ON THE PERIODIC SOLUTIONS
OF A GENERALIZED SMOOTH AND NON-SMOOTH
PERTURBED PLANAR DOUBLE PENDULUM WITH SMALL
OSCILLATIONS
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ABSTRACT. We provide sufficient conditions for the existence of periodic solu-
tions of the smooth and non-smooth perturbed planar double pendulum with
small oscillations having equations of motion

él = —al; +602+¢ (Fl(t, 61, 31,92, 92) + Fr(t, 91,9.17 92,92)5gn(0'1)> s

éz =0b01 — b2 + ¢ (Fg(t, 01, él , 02, 92) + F4(t, Gl,él, Gz,ég)sgn(e.g)) s
where a > 1,b > 0 and ¢ are real parameters. Here the parameter ¢ is small
and the smooth functions F; for i = 1,2,3,4 define the perturbation which
are periodic functions in ¢ and in resonance p;:q; with some of the periodic

solutions of the unperturbed double pendulum, being p; and g; relatively prime
positive integers.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

We consider a system of two point masses m; and ms moving in a fixed plane, in
which the distance between a point (called pivot) and m; and the distance between
m1 and my are fixed, and equal to /1 and I respectively. We assume the masses
do not interact. We allow gravity to act on the masses m; and ms. This system is
called the planar double pendulum.

The position of the double pendulum is determined by the two angles 6; and 65
shown in Figure 1. We consider only the motion in the vicinity of the equilibrium
0, = 6> = 0, i.e. we are only interested in small oscillations around this equilibrium.
Expanding the Lagrangian of this system to second order in #; and 62 and their
time derivatives, the corresponding Lagrange equations of motion are

(1) (m1 + mg)llél + mglgég + (m1 + m2)991 = O,

mgllél + mglgég + mogbs = 0,
where ¢ is the acceleration of the gravity. For more details on these equations of
motion see [2]. Here the dot denotes derivative with respect to the time t.

The authors in [5] have studied the persistence of periodic solutions of system
(1) perturbed smoothly in the particular case thus m; = mg and l; = l5. Now
mq, ma, 1 and Il can take arbitrary positive values and we shall study the periodic
orbits of system (1) which persist with smooth and non-smooth perturbations.
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FIGURE 1. The planar double pendulum.

Dividing the equations of system (1) by msl; and denoting | = I3/l; > 0,
m = (my1 + ma)/mg > 1, system (1) becomes

mé1+lé2+?0120,
1

@ on
914—1924-[—92 =0.
1

Isolating 61 and 6, of equations (2), we obtain that the following equations of
motion for the double pendulum with small oscillations

= =D T L=
(3) .. mg mg

0y = 3.

9 —
Uim—1) " Uy(m—1)

Taking a new time 7 given by the rescaling 7 = /g/(l1(m — 1)) ¢ and denoting
a=m>1and b=m/l >0, the equations of motion (3) become

(4) 1 = —aby + b3,
04 = by — bba,
where now the prime denotes derivative with respect to the new time 7.

The objective of this paper is to provide a system of non-linear and non-smooth
equations whose simple zeros provide periodic solutions of the smooth and non-
smooth perturbed planar double pendulum with equations of motion

9/1/ = _a01 + 92 +e (Fl(ta 917 9/15 927 9/2) + FQ(tv 915 9/17 925 9/2)Sgn(9/1))7

5
( ) 9/2I = bel - be? +e (F3(ta 015 0I17 925 012) + F4(t7 917 9/15 027 H/Q)Sgn(eé)) )

where ¢ is a small parameter. Here the smooth functions F; for i = 1,2, 3,4 define
the perturbation. These functions are periodic in 7 and in resonance p;:q; with
some of the periodic solutions of the unperturbed double pendulum, being p; and g;
relatively prime positive integers and the function sgn(z) denotes the sign function,



ie.
-1 if 2 <0,
sgn(z) = 0 ifz=0,
1 ifz>0.

Note that the functions F; for i = 1,2, 3,4 can be taken in a certain way arbitrary,
i.e., only observing some hypothesis. It makes us able to provide, in a physical
context, real meaning of these functions, for example, friction for F} and F3 and
excitation for F5 and Fj.

