FURTHER EXAMPLES OF MAXIMAL CURVES WHICH CANNOT
BE COVERED BY THE HERMITIAN CURVE

SAEED TAFAZOLIAN, ARNOLDO TEHERAN-HERRERA, AND FERNANDO TORRES

ABSTRACT. We construct examples of curves defined over the finite field F,e which are
covered by the GK-curve. Thus such curves are maximal over Fg although they cannot
be covered by the Hermitian curve for ¢ > 2. We also give examples of maximal curves
that cannot be Galois covered by the Hermitian curve over the finite field F2n withn > 3
odd and g > 2. We point out some applications to codes related to an array coming from
telescopic semigroups.

1. INTRODUCTION

Let C be a projective, nonsingular, geometrically irreducible, algebraic curve defined
over the finite field F, of order ¢. A very basic topic in the study of C is concerning the
size of the set C(F,) of its Fy-rational points. The fundamental result here is the so-called
Hasse-Weil bound, namely

[#C(Fe) — (£+1)] < 29V,

where g is the genus of C; see, e.g., [21, Thm. 5.2.3], [13, Thm. 9.18]. The curve C is called
mazimal over Fy, with ¢ = ¢, if the upper bound above is attained; that is, whenever

#C(Fp2) = ¢* +1+429q.
Not all the curves over F,» can be maximal. As a matter of fact, a necessary condition is
a result pointed out by lhara [21, Prop. 5.3.3]: The genus ¢ of a maximal curve over Fp
does satisfy the inequality
9<qlqg—1)/2.

The Hermitian curve H; over F 2 which can be defined by the affine equation
v =l o,

is up to F,z-isomorphism the unique maximal curve over F, of genus ¢(¢ — 1)/2 [20].
Further examples of maximal curves over F,2 can be obtained via an important remark
which is commonly presented as Serre’s covering result: Any curve (nontrivially) IF -
covered by a maximal curve over Fp is also maximal over F.; cf. [22], [18], [16, Prop.
2.3]. As a matter of fact, one can obtain a huge number of explicit examples of maximal
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curves by taking advantage of the fact that the Fy2-automorphism group of the Hermitian
curve is also huge; see, e.g., [8], [1], [10]. However, the converse of the aforementioned
Serre’s remark is not true: In 2008, Giulietti and Korchmaros [9] constructed a maximal
curve over [Fie which cannot be covered by the Hermitian curve whenever ¢ > 2; such a
curve is nowadays referred as the GK-curve (see Section 2).

In this paper we present two further examples of maximal curves which cannot be
covered by the Hermitian curve, see Theorems 3.4 and 4.4 below. In fact, such examples
are closely related to the GK-curve as they arise as subcovers of this curve; moreover,
they might be considered as concrete models of the quotient curves computed by Fanali
and Giulietti in [4, Thm. 4.5(iv)(v)] (see Remark 4.6 here). We also exhibit examples of
maximal curves that cannot be Galois covered by the Hermitian curve over an appropriate
finite field (see Theorem 3.5 below); these examples are subcovers of maximal curves
proposed by Giineri, Garcia and Stichtenoth [6] and their genera coincide with previous
results of Giineri, Ozdemir and Stichtenoth [11, Remark 3.14]. Finally in Section 5 we
point out some applications to coding theory via one-point AG codes arising from a
telescopic Weierstrass semigroup (cf. Proposition 5.1); we mainly use Kirfel and Pellikaan

approach [17].

Conventions. Throughout this paper, unless otherwise stated, by a curve we shall mean
a projective, nonsingular, geometrically irreducible algebraic curve defined over a finite
field. By P" we denote the r-dimensional projective space over the algebraic closure of the
respective base field.

Remark. While working out the details of this paper we had learned that Bartoli and
Speziali [2] also constructed quotient curves of the GK-curve toward the determination
of further examples of maximal curves which are not dominated by the Hermitian curve.
Our method is slightly more elementary than theirs and in fact, our results are subsumed
by theirs.

