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Abstract

In this paper we extend the censored linear regression model with normal errors to Student-
t errors. A simple EM-type algorithm for iteratively computing maximum likelihood estimates
of the parameters is presented. In order to examine the performance of the proposed model,
case-deletion and local influence techniques are developed in order to show the robust aspect
of it against outlying and influential observations. This is made by the analysis of the sensi-
tivity of the EM estimates under some usual perturbation schemes in the model or data and
by inspecting some proposed diagnostic graphics. The efficacy of the methodology is verified
through the analysis of simulated data sets and modeling a real data set preliminary analyzed
under normal errors. The proposed algorithm and methods are implemented in the R package
CensRegMod () .
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1 Introduction

The problem of estimation for a regression model where the dependent variable is censored has
been studied in different fields, namely, econometric analysis, clinical essays, among many others.
For example in econometrics, the study of the labor force participation of married women is usually
conducted under the censored Tobit model (Greene, 2012). In this case, the observed response
is the wage rate, which is typically considered as censored below zero, i.e., for working women,
positive values for the wage rates are registered; whereas for the non-working women, the observed
wage rates are zero (Mroz, 1987). In AIDS research, the viral load measures may be subjected to
some upper and lower detection limits, below or above which they are not quantifiable. As a result,
the viral load responses are either left or right censored depending on the diagnostic assays used
(see Wu, 2010).

In the framework of censored regression (CR) models, the random errors are routinely assumed
to have a normal distribution for mathematical convenience (Wei & Tanner, 1990). However, it

*Corresponding author. Address for correspondence: Departamento de Estatistica, Rua Sérgio Buarque de
Holanda, 651, Cidade Universitdria Zeferino Vaz, Campinas, S3o Paulo, Brazil. CEP 13083-859. e-mail:
hlachos@ime.unicamp.br



is well known that several phenomena are not always in agreement with the assumptions of the
normal model, yielding data with a distribution with heavier tails. A good alternative is to consider
that the errors have a Student-t distribution, so that the Student-t censored regression (t-CR) model
is defined. See Fernandez & Steel (1999) for a discussion about inference in this model.

As the classical normal model is very sensible to outlying observations, the assessment of
robustness aspects of the parameter estimates is an important concern. The deletion method-
ology, which consists of studying the impact on the parameter estimates after dropping indi-
vidual observations, is probably the most employed technique to detect influential observations,
see Cook & Weisberg (1982) and the references herein. Nevertheless, research on the influence
of small perturbations in the model/data on the parameter estimates has received increasing at-
tention in recent years. This can be achieved performing the local influence analysis, a gen-
eral statistical technique used to assess the stability of the estimation outputs with respect to
the model inputs. Following the pioneering work of Cook (1986), this area of research received
considerable attention in the statistical literature in linear regression models. For a review, see
Rancel & Sierra (2001). However, for the t-CR model the marginal log-likelihood function is
complex for many models, and a direct application of Cook’s approach may be very difficult,
because these measures involve the first and second partial derivatives of this function. The work
of Zhu & Lee (2001) presents an approach to perform local influence analysis for general statis-
tical models with missing data by working with a Q-displacement function closely related to the
conditional expectation of the complete-data log-likelihood at the E-step of the EM algorithm.
This method or modifications of it have been applied successfully to perform influence analy-
sis in several regression models see, for example, Bolfarine et al. (2007), Ying-Zi et al. (2009),
Zeller et al. (2010), Lachos et al. (2011), Santana et al. (2011) and Matos et al. (2012), among oth-
ers. Using this general methodology and also applying the methodology of Lee & Xu (2004), in
this paper we develop a local influence approach for the t-CRM and show that it leads to simple
influence measures.

The rest of the paper is organized as follows. The t-CR model is defined in Section 2. In
Section 3, we develop an EM-type algorithm to proceed maximum likelihood estimation for the
parameters of the proposed model. In section 4 we develop influence diagnostic techniques, based
on case deletion and local influence approaches. Sections 5 and 6 are dedicated to the analysis of
real and simulated data sets, respectively.

2 The t-CR model

2.1 The Student-t and truncated Student-t distribution

Before we talk about the censored regression model, for the sake of completeness, we will give
a brief introduction on the truncated Student-t distribution. In the following definitions, N(u, c?)
denotes the normal distribution with mean g and variance 62, Gamma(c,d) denotes the gamma
distribution with mean c¢/d and variance ¢/d* and Z1 U means that the random variables Z and

1 d 113 . . . .9 . . .
U are independent. Also, = means “has the same distribution as”. First, we give the classical
definition of the Student-t distribution as a scale mixture of the normal distribution.

Definition 1. We say that a random variable X has a Student-t distribution with location parameter
U, scale parameter 6 and v degrees of freedom, denoted by X ~ t,(u,c?), if

xLuruiirg, (1)

2



where Z ~N(0,6?), U ~ Gamma(v/2,v/2) and Z1U.
Definition 2. Let X ~ t,(u,c2). A random variable Y has a truncated Student-t distribution in
the interval (a,b) if Y £ X|(X € (a,b)). In this case we will write Y ~ Tt, (1, 6%; (a,b)).

