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Abstract

The purpose of this paper is to develop diagnostics analysis for nonlinear regression models under scale
mixtures of skew-normal distributions (Branco and Dey, 2001). This novel class of models provides a use-
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the nonlinear regression model under the class of scale mixtures of skew-normal distributions is that they
have a nice hierarchical representation which allows an easy implementation of inference procedures. A
simple EM-type algorithm for iteratively computing maximum likelihood estimates is presented and the
observed information matrix is derived analytically. We discuss a score test for testing the homogeneity
of the scale parameter and its properties are investigated through Monte Carlo simulations. Furthermore,
local influence measures and the one-step approximations of the estimates in the case-deletion model are
obtained. The newly developed procedures are illustrated considering a real data previously analyzed
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1. Introduction

Normal nonlinear regression models (N-NLM) are usually applied in the sciences and engineering to
model symmetrical data for which mathematical nonlinear functions of unknown parameter are postulated
with the aim of explaining or describing the phenomena under study. But N-NLM suffers from the same
lack of robustness against departures from distributional assumptions as other statistical models based
on the Gaussian distribution and may be too restrictive to provide an accurate representation of the
structure that is present in the data (Azzalini and Capitanio, 1999). To overcome the aforementioned
deficiency, some proposals have been made in the literature by replacing the normality assumption by for
more flexible classes of distributions. For instance, Cysneiros and Vanegas (2008) study the symmetrical
nonlinear regression model and performed an analytical and empirical study to describe the behavior of
the standardized residuals. Vanegas and Cysneiros (2010) propose diagnostic procedures based on case-
deletion model for symmetrical nonlinear regression models. Cancho et al. (2009) introduce the skew-
normal nonlinear regression models (SN-NLM) and they present a complete likelihood based analysis,
including an efficient EM algorithm to maximum likelihood estimation. Xie et al. (2009a) and Xie et al.
(2009b) develop score test statistics for testing homogeneity in the SN-NLM proposed by Cancho et al.
(2009). A common feature of these classes of NLM is that the N-NLM is also a member of the same class.

However, it is known that the parameter estimates of a skew-normal based model are also sensitive
to atypical observations (Montenegro et al., 2009). A solution to the problem of atypical data in a
asymmetrical context was postulated by Branco and Dey (2001), who proposed to use scale mixtures
of skew-normal distributions (SMSN) in order to deal simultaneously with skewness and heavy-tails.
Interestingly, this rich class contains the entire family of scale mixtures of normal distributions (Lange
and Sinsheimer, 1993) and some skewed versions of classical symmetric distributions such as the skew-t
(ST), skew-slash (SSL) and the skew contaminated normal (SCN) distributions. In this article, we extend
the SN-NLM by assuming that the model errors follows SMSN distributions, so that the SMSN-NLM is
defined. The hierarchical representation of the proposed model makes possible the implementation of an
EM-type algorithm, which yields computationally attractive expressions for the E and M-steps.

The assessment of robustness aspects of the parameter estimates in statistical models has been an
important concern of various researchers in recent decades. The deletion methodology (CDM), which
consists of studying the impact on the parameter estimates after dropping individual observations, is
probably the most employed technique to detect influential observations (Cook and Weisberg, 1982).
Nevertheless, research on the influence of small perturbations in the model/data on the parameter es-
timates has received increasing attention in recent years. This can be achieved performing the local
influence analysis (Cook, 1986), a general statistical technique used to assess the stability of the estima-
tion outputs with respect to the model inputs. Several authors have applied these methods to nonlinear
regression models different to normal case; see for instance, Galea et al. (2005), Cysneiros and Vanegas
(2008) and Lin et al. (2009). However, to the best of our knowledge, there are neither studies on the

SMSN family and nor on influence diagnostics related this topic. Thus, we believe that the research to



develop statistical tools with nonstandard assumptions in NLM is a significant contribution to this field.

Another interesting problem is that in NLM a standard assumption is that all the observations have
equal variances and failure to comply with this assumption will affect the efficiency of the estimators, so
it is important to develop tests that allow us to determine the presence or absence of such homogeneity.
In recent years several authors have proposed tests for heterogeneity of variance in different models. Cook
and Weisberg (1983) provided a score test for heteroscedasticity in regression models. Lin and Wei (2003)
considered heteroscedasticity tests in nonlinear models. Cysneiros et al. (2007) developed diagnostic
tests for detecting heteroscedasticity in symmetrical linear regression models and more recently Lin et al.
(2009) developed a score test for testing the homogeneity of the scalar parameter in the ST-normal-NLM,
introduced by Goémez et al. (2007). Following these ideas, in this paper we propose a score test for testing
homogeneity of the scale parameter in the SMSN-NLM.