2. ON THE GK-CURVE AND THE GGS-CURVE

Let ¢ be a prime power. The GK-curve, introduced by Giulietti and Korchmaros in
9], is the curve C3 C IP? defined over Fus by the (affine) equations

a>+1

vt =yl 4y and w et =ovh(u),

where h(u) = (u? + u)? ' — 1. This curve is maximal over F s and it is so far the only

q
known example of a maximal curve which cannot be dominated by the Hermitian curve.
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It turns out that C3 can also be defined by the equations [6]

1

VT =yl 4y and wert =0 — .
As a matter of fact, C3 is a member of a family C, of maximal curves over Fpn, n > 3
odd, introduced by Garcia, Giineri and Stichtenoth [6] being C,, the nonsingular model
over Fen of the (possible singular) space curve defined by the (affine) equations

n4q

q T2 2
VIt =i+ and wet =07 — 0.

The curve C,, will be refer as the GGS-curve (or the generalized GK-curve). Its genus g,
is given by [6, Prop. 2.2]
(=D +e"—¢*) "¢ -+
In = 5 = 5 )

We point out that Duursma and Mak [3] noticed that C,, cannot be Galois covered by the

Hermitian curve over F » whenever n > 3 and ¢ > 2; in this case, it is an open problem
to decide whether the GGS-curve is non-Galois covered by the Hermitan curve or not.!

3. THE CURVE X5
Let a,b,s > 1, n > 3 be integers, let ¢ = p® be a power of a prime number p.
Throughout we also assume that

e n is odd;

e b is a divisor of a;

fattl

o < .. .
s is a divisor o pre

Let us consider the morphism
abms:Co =P (u,0,w,1) = (1,y,2,1) = (cu — (cu)pb,v,ws, 1),
where C, is the GGS-curve (Section 2) and we fix ¢ € F2 with ¢! = —1.

Definition 3.1. The curve X, , s is the nonsingular model over F 2. of ¢, p,.5(Cn) C P2

We notice that @qp,,s(Cy) is in fact a (possible singular) space curve defined by the
(affine) equations

F-1
(3.1 oyt =)= 2" and M=yt -y,
i=0
. a . q"+1
where [ := ¢ and M := Sq(qﬂ).

IThe authors in [3] claimed that the GGS-curve C, is covered by the Hermitian curve over Fg2n for
n > 3 and ¢ = 2; however, according to [12, Remark 3.21], this would be false.
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Proposition 3.2. With the above notations and assumptions, the curve X = X, 5 15
mazximal over Fpn of genus

qn+2 _pbqn _ ng + q2 + (S _ 1)pb
2spb '

@ = Ogpbns =

Proof. By construction, the curve X is maximal over [F2n since it is covered by the GGS-
curve over F 2. (Serre’s remark stated in the introduction). To compute the genus a of
X, we notice that a plane model of X' is D given by the equation

(3.2) cz s =t(@)((t(x)t +1)7H

By applying the Riemmann-Hurwitz formula to the morphism z : D — P! of Kummer
type we obtain (see e.g. [21, Prop. 3.7.3])

3

" +1,¢ q
3.3 20— 2 = T € 4,
(33) o —&G-n-G+
and the formula for « follows after some computations. O

Remark 3.3. With the above notation, the curve X, s has genus 0 if and only if b = a
g"+1

and s = 1

Let H, : v¥' ™ = u?" + u be the Hermitian curve over F.; we recall that its genus
is G, = ¢"(¢" — 1)/2 and #H,(Fz2n) = ¢*" + 1. Suppose that there exists a nontrivial
[F j2n-morphism

(34) ¢ = ¢a,b,n,s cHy, — Xa,b,n,s .

Let d = dgpn,s be the degree of ¢. From ¢(H(F2n)) C Xy pns(Feen) it follows that

d- #me,n,s(qun) > #’Hn(qun)
and hence
(3.5)

g Spbqn—2+_(s _ 1)8p2bq3n—2 + S2pbq2n+1 _ Spbq2n _ (S _ 1)Sp2bq2n—2 _ 82p2bqn—2 + Spb

q2n+2 + (S _ 1)pbq2n _ Sqn+3 + qn+2 + (8 _ 1)pbqn + Spb

On the other hand, the Riemann-Hurwitz formula [21, Thm. 3.4.13] implies
2G, —2>d(2a4p s —2)

and thus

Sp2bq2n_2 + 52pbqn+1 _ 23pbq" + S(S + 1)p2bqn—2 _ 2Spb
¢ =P — sq® + ¢ — (s + 1)p°

(3.6) d < sp’q" % +
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Theorem 3.4. Let ¢ = p® be a power of a prime number p. Let b be a divisor of a and
suppose that ¢ > p? + p°; or equivalently, a > 2b+1. Then the above curve X, 3 = Xop3.1

of genus
¢ -+ + ¢

cannot be covered by the Hermitian curve Hs over Fe.