To provide a full specification of the distribution of ¥, we say that it has v degrees of freedom
and that u and o2 are the parameters before truncation. Also, it is allowed a = —co or b = oo,
As an obvious consequence of this definition, we can obtain the density of ¥ ~ Tty (u,62;(a,b)),
given in the next result. Let us denote the density of the Student-t distribution of Definition 1 by

ty(-|t,0?) and the distribution function of the standard Student-t distribution with v degrees of
freedom (that is, with 4 = 0 and 6% = 1) by %, (-).

Proposition 1. Let Y ~ Tty (u,6?;(a,b)). Then the density of Y is

R R T (e R e |

(0

The following result, provided by Kim (2008), presents the first two moments of the truncated
Student-t, being very important for our subsequent exposition. I'(-) denotes the gamma function.

Lemma 1. IfY ~ Tty (u,c?;(a,b)), then

EY] = u+G(v) {(v+ a?)~ =072 _ (v+ﬁ2)‘(v‘1)/2} o,v>1,
E[Y?] = u’+o? {# +G(v) [a(v +a?) VD2 _B(v+ B2>—(v—1)/2] }
+200G(v) { (v+ )2~ (v g2y s,

_ T(v=n2v e
where GUV) = o 5 By~ Zula) T jar(ija)y @ = o B ="a"

The following result will be useful for the implementation of the EM algorithm, see Section 3.
Lemma 2. Let Y ~ Tty (u,06?%;(a,b)), d*(1,06%,Y) = (Y —u)?/c? and r > 0. Then, fork=0,1,2,

= () v = | (052 A (12

[ ()= ()]

4 2
(v+2r)

where

X ~ Ttyior (1, 6% (a,b)), with o> =

Y

and

v+ T((v+1)/2)T((v+2r)/2)
C(V’r)_< v ) T(v/2)L(v+2r+1)/2)
Proof. We have that

V+1 ' 2 *2
Vi duory)) YWko) = clv v, o),

which implies

v+l ' k C(V,T)P(Wé(a,b))/ 1 k *2
E Y = —w't d
(Graton) | = S rzeun unraewmay e oo i
where Z ~ t, (i, ) and W ~ t, 1 2,(it, 6*?), and the result follows. O



2.2 The Student-t censored linear regression model

Consider first a linear regression model where the responses are observed with errors which are
independent and identically distributed according to a Student-t distribution. To be more precise,
let us write

T 2y
Yl:X1ﬁ+817 gthv(O,G ), l=1,...,n, (2)
where Y; is the response for subject i, B = (B1,...,B,) " is a vector of regression parameters and
XlT = (x41,...,Xjp) is a vector of explanatory variable values. By definition 1, we have that ¥; ~

tv(xiT B,c?) fori=1,...,n. We will call (2) as the ¢-R model. Estimation and diagnostic analysis
for this model have been widely discussed in the literature (see, for instance, Cysneiros & Paula, 2005).
We are interested in the case were right-censored observations can occur. That is, the observa-

tions are of the form
o it >k
YObS,‘ - { Y[ lf Yl < Ki, (3)

i=1,...,n, for some threshold point k;. This will be called the -CR model. The interpretation
is that the observation i is right censored when the sampling period finishes before an event of
interest is observed. We have chosen to work with the right censored case, which is the most
common in applications, but the results are easily extensible to another censoring types. Note
that when K; =0, i = 1,...,n, the proposed t-CR model (2)-(3) is reduced to the Tobit model
considered by Arellano-Valle et al. (2012) in which an interesting EM algorithm is developed to
obtain maximum likelihood estimates.

3 Parameter estimation via the EM-algorithm for the t-CR Model

3.1 A note about fixed degrees of freedom

For the t-CR model given in equations (2) and (3), we will assume that the degrees of freedom v
are fixed and, obviously, some theoretical basis is needed to justify this choice. In this direction,
the work of Fernandez & Steel (1999) is crucial. They discussed potential problems that may arise
in the estimation of the degrees of freedom, in particular for the Student-¢ distribution. This is
due to the apparent unboundedness of the likelihood function near the boundary of the parameter
space, and hence the maximum likelihood scheme as developed in Lange & Sinsheimer (1993) is
questionable because it does not provide sufficient information on whether these estimates corre-
spond to local or global maximas. Interestingly, Lucas (1997) notes that only under the assumption
of fixed degrees of freedom, the parameter estimates behave robustly against extreme observa-
tions. A plausible (and simple) alternative is to assume that the parameter v associated with the
scale variable U is known, which has been adopted in this work. Recent works in the context of
elliptical distributions have also considered the scale parameter to be known. See for instance,
Vanegas & Cysneiros (2010) and Meza et al. (2012).

3.2 An EM-type Algorithm

In what follows, in general, we use the traditional convention denoting a random variable by an
upper case letter and its realization by the correspondent lower case. Let 8 = (ﬁT, c2)" be the
vector with all parameters of the t-CR model. Supposing that are (possibly) m censored values
of the characteristic of interest, we can partition the observed sample y,ps in two subsamples of



m censored and n — m uncensored values, such that yops = {X1,..., Kn,Ym+1,---,Vn}. Then, the
log-likelihood function is given by

m T —K; n
£(8]yobs) = Z og [% (%)}Jr Y logty(yilx/ B, o).

i=m+1

To estimate the parameters of the t-CR model an alternative is to maximize this log-likelihood
function directly, a procedure that can be quite cumbersome. Alternatively, our choice is to
use the EM algorithm, a classical, reliable, widespread and general framework developed by
Dempster et al. (1977) to obtain maximum likelihood estimates.