The paper is organized as follows. In Section 2 we present the asymmetric model as well as some
inferential results, additionally an EM-type algorithm for maximum likelihood estimation is developed.
In Section 3, we discuss the score test for testing homogeneity of scale parameter in SMSN-NLM. The
properties of score test statistics are investigated through Monte Carlo simulations. In Section 4, we
derive global influence measures for SMSN-NLM and we study the local influence of two perturbation
schemes. Finally, in Section 5 we illustrate the methodology considering an application with a real data

set.

2. The model and maximum likelihood estimation

In order to introduce some notations, we start with the definition of SMSM distributions. Details of

the next subsection are provided in Basso et al. (2009).

2.1. SMSN distributions and main notation

A random variable Y is in the SMSN family if it can be written as
Y = pu+&Y2U)Z, (1)

where p is a location parameter, Z is skew-normal random variable with location 0, scale 02, skewness
A (Z ~ SN(0,0% X)), k(u) is a positive function of u, U is a random variable with distribution function
H(-;v) and density h(-;v) and v is a scalar or vector parameter indexing the distribution of U. Although
we can deal with any x function, in this paper we restrict our attention to the case in that x(u) = 1/u,
since it leads to good mathematical properties. Given U = u, we have that Y|U = u ~ SN (u,u~ 02, \).

Thus, the density of Y is given by

) =2 [ ol (“”(y“)) dH (u), @)

g

where ¢(-; uu,0%) denotes the density of the univariate normal distribution with mean p and variance
02 > 0 and ®(-) is the distribution function of the standard univariate normal distribution. The notation

Y ~ SMSN(u, 02, X\; H) will be used when Y has pdf (2). When H is degenerate, with « = 1, we obtain



the SN (u, 02, \) distribution. When A = 0, the SMSN distributions reduces to the class of scale-mixtures
of the normal (SMN) distribution represented by the pdf fo(y) = [ ¢p(y; g, u™ ' )dH (u; v).
For a random variable Y ~ SMSN (u1,0%, \; H), we have that the mean and the variance are given,

respectively, by
2 2
ElY]=pn+ \/7k1A, VarlY] = 0%ky — Zk?A2,
™ 0

where A = 0§, § = and k,, = E[U~™/2]. The distributions in the SMSN class that will be

A
V14 A2
considered in this work are:

o The skew-t distribution with v degrees of freedom. In this case we consider U ~ Gamma(v/2,v/2),

v > 0, in definition (2) — where Gamma(a, b) denotes the gamma distribution with mean a/b. The
density of Y takes the form

v+1

f(y):W(1+g>2T< V+1A;u+1>, y €R, (3)

I'(5)y/mvo d+v

where d = (y — p)?/0? and T(-;v) denotes the distribution function of the standard Student—t
distribution, with location zero, scale one and v degrees of freedom, namely ¢(0,1,v). We use
the notation Y ~ ST(u, 02, \;v). A particular case of the skew-t distribution is the skew—Cauchy
distribution, when v = 1. Also, when v — oo, we get the skew-normal distribution as the limiting
case. Applications of the skew—t distribution in robust estimation can be found in Lin et al. (2007)

and Azzalini and Genton (2008).

o The skew—slash distribution. In this case we have U ~ Beta(v, 1) with positive shape parameter v,
where Beta(a,b) denotes the beta distribution with parameters a and b, and we use the notation

Y ~ SSL(u, 02, \;v). The density of Y is given by

1
fly) = 2’// uuil¢(y;,u,u*102)<I>(u1/2A)du, y € R. (4)
0

The skew-slash is a heavy-tailed distribution having as limiting distribution the skew-normal one

(when v — o). Applications can be found in Wang and Genton (2006).

e The skew contaminated normal distribution. Here U is a discrete random variable taking one of two

states. The probability function of U is given by
h(u;v) = vlg—y) + (1 = 1)[(u=1), 0<v <1, 0<y <1,
where v = (v,v)". We denote it by Y ~ SCN (u1, 02, \;v,7). It follows immediately that
F) = 2{we(y;uy 'o”)B(Y2A) + (1= v)d(y; p, 0% B(A)}.

The parameters v and v can be interpreted as the proportion of outliers and a scale factor, respec-

tively. The skew contaminated normal distribution reduces to the skew-normal distribution when

v=1.



2.2. The SMSN nonlinear regression model
The nonlinear regression model based on SMSN distributions (hereafter SMSN-NLM) is defined as