Proof. The proof is similar to [9, Thm. 5]. Suppose that X, ; is dominated by H3 as in
(3.4). Then from (3.5) and (3.6), with n = 3 and s = 1, we would have, respectively,
g7 — pPg® — pPq+ pb

and
& — ¢+ ¢+ ph

d > p’q+

(P +p")q* — 2p°¢° + 2p*q — 2p°
@ — P — P+ g2 — 2pb :
Thus d > p°q and d < p°q + 1 since ¢ > p* + p°, a contradiction. 0

d<phq+

Let s = 1 and suppose further that the morphism ¢qp,,1 in (3.4) is Galois. Let d =
dapna be its degree and let o = @41 be the genus of X, 4, 1. According to (3.3) we can
write

20 -2=(¢"+1)C—-D
with C' = Z—i —land D = 2—,?: + 1. Then thanks to Duursma and Mak [3, Prop. 5.1] we can

improve (3.5) so that

(g+1)(¢" +1)
d > D

and hence

q3 + pb ’
From this inequality and (3.6) (with s = 1) we conclude that

d>p’q"? +

pbqn _ p2bqn—2 + pbq + pb - p2bq2n—2 + pbqn+l o 2pbqn + 2p2bqn—2 o 2pb
¢ +p’ N "= — ¢+ = 2p '

After some computation we then find the relation

(37) q2n+1 _2pbq2n—1 +2qn+1 _2pbqn—1 _q3+q_2pb < pbq2n+qn+3 _2qn+2+3pbqn _q2 .

Theorem 3.5. With the above notation, the curve X, 1 above cannot be Galois covered
by the Hermitian curve H, over Fon provided that b < a.

Proof. 1t follows from the computations above and (3.7). O

Question 3.6. Let s > 1. Can the curve A, be covered (Galois covered) by the

Hermitian curve H,, over Fgzn?
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We finish this section by computing some polar divisors which will be quite useful
for application to codes (see Section 5 below). Let us recall that z,y, z are the rational

. . _g"+1
functions in (3.1), and M = sq(q—',-l)'

Lemma 3.7. The function x has just one pole Py € X := X, s; moreover, Py € X (Fn)
and the following computations hold true:

o divo(x) = (¢ + 1) M Py ;

o divee(y) = s M Py

o div(2) = Z—iPo.

Proof. Let QQ € X be a pole of z and let v be the valuation at (). Let e be the ramification
index of @ over z(Q) = oo. By using (3.1) we have

<q+1>v<y>=—§e, and  Mu(z) = ¢*o(y)

so that
3

M(qg+1)v(z) = —;%e.
Thus M (¢+1) divides e and hence e = M (g+1) by (3.2). Therefore Py := @ is the unique
pole of z; it is [F 2n-rational by the Fundamental Equality on places; see e.g. [21, Thm.
3.1.11]. Finally from (3.1), Fy is also the unique pole of y and z and the computations of

the polar divisors of z, y and z follow. O

4. THE CURVE Y, s

Throughout this section we fix the following notation:

e n > 3 is an odd integer;

® ¢ is a prime power;

q"+1
£t

Let C,, be the GGS-curve (Section 2) and consider the morphism

e s > 1 is a divisor o

Ons: Co =P (u,v,w,1) = (1,y,2,1) == (u,v,0°1).
Definition 4.1. We let ), ; be the nonsingular model over F . of ¢, s(C,) C P3.

It turns out that ¢, <(C,) can be defined by the affine equations
(4.1) Yy =274+ and M= qu -y,

n . . .
where M = 2*L is as in Section 3.
s(g+1)

Proposition 4.2. The curve Y, s is mazimal over Fpn of genus

qn+2_qn_8q3+q2+s_1
6n,s = 9 .
S
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Proof. The proof is similar to Proposition 3.2; in particular, it is only necessary to prove

the formula for 3, ;. We observe that ), s has a plane model D of type

q

(4.2) 25 = (@94 a) (2% 4 ) — 1)eL

Then the Riemann-Hurwitz formula [21, Prop. 3.7.3] applied to the morphism z : D — P!
(which is of Kummer type) gives

q"+1
s =2 =L@ = 1) - (¢ + 1)
now the result follows after some computations. O

Remark 4.3. Notation as above. The curve ), s has genus 3, s = ¢(¢ — 1)/2 if and only

if s = q;r—il. In this case from (4.2), the curve ), , is the Hermitian curve over FF .

