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Abstract

A critical issue in modelling binary response data is the choice of the links. We introduce
a new link based on the Student t-distribution (t-link) for correlated binary data. The t-link re-
lates to the common probit-normal link adding one additional parameter which purely controls
the heaviness of the tails of the link. We propose an interesting EM algorithm for computing
the maximum likelihood for generalized linear mixed t-link models for correlated binary data.
In contrast with recent developments (Tan et al., 2007; Meza et al., 2009), this algorithm uses
closed-form expressions at the E-step, as opposed to Monte Carlo simulation. Our proposed
algorithm rely on available formulas for the mean and variance of a truncated multivariate
t-distribution. To illustrate the new methodology, a real data set on respiratory infection in
children and a simulation study are presented.

Keywords Correlated binary data; EM-algorithm; Generalized linear mixed models; Trun-
cated multivariate-t distribution.

1 Introduction
Generalized linear mixed models (GLMM) Breslow & Clayton (1993) are natural extensions of
generalized linear models (GLM) when analyzing non-Gaussian data collected from different clus-
ters or from longitudinal studies, in which, population characteristics can be modeled as fixed ef-
fects and individual variations as random effects. GLMM apply to either continuous or discrete
data. Regarding the latter, a popular class of GLMM is the probit-normal (hereafter probit) model
for analyzing binary as well as ordinal data. Although likelihood-based methods for GLMM for
Gaussian responses are well developed (Meng & van Dyk, 1998), maximum likelihood (ML) for
fitting GLMM for correlated binary responses remains to be a challenge because of the complex-
ity of the likelihood function. In this context, a great deal of recent attention has focused on the
development of efficient methods to maximize the likelihood of GLMM for correlated binary out-
comes. For instance, McCulloch (1994) proposed a Monte Carlo EM (MCEM) algorithm with a
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Gibbs sampler at each E-step. Later, McCulloch (1997) used a Metropolis–Hastings algorithm at
each E-step in the MCEM to fit more general models. Tan et al. (2007) proposed a non-iterative
importance sampling approach to evaluate the first and the second order moments of a truncated
multivariate normal distribution associated with the MCEM algorithm. Meza et al. (2009) propose
to use the Stochastic Approximation version of EM (SAEM), proposed by Delyon et al. (1999), to
obtain the ML estimates. Lee & Nelder (2006) proposed an approximated procedure based on the
h-likelihood. However, by its nature MCEM methods are expensive propositions, due to a combi-
nation of Monte Carlo simulation with iterative procedures. In addition, this popular link does not
always provide the best fit for a given dataset. In this case, the link could be misspecified, which
can yield a substantial bias in the mean response estimates (Czado & Santner, 1992).

One popular way of guarding against the misspecification of links is to embed the probit and
logit links, into a more general parametric class of links. Following Liu (2004), in this paper we
propose a robust parametric modeling of GLMM for binary data based on the symmetric t-link so
that the t-GLMM is defined. A fully likelihood based approach is carried out, including the imple-
mentation of an exact ECM algorithm for maximum likelihood (ML) estimation. Under our propo-
sition, the probit and logit link can be considered as special cases. As in Matos et al. (2013), we
show that the E-step reduces to computing the first two moments of certain truncated multivariate-
t distributions. The general formulas for these moments were derived by Lin et al. (2011) (eq.
12 and 13). They require the multivariate-t cumulative density function (cdf), for which we use
the mvtnorm package Genz et al. (2008) in R R Development Core Team (2009). The likelihood
function is easily computed as a by-product of the E-step and is used for monitoring convergence
and for model selection, such as, the Akaike information criterion (AIC), the Bayesian informa-
tion criterion (BIC) and the likelihood ratio test (LRT). To monitor the convergence of the proposed
EM, we follow Tan et al. (2007) to directly calculate the log-likelihood values and then to plot the
difference of the consecutive log-likelihood values against the EM iteration. The numerical results
show that the t-link outperforms the probit link in GLMM for correlated binary data under different
scenarios.

The rest of this article is organized as follows. In Section 2, we introduce some notation and
outline the main results related to the multivariate-t and truncated-t distributions. The t-GLMM for
correlated binary data is formulated in Section 3. The new proposed EM algorithm is developed
in Section 4, as well as some inferential results. In Section 5, we present a simulation study
and analyze a real data set from a cohort study of Indonesian preschool children for the presence
of respiratory infection to illustrate the proposed methods. We conclude with a discussion in
Section 6.

2 The multivariate t and truncated t-distribution
A random variable Y is said to follow a p-variate t distribution with location vector µ , scale matrix
Σ and degrees of freedom ν , denoted by tp(µ,Σ,ν), if it can be represented by

Y = µ +U−1/2Z, Z ∼ Np(0,Σ), U ∼ Gamma(ν/2,ν/2),

where Z and U are independent and Gamma(a,b) stands for a gamma distribution with mean a/b.
We then obtain the probability density function (pdf) of Y, given by

tp(y|µ,Σ,ν) =
Γ( p+ν

2 )