To apply the EM method, we need a representation of the model in terms of missing data. First,
observe that, by Definition 1, if ¥; ~ t,(x; B, 6?) then

Yi|U; = u; ~ N(x; B,u; '6%), U; ~ Gamma(v/2,v/2). (4)

This relation is a convenient stochastic representation of the t-R model, and will be useful in the
path E of the algorithm.

In the case of censoring, we can consider the unobserved y; as a realization of the latent un-
observable variable ¥; ~ t,(x; B,02), i = 1,...,m. The key to the development of our EM-type
algorithm is to consider the augmented data {yobs, V1, - - -, Vm, U1, - -, Un}» that is, we treat the prob-
lem asify; = (y1,...,ym) | were in fact observed. As a consequence, we can use the representation
(4) to obtain the complete-data log-likelihood, given as

n n N & 1 & i
2:(0|Yobs, YL, u) = —Elog(27r) ~3 logo? + > Zlogui 552 Z ui(yi — x,-Tﬁ)2 + Z logh(u;|v),
i=1 i=1 i=1

where u = (uy,...,u,)" and h(-|v) is the Gamma density with both parameters equal to v /2.
In what follows the superscript (k) indicates the estimate of the related parameter at the stage
k of the algorithm. In the path E of the algorithm, we must obtain the so-called Q-function

0(8]0™) = By [£c(0]Yobs, YL, U)|Yobs),

where E ) means that the expectation is being effected using 6™ for 6. Observe that the expres-
sion of the Q function is completely determined by the knowledge of the expectations

é(;l(e(k)) e(k [UY |y0bs] :()71727

since E g [log Ui[yobs;] and E ) [log h(U;|V)|yobs;] depend only on v, which is known. Thus, drop-
ping unimportant constants, the Q-function can be written in a synthetic form as

0(016%) = 10z0* 1, ¥ [62(0%) 2610V B+ (0 )5 BY].

This is, undoubtedly, a computationally attractive and quite useful expression to implement the
M-step, which consists in maximizing it over .
For an uncensored observation i, we have that Yops, = Y; ~ tv(xiT B, c?) and, therefore,

v+1
v+d2 (0% )

8i(8W) =y w[Uilyi], with Egu[Uily] = (6)



This result can be obtained using (4) (see Appendix).
For a censored observation i we have that Yo, = K; iff Y¥; > K;, such that

&i(0W) = E w[UX|Vi > K] = //uiyfﬂ(ui\yi,Yi > &) m(yilYi > x)duidy;

=[x [ / um(ui\yi)du,-] x(lYs > 1)y )

_ / (v+ 1)y
v +d2(e(k)7yl)

(V—|—1)Yis )}Yl N Ki] |

n(yi|Y; > Ki)dy

8
v+d2(8W)y, ®

where, the somewhat imprecise but convenient notation 7(+|y;), etc. denotes the conditional density
of a random variable in general. The equality in third line is true because, if y; were available, then
it would be a realization of a ty(x; B,c?) distribution and, therefore, the inner integral in (7) is
equal to the expectation E ) [U;|y;] in (6). Finally, the expectation in (8) can be easily obtained
using Lemma 2, because the distribution of ¥;|V; > k; is Tty (x; B, 62; (k;,0)).

Our EM-type algorithm can be summarized in the following way.
E-step: Given 0 = 0™ Fori= 1,...,n.

- If the observation i is uncensored then, for s =0, 1,2, compute é‘;i(e(k)) given in (6);

- If the observation i is censored then, for s = 0, 1,2, compute é”‘si(e(k)) in (8) using Lemma 2
with r = 1.

M-step: Update %) by maximizing Q( B\B(k)) over 0, which leads to the following expressions

-1

Bt — (ZéaOi(G(k))xixiT> inéali(e(k))v ©
i=1 =1
1 n

I -y |éx(8Y) —261(0W)x BEY +-5,(6W)(x BUVR], 10)

i=1

This process is iterated until some distance involving two successive evaluations of the actual log-
likelihood £(8), like ||¢(0*F1) — (8% or ||¢(8%+1)/¢(6%)) — 1|, is small enough. This
algorithm is implemented as part of the R package CensRegMod (Massuia et al., 2012), which can
be downloaded freely from the repository CRAN.

It is also important to assess the variability of the EM estimates. Our approach to achieve
this is to use an information based method. In this context, the seminal paper of Louis (1982)
is crucial, providing a general method to obtain the observed information matrix when the EM
algorithm is used to find maximum likelihood estimates in a missing data framework. Combining
this method with results of the Appendix B in Lange ef al. (1989), an asymptotic approximation
for the variance of the estimator of the regression parameters of the t-CR model is given by

~1
~ v+ D)X X X Bix;
Var(f3;) = L — ! : (11)
' [; (v+3) o2 lz; o4
v+1 T . . : :
where B; = Var Vid(.) (Y; —x; B)|Yobs, | , which can be easily obtained by using Lemma
s L

2.