Theorem 4.4. Let q be a prime power, and s be a divisor of ¢>—q+1 such that ¢ > s(s+1).
Then the curve Vs := Y5 5 above of genus
5 3. .2
¢ -+ +q¢ +s—-1
ﬁs = ﬁ&s = ( ) 9
s
cannot be covered by the Hermitian curve Hs over Fe.

Proof. The formula for f, is 83 s in Proposition 4.2. To prove the second claimed part,
we argue as in Theorem 3.4. In the context of Proposition 4.2, suppose that there is a
(nontrivial) Fzn-morphism ¢ : H,, — V, s, where H,, is the Hermitian curve over Fn.
Let d be the degree of ¢. Then

d- #yn,s(Fq2") Z q3n +1 so that
—(S _ 1)8(]3”72 + S2q2n+1 _ San _ (S _ 1)8(]2”72 _ s2qn72 + s
@2+ (s = 1)g — sq"™ + ¢ + (s = 1)g" + s '
Moreover the Riemann-Hurwitz formula [21, Thm. 3.1.13] implies

2G, — 2> d(28,., — 2),

(4.3) d>sq" %+

where G,, = ¢"(¢" — 1)/2 is the genus of H,,, and hence
San—Q + 82qn+1 _ 28(]” + 8(8 + 1)qn—2 — 925

4.4 d<sq" "+
44 = =gt =5+ — (s + 1)

Let n = 3. From Eq. (4.3)
5q" —5¢° — (s — 1)sq* — s%q + s
=+ +(s—1)g*+s
and hence d > sq + 1; on the other hand, Eq. (4.4) reads
Q< sqt s(s ;L 1)g* — 2s¢® + s(s+ 1)g — 2s
¢ —(s+1)¢® +¢*— (s +1)
so that d < sq for ¢ > s(s+ 1), a contradiction. O

d> sq+
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Question 4.5. Let n > 5 be odd. Can the curve ), s above be covered (Galois covered)
by the Hermitian curve H,, over [F2n?

Remark 4.6. Fanali and Giulietti [4] computed the genus of several quotient curves of
the GK-curve Cs. Their computations in [4, Thm. 4.5(iv)(v)] subsume the genera of the
curves X, 531 and Vs, (Theorems 3.4 and 4.4 here). As a matter of fact, these values of
the genus were also obtained in [2, Sect. 3.

Remark 4.7. Let n > 5 be odd. Giineri, Ozdemir and Stichtenoth computed the genus
of several quotient curves of the GGS-curve C,. Their computations in [11, Remark 3.13]

subsume the genera of the curves &, , s and ), s in Proposition 3.2 and 4.2 above.

Remark 4.8. Let n > 3 be odd. Let C = &, 4,5 (or C = Y, ) be the curve in Section
3 (or in Section 4). It is plausible the existence of a subgroup G of automorphisms of C,
(cf. [11], [12]) such that C = C,,/G.

We end up this section with a result concerning polar divisor. The result is similar to

Lemma 3.7 and we omit its proof (in fact, it can be considered as the formal case b = 0
q"+1
s(q+1)”

of such a Lemma). Let z,y, z be the functions in (4.1) and recall that M =

Lemma 4.9. The function x has just one pole Py € Y, s; moreover, Py € Y, (Fpen) and

the following computations hold true:
o diveo(z) = (¢ + 1) M Fy;
o divy(y) = ¢M Py;
o div (2) = ¢ P.

5. APPLICATION TO CODES

q"+1
s(g+1)

Let a,b,n,s,p, ¢ = p*, M = be as above; in addition, throughout we fix the

following notation:

e C denotes either the curve X,;, s in Section 3, or the curve ), 5 in Section 4;

e g denotes the genus of C computed in Proposition 3.2 or in Proposition 4.9;

o Py € C(F2n) is the unique common pole of the functions z, y, z which define the
function field of C in (3.1) or in (4.1).