Γ(ν
2 )π p/2 ν−p/2|Σ|−1/2

(
1+

δ
ν

)−(p+ν)/2

,
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where Γ(.) is the standard gamma function and δ = (y−µ)⊤Σ−1(y− µ) is the Mahalanobis dis-
tance. The cdf will be denoted by Tp(.|µ,Σ,ν). If ν > 1, µ is the mean of Y, and if ν > 2,
ν(ν − 2)−1Σ is its covariance matrix. As ν tends to infinity, U converges to one with probability
one, and so Y becomes marginally multivariate normal with mean µ and covariance matrix Σ.
Now, let Ttp(µ,Σ,ν ;A) represent a p-variate truncated t distribution for tp(µ,Σ,ν) lying within a
right-truncated hyperplane

A= {x = (x1, . . . ,xp)
⊤|x1 ≤ a1, . . . ,xp ≤ ap}. (1)

Specifically, we say that the p-dimensional vector X ∼ Ttp(µ,Σ,ν ;A) if its density is given by

f (x|µ,Σ,ν ;A) =
tp(x|µ,Σ,ν)
Tp(a|µ,Σ,ν)

IA(x), where a = (a1, . . . ,ap)
⊤ and IA(x) is the indicator function

whose value equals one if x ∈ A and zero elsewhere. The following result is related with the
moments of the right-truncated multivariate-t distribution and will be useful in the implementation
of the EM algorithm in t-GLMM for correlated binary data. The proof is given in Appendix.

Proposition 1. If X∼ Ttp(µ,Σ,ν ;A) with A as defined in (1), then the kth moment of X, k = 0,1,2,
is given by

E
{(

ν + p
ν +δ

)r

X(k)
}

= cp(ν ,r)×

Tp(a|µ,Σ∗,ν +2r)
Tp(a|µ,Σ,ν)

EW{W(k)},

W ∼ Ttp(µ,Σ∗,ν +2r;A),

where cp(ν ,r)=
(

ν + p
ν

)r(Γ((p+ν)/2)Γ((ν +2r)/2)
Γ(ν/2)Γ((p+ν +2r)/2)

)
, δ =(X−µ)⊤Σ−1(X−µ), a=(a1, . . . ,ap)

⊤,

Σ∗ =
ν

ν +2r
Σ, X(0) = 1, X(1) = X, X(2) = XX⊤ and ν +2r > 0.

Formulas for E[W] and E[WW⊤], where W ∼ Ttp(µ,Σ,ν ;A), have been recently developed
in closed form by Lin et al. (2011), which depend on the multivariate-t cdf. The computation uses
existing functions for the cumulative t-distribution, for which the pmvt() function of the mvtnorm
library (Genz et al., 2008) from R can be used.

3 The model

3.1 The probit-GLMM for binary data
Let Yi j denote the binary outcome 0 or 1 of the jth measurement and Yi = (Yi1, . . . ,Yini)

⊤ be the
collection of responses from subject i, where i = 1, . . . ,m and j = 1, . . . ,ni. The generalized linear
mixed probit model McCulloch (1994) assumes that given the random effects bi, the responses
{Yi j}ni

j=1 are conditionally independent with probability

Pr(Yi j = 1|bi) = Φ(µi j), µi j = x⊤i jβ +w⊤
i jbi,

bi ∼ Nq(0,D), (2)

where Φ(·) denotes the cumulative distribution function of N(0,1), x⊤i j = (xi j1, . . . ,xi jp)
⊤ and

w⊤
i j = (wi j1, . . . , wi jq)

⊤ are covariates, β is the p× 1 fixed effects, {bi}m
i=1 are the q× 1 random
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effects, D is a q× q unknown matrix relating to the correlation structure of Yi. This model can
be alternatively written in terms of an underlying latent continuous variable Zi = (Zi1, . . . ,Zini)

⊤,
such that

Yi j = I(0,∞)(Zi j), Zi|bi ∼ Nni(µ i,Ini),

bi ∼ Nq(0,D),

where Ini denotes the ni ×ni identity matrix and

µ i = (µi1, . . . ,µini)
⊤ = Xiβ +Wibi,

with Xi = (xi1 . . . ,xini)
⊤, Wi = (wi1 . . . ,wini)

⊤ being ni × p and ni ×q matrices, respectively. The
observed-data likelihood for θ = (β ,D) is

L(θ) =
m

∏
i=1

∫
ϕq(bi|0,D)ψn

i (β ,bi)dbi,

where ϕq(.|µ,Σ) stands for the pdf of the q–variate normal distribution with mean vector µ and
covariate matrix Σ and

ψn
i (β ,bi) =

ni

∏
j=1

[Φ(µi j)]
yi j [1−Φ(µi j)]

1−yi j

and yi = (yi1, . . . ,yini)
⊤ denotes a realization of Yi.

Under normality, several methods have been proposed to compute efficiently ML estimates of
the unknown variance parameters (D), as well as ML estimates of the fixed effects (β ). For in-
stance, a Monte Carlo EM (MCEM) algorithm with a Gibbs sampler at each E-step was proposed
by McCulloch (1994). To fit more general models, McCulloch (1997) used a Metropolis–Hastings
algorithm at each E-step in the MCEM. An approximated procedure based on the h-likelihood
was proposed by Lee & Nelder (2006). Later, Tan et al. (2007) proposed a non-iterative impor-
tance sampling approach (IBF) where the first and the second order moments of a truncated
multivariate normal distribution were evaluated and associated with the MCEM algorithm. An-
other approach, proposed to use SAEM algorithm (Delyon et al., 1999) which was introduced by
Meza et al. (2009). Alternatively, Bayesian inference can be carried out with Markov Chain Monte
Carlo (MCMC) and implemented via Gibbs Sampling (Albert & Chib, 1993). In the next section
we present the robust t-link for GLMM.