4 Diagnostic analysis

Influence diagnostic techniques consist of evaluate the sensitivity of the parameter estimates of a
particular model when perturbation occurs either in the data set or in the underlying assumptions of
the model. There are primarily two approaches for detecting influential observations. The first one
is the case-deletion technique (Cook, 1977), in which the effect or influence of a given observation
is measured by a comparison of parameter estimates before and after deletion of it. This is made by
analyzing one or more fitted models after the exclusion and then assessing by some metrics such as
the likelihood distance or the Cook’s distance. The second method is the local influence approach
(Cook, 1986), which evaluates the changes in the results of the analysis as a consequence of a
minor perturbation of the subject, and not its total deletion. By using the results of Subsection 4.1,
we will introduce here the case-deletion measures and the local influence measures to the censored
data on the basis of the Q-function previously determined. We first consider the case-deletion
measures, then the local influence and finally the perturbation schemes used.

4.1 Case-deletion measures

Case-deletion is a classical approach to study the effects of dropping the ith case from the data
set. In what follows, Y. = {¥obs,V1,---,Ym,Ul,--.,Us} denotes the augmented data set and a
quantity with a subscript “[i]” denotes the original one with the ith case deleted. Then, Y1) =
{yObsm V2o esVmy U2,y Uy}, With Yobs| = {Ym+2,---,¥n}, and the complete-data log-likelihood
function based on the data with the ith case deleted will be denoted by £.(8|y,;), for instance.

~ AT —~ ~
Let 0 = (ﬁH,Gz[-])T be the maximizer of the function Q};(0/6) = E; [(.(6 Y, )|y0bs} where
A AT —~

= (B ,02)" is the EM estlmate of 0. To assess the influence of the ith case on 9 we compare
the difference between OH and . If the deletion of a case serlously influences the estimates, more

attention need to be paid to that case. Hence, if BM is far from 9 in some sense, then the ith case

is regarded as influential. As 6[,.] is needed for every case, the required computational effort can
be quite heavy, especially when the sample size is large. Hence, the following one-step pseudo

~1
approximation O[i] is used to reduce the burden (see Cook & Weisberg, 1982):

0= 0+{-0(8/6)}'0,,(8]0), (12)
where
. 920(6]0 . )

are the Hessian matrix and the gradient vector evaluated at 6, respectively. In particular, the
Hessian matrix is an essential element in the methodology developed by Zhu & Lee (2001) in
order to obtain the measures for case-deletion diagnostic and for local influence of a specified
perturbation scheme. These formulae can be obtained quite easily from relation (5). The latter has
its coordinates as follows

. dQ(;(6|0) 1
0,p010) = T’ezé = §E1[i],
L d0((6(6) 1
052(010) = —5—=—lg_ 5= s Bl



where

El[i] = ;{onﬂlj(a)—@@oj(a)xj'x;ﬁ] and (14)
JF#l
Eu = L1 5 (/@ 26,0 B 40 BF)] a5

—~ —~ ~T —
The second order partial derivatives of Q(0|0) evaluated at @ = (B ,02) " are

05(616) = aﬁg;'e -6 == L @)/, (16)
N 0(6106)
oBl)y = 2200
1 & 2 ~
- ;;[l—@(&“’) 26,8)x] B+ 60(B)( B) )} a7
o ~ 99 !

T —~

Using expressions (9) and (10), replacing o) = ( ﬁ(k) , Gz(kﬂ))T with 8, we can easily show
that QB 52(0]0)} is a null p—dimensional vector. This means that the Hessian matrix is block-
diagonal of the form

0(6/6) = block diag{((6]0),0,2(6]8)},
where Op (5\5) and ch(gla) are given in (16) and (17), respectively.

Applying (12), we can obtain nice formulae for the the one-step approximation of 6[,.] =
~T /\
([3[], o H) , 1 =1,...,n,, viz., the relationships between the parameter estimates for full data

and the data with the ith case deleted. They are given in the next Theorem.

Theorem 1. For the t-CR model, the relationships between the parameter estimates for full data
and the data with the ith case deleted are as follows:

-1
By = B—{—(;éao,'(a)X,‘X,T) Ey,

/\ N R —1
Py = 1= 2 (@200 B+ @6 BF)|

where E; ] and Ey(; are as in (14) and (15), respectively.

From Theorem 1, case-deletion measures can be developed for assessing influential observa-
tions, such as the generalized Cook distance and the hkehhood distance (Zhu & Lee, 2001) To
assess the influence of the ith case on the EM estimate 0 we need to compare 6[] and 0 and if

9[,] is far from @ in some sense, then the ith case is regarded as influential. Based on the metric for



measuring the distance between a[i] and 0 proposed by Zhu & Lee (2001), we consider here the
following generalized Cook distance:

GD;=(6;;—8)"{~0(6]0)}(6;; - 8), i=1,....n. (18)
Upon substituting (12) into (18), we obtain the approximation
GD} = 0;)(6]0)'{~0(0]0)} '0y(616). i=1.....n.
Observe that, since Q(/O\\/O\) is a diagonal matrix, GD! can be decomposed into the sum
6D} = GD! (B) + GD!(?),
where

GD!(B) = 0y;5(6/8)"{~05(6/6)}'0y;5(86)

-1

1 L ~
= ?El—r[z] Ziéaof(ﬂ)x,x,T El[i] and
GD}(6%) = 0152(8]8) {~0,2(810)}7'0};,2(8]0)
1 2 ~ . ~ -
= L1 2 (8@ - 2600 B+ B B
20'21:1 0'2

are measures of the influence of ith case on the estimates of the parameters B and 62, respectively,
being versions of the generalized Cook distance for each situation.