We notice that the morphism C, — P3 which was used to define C can be lifted to a
morphism @ : C, — C of degree d in such a way that #¢~*(P,) = 1, and that either
d=sp’if C=Xypns, ord=sif C=Y,,.
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Next we compute the Weierstrass semigroup H(Fp) of C at Fy. To do so, let us consider

the following sequence of integers

[(EM G g+ )M) ifn=3,
<a17a27a3) Ch p3 P .
(L, %M, (¢ +1)M) ifn>3.

P’ p
As a matter of fact, the members of this sequence are exactly the pole orders computed
in Lemma 3.7; we also obtain the pole orders in Lemma 4.9 if we (formally) set b = 0 in
the definition of (ay, as, az) above.

For i = 1,2,3, let d; := ged(ay, ..., a;) (thus, d3 = 1), and let S; be the semigroup
generated by a;/d;,...,a;/d;. We see that a;/d; € S;_1 for i = 2,3; that is to say, the
semigroup S3 = (ay, ag, as) is telescopic (cf. [14, Sect. 5.4]). In particular, its genus g(S3) =
#(Np \ S3) is given by the formula (see e.g. [14, Prop. 5.35])

(d2 —1)(az — 1)
5 )
where g(S2) = #(Np \ S2) is the genus of Sy. After some computation, it turns out that
=P — s’ + ¢+ (s - 1p’
2spb

9(53) = g(S2)da +

9(53) =

which is equal to the genus g of C computed in Proposition 3.2 (or in Proposition 4.2,
where we set b = 0 in the formula of g3(S) above). Thus we obtain the following.

Proposition 5.1. With the above notation, the Weierstrass semigroup H(Py) of C at Py

18 telescopic and
H(Py) = S3 = (a1, az,a3) .

We notice that the case C = ), s of Proposition 5.1 generalizes [9, Prop. 1] and [11,
Sect. 2] as Y, 1 coincides with the GGS-curve C,, in Section 2.

Remark 5.2. Notations as above. Since the semigroup H(Fp) is telescopic, we have a
nice description for each h € H(P,) [14, Lemma 5.34]: There exist unique integers x; > 0,
0 <zy<dy/dy, 0 <3< dy/ds =dysuch that h = zya; + zaas + x3a3. In particular, the
following set of rational functions is a base over F 2 of the Riemann-Roch space L(hF):

{flal ;2 3?3 tonaq + asag + azag < h, oy > O, 0<ay < dl/d270 <ag < dg},
where div(f;) = a; Py, i = 1,2, 3.
Let (pe)qeeny be the sequence that enumerates the Weierstrass semigroup H (F) in such
a way that p; = 0 and p; < pgyq for each ¢. By the Riemann-Roch theorem, py = ¢ —1+g¢g

for £ > g+1 and hence the largest element ¢, of Ny \ H([%) (the set of gaps at P,) satisfies
l, < 2g — 1 (Weirstrass gap theorem).
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Remark 5.3. Notation as above; in particular, let ¢, be the largest gap at Fy. The
semigroup H(F) is in fact symmetric [14, Prop. 5.35]; i.e., {; = 29 — 1. Thus the gaps at
Py are completely determined, namely

by —pg <lyg—pg1<...<lyg—py<ly=29—1.
Therefore, as g > 0, py = 29 — 2.

For h € N, let C}, denote the one-point Algebraic Geometry (AG) code on C defined
by the divisors
G :=hPy, E=P +...+Py,
where for each i, P, € C(Fpn), P, # Pj for i # j and N = #C(F2n) — 1. We recall that a
codeword in C}, is of type (f(P1),..., f(Py)) with f in the Riemann-Roch space L(G});
thus C}, is Fzn-isomorphic to L(G})/L(G, — E). In particular,

kp = dimg ,, Cp, = #{p € H(Fy) : p < h} whenever h <N.
Let Cf be the dual code of C),. Thus the length word of both codes Cj, and C} is N which

is “large” with respect to g (this is related to the construction of “good codes”, cf. e.g.
[19, Sect. 10.8]). Let dj, and d!, denote the minimum distance of C}, and C, respectively.
The Goppa lower bound on these parameters reads (see e.g. [14, Thms. 2.65 and 2.69]):
(5.1) d, >N —h, dj, > dg(h) :==h — (29 — 2).