In order to present our results we need some preliminary definitions and nota-
tions.

The unperturbed system (4) has a unique singular point, the origin with eigen-
values +wy ¢, Fws 7, where

a+b— VA a+b+ VA
Wi =—pg—", Wp=-—T—12—""71,

V2 V2

with A = (a — b)? +4b > 0. Consequently this system in the phase space
(01,0, 605,0) has two planes filled with periodic solutions except the origin. The
periods of such periodic orbits are

_ 27

T =

2
or Th=—,
w1 w2

according they belong to the plane associated to the eigenvectors with eigenvalues
4wy 7 or +ws i, respectively. We shall study which of these periodic solutions persist
for the perturbed system (5) when the parameter ¢ is sufficiently small and the
perturbed functions F; for i« = 1,2,3,4 have period either p;T1/q;, or p;Ta/q;,
where p; and ¢; are relatively prime positive integers.

Let Yx,.v,(7) be the periodic function
YX()qYO (T) =Y, cos (wl 7') — Xpsin (wl 7’) ,

then we define the non-linear and non-smooth functions
(6)
pTh B B
.Fl(XO,YQ):/ sin (w1 7) (2bF1+F3 (a—b-i—\/Z)) dr
0

+ /OPT1 sin (wy 7) (2bF2 + Fy (a —b+ \/Z)) gn(¥xo(r) dr,

F2(Xo, Yo) _/OpTl cos (w1 T) (2bF1 + B3 (a —b+ \/5)) dr

+ /OpTl cos (w1 7) (2bF2 + Fy (a —b+ \/5)) sgn(Yxo,v0(7)) dr.

with p the least common multiple among the p;’s for i = 1,2, 3,4, and

(7) Fi:Fi(TaAlaBlvclle)
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for e =1,2,3,4 with
(—a—i—b—i—\/Z)

A = b (Xo cos (w1 7) 4+ Yo sin (w1 7)),
(—a +b+ \/Z)
B, = —y (Yy cos (w1 7) — X sin (w1 7)),

Ci = L (Xo cos (w1 T) 4+ Yo sin (w1 7)),

w1
Dy =Yscos(wy 7) — Xosin (wy 7).
Note that if 2bF, + Fy (a - b+ \/5) = 0, then the functions F;(Xo,Ys) and
F2(Xo,Ys) are smooth.

A zero (X§,Yy) of the system of the non-linear and non-smooth functions

(8) F1(Xo0,Yy) =0, Fa(Xo,Yp) =0,

such that
) ‘0,
(Xo0,Y0)=(Xg,Yy)

Our main result on the periodic solutions of the non-smooth perturbed double
pendulum (5) which bifurcate from the periodic solutions of the unperturbed double
pendulum (4) with period T; traveled p times is the following.

O(F1, Fa)
det | ——=
‘ <6<X0,Y0)

is called a simple zero of system (8).

Theorem 1. Assume that the functions F; of the non-smooth perturbed double
pendulum with equations of motion (5) are periodic in T of period p;T1/q; with p;
and q; relatively prime positive integers. If p is the least common multiple among
the p;’s for i =1,2,3,4, then for € # 0 sufficiently small and for every simple zero
(X5, Y5) # (0,0) of the non-linear and non-smooth system (8), the non-smooth per-
turbed double pendulum (5) has a periodic solution (01(7,€),02(7,€)) tending, when
e — 0, to the periodic solution (01(7),602(7)), traveled p times, of the unperturbed
double pendulum (4) given by

(9)

<_a—;;))7+\/z (X cos (w1 7) 4+ Y sin (wy 7)), L (X§ cos (w1 7) + Yy sin (wq T))) .
w1 w1

Theorem 1 is proved in section 2. Its proof is based in the averaging theory for
computing periodic solutions, see the appendix.

We provide an application of Theorem 1 in the following corollary, which will be
proved in section 3.