3.2 The t-GLMM for binary data
The proposed model is defined by

Yi j = I(0,∞)(Zi j), Zi|bi,Ui = ui ∼ Nni(µ i,u
−1
i Ini),

bi|Ui = ui ∼ Nq(0,u−1
i D),

Ui ∼ Gamma(ν/2,ν/2).
(3)

Using Lemma 1, given in the Appendix, the model defined in (3) is equivalent to the following
representation

Pr(Yi j = 1|bi) = T1(µi j|0,1,ν), bi ∼ tq(0,D,ν),
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where µi j = x⊤i jβ +w⊤
i jbi.

Classical inference on the parameter vector θ is based on the (observed-data) likelihood of θ
given the observed sample y = (y1, . . . ,yn) , that in this case is given by

L(θ) =
m

∏
i=1

∫
tq(bi|0,D,ν)ψ t

i (β ,bi)dbi, (4)

where tq(.|µ,Σ,ν) is as defined in Section 2 and

ψ t
i (β ,bi) =

ni

∏
j=1

[ T1(µi j|0,1,ν)]yi j ×

[ 1−T1(µi j|0,1,ν)]1−yi j . (5)

Note that the likelihood (5) does not have a closed form expression because the model function
is not linear in the random effect. To compute ML estimates of the unknown variance parameters,
the EM algorithm is proposed. This algorithm relies on formulas for the mean and variance of a
truncated multivariate-t distribution, which can be computed using available formula.

On the other hand, although several authors have addressed parameter estimation of mixing
variables in model regressions (see, for example,Lange & Sinsheimer (1993); Jamshidian (1999))
based upon the EM algorithm and its variants, S. (1999) discusses potential problems that may arise
in the estimation of degrees of freedom, in particular for the Student-t distribution. This is due to
the apparent unboundedness of the likelihood function near the boundary of the parameter space,
and hence the ML scheme as developed in Lange & Sinsheimer (1993) are questionable because
they do not provide sufficient information on whether these estimates correspond to local, or global
maximas. Interestingly, Lucas (1997) notes that only under fixed degrees of freedom, the param-
eter estimates behave robust against extreme observations. A plausible (and simple) alternative is
to assume that the parameter ν associated with the mixture variables U is known, which has been
adopted in this work. Recent works in the context of elliptical distributions have considered the
parameter ν to be known. See for instance, Meza et al. (2009) and Vanegas & Cysneiros (2010).

4 The EM algorithm
In this section, we first derive the M- and E- step for the proposed EM algorithm, and then we show
how to use exact formulas instead of Monte Carlo (MC) sampling at each E-step. For the probit
model a MCEM algorithm was proposed by McCulloch (1994), with computational improvements
given recently by Meza et al. (2009) and Tan et al. (2007). Following the notation of the former
article, let treat both b = {bi}m

i=1, Z = {Zi}m
i=1 and U = {Ui}m

i=1 as missing data and Y = {Yi}m
i=1

the observed data. Then, the joint density for the complete-data Ycom = {Y,Z,b,U} is

L(θ |Ycom) =
m

∏
i=1

[ ϕq(bi|0,u−1
i D)ϕni(Zi|µ i,u

−1
i Ini)

× h(ui|ν)],

The M-step of the EM algorithm is to find the complete-data MLE of θ = (β ,D) by maximizing
the conditional expectation of the complete-data log-likelihood ℓ(θ |Ycom) = logL(θ |Ycom) given
the observed data Y and the current estimate θ (k), given by
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Q(θ |θ̂
(k)
) = E[ℓ(θ |Ycom)|Y] =C− m

2
log|D|

−1
2

m

∑
i=1

tr
(

D−1E[Uibib⊤
i |Yi]

)
+

m

∑
i=1

(
β⊤X⊤

i XiβE[Ui|Yi]
)

−2
m

∑
i=1

[
β⊤X⊤

i (E[UiZi|Yi]−WiE[Uibi|Yi])
]

where C is a constant that is independent of the parameters. Thus, in the M-step we update β , D
through the following closed form expressions

β̂ = (
m

∑
i=1

E[Ui|Yi]X⊤
i Xi)

−1
m

∑
i=1

(X⊤
i E[UiZi|Yi]−

−WiE[Uibi|Yi]) and (6)

D̂ =
1
m

m

∑
i=1

E[Uibib⊤
i |Yi], (7)

where E[Ui|Yi], E[UiZi|Yi], E[Uibi|Yi] and E[Uibib⊤
i |Yi] are expected values in (Ui,bi,Zi) con-

ditional on Yi, taken at the current parameters value θ (k) = (β (k),D(k)). It can be show that (see
Appendix)

E[Ui|Yi] = Z̄0
i , E[UiZi|Yi] = Z̄1

i ,

E[Uibi|Yi] = ∆i(Z̄1
i − Z̄0

i Xiβ ),
E[Uibib⊤

i |Yi] = Λi +∆i(Z̄2
i + γ iγ

⊤
i Z̄0

i − Z̄1
i γ⊤i −

− γ iZ̄
1⊤
i )∆i,

Zi|Yi ∼ tni(γ i,Ωi,ν)IBi(Zi), (8)

where Z̄0
i =E

[
ν +ni

ν +δi
|Yi

]
, Z̄1

i =E
[

ν +ni

ν +δi
Zi|Yi

]
, Z̄2

i =E
[

ν +ni

ν +δi
ZiZ⊤

i |Yi

]
, δi =(Zi−γ i)

⊤Ω−1
i (Zi−

γ i), ∆i = DW⊤
i Ω−1

i , Λi = D−DW⊤
i Ω−1

i WiD, Ωi = WiDW⊤
i + Ini , γ i = Xiβ , and Bi = Bi1 ×

. . . ,×Bini , where Bi j is the interval (0,∞) if yi j = 1 and the interval (−∞,0] if yi j = 0.

