,
(3)

with log(Nij) being the offset, Nij being the total number of courses of
type j taken by individual i and κ being the negative binomial dispersion
parameter, which will be estimated by Maximum Likelihood. Note that we
are modelling here the incidence of failed courses.
Here, we are using the population-average (PA) model described in Zeger
et al. (1988). The PA models take into account only the covariance among
repeated observations for a subject and their regression coefficients describe
the average population response to change in the covariates. The covari-
ance matrix must be positive-definite, but it is unrestricted. In our case,
it is reasonable to assume that the GPA scores for elective (E), Extra-
curricular (Ex) and Required (R) courses are positively correlated as well
as the number of failed courses.
The estimation of β is done by solving the ”generalized estimating equa-
tion” (GEE)

U(β) =

n∑
i=

∂µi

∂β
V−1i (α)(Yi − µi) = 0, (4)

where Vi(α) = A
1/2
i Ri(α)A

1/2
i , with Ai = diag{g(µi1), . . . , g(µimi)},

Cov(Yi) = Aiφ, Ri(α) is the ”working” correlation matrix among re-
peated measures for a subject, which depends on unknown parameters α.
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Liang and Zeger (1986) show that β̂ are consistent estimators of β with
asymptotically normal distribution when n→∞.

3 Application

The data set is composed by 666,620 observations with all the grades of all
the courses taken by the undergraduate students who entered in Unicamp
from 2000 to 2005. For each student it was recorded the grade obtained in
each course taken during the whole period in the University, the type of
course (R, E or Ex), the final result (Passed or Failed) and his/her entrance
exam score (e.g., SAT score). There is also information about demographic
and socioeconomic status for each student.
There are 58.8% of men and 41.2% of women, the great majority (93.5%)
between 17 and 23 years of age divided in four different areas: Medical
and Biological Sciences (18.23%), Engineer and Exact Sciences (59.6%),
Human Sciences (14.94%) and Arts (7.23%). Also, 70.45% of the students
come from Private High Schools (PrHS) against 28.13% coming from Public
High Schools (PuHS). In Brazil, the students decide their major before tak-
ing the entrance exam to get into the University. Figure 2 shows the Distri-
bution of the standardized by area Entrance Exam Score (EES) and type of
High School while Figure 3 shows the distribution of the standardized GPA
scores by area, type of courses (Required, Elective or Extra-curricular) and
type of High School. The GPA scores and EES were standardized within
each entrance year and each major/course (i.e., according to the mean and
standard deviation of the students who entered in the same major/course
and in the same year). Note that in Engeneering and Exact Sciences there
is a greater dispersion in the GPA scores for Required courses than in
other areas. Students coming from Private High Schools have greater EES
in Arts, Exact and Human Sciences.
Looking at Figure 4, it does not seem to be significant differences in per-
formance of students coming from PuHS compared to those coming from
PrHS. In fact, the evolution seems to be greater for PuHS students.
Looking at Tables 1 and 2, one can see that, in all areas, given that all the
other variables are fixed, the average GPA scores of female are better than
male students; the younger the students, the better is their performance;
the greater is their EES the better is their performance. Also, in general
(except for Arts), the lower is the family income, the better is their perfor-
mance. For Arts, the family income was not significant at 5% level . Among
type of courses, the bigger correlation is between R and Ex courses. Except
for Human sciences, the worst GPA score is for Required courses.
A GLMM model for the incidence of failed courses was also modeled and
the distribution that seemed to fit better was the negative binomial (model
according to equation (3)). Figure 5 shows the distribution of the incidence
of failed courses for each Area, according to type of course and type of
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TABLE 1. Main effect coefficients for the population-averaged model for GPA
scores of equation (2) with unstructured correlation among observations for a
subject

Engeneering Exact Biological
Coefficient β p-value β p-value β p-value

Intercept -0.56 < 0.0001 -0.43 < 0.0001 -0.25 0.0008
Type of Course

Elective 0.52 < 0.0001 0.23 0.0018 0.06 0.4602
Extracurricular 0.23 0.0059 0.24 0.0003 0.16 0.0905

Sex
Female 0.20 < 0.0001 0.30 < 0.0015 0.27 < 0.0001

High School
Private -0.19 < 0.0001 -0.17 0.0001 -0.34 < 0.0001

Family Income
< 3 m.s∗. 0.06 0.3992 0.31 0.0223 -0.03 0.7507

3− 10 m.s.∗ 0.09 0.0004 0.11 0.1727 -0.003 0.927
Age
< 18 years 0.82 < 0.0001 0.70 < 0.0001 0.63 < 0.0001
18− 20 years 0.56 < 0.0001 0.36 < 0.0001 0.21 0.0075

EES 0.15 < 0.0001 0.23 < 0.0001 0.15 < 0.0001
Period

Daytime - - -0.05 0.0692 - -

α̂E,Ex = 0.19, α̂E,R = 0.08, α̂Ex,R = 0.37 (Engeneering)
α̂E,Ex = 0.17, α̂E,R = 0.15, α̂Ex,R = 0.31 (Exact)

α̂E,Ex = 0.16, α̂E,R = 0.19, α̂Ex,R = 0.34 (Biological)
∗m.s. is minimum salary per month.