Another measure of the influence of the ith case is the following Q-distance function, similar
to the likelihood distance LD; (Cook & Weisberg, 1982), defined as

OD; =2{0(6]6) — 0(6|6)}. (19)

We can calculate an approximation of the likelihood displacement QD; by substituting (12) into
(19), resulting in the following approximation QDl.l of OD;:

0D} =2{0(8]6) - 0(8,/6)}.

4.2 Local Influence

In this section, we derive the normal curvature of the local influence (Cook, 1986) for some com-
mon perturbation schemes either in the model or in the data. For this purpose, we will consider the
case-weight and the scale perturbation schemes.

Consider a perturbation vector @ = (@, ...,@,) ' varying in an open region Q C Ré. Let
?.(0,®|y.) be the complete-data log-likelihood of the perturbed model. We assume that there is a
@) € Q such that £.(0, @|y.) = £(0]y.) for all 8. Let us define

)T

0(6,08) = E;ll(0,0|Y,)|yos and
8(0) = argmaxgQ(6,0|0) = (B(®),c%(@)) .



The influence graph is then defined as (@) = (@, fo(®)) ", where fp(®) is the Q-displacement
function defined as follows:

fol@) =2|0(8]6) - 0(8()|6)] .

Following the approach of Cook (1986) and Zhu & Lee (2001), the normal curvature C fo.d of
o(®) at @ in the direction of some unit vector d can be used to summarize the local behavior of
the Q-displacement function. Let

3°0(6, 0|6) _9°0(6()|6)
B0 =000 0-8 M L0 = 5p5,1  l0-00

Then, it can be shown that

. ooy 1
Crpa=-24"0w,d=2d4"Ap, {-0(618)} Aw,d,
where (0|0) is defined in (13).

Following the same procedure adopted by Cook (1986), the information provided by the sym-
metric matrix —Q(oo is quite useful for detecting influential observations. First, we consider the
spectral decomposition

g
_ZQG)() = Z CkekskTv
k=1

where {({, &),k =1,...,g} are eigenvalue—eigenvector pairs of —2Qa)0 with §; > ... > (. >
&r+1 = ... = 0 and orthonormal eigenvectors €,k = 1,...,g. Zhu & Lee (2001) proposed to in-
spect all eigenvectors corresponding to nonzero eigenvalues for capturing more information, ac-
cording to the following method: let

z Gk 2 2 2N\T S
G = , & = (&1,---,€ and M(0) =) Ci€&r.
:l :r k (kl kg) () ];1 k

Let M(0); = Y, (fkelgl be the [th component of M(0). The assessment of influential cases is
based on the visual inspection of M(0);,/ = 1,..., g plotted against the index /. The Ith case may
be regarded as influential if M(0); is larger than a specified benchmark.

There is some inconvenience when using the normal curvature to decide about the influence
of the observations, since Cy, ¢ may assume any value and it is not invariant under a uniform
change of scale. Based on the work of Poon & Poon (1999), Zhu & Lee (2001) considered to use
the following conformal normal curvature

B Croa
d—= 7T =
094" w~20 @,

whose computation is quite simple and also has the property that 0 < By, 4 < 1. Let d; be a basic
perturbation vector with /th entry equal to 1 and all other entries equal to 0. Zhu & Lee (2001)
showed that M(0); = By, 4, for all /. We can therefore obtain M(0); via By, 4,

So far, there is no general rule to judge how large is the influence of a given case. Let M(0)
and SM(0) denote, respectively, the mean and the standard error of {M(0);; I =1,...,g}. Using
the fact that the vectors & are orthonormal, it easy to prove that M(0) = 1/g. Poon & Poon (1999)

10



proposed to use 2M(0) as a benchmark for M(0). However, we may use different functions of
M(0). For instance, Zhu & Lee (2001) proposed to use M (0) +2SM(0) as a benchmark to take into
account the variance of {M(0);; I =1,...,g}. According to Lee & Xu (2004), the exact choice of
the function of M(0) as the benchmark is subjective. For example, these authors proposed to use
M(0) + c*SM(0), where ¢* is a selected constant, and depending on the application, ¢* may be
taken to be any value. In this paper we will use ¢* = 3.5.

4.3 Perturbation schemes

In this section, we will evaluate the matrix Ag, under the following perturbation schemes for the
t-CR model: (i) Case-weight perturbation, which is appropriate for detecting observations with
outstanding contribution on the log-likelihood function and that may exercise high influence on the
maximum likelihood estimates; (ii) Scale perturbation made on o2, which may reveal individuals
that are most influential, in the sense of the likelihood displacement on the scale structure.