From (6)-(7), the E-step reduces to computation of Z̄0
i , Z̄1

i and Z̄2
i . From (8) it is clear that

Proposition 1 cannot be used, since the components of the random vector Zi|Yi are right or left
truncated depending in yi j, j = 1, . . . ,ni. However, these quantities can be determined in closed
form using a sequence of simple transformations, as follows.

(i) The first step is to standardize the components of Bi, either as left- or right truncated.
Let Ai be a diagonal matrix with diagonal elements equal to −1 or 1 depending on Bi j =
(0,∞) or Bi j = (−∞,0], respectively. Then, Ui ≡ AiZi|Yi ∼ Ttni(Aiγ i, AiΩiAi,ν ;Ci), Ci =
(−∞,0]ni , that is, Ui follows a multivariate t-distribution tni(Aiγ i,AiΩiAi,ν) right trun-

cated at (−∞,0]ni . This standardization facilitate the computation of Ū0
i = E

[
ν +ni

ν +δ u
i
|Yi

]
,

Ū1
i = E

[
ν +ni

ν +δ u
i

Ui|Yi

]
, Ū2

i = E
[

ν +ni

ν +δ u
i

UiU⊤
i |Yi

]
, through the result given in Proposition 1

along with the computation of the first two moments of a truncated multivariate-t distribution
with specific parameters, where δ u

i = (Ui −Aiγ i)
⊤(AiΩiAi)

−1(Ui −Aiγ i).
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(ii) The second step is to note that Z̄0
i = Ū0

i , Z̄1
i = A−1

i Ū1
i and Z̄2

i = A−1
i Ū2

i A−1
i , since δ u

i = δi =

(Zi − γ i)
⊤Ω−1

i (Zi − γ i).

When ν goes to ∞, we have an interesting EM-type algorithm to the probit model defined in
(2).

4.1 Estimation of the likelihood
The observed-data likelihood for θ = (β ,D) is given by (4)-(5). This integral can be conveniently
computed via an importance sampling scheme for any continuous distribution π̃ (with a support
larger than that of π(bi,θ)≡ tq(bi|0,D,ν)). Thus, Eq. (4) can be represented as

L(θ) =
m

∏
i=1

∫
ψ t

i (β ,bi)
π(bi,θ)
π̃(bi,θ)

π̃(bi,θ)dbi,

where ψ t
i (β ,bi) as in (5). So that ℓ(θ) = logL(θ) can be estimated without additional computa-

tional by

ℓ̂(θ) .
=

m

∑
i=1

log

[
1
K

K

∑
l=1

[ψi(β ,b
(l)
i )

π(b(l)
i ,θ)

π̃(b(l)
i ,θ)

]

]
.

where b1, . . . ,bl, . . . ,bK are draws from π̃(bi,θ). An efficient choice for π̃ consists of the condi-
tional distribution of bi given the data yi Robert et al. (1999).

Another approach to calculate the likelihood is to consider the adaptIntegrate function at
cubature package (Johnson & N., 2011) available in R. This function is appropriate for numerical
multivariate integration and will be used to calculate the log-likelihood for the application Section.

The log-likelihood can be used to monitor the convergence of the EM-algorithm. In practice,
the iterations are repeated until some distance involving two successive evaluations of the actual

log-likelihood ℓ(θ), like ||ℓ(θ̂
(k+1)

)− ℓ(θ̂
(k)
)|| or ||ℓ(θ̂

(k+1)
)/ℓ(θ̂

(k)
)− 1||, k = 0,2, ..., is small

enough. In addition, model selections based on the observed likelihood can be done using appro-
priate likelihood ratios test, AIC and BIC.

4.2 Standard error approximation

Denote the ML estimates from the EM-algorithm by θ̂ = (β̂ , D̂). Under some general regularity
conditions, we follow McLachlan & Krishnan (1997) to provide an information-based method to
obtain the asymptotic covariance of the ML estimates for t-GLMM for correlated binary data. We

define Io(θ̂ |Y)=∑m
i=1 ûiû⊤

i to be the observed information matrix, where ûi =E
[

∂ℓi(θ |Ycomp)

∂θ
|yi

]∣∣
θ̂

with ℓi(θ |Ycomp) being the complete-data log-likelihood formed from the single observation yi,
i = 1, . . . ,m.