The objective of this Section is to improve on dg(h) in (5.1) by using the fact that H(FP)
is telescopic (Proposition 5.1 above). In fact we use the so-called designed (minimum
distance) Feng-Rao dpr numerical function which is defined via the concept of error-
correcting array and that was elucidated by Feng and Rao [5] (see also [17], [14]). We
notice that we can assume h = p, € H(Fp) for some ¢ € N| since p, < h < pgyq implies
L(Gr) = L(peF)-

Now we introduce the function dpgr. For ¢ € Ny set

vei=#{(i,5) € N*: pi+ p; = pes1}, and define
drr(¢) :== min{v,, : £ < m}.
Therefore, with h = py, from [5], (see also [17, Thm. 2.5]), the following holds true
(5.2) dj, > dpr(0).

Thus our objective is to compare the lower bounds on d} stated in (5.1) and (5.2); see
Corollary 5.5 and Remark 5.6 below.

Lemma 5.4. Notation as above. In particular, ¢ = p* and b is a divisor of a with b < a
whenever C = Xy pns. Let H(Py) = (ay,az2,a3) : 0 = py < py < ... be the Weierstrass
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semigroup of C at Py, and suppose that a3 = max{ay,as,as}. Let dy = ged(aq,az) and
g =#(Ng\ H(F)) be the genus of C. Then

(5.3)

dpn(0) = {min{pm:pm >0+1—g} if3g—2—(dy—1)az <l <39g—2andl>g;
j+1 if (j—1)az < pep1 < jaz < (dg — 1)ag.

Proof. The claimed formula for dpg(¢) follows from Theorems 6.10 and 6.11 in [17] since
our semigroup H(Fy) is telescopic (Proposition 5.1) and dy = ¢/p* > 1 asb < a or dy = q
in case C = YV 5. O

Next we compute an explicit formula for the first part of (5.3) by taking advantage of
the symmetry property of H(FP,) which was already noticed in Remark 5.3 above.

Corollary 5.5. Let g,dsy, a3 be as in Lemma 5.4. Let U be an integer such that 0 < U <
min{2g — 2,(dy — 1)ag — 1}, { =39 —2 —U and h = p,.
(1) If U € Ng\ H(Py), then dpr(¢) =0+ 1 — g;
(2) (cf. [7]) Let U = p; € H(PRy) and F € Ny such that p; > pi—1 > ... > pi_p are
F +1 consecutive elements in H(Fy), but p;—p > pi—p—1+ 1. Then

dpr(0) =0+ F+2—g.

Proof. We have ¢ +1 — g = ¢, — U and the result is a direct application of Lemma 5.4
and Remark 5.3. 0

Remark 5.6. Let { > g+1andso h = py ={¢—1+4g. Thusin (5.1) d} > dg(h) = (+1—g.
In general it is known that dpgr(¢) > ¢ + 1 — g; equality holds if ¢ > 3g — 2 since H(FP)
is symmetric (see [14, Thm. 5.24]). Thus we have extended and improved these results to
g <l <3g—2;e.g., notice that dgr(g) = po.

We conclude this paper with an observation concerning Suzuki and Ree curves.

Remark 5.7. In the context of curves with many rational points over a finite field [,
there is an important class of such curves, namely the Deligne-Lusztig curves associated
to either projective special linear groups (Hermitian curves, where ¢ = ¢, and which we
already dealt with), or to Suzuki groups (Suzuki curves, where ¢ = 2(2), or to Ree groups
(Ree curves, where ¢ = 3(2); see e.g. [15, §1.16,84]. We have that a Suzuki (resp. Ree)
curve is a maximal curve over Fyu and thus over Fpz (resp. Fys). The genus of a Suzuki
(Ree) curve is gg = lo(¢ — 1) (resp. gr = 3lo(£ — 1)(£ + o + 1).

Let C = &,p35 or C = Vs, over Fe. Then we can extend Theorems 3.4 and 4.4 as
follows: “The curve C cannot be F-covered by a Suzuki curve or Ree curve, where ¢ = 2
in the former case”. The very simple reason for this is that the genus of C (Propositions
3.2 and 4.2) is larger than gg and gg.
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