For each perturbation scheme, we have the partitioned form

Aw, = (Ag,Ap) ",
where

9°0(6,0|6) s 9°0(6,0|6) Ixg
A= 3Bawr -8, X M A2 =500 o, € F

Case weight perturbation

Let us consider the the so called perturbed Q—function, which consists of an arbitrary attribu-
tion of weights to the expected value of the complete-data log-likelihood function. It can be useful
in capturing departures in general directions, and is defined as

n

0(0,0(0) = E;[(.(8,®|Y,)|Yobs] = z 0i(0]Ye)|Yobs] = zﬂgmm

i=1 i=1

Here, ® = (o1,...,®,) " and £;(0|Y,) is the log-likelihood associated to the pair (u;,y;). Observe
that @y = (1,...,1)T =1, corresponds to the non-perturbed model. In addition, it is possible
to show that the local influence for this perturbation scheme is equivalent to the deletion method
discussed in preceding section. Therefore, for this perturbation scheme, we find the following
coordinates of Ag,

1

Ag = [X dlag{éﬁ( )} — A};
o2

Ay = —%{1}—LBT},
207 o?

where A is a matrix with n columns equal to XTdiag{éao(/O\)}XTB, (9@,(/6\) = (&n (5), ey 5,,[(6))1
i =1,2, X is a matrix with rows x (that is, the design matrix) and B is a n—dimensional vector
with coordinates B; = &;(0) — 2(5"1,( )X Tﬁ +é”ol( )(x; ﬁ) i=1,...,n

Scale perturbation
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To study the effects of departures from the assumption regarding the scale parameter 62, we
consider the perturbation 62((0,') = a)i_lcz, for i = 1,...,n. Under this perturbation scheme, the
non-perturbed model is obtained when @y = 1. Moreover, the perturbed Q-function is as in

(5), with 6(@;) and [} replacing 6% and O(k), respectively. The matrix Ag, has its elements as
follows:

1 ~
Ap = xz[XTdiag{é"l(O)}—A;
(o)

1
Ap = —B'.
204

S Application

Insulation life data with censoring times

In this section we use the data described at Tan et al. (2010, Table 2.3). The data set consists of
accelerated life tests on electrical insulation in 40 motorettes. Ten motorettes were tested at each
of the four temperatures: 150°C, 170°C, 190°C and 220°C. Testing was terminated at different
times at each temperature level.

We applied the EM algorithm for censored data explained in Section 3, considering both
cases when the error term follows a normal and a Student-t distribution, respectively N-CR and
t-CR models. The reponse, given as Y = log;(lifetime) of each motorette, is right-censored.
Each one of the 40 vectors of explanatory variable values is given by XiT = (1,T;), where T; =
1000/ (temperature +273.2), i = 1,...,40. The results are shown in Table 1. For the t-CR model,
the degrees of freedom were fixed at the value v = 2. As we can see by the inspection of the

Table 1: Insulation life data. Results of the parameter estimation via EM algorithm

N-CR Model t-CR Model
Parameter Estimative SE Estimative SE
Bo -6.2718 1.4044  -5.7817 0.9129
B 4.4832 0.6443 4.1964 0.4229
c? 0.1466 - 0.0302 -

standard deviations of the parameter estimates, the t-CR model produces more accurate estimates
than the N-CR model.

We proceeded a residual analysis in order to identify atypical observations and/or model mis-
specification, since residuals are measures of agreement between the data and the fitted model.
Consider the traditional standardized ordinary (Pearson) residual:

T
rp= %, i=1,...,n.
Since their introduction by Atkinson (1981), it is a common practice to generate envelopes based
on these Pearson residuals in order to assess the quality of the model fit. In our case, the results
are shown in Figure 1, and we can see clearly that the t-CR model fits better the data.

The robustness of the t-CR model can be assessed by considering the influence of a single

outlying observation on the EM estimate of 8. In particular, we can assess how much the EM
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Figure 1: Insulation life data. Simulated envelopes for the Pearson residuals.

estimate of 0 is 1nﬂuenced by a change of 0 units in a smgle observation y;. Replacing y; by
yi(0) =yi+ 6, let 62( ) and B]( ) be the EM estimates of 62 and [3] after contamination, ] =

1,2. We are particularly interested in the relative changes |0'2( )— 0'2| / 2 and (B i(8) — B i)/ B .
Figure 2 displays the results of the relatives changes of the estimates for different values of 8, under
both models, contaminating the observation 20 and varying & between 0 and 5. As expected, the
estimates from the t-CR model are less affected by variations of 8.

I
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I
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Distribution Distribution Distribution

— Normal — Normal — Normal
--- Student-t --- Student-t --- Student-t
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60
I
600
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h
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|
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40
% change
400
|

0
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I
200
I
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I

0
0
0

Figure 2: Insulation life data. Relative changes on the maximum likelihood estimation of 6 from
the N-CR (solid line) and t-CR (dashed line) models for different contaminations §.

Diagnostic analysis

In order to identify influential observations we can generate graphs of the generalized Cook
distance, as explained in Section 4.2. A high value for GD; indicates that the ith observation has
a high impact on the maximum likelihood estimate of the parameters. Making an adaptation of
the suggestion of Barros et al. (2010), we can use 2(p + 1)/n as benchmark for the GD;, 2p/n as
benchmark for the GD;(B) and 2/n as benchmark for the GD;(6?),i=1,...,n

In Figure 3 we note that, under the the normal fit, observations #8 and #9 appear to influence
equally the estimation of the parameters (in the first graph, the GD related to observation #1 appears

13
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Figure 3: Insulation life data. Considering the N-CR model: (a) approximate generalized Cook’s
distance GD;; (b) GD; for subset B; (c) GD; for subset o2. The influential observations are num-

bered.
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Figure 4: Insulation life data. Considering the t-CR model: (a) approximate generalized Cook’s
distance GD;; (b) GD; for subset B; (¢) GD; for subset o2. If detected, the influential observations
were numbered.

to lie above the benchmark, which is 0.15 but, in fact, we have GD| = 0.0984). In Figure 4, with the
t-CR model fitted, the scenario has changed: according to this criterion, there are not observations
influencing the maximum likelihood estimation, showing that this model is more robust.