Explicit expressions for the elements of ûi are

∂Q(θ |θ̂)
∂β

=
m

∑
i=1

[
X⊤

i (ÛiZi −WiÛibi)− (XiX⊤
i )Ûiβ̂

]
∂Q(θ |θ̂)

∂dr
= −1

2

m

∑
i=1

[
tr

(
D̂−1 ∂ D̂

∂dr
D̂−1(D̂− b̂ib⊤

i Ui)

)]
where dr are the distinct elements of the square matrix D. Standard errors are equal to the square
roots of the diagonal elements of the inverse of the estimated information matrix Io(θ̂ |Y).
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5 Applications

5.1 Simulation study
A simulation is presented to study the performance of our proposed methodology. The main goal
of this simulation study is to investigate the effects on the parameters inference when the common
normality assumption is violated for the link as well as for the random effects. Moreover, the
simulation has the purpose to verify if the comparison measures AIC and BIC determines the
corrected model to the simulated data. The simulation study mimics the structure of the real data
analysis presented in Section 5.2.

We consider the following framework for our generalized linear mixed model:

Yi j = I(Zi j>0), Zi|bi,Ui = ui ∼ Nni(µ i,u
−1
i Ini),

bi|Ui = ui ∼ Nq(0,u−1
i D)

Ui ∼ F(ν)

where µi = β0 + β1Xi1 + β2Xi2 with β = (1,−0.3,0.8)⊤, X1 is a continuous covariate, X2 is a
dichotomous covariate and F(ν) is a positive distribution.

To fulfill our objectives we present three simulation scenarios:

1. probit: Data has a probit link and normal random effects. So, U = 1 is a degenerated distri-
bution with probability of P(U = 1) = 1;

2. t-link: Data has a Student-t link and Student-t random effects with degrees of freedom ν = 4.
So, U ∼ Gamma(ν/2,ν/2);

3. contaminated-link: Data has a contaminated normal link and contaminated normal random

effects with degrees of freedom ν =(ν1,ν2)
⊤=(0.1,0.1)⊤. So, U =

{
ν2 with prob ν1

1 with prob 1−ν1
.

For all scenarios, sample sizes of 100, 250 and 500 were generated. Under the three scenarios
we fitted the probit-GLMM (Section 3.1) and the t-GLMM with 4 degrees of freedom (Section 3.2)
models to analyze the characteristics of each fitting model when the true model is one of them and
when none is the true generating model. This way, we have 9 different simulation settings with
250 simulated datasets under each setting. For each simulation, the parameters estimation as well
as AIC and BIC were recorded.

Table 1 presents the summary statistics for β (the fixed-effects parameters) assuming that the
true model is the probit-GLMM for the 3 proposed sample sizes. In this table, MC Mean denotes
the arithmetic average of the 250 estimates given by ∑250

j=1 γ̂ j/250 and MC Sd is the arithmetic
average of the 250 standard deviations of the estimates of the parameters given by ∑250

j=1 sd(γ̂ j)/250,
where γ = β0, β1 or β2. In addition, we also estimate the MC coverage of β0, β1 and β2, i.e. the
proportion of times the 95% confidence interval includes the true value of the fixed effects.

From Table 1, we can see that the probit model outperforms the t-link model parameter estima-
tion at all levels as expected. It is clear that the probit-GLMM as well as the t-GLMM were able
to recover the true parameters values and the estimation improves as the sample size increases.
Moreover, Table 1 also provides the average values of the approximate standard deviations of the
EM estimates obtained through the information-based method, described in Subsection 4.2 (IM

8



Table 1: Results based on 250 simulated probit samples. MC mean, MC Sd (in parenthesis) and MC Coverage are the respective mean
estimates, standard deviations and coverage proportion average from fitting the probit-GLMM and the t-GLMM. IM Sd are the average values of
the approximate standard errors obtained through the information-based method. MC AIC and MC BIC are the arithmetic average of the respective
model comparison measures.

Simulated probit data

Sample Size Fit β0 β1 β2 MC AIC MC BIC

100 probit MC Mean 0.981 -0.324 0.889 556.55 572.19
IM Sd 0.181 0.152 0.382
MC Sd (0.201) (0.154) (0.478)

MC Coverage 97% 96% 98%
t-link MC Mean 1.035 -0.354 0.986 558.52 574.15

IM Sd 0.189 0.160 0.401
MC Sd (0.215) (0.171) (0.616)

MC Coverage 98% 97% 99%

250 probit MC Mean 1.010 -0.338 0.830 1367.12 1388.25
IM Sd 0.125 0.096 0.261
MC Sd (0.128) (0.098) (0.285)

MC Coverage 98% 97% 96%
t-link MC Mean 1.064 -0.370 0.910 1371.05 1392.18

IM Sd 0.134 0.102 0.290
MC Sd (0.136) (0.109) (0.369)

MC Coverage 96% 95% 99%

500 probit MC Mean 1.006 -0.345 0.824 2729.10 2754.39
IM Sd 0.103 0.079 0.177
MC Sd (0.090) (0.068) (0.195)

MC Coverage 90% 88% 96%
t-link MC Mean 1.060 -0.376 0.908 2737.24 2762.52

IM Sd 0.111 0.087 0.202
MC Sd (0.096) (0.076) (0.253)

MC Coverage 88% 81% 98%
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Figure 1: Simulation study. Comparison between the probit-GLMM and t-GLMM under the sce-
nario 3. (Left panel) represents the bias of β1. (Right panel) represents the bias of β3.