Corollary 2. If F; = acos(wi t), Fy = [39292, F5 = vsin(w t) and Fy =0, with
a = w /(2bm), B = 3w}/(8) and v = w1/ (7(a — b+ VA)). Then the differential
system (5) for e # 0 sufficiently small has one periodic solution (01(t,€),02(T,¢))
tending, when ¢ — 0, to the periodic solution (61(7),02(7)) of the unperturbed
double pendulum (4) given by (9) with

1 1

(X2, Y)) = (2—1,2—1).
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Another application of Theorem 1 has been proved in [5] with the following
statement

Corollary 3. Assumea=b=2. If F} =0, F5, =0, F3 = (1 - 9%) sin (\/ 2 — \/it)
and Fy = 0, then the differential system (5) for € # 0 sufficiently small has two pe-
riodic solutions (01(7,¢€),02(T, €)) tending, when e — 0, to the two periodic solutions
(01(7),02(7)) of the unperturbed double pendulum (4) given by (9) with

(X2, Yy) = <2,/2 (2—\/5),()) and (XZ,Yy) = <0,2 ;(2—x/§)>

respectively.
Now let WZo:Wo (1) be the periodic function
W20:Wo (1) = Wy cos (wa T) — Zg sin (wa 7),

then we define the non-linear and non-smooth functions

(10)
FYZo, W) :/OPT2 sin (w2 T) (—2bF1 + Iy (—a +b+ \/5)) dr

T2 B B
+ / sin (wz 7) (QbFz + Fy (—a +b+ \/5)) sgn(W 2o Wo (1)) dr,
0

F2(Z0, W) = /OPT2 cos (wy ) (~20F1 + Py (~a+b+ VD)) dr

+ /pT2 cos (w2 T) (2bf7'2 + Fy (—a +b+ \/5)) sgn(W20:Wo (1)) dr.
0

with p the least common multiple among the p;’s for i = 1,2, 3,4, and
F; = Fi(1, A3, B3, Ca, D)
for e =1,2,3,4 with

(a—b—i-\/Z)

Ay = BT P (Zo cos (wa ) + Wy sin (w2 7)),
(a—b—i-\/Z)

By = g (Wo cos (wa T) — Zpsin (we 7)),

Cy = x (Zo cos (wa 7) + Wy sin (wa 7)) ,

w2

DQ = WOCOS((UQT) — Zosin(ng) .
Note that if 2bF, + Fy (—a +b+ \/5) =0, then the functions F*(Zy, W) and
F2(Zy, Zy) are smooth.

Consider the non-linear and non-smooth system

(11) FN 20, Wo) =0, F*(Zy,Wp) =0.
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Our main result on the periodic solutions of the non-smooth perturbed double
pendulum (5) which bifurcate from the periodic solutions of the unperturbed double
pendulum (4) with period T» traveled p times is the following.

Theorem 4. Assume that the functions F; of the non-smooth perturbed double
pendulum with equations of motion (5) are periodic in T of period p;Ta/q; with p;
and q; relatively prime positive integers. If p is the least common multiple among
the p;’s for i = 1,2,3,4, then for € # 0 sufficiently small and for every simple
zero (Z§,W§) # (0,0) of the non-linear and non-smooth system (11), the non-
smooth perturbed double pendulum (5) has a periodic solution (01(T,€),02(T,¢€))
tending, when € — 0, to the periodic solution (61(7),02(T)), traveled p times, of the
unperturbed double pendulum (4) given by

(12)

—b A 1
—d (Z§ cos (wa ) + Wisin (we 7)), — (Z§ cos (wa 7) + Wi sin (w2 7)) | -
2bws w2
Theorem 4 is also proved in section 2.
We provide an application of Theorem 4 in the following corollary, which will be
proved in section 3.

Corollary 5. If F} = asin(wat), F» = B020,, Fs = yeos(wat) and Fy =0, with
a = —wa/(2b7), B = 3w3/(8b) and v = w/(m(—a+b-++/A)). Then the differential
equation (5) for e # 0 sufficiently small has one periodic solutions (61(7,¢€),02(T,¢€))
tending, when € — 0, to the periodic solutions (01(7),02(T)) of the unperturbed
double pendulum (4) given by (12) with

(Z5, W) = (2—%,2—i).