Next, we studied local influence based on M(0) — see Section 4.2. Here we used the criterion
M(0); > M(0)+3.55M(0), i = 1,...,n to discriminate whether an observation is influential. Fig-
ure 5 displays the results for the N-CR model. Observe that observations #8 and #9 appears as
equally influential under the case weight and the scale perturbation; also, the influence of those
observations seems not change under both cases. In Figure 6 we see one more evidence that the
t-CR model is more robust than the N-CR one: no observation seems to be influential if we fit the
first one, no matter what kind of perturbation we apply.

For the purposes of this analysis, we define the relative change (RC) on estimation of some
parameter Y as
Y1

A

Y

RCy =

where §}; denotes the maximum likelihood estimate of y after some set of observations J; has been

removed. Table 2 shows the RC for the estimates of the parameters 3y, B; and 6. We considered
I = {#8}, L, = {#9} and I3 = {#8,#9}. Again, the main impression is that observations #8 and #9
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Figure 5: Insulation life data. Considering the N-CR model: index plot of M(0) for assessing
local influence on @ under (a) case weight perturbation; (b) scale perturbation. The influential
observations are numbered.
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Figure 6: Insulation life data. Considering the t-CR model: index plot of M(0) for assessing local
influence on @ under (a) case weight perturbation; (b) scale perturbation. If detected, the influential
observations were numbered.

seem to have high influence on the estimation of f8; and 3, under the N-CR model. According to
this criterion, it appears that they do not have (or have a little) influence under the t-CR model.

6 Simulation Studies

6.1 Study 1

To assess the performance of our proposed methodology we conducted a simulation study. The
goal was to investigate the consequences on parameter inference when the normality assumption
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Table 2: RC for the estimates of By and ; under the normal and t-CR models (in percentage)

N-CR Model t-CR Model

Dropped RCﬁ0 RCB] RCﬁ0 Rcﬁ1

I 385 238 093 0.62
L 385 238 093 0.62
I 847 524 1.64 1.11

is inappropriate.

First, we considered the t-R model, given in (2). We fixed n = 100, B = (o, B1) = (2,1),
o62=1and v=4. The design matrix X, that is, the matrix with rows xl-T, was constructed in the
following way:

X=(1",t"®1y), with t' =(1.0,1.2,1.4,1.6,1.8,2.0,2.2,2.4,2.6,2.8),

where ® denotes the Kronecker product.

We chose several settings of censoring proportions (5%, 10%,20% and 50%) to study the effect
of the level of censoring on the estimation. In this way, we have 4 different simulation settings with
1000 simulated data sets for each setting. Once the simulated data was generated, we fitted the
censored regression model assuming normal and Student-t distributions for the observational errors
and, after this, we recorded the parameter estimates values. Table 3 displays these results and some
other statistics for the 4 censoring patterns. The average values (MC Mean) and the corresponding
standard deviations (MC Sd) of the EM estimates across all samples were computed For example

MC Mean denotes the averages ZIOOO ﬁk /1000 and ZIOOO o2 /1000, where Bk j and 02 are the

maximum likelihood estimates of ﬁk and o obtained at the jth generated sample, k = 1,2. Also
were computed the average values of the approximate standard deviations of the EM estimates
obtained through the information-based method described in (11) (IM Sd ). Finally, MC Coverage
is the number of times (divided by 1000) the confidence intervals of the form parameter estimate
1.968d (parameter estimate) cover the true value of the parameter.

From Table 3, we observe that the t-CR model presents a better performance for all levels of
censoring — the standard deviations are smaller in all cases. Figures 7—8 show that for the N-CR
model there is a strong increase of the bias (the deviations of the parameter estimates from the
true value) as well as the mean square error (MSE). Clearly, the t-CR model shows much less bias
and smaller MSE values, and consequently more precise estimates. It suggests that a model with
heavier tails than the normal one produces more accurate estimates in the context of censored data,
since in our analysis all the measures strongly favored the t-CR model.

6.2 Study 2

In this second simulation study we focused our attention on the percentage of change on the esti-
mation of the parameters when the data is perturbed, allowing a comparison of the performances
when fitting the N-CR and the t-CR models (when the data is generated from a t-CR model).
With this purpose, considering two settings of censoring proportions (20% and 50%), we gen-
erated 100 independent observations from a population following the t-CR model for each setting,
and repeated the procedure 1000 times. Once the data was generated, one observation for each
data set was contaminated by adding & units, with 6 = 0,1,...,10, and then they were modeled

16



Table 3: Monte Carlo results based on 1000 simulated t-CR samples.