Reference cell is Required course, Male, Public HS, > 10 m.s., > 10 years
of age, Night-time.
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TABLE 2. Main effect coefficients for the population-averaged model for GPA
scores of equation (2) with unstructured correlation among observations for a
subject

Human Arts
Coefficient β p-value β p-value

Intercept -0.32 < 0.0001 -0.27 0.0096
Type of Course

Elective -0.04 0.2335 0.23 0.0541
Extracurricular -0.05 0.0279 0.17 0.0284

Sex
Female 0.31 0.0001 0.13 0.0246

High School
Private -0.09 0.0167 -0.03 0.8173

Family Income
< 3 m.s∗. 0.48 0.0004 - -

3− 10 m.s.∗ 0.18 0.0385 - -
Age
< 18 years 0.38 < 0.0001 0.72 < 0.0001
18− 20 years 0.17 0.0411 0.23 0.0905

EES 0.11 < 0.0001 0.17 < 0.0001

α̂E,Ex = 0.22, α̂E,R = 0.08, α̂Ex,R = 0.36 (Human)
α̂E,Ex = 0.18, α̂E,R = 0.06, α̂Ex,R = 0.54 (Arts)

∗m.s. is minimum salary per month.
Reference cell is Required course, Male, Public HS, > 10 m.s., > 10 years

of age.
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FIGURE 2. Distribution of standardized EES by each area according to type of
High School. EES are standardized within each entrance year and each major.
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FIGURE 3. Distribution of standardized GPA scores by each area according
to type of High School and courses. GPA scores are standardized within each
entrance year and each major.

High School. Looking at Tables 3 and 4, one can see that, the incidence of
Required courses failed is greater than elective or extracurricular courses.
For all the areas, there is no difference with respect to incidence of failed
courses between students coming from PrHS or PuHS nor for family income.
The greater the EES, the less courses they fail. The younger the students,
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FIGURE 4. Distribution of the standardized GPA minus standardized EES by
each area according to type of High School . GPA scores and EES are standardized
within each entrance year and each major.

the less courses they fail. Female students fail less courses than Male.
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FIGURE 5. Incidence of failed courses according to each area and type of course.
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TABLE 3. Main effect coefficients for the population-averaged model for incidence
of failed courses of equation (3) with unstructured correlation among observations
for a subject

Engeneering Exact Biological
Coefficient β p-value β p-value β p-value

Intercept -1.08 < 0.0001 -1.41 < 0.0001 -3.06 < 0.0001
Type of Course

Elective -2.44 < 0.0001 -2.13 < 0.0001 -1.30 < 0.0001
Extracurricular -3.76 0.0059 -2.97 < 0.0001 -2.76 < 0.0001

Sex
Female -0.27 0.0125 -0.36 < 0.0001 -0.55 0.0039

High School
Private -0.02 0.8552 0.08 0.1563 0.32 0.1787

Family Income
< 3 m.s∗. 0.19 0.5126 0.19 0.1311 0.34 0.5047

3− 10 m.s.∗ -0.01 0.8904 0.07 0.2383 0.25 0.2104
Age
< 18 years -1.19 < 0.0001 -0.63 < 0.0001 -1.20 0.0002
18− 20 years -0.58 0.0033 -0.19 0.0045 -1.02 0.0001

EES -0.33 < 0.0001 -0.30 < 0.0001 -0.36 0.0002

Dispersion 2.53 - 1.52 - 8.01 -

α̂E,Ex = 0.19, α̂E,R = 0.07, α̂Ex,R = 0.15 (Engeneering)
α̂E,Ex = 0.48, α̂E,R = 0.29, α̂Ex,R = 0.36 (Exact)

α̂E,Ex = 0.29, α̂E,R = 0.26, α̂Ex,R = 0.45 (Biological)
∗m.s. is minimum salary per month.

Reference cell is Required course, Male, Public HS, > 10 m.s., > 10 years
of age.
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TABLE 4. Main effect coefficients for the population-averaged model for inci-
dence of failed courses of equation ( 3) with unstructured correlation among
observations for a subject

Human Arts
Coefficient β p-value β p-value

Intercept -1.90 < 0.0001 -2.20 < 0.0001
Type of Course

Elective -0.67 < 0.0001 -0.53 0.0003
Extracurricular -2.37 < 0.0001 -1.92 < 0.0001

Sex
Female -0.95 < 0.0001 -0.65 0.0025

High School
Private -0.01 0.9049 -0.005 0.9844

Family Income
< 3 m.s∗. 0.10 0.6191 -0.78 0.1458

3− 10 m.s.∗ -0.11 0.2546 -0.12 0.5908
Age
< 18 years -0.43 0.0025 -0.73 0.0145
18− 20 years -0.25 0.0337 -0.52 0.0434

EES -0.28 < 0.0001 -0.42 0.0001

Dispersion 3.68 - 3.20 -

α̂E,Ex = 0.39, α̂E,R = 0.40, α̂Ex,R = 0.58 (Human)
α̂E,Ex = 0.15, α̂E,R = 0.36, α̂Ex,R = 0.77 (Arts)

∗m.s. is minimum salary per month.
Reference cell is Required course, Male, Public HS, > 10 m.s., > 10 years

of age.
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