Sd), and the Monte Carlo standard deviation (MC Sd) for the parameters. As we can see, the the-
oretically estimated standard deviation are relatively close to the Monte Carlos standard deviation
estimates obtained empirically. This results show that the proposed asymptotic approximation for
the variances of the fixed effects is reliable for both probit-GLMM and t-GLMM models. We also
present the arithmetic average (MC AIC and MC BIC) of the model comparison criterions men-
tioned earlier. As we can see, the MC AIC and MC BIC correctly selects the probit-GLMM as the
preferred model.

We continue to investigate the performance of our proposed methods under scenario 2, in which
the t-GLMM is the true model. From Table 2 we can see that the t-GLMM fits better the data as
expected, since the true generating model was a t-GLMM. However, when the data is not generated
from a probit, the probit-GLMM do not adjust to the t-GLMM as well as the t-link model did in the
previous scenario. This is a clear indication of the robustness of the t-GLMM. Equivalently to the
results obtained in Table 1, we can conclude that the Mc Sd is adequately calculated. Similarly to
what occurred with the probit scenario the MC AIC and MC BIC still selects the correct generating
model.

Finally, we introduce scenario 3 where the main objetive is to study how the probit-GLMM and
the t-GLMM behaves when neither of them are the true generating model. From Table 3 we can
see that the t-GLMM adjust better to the contaminated normal data. This finding is more evident in
Figure 1. Another verification of the robustness of the t-GLMM is that both MC AIC and MC BIC
selects it as the preferred model. Therefore, the t-link is more robust to deviations on the model
assumptions fitting better than the probit-GLMM when neither is the true generating model. As
seen in the previous scenarios the IM Sd estimates are close to the MC Sd.
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Table 2: Results based on 250 simulated t-link samples. MC mean, MC Sd (in parenthesis) and MC Coverage are the respective mean
estimates, standard deviations and coverage proportion average from fitting probit-GLMM and the t-GLMM models. IM Sd are the average values
of the approximate standard errors obtained through the information-based method. MC AIC and MC BIC are the arithmetic average of the
respective model comparison measures.

Simulated t-link data

Sample Size Fit β0 β1 β2 MC AIC MC BIC

100 probit MC Mean 0.946 -0.305 0.766 575.10 572.31
IM Sd 0.177 0.152 0.414
MC Sd (0.205) (0.157) (0.465)

MC Coverage 96% 96% 97%
t-link MC Mean 0.996 -0.332 0.859 572.91 570.12

IM Sd 0.187 0.161 0.446
MC Sd (0.219) (0.173) (0.582)

MC Coverage 98% 97% 98%

250 probit MC Mean 0.968 -0.308 0.715 1420.83 1418.04
IM Sd 0.121 0.097 0.243
MC Sd (0.130) (0.096) (0.277)

MC Coverage 95% 96% 96%
t-link MC Mean 1.017 -0.334 0.802 1415.98 1413.19

IM Sd 0.129 0.103 0.262
MC Sd (0.139) (0.106) (0.349)

MC Coverage 97% 95% 98%

500 probit MC Mean 0.944 -0.309 0.716 2849.67 2846.88
IM Sd 0.102 0.089 0.176
MC Sd (0.092) (0.068) (0.191)

MC Coverage 88% 88% 96%
t-link MC Mean 0.993 -0.334 0.813 2840.14 2837.35

IM Sd 0.115 0.100 0.200
MC Sd (0.098) (0.075) (0.239)

MC Coverage 92% 86% 98%
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Table 3: Results based on 250 simulated probit-contaminated normal samples. MC mean, MC Sd (in parenthesis) and MC Coverage are the
respective mean estimates, standard deviations and coverage proportion average from fitting probit and the t-link models. IM Sd are the average
values of the approximate standard errors obtained through the information-based method. MC AIC and MC BIC are the arithmetic average of the
respective model comparison measures.

Simulated contaminated-link data

Sample Size Fit β0 β1 β2 MC AIC MC BIC

100 probit MC Mean 0.869 -0.286 0.711 590.96 588.17
IM Sd 0.179 0.129 0.358
MC Sd (0.191) (0.147) (0.431)

MC Coverage 90% 98% 98%
t-link MC Mean 0.918 -0.311 0.798 588.58 585.79

IM Sd 0.188 0.136 0.386
MC Sd (0.205) (0.162) (0.536)

MC Coverage 95% 98% 99%

250 probit MC Mean 0.897 -0.287 0.681 1458.25 1457.29
IM Sd 0.121 0.102 0.260
MC Sd (0.121) (0.092) (0.256)

MC Coverage 84% 94% 90%
t-link MC Mean 0.947 -0.312 0.775 1452.60 1451.64

IM Sd 0.130 0.110 0.277
MC Sd (0.131) (0.102) (0.324)

MC Coverage 92% 95% 96%

500 probit MC Mean 0.877 -0.295 0.704 2918.17 2918.60
IM Sd 0.089 0.076 0.168
MC Sd (0.086) (0.065) (0.180)

MC Coverage 70% 93% 93%
t-link MC Mean 0.927 -0.322 0.801 2908.69 2909.12

IM Sd 0.099 0.083 0.197
MC Sd (0.092) (0.072) (0.227)

MC Coverage 82% 91% 98%
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Figure 2: Plot of the profile log-likelihood ranging the degrees of freedom, ν .