Simulated t-CR data

2

Censoring  Model Bo Bi o}
5% Normal =~ MC Mean 2.0013 09914  1.8031
MC Sd (0.4708) (0.2337) (0.5265)
IM Sd 04611  0.2327
MC Coverage 94.3% 95.1%
t-CR MC Mean 2.0120  0.9923  0.8927
MC Sd (0.4184) (0.2106) (0.2702)
IM Sd 0.4328  0.2180
MC Coverage 95.1% 95.9%
10% Normal ~ MC Mean 1.9834  0.9980  1.7533
MC Sd (0.4756) (0.2383) (0.6891)
IM Sd 0.4560  0.2307
MC Coverage 94.7% 95%
t-CR MC Mean 2.0065 0.9946  0.8758
MC Sd (0.4285) (0.2130) (0.3207)
IM Sd 0.4231  0.2132
MC Coverage 94.2% 95.3%
20% Normal =~ MC Mean 1.9300 1.0262  1.7345
MC Sd (0.4852) (0.2445) (0.6419)
IM Sd 0.4598  0.2346
MC Coverage 93.8% 94.3%
t-CR MC Mean 1.9751 1.0080  0.8559
MC Sd (0.4431) (0.2216) (0.3319)
IM Sd 0.4133  0.2095
MC Coverage 93.7% 93.6%
50% Normal =~ MC Mean 1.8641 1.1209  1.9701
MC Sd (0.5538) (0.3139) (0.9188)
IM Sd 0.5252  0.2781
MC Coverage 94.8% 93.1%
t-CR MC Mean 1.9836  1.0193 1.0813
MC Sd (0.4697) (0.2582) (0.3861)
IM Sd 0.5037  0.2780
MC Coverage 97.1% 96.6%
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Figure 7: Bias and MSE of BO in comparison with the true value for normal and t-CR models for 4
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Figure 8: Bias and MSE of Bl in comparison with the true value for normal and t-CR models for 4
censoring patterns (5%, 10%, 20%, 50%).

using the N-CR and the t-CR models. The percentage of change on the estimation was taken as the
average of the change in each one of the 1000 data sets. The results are shown in figures 9 and 10.

The percentage of change on the estimation of the parameters under the wrong assumption
of normality is greater than that one under the right assumption of Student-t errors. With 20%
of censoring and the t-CR model fit, the percentage of change is constant for all the contamina-
tions & while with the N-CR model fit the percentage of chance increases as 0 increases (with
an exponential pattern for ). With 50% of censoring the percentage of change follows almost
the same pattern of increase for both models (with a little bigger increase for 6 under normality
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and 8 > 7), but it is always smaller under the t-CR model fit. With this analysis, we see that the
wrong assumption of normality prejudices the estimation of the parameters and that the model with
Student-t errors deals better than the normal one with contaminated and censored data.
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Figure 9: Percentage of change on the estimation of By, B; and 62 in comparison with the true
value for the N-CR and t-CR models with 20% of censoring for different contaminations J.
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Figure 10: Percentage of change on the estimation of f, B; and 62 in comparison with the true
value for the N-CR and t-CR models with 50% of censoring for different contaminations 6.

7 Conclusion

We presented diagnostic analysis in linear regression models with censored responses and obser-
vational errors following a Student-t distribution.The approach was based on case-deletion and
local influence techniques suggested by Zhu & Lee (2001), that are the counterpart for missing
data models of the well-known ones proposed by Cook (1977) and Cook (1986). An EM-type
algorithm was obtained, which can be easily implemented using available software, like R and
MATLAB. It was implemented as part of the R package CensRegMod (). The structure of the
complete-data likelihood function, obtained considering as the missing data were in fact observed,
is an essential element of the theory. Its simple form allows us to obtain a tractable expression
for the Q-function, which is essentially what we need to provide an approximation of the maxi-
mum likelihood estimate of the parameters when an observation is excluded (for the case-deletion
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method). The same is true for the local influence method, in the case of the normal curvature
expressions. Using the developed methodology, we analyzed a real data set and proceeded two
extensive simulation studies. The results showed that the model for censored data with Student-t
errors is very robust against outlying observations, outperforming the model with normal errors.

Recently, Geng¢ (2012) has considered the problem of finding the moments of a doubly trun-
cated member of the class of normal/independent (NI) distributions. Therefore, it would be a
worthwhile task to investigate the applicability of a likelihood based treatment in the context of
NI-CR models.

A Proof of Equation (6)

Supposing that ¥; ~ t,(x; B,02), then we can write ¥;|U; = u; ~ N(x; B,u; '6?), with U; ~
Gamma(v/2,v/2). We will prove that

v+1
V+ d2(6,y,~) ’
where 8 = (B',02)T. To facilitate notation, we will write y; = x; B and E[U;]y;] instead of
Eg [Ui’yi] . Then,

Eg[Uilyi] =

E[Ui|yi] ﬁ / wi Tt (yilu;) 70 (u;)du;

v/2) . " l
= 271<szir2(>y,~)l“(v/2) /”z( +l)/2exp{_5 [( o‘f) + 2] }dui

(v+1)/2 27 vHD/2 Ty 11)2
(v/2) [1+ (vi — i) } /u(v+1)/2€xp{_% [(yz 1) +v]}du,~.

r(3) vo? | %
Let us define )
v+1 1 i — Wi
a—lz% andbzi [%—l—v]
Then,
(v/2>(v+1)/2 2b (v+1)/2 B
E[Ui\yi] = w 7 /uf’ leXp{—bui}dui
2
v/2 (v+1) /22 (v+1)/2 V—|—1
- w2 D2 / ORE texp{—bui}bdu
v+l
2
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