Another application of Theorem 4 has been proved in [5] with the following
statement

Corollary 6. Assume a = b = 2. If [} = 0, + 6% cos( 2—|—\/§t), =0,

F5 =0 and Fy = 0, then the differential equation (5) for e # 0 sufficiently small
has one periodic solution (01(t,€),02(T,€)) tending, when ¢ — 0, to the periodic
solution (61(7),02(7)) of the unperturbed double pendulum (4) given by (12) with
5.5) = (0,5 (24 v2)).

2. PROOFS OF THEOREMS 1 AND 4

Introducing the variables (z,y,z,w) = (01,0}, 02,05) we write the differential
system of the non-smooth perturbed double pendulum (5) as a first—order differen-
tial system defined in R*. Thus we have the differential system

' =y,
(13) y/ =—ar+z+¢ (Fl(TaIayvsz) + FQ(TaIayvsz) sgn(y)) )
2 =w,

w =bxr —bz+e (F3(1,2,y,2,w) + Fu(1,2,y, 2, w) sgn(w)) .

System (13) with e = 0 is equivalent to the unperturbed double pendulum system
(4), called in what follows simply by the unperturbed system. Otherwise we have
the perturbed system.



sign(x) ss(x)

FIGURE 2. The functions sign(z) and ss(z).

Instead of working with the discontinuous differential system (13) we shall work
with the smooth differential system

r =Y,
(14) y/ = —(I$+Z+E(F1(T,ZE,y,Z,’LU) +F1(Tv'r7yazaw) 55(y))’
2 =w,

w =bxr—bz+e(F3(1,2,y,2,w) + Fu(1,2,y, 2, w) ss(w)) .

where s5(z) is the smooth function defined in Figure 2, such that

(%1_% ss(x) = sgn(z).

We shall write system (14) in such a way that the linear part at the origin will be
in its real normal Jordan form. Then, doing the change of variables (1, z,y, z, w) —
(1, X,Y, Z, W) given by

(15)
bwy w1 (a —b+ \/Z)
— 0 0
VA 2VA
X 0 b 0 a—b+ VA x
Y| VA 2VA y
4 bws w2 (—a+b+ \/Z) <
w - 0 0 w
VA 2VA
0 b 0 —a+b+ VA
VA 2VA
the differential system (14) becomes
(16)
X/ = CLJ1Y,
1 . .
I _ _
V= —onX e (26 (B + B 55(B)) + (a— b+ VA) (B + Fuss(D)) ).
Z" = wa W,

W' = —wyZ + 52% (—2b (131 + I 55(8)) + (—a +b+ \/Z) (Fg + F SJ(D))) ,
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where Fi(1,X,Y, Z,W) = Fy(r, A, B,C,D) for i = 1,2,3,4 with
(—a—i—b—l—\/Z) (a—b—i—\/Z)

= X - Z
A 2bw 2bws ’
(—a—i—b—i-\/Z) (a—b—i-\/Z)
B= Y — W,
2b 2b
cixily
w1 w9

D=Y+W.

Note that the linear part of the differential system (16) at the origin is in its real
normal Jordan form.

Lemma 7. The periodic solutions of the differential system (16) with e =0 are

Xxo,v, (1) = Xocos (w1 7) + Yosin (w1 7),

(17) Yx,,v, (1) = Yo cos (w1 7) — X sin (wy 7),

ZXO-,YO (T) =0,

WX()qYO (7—) =0,
of period Ty, and

XZoWo(7) =0,

y“Z%o.Wo(r) =0,

(13) )z
Z%0:Wo (1) = Zg cos (wa T) + Wy sin (wa 7)
WZ%o:Wo (1) = Wy cos (wa T) — Zgsin (wa 7) ,

of period Ts.

Proof. Since system (16) with € = 0 is a linear differential system, the proof follows
easily. (I

Proof of Theorem 1. Assume that the functions F; of the non-smooth perturbed
double pendulum with equations of motion (5) are periodic in 7 of period p;T1/¢;
with p; and ¢; relatively prime positive integers. Then we can think that system
(5) is periodic in 7 of period pTi, with p the least common multiple among the
pi’s for i = 1,2, 3,4,. Thinking in this way the differential system and the periodic
solutions (17) have the same period pT;.