5.2 Analysis of real data
In this section, we analyzed the dataset presented by Skrondal & Rabe-Hesketh (2004). The data
consist of a cohort study of respiratory infection in 275 Indonesian preschool children examined up
to six consecutive quarters. Zeger & Karim (1991) and Skrondal & Rabe-Hesketh (2004) estimate
a logistic-normal random intercept model for this data set. Here, we assume that the probability
Pr(Yi j = 1|bi) of respiratory infection of the i-th child at the j-th observation is assumed to be
equal to:

F(β1 + ageβ2 +xeroβ3 +genderβ4 + cosineβ5

+ sineβ6 +heightβ7 + stunderβ8 +w⊤
i jbi),

where “F” is the probit or t-link; “age” is the age of the child centered around 36 months; “xero
= 1” for presence of xeropthalmia (an ocular manifestation of chronic vitamin A deficiency), 0
otherwise; “cosine” and “sine” represent, respectively, the cosine and sine terms of the annual cycle
to capture seasonality; “gender = 1” for female gender and 0 for male; “height” is an indicator of
height for age as percent of the National Center for Health Statistics (NCHS) standard (centered
at 90%), which indicates lower nutritional status; “stunted = 1” for stunting, defined as being
below 85% in height for age. The elements of the matrix W are wi j = (1,age), implying that both
intercept and age effects are children-specific and the vector bi|D ∼ N2(0,D), i = 1, . . . ,275. As
the data is unbalanced, the index j can vary from 1 to 6.

In Figure 2, we plot the profile log-likelihood of the t-link model for different degrees of free-
dom. We notice that the smaller the degrees of freedom, the better is the fit. Using this result, we
fixed ν = 3 for our analysis.

Table 4 shows the ML estimates where the probit and t-link models were considered. At the E-
step of the EM algorithm, we fixed β (0) = (0,0,0,0,0,0, 0,0)⊤ and D(0) = I2 as the initial values.
We can see that the maximum likelihood estimates for both models are close. Respiratory infection
is related to intercept, age, season and height. Based on AIC and BIC criteria presented on Table 4,
the t-link model is clearly the preferred one.

Given the models, the comparison between the probabilities of a children having respiratory
infection with relation to intercept and age estimates are presented in Figure 3. The empirical
proportion (observed proportion of having respiratory infection at each level of the variable age)
is also shown. We can observe that the greater is the age of the children, the lower the propensity
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Table 4: ML estimates results for fitting the respiratory infection data with probit and t-link models.

Variable Parameter
probit t-link

MLE SE MLE SE

intercept β1 -1.594 0.143 -1.768 0.190
age β2 -0.018 0.006 -0.020 0.008
xero β3 0.352 0.300 0.327 0.436
cos(time) β4 -0.315 0.091 -0.436 0.135
sin(time) β5 -0.085 0.115 -0.103 0.159
gender β6 -0.302 0.186 -0.333 0.262
height β7 -0.026 0.016 -0.047 0.025
stunted β8 0.128 0.286 0.023 0.380
covariance d11 0.294 0.199 0.185 0.236

d12 -0.001 0.012 0.000 0.033
d22 0.001 0.001 0.001 0.001

AIC 1513.486 1088.036
BIC 1553.270 1092.868

is to have a respiratory infection. As expected, the probabilities for the t-link model are more
conservative and fit the data best.

To assess the the convergence of the proposed EM, we compare the performance of the probit
and t-link log-likelihood values with respect to the iterations of the algorithm. The results are
ilustrated in Figure 4. From this, we can observe that both models have succeed in the convergence
of the EM-type algorithm and we can also highlight that the t-link model was the one that presents
the best result for this dataset.

6 Conclusions
In this article we have developed an exact EM algorithm for correlated binary data with t-link.
The algorithm has a closed-form expression for the E- step, based on formulas for the mean and
variance of the truncated multivariate t-distribution. The computation uses existing functions for
the multivariate-t cumulative distribution function. Our applications showed that the t-link out-
performs the typical probit-link in GLMM for binary data. The likelihood function is derived at
no additional computational cost, paving the way for model selection procedures. As an addi-
tional benefice, the EM likelihood sequence is monotonic and the difficulties in assessing conver-
gence which face MCMC algorithms are avoided. We conjecture that this paper introduces a novel
methodology and should also yield satisfactory results in other areas where truncated multivariate
distributions appear frequently, for instance, Tobit models, item response theory models, among
others. These extensions are currently under investigation. Finally, the proposed EM algorithm
has been coded and implemented in an R script and is available from the authors upon request.
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Appendix
Proof of Proposition 1: First note that if X ∼ tp(µ,Σ,ν), then we can write(

ν + p
ν +δ

)r

tp(x|µ,Σ,ν) = cp(ν ,r)tp(x|µ,Σ∗,ν +2r).

It follows that

E
{(

ν + p
ν +δ

)r

X(k)
}

= cp(ν ,r)
Tp(a|µ,Σ∗,ν +2r)

Tp(a|µ,Σ,ν)

×E
{

X(k)|X ≤ a
}
,

which concludes the proof.