It is well known that a Poincaré map defined in a smooth differential system is
smooth. So the Poincaré maps associated to the periodic orbits of the differential
system (14) are smooth. The Poincaré maps associated to the periodic solutions
of the non-smooth differential system (13), which are perturbations of the periodic
solutions (17) are also smooth. Indeed, such Poincaré maps are compositions of
two smooth Poincaré maps, one from y = 0 to itself following the orbits of the
system (13) in the region y > 0, and the other from y = 0 to itself following the
orbits of the system (13) in the region y < 0. In a similar way it follows that the
Poincaré maps associated to the periodic solutions of the non-smooth differential
system (13), which are perturbations of the periodic solutions (18) are also smooth.

We can use Theorem 8 (see the appendix) for computing some of the periodic
solutions of the smooth systems. The periodic solutions are zeros of the displace-
ment function, which is the Poincaré map associated to periodic solutions minus
the identity. In fact, the non-linear function (24) whose zeros can provide periodic
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solutions, is the first term of order € of the displacement function. See for more
details the proof of Theorem 8 in [1].

Since the Poincaré maps associated to periodic solutions of system (13), coming
from the perturbed periodic solutions (17) or (18), are smooth and these Poincaré
maps are the limit of the Poincaré maps associated to the smooth system (14),
for which we can use Theorem 8, it follows that we also can use Theorem 8 for
computing some of the periodic solutions of the non-smooth system (13). In other
words, we can apply Theorem 8 to the smooth systems (14) and then pass to the
limit, when § — 0, the function (24) for obtaining a function whose zeros can give
periodic solutions of the non-smooth system (13).

We shall apply Theorem 8 of the appendix to the differential system (16). We
note that system (16) can be written as system (21) taking

X w1 Y,
Y —Ww1 Xu
x = , t=1, Got,x)= ,
Z w2 W,
W —W?2 A

0

a—b+vVA
2vVA
0
—a+b+ VA
2vVA
0
0
0

0

We shall study which periodic solutions (17) of the unperturbed system (16)
with € = 0 can be continued to periodic solutions of the perturbed system (16) for
¢ # 0 sufficiently small.

L Fi + Fys5(B) ) + Fs + Fy s5(D)
s ﬂ( 5(8)) (£ + Fuss(D))

—— (Fi+ Fyss(B)) + (B + Fuss(D))

NE

and Ga(t,x,¢) =

We shall describe the different elements which appear in the statement of The-
orem 8 in the particular case of the differential system (16). Thus we have that
Q=R* k=2andn =4. Let 71 > 0 be arbitrarily small and let 7o > 0 be
arbitrarily large. We take the open and bounded subset V' of the plane Z = W =0

as
V = {(X0,Y,0,0) € R* : 1y < /X2 +Y? <12}

As usual C1(V) denotes the closure of V. If a = (Xo,Yp), then we can identify V
with the set

{a e R?:r; < |la]| < 72},
here || - || denotes the Euclidean norm of R?. The function 3 : CI(V) — R? is
B(a) = (0,0). Therefore, in our case the set

Z ={z4 = (a,(a)), a € Cl(V)} = {(Xo,Y,0,0) e R* : r; < VXE+HYE <nro}
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Clearly for each z, € Z we can consider the periodic solution x(7,z,) = (X (1), Y (1),
0,0) given by (17) with period pT}.

Computing the fundamental matrix M,_(7) of the linear differential system (16)
with e = 0 associated to the T—periodic solution z, = (Xo,Yp,0,0) such that
M, (0) be the identity of R?, we get that M (1) = M,_(7) is equal to

cos(wyT) sin(wiT) 0 0
—sin (wy; 7) cos(wyT) 0 0
0 0 cos(waT) sin(wseT)
0 0 —sin (w2 7) cos(waT)

Note that the matrix M,_(7) does not depend of the particular periodic solution
X(T,2q). Since the matrix

0 0 0 0
0 0 0 0
2
M=Y0)-MYpTy)=| 0 0 2sin? (pwwg) sm( p7ro.)2> )
w1 w1
00 —s (2”“’2) 2 2(” 2
w1 w1

satisfies the assumptions of statement (ii) of Theorem 8 because the determinant
. o [ PT W2 [ 2pT w2
2sin sin o~
w1 w1 # 0
=)o
we can apply Theorem 8 to system (16).

5 = 4 sin?

. ( pﬂwz) o (mw) w

—sin | ——= 2sin” [ ——
w1 w1

Now ¢ : R* — R? is ((X,Y, Z,W) = (X,Y). We calculate, when § — 0, the

function

T
g(Xo,YQ) :g(a) :5 (L/O MZ_Ql(T)Gl(T,X(T,Za))dT> s

and we obtain
(19)

1 pT
G1(Xo, i :—7/
1( 0 0) 2\/ZpT1 0

+ (a —b+ \/Z) (Fs + Fysgn(Yx,,v, (T))))} dr,
cos (w1 T) <+2b <F1 + Fysgn (MYXO,YO (T)))

sin (wy 7) <2b <F1 + Fysgn <#YXO,YO (ﬂ))

1 pTh
Ga(Xo, Y( 27/
2(%o,¥o) 2V ApTy Jo

+ (a —-b+ \/Z) (F3 + Fisgn(Yxo,vo (T))))} dr,

2b

where the functions of F; for i = 1,2,3,4 are the ones given in (7). Note that
—a+b+ VA >0, then

—a+b+VA
sgn <TYX0,Y0(T)> = sgn (YXO;YO(T)) )
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denoting by K = 1/(2v/ApT}), the system (19) becomes
pT1 B B
G1(Xo, Vo) = — K/ sin (wy 7) Py (a b+ \/Z) + 2bFy dr
0

- K /OpTl sin (w1 7) (F‘4 (a —-b+ \/Z) + 2bF‘2) sgn(Yx, v, (7)) dr,

pT1 3 3
gg(Xo,}/O) :K/ COS(wlT)Fg (a—b+\/5)+2bF1dT
0

K /OpT1 cos (w1 T) (F‘4 (a —-b+ \/l_)) + 2bF2) sgn(Yx, v, (7)) dr.

Then, by Theorem 8 we have that for every simple zero (X§,Yy) € V of the
system of non-linear and non-smooth functions

(20) gl(Xo, YO) =0 ) gQ(X07 }/0) = Oa
we have a periodic solution (X,Y, Z, W)(r,¢) of system (16) such that
(X,Y,Z,W)(0,¢) = (X;,Y5,0,0) ase —0.

Note that system (20) is equivalent to system (8), because both equations only
differs in a non—zero multiplicative constant.

Going back through the change of coordinates (15) we get a periodic solution
(x,y, z,w)(7,e) of system (17) such that

—a+b+ VA

————— (X§cos(wi )+ Yy sin(wi 7
(7, ¢) 2bw, ( 0 ( 1 ) 0 (w1 ))
y(r,€) N # (Y5 cos (w1 T) — X sin (w1 7))
2(7-75) 1
w(r,e) o (X cos (w1 T) + Yy sin (wq 7))

Yy cos (w1 7) — X sin (wy 7)
as e — 0.
Consequently we obtain a periodic solution (61,62)(7,¢) of system (5) such that

—a+b+ VA

b (X§ cos (w1 T) + Yy sin (wq 7))

(917 92)(7-7 5) - 1
o (X§ cos (w1 T) + Yy sin (wq 7))

as € — 0. Hence Theorem 1 is proved. ([

Proof of Theorem 4. This proof is completely analogous to the proof of Theorem
1. O
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3. PROOFS OF COROLLARIES

To obtain the expression of the functions given in (6) and (10) we have to study
the sign change of the functions Yx, y,(7) and W#o:Wo(r) respectively for 7 €
[0,pTy] and 7 € [0, pT3).

Note that Yx, v, () = 0 for

_ 1 + arctan | 20
Tn—wl 7n + arctan X, .