Lemma 1. If U ∼ Gamma(α ,β ), then for any vector B ∈ Rp and a p× p positive definite matrix
Σ,

E{Φp(B
√

U |0,Σ)}= Tp(

√
α
β

B|0,Σ,2α),

Proof. If V ∼ Np(0,Σ); then

E{Φp(B
√

U |0,Σ)} = EU{P(V ≤ B
√

u|U = u)}

= EU{P(
V

(uβ/α)1/2 ≤
√

α
β

B|U = u)}

= P(T ≤
√

α
β

B),

where, clearly T =
V

(Uβ/α)1/2 has a multivariate Student-t distribution, which concludes the

proof.

Details of the EM Algorithm:
Let treat b = {bi}m

i=1, Z = {Zi}m
i=1 and U = {Ui}m

i=1 as missing data. From the definition
of the latent variable Z, we have {Yobs,Z} = Z. Then, the joint density for the complete-data
Ycom = {Y,Z,b,U} is

f (Ycom|θ) =
m

∏
i=1

f (bi|ui,D) f (Zi|bi,ui,β )h(ui|ν)

=
m

∏
i=1

ϕq(bi|0,u−1
i D)ϕni(Zi|µ i,u

−1
i Ini)×

× h(ui|ν). (9)
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To complete the demonstration about how to employ the EM-type algorithm for ML estima-
tion of the t-link GLMM model, it is necessary to derive the four conditional expectations of the
complete-data sufficient statistics: E[Ui|Yi], E[UiZi|Yi], E[Uibi|Yi] and
E[Uibib⊤

i |Yi]. To calculate them, we first derive the conditional predictive distribution of the miss-
ing data, which is given by:

f (b,Z,U|Yobs,θ) = f (Z|Yobs,b,u,θ) f (b|Yobs,u,θ)×
× f (u|Yobs,θ) = f (b|Yobs,Z,ui,D)×
× f (u|Yobs,Z,θ) f (Z|Yobs,θ). (10)

Since f (b|Yobs,Z,u,θ) is proportional to (9), we obtain the following result:

f (b|Yobs,Z,u,θ) =
m

∏
i=1

f (b|Yi,Zi,ui,θ)

=
m

∏
i=1

f (b|Zi,ui,θ)

=
m

∏
i=1

ϕq(bi|∆i(Zi −X⊤
i β ),u−1

i Λi),

where ∆i =DW⊤
i Ω−1

i , Λi =D−DW⊤
i Ω−1

i WiD and Ωi =WiDW⊤
i +Ini , i= 1, . . . ,m. To derive the

second term on the right-hand side of (10), we use the following result from Chib & Greenberg (1998)

P(Yi = yi|bi,Zi,ui,θ) = I(Zi∈Bi) (11)

=
ni

∏
j=1

{I(Zi j>0)I(Yi j=1)+ I(Zi j≤0)I(Yi j=0)},

which indicates that given Zi, the conditional probability of Yi is independent of bi and ui. Hence,
expression (11) implies P(Yi = yi|Zi,θ) = I(Zi∈Bi). Since the conditional probability Zi|ui,θ is nor-
mally distributed and Ui ∼Gamma(v/2,v/2), the marginal distribution of Zi|θ follows tni(X

⊤
i β ,Ωi,ν).

Furthermore, from

f (Zi|Yi,θ) ∝ f (Zi,Yi|θ)
= f (Zi|θ)P(Yi = yi|Zi,θ)
= tni(Zi|X⊤

i β ,Ωi,ν)I(Zi∈Bi)

we obtain

f (Z|Yobs,θ) =
m

∏
j=1

f (Zi,Yi|θ)

= Ttni(Zi|X⊤
i β ,Ωi,ν ,Bi).

Using the prior results and the property that, if Z|θ follows tp(µ,σ ,ν) and U ∼Gamma(v/2,v/2)
we have E(U |Z) = ν+p

ν+δ (see Lachos et al. (2011)), where δ is the Mahalanobis distance, the esti-
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mates are:

E(Ui|Yi) = E [E(Ui|Yi,Zi,θ)|Yi,θ ]

= E
[

ν +ni

ν +δi
|Yi,θ

]
= Z̄0

i ,

E[UiZi|Yi] = E [ZiE(Ui|Yi,Zi,θ)|Yi,θ ]

= E
[(

ν +ni

ν +δi

)
Zi|Yi,θ

]
= Z̄1

i ,

E[Uibi|Yi] = E{E [UiE(bi|Yi,Zi,Ui,θ)|Yi,Zi,θ ] |Yi,θ}
= ∆i(Z̄1

i − Z̄0
i Xiβ ),

E[Uibib⊤
i |Yi] = E{E

[
UiE(bib⊤

i |Yi,Zi,Ui,θ)|Yi,Zi,θ
]
|

Yi ,θ}= Λi +∆i(Z̄2
i + γ iγ

⊤
i Z̄0

i − Z̄1
i γ⊤i −

− γ iZ̄
1⊤
i )∆i,

Zi|Yi ∼ tni(γ i,Ωi,ν)IBi(Zi),

where Z̄2
i =E

[
ν +ni

ν +δi
ZiZ⊤

i |Yi

]
, δi =(Zi−γ i)

⊤Ω−1
i (Zi−γ i), ∆i =DW⊤

i Ω−1
i , Λi =D−DW⊤

i Ω−1
i WiD,

Ωi = WiDW⊤
i + Ini , γ i = Xiβ , and Bi = Bi1 × . . . ,×Bini , where Bi j is the interval (0,∞) if yi j = 1

and the interval (−∞,0] if yi j = 0.
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