If XoYy > 0, then 7, € [0,pT1] only forn =0,1,--- ,p+1, and if XYy < 0, then
Tn € [0,pT4] only for n = 1,2,--- ,p + 2. We know that for all 7 € [t,,t,11] the
function Yy, v, (7) has the same sign and different sign for any 7 € [t,—1,¢y], thus
the integral can be computed using the partitions {0, 7,, pT1;n =0,1,--- ;p+ 1}
and {0, 7,, pTh;n = 1,2,--- ,p + 2} as the limits of integration respectively for
XO}/O > 0 and XO}/O < 0.

The study of the sign change of the function W20-Wo(r) for 7 € [0,pTs] and
ZoWy # 0 is completely analogous.

Proof of Corollary 2. Studying the sign change of the function Y, v, (7) for 7 €
[0, T1] we conclude that under the assumptions of Corollary 2 the non-linear and
non-smooth functions (6), for XYy # 0, becomes

Y2
1+ XoYou [14+ 2% if XoYp >0,

X3
F1(Xo,Yo) =
Y2
1—XoYo 14+ <% if XYy <0,
XO
Y2
L+ X5 [1+ <% if XoYp >0,
XO
F2(Xo, Y0) =
Y2
1- X3 [1+ <% if XoYp <O.
XO

We do not care about XgYy = 0, since we are only interested in the simple zeros of
the system (8).
This system has the following two solutions

(X2, Y)) = (iz—%,ﬂ—%).

But the solutions which differs in a sign are different initial conditions of the same
periodic solution of the unperturbed double pendulum. Moreover, it easy to check
that these solutions are simple. So, by Theorem 1 we have one periodic solution
of the non-smooth perturbed double pendulum. This completes the proof of the
corollary. ([

Proof of Corollary 5. This proof is completely analogous to the proof of Corollary
2. O



13

APPENDIX: BASIC RESULTS ON AVERAGING THEORY

In this appendix we present the basic result from the averaging theory that we
shall need for proving the main results of this paper.

We consider the problem of the bifurcation of T—periodic solutions from differ-
ential systems of the form

(21) %x(t) = Go(t,x) + Gy (t,x) + 2Ga(t, %, €),
with € = 0 to € # 0 sufficiently small. Here the functions Gg, Gy : R x Q@ — R™ and

G2 : R x Q x (—eg,e0) — R™ are C? functions, T—periodic in the first variable, and
Q is an open subset of R"™. The main assumption is that the unperturbed system

(22) x(t) = Go(t,x),

has a submanifold of periodic solutions. A solution of this problem is given using
the averaging theory.

Let x(t, z, ) be the solution of the system (22) such that x(0,2z,¢) = z. We write
the linearization of the unperturbed system along a periodic solution x(t,z,0) as

(23) v = DxGo(t, x(t,2,0))y.

In what follows we denote by M, (¢) some fundamental matrix of the linear differ-
ential system (23), and by ¢ : R¥ x R"™% — R¥ the projection of R" onto its first
k coordinates; i.e. £(x1,...,2,) = (21,...,2k).

We assume that there exists a k—dimensional submanifold Z of Q filled with
T-periodic solutions of (22). Then an answer to the problem of bifurcation of
T—periodic solutions from the periodic solutions contained in Z for system (21) is
given in the following result.

Theorem 8. Let V be an open and bounded subset of R*, and let 3 : CI(V) — R*~*
be a C? function. We assume that

(i) 2 ={24 = (o, (), a € C(V)} C Q and that for each z, € Z the solu-
tion x(t,2zq) of (22) is T —periodic;

(i) for each zo € Z there is a fundamental matric M, (t) of (23) such that
the matriz M, ' (0) — My *(T) has in the upper right corner the k x (n— k)
zero matriz, and in the lower right corner a (n — k) X (n — k) matriz A,
with det(A,) # 0.

We consider the function G : C1(V) — R¥

1 T
(24) Gla)=¢ <T/ Mz:(t)Gl(t,x(t,za))dt> :
0
If there exists a € V with G(a) = 0 and det ((dG/da) (a)) # 0, then there is a
T —periodic solution ¢(t,e) of system (21) such that p(0,€) — z4 as e — 0.

Theorem 8 goes back to Malkin [3] and Roseau [4], for a shorter proof see [1].
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