Yi=n(B,x;)+te;, t=1,...,n, (5)

where the Y; are responses, 7(.) is an injective and twice continuously differentiable function with respect
to the parameter vector 3 = (61, .. . ,ﬁp)T, x; is a vector of explanatory variable values and the random
erTors &; ~ SMSN(*\/%klA,O'z,)\;H), which corresponds to the regression model where the error
distribution has mean zero and hence the regression parameters are all comparable. From Lemma 2

given in Basso et al. (2009) we have that
E[Y;] = n(B,x;), VarlYi] = kyo? — b?A?,

where b = —\/gkl, k1 and ko are as defined in Subsection 2.1 and hence Y; ~ SMSN(n(8,x;) +
bA, 0%, \; H), for i = 1,...,n. As recommended by Lange et al. (1989) and Berkane et al. (1994), who
pointed out difficulties in estimating v due to problems of unbounded and local maximum in the likelihood

function, we taken the value of v to be known. Thus, the log-likelihood function for 8 = (,BT, a2\’

given the observed sample y = (y1,...,%,) " is given by £(8) = Z&(G), where
i=1

1 1
0;(0) =log2 — B log 27 — 3 log 0® + log K, (6)

with K; = [;° uz-l/2 exp{—%uidi}q)(ui/zAi)dH(ui), d; = (y; — n(B,x;) — bA)?/0? is the Mahalanobish
distance, and A4, = A(y; — n(B,x;) — bA)/o. The score function U = 9¢(0)/00 and the observed
information matrix J = —92/(0)/00060" can be obtained easily as a byproduct from the results given in
Section 3.

Since one has a closed-form expression for the observed information matrix for 6, the Newton-Raphson
method can be easily applied to get the ML estimates. Starting from an initial point 5(0), the NR
procedure proceeds according to

~(k ~(k ~ ~
0( +1) _ 0( )—I—J(k)_lU(k), (7)

~ ~ ~(k

where U®) and J*) are the score vector and the observed information matrix evaluated at 6( ), respec-
tively. An oft-voiced complaint of the NR algorithm is that it may not converge unless good starting
values are used. In the next section we discuss a technique more elaborate to find the ML estimates of the

parameters vector 8, based on the Expectation-Maximization (EM) algorithm (Dempster et al., 1977)

2.3. Parameter estimation via the EM-algorithm
In this subsection we develop an EM-type algorithm to get the ML estimates. In order to do this, we
first represent the SMSN-NLM in an incomplete data framework by using the Lemma 2 given in Basso

et al. (2009). We consider the following hierarchical representation for Y;

Ti|U; ~ TNi(b,u;')I(b,00), (9)
U, ~ H(;v) (10)



where I' = (1 — §2)02, A =06 and TNy (r, s)I(b,00) denotes the truncated univariate normal distri-
bution on (b,00) with mean r and variance s before truncation. An useful straightforward result is that

the conditional distribution of T} given v; and u; is TNy (ur; + b, u; ' M2)I(b,00), with

r

M} = o 41 = o g (B.x0) — AD).

Now we proceed for the E-step of the algorithm. To represent the estimator of the parameter £ = g(6),
we will use the general notation E= g(a), where g(-) is a generic function of @ = (87,02, \)T. Thus, let
y =i - yn),t = (ts,...,tn)" and u = (u,...,u,)". It follows that the complete log-likelihood

function associated with (y,t,u) is given by
(0‘y7tvu)*c_*10gr_7zuz Yi ﬁ7xl) )2a (11)

where ¢ is a constant that is independent of 8. Letting u; = E[U;|0 = 57 yil, ut; = E|U;t;|0 = 5, yil,
-

ut? = E[U;1210 = 0, y;] and using known properties of conditional expectation we obtain
uty = i(firs +b) + Mr?y,, w2 = @ifir, +b)° + M7+ Mr(fir, +2b)7,, (12)
where 12
UM
71, = B UM We(ZE118, 4,
Mr

In each step, the conditional expectations u; = u1, and 71, can be easily derived from the results given
in Basso et al. (2009). For the skew-t, skew-slash and skew contaminated normal distribution we have
computationally attractive expressions that can be easily implemented.

These expressions are quite useful in implementing the M-step, which consists in maximizing the

expected complete data function or the Q—function over 6, given by

n

Q8" = BlO)ly.8"] = ¢~ Dioa(T) — 5 S [ (4 — (8, x)*

i=1

~ A — (Bt + A% )]},

where 5("') is an updated value of 0.
When the M-step turns out to be analytically intractable, it can be replaced with a sequence of

conditional maximization (CM) steps. The resulting procedure is known as ECM algorithm (Meng and

Rubin, 1993). Next, we describe this EM-type algorithm (ECM) for maximum likelihood estimation of

the parameters of the SMSN-NLM defined in (5).

(k) A(k)7 u/t\?(k)

. . ~(k) — )
E-step: Given a current estimate 8 °, compute u; ~ ut; yfore=1,... n.



(K ~(k
CM-step: Update 0( : by maximizing Q(O\O( )) over @, which leads to the following nice expressions

(k1) . .
B = argming(z") — n(8,x)) UM (=" - n(8,x)), (13)
n ~ (k) :
Aoty it (= (B x) (14)
= L =® ’
Zi:l ’u’tzz
= 1 ¢ ~(k ~ ()
B = L3 (=m0l — 28050y — (B4 )
i=1
— (k)
+ (A?) (D2, > , (15)
where U® = diag(@", ..., a), 2 is the corrected observed response given by z*) = y — A®FK*),

with 78 = GRAE AL ?Z-(k) = uAtEk)/ﬂEk) and n(8,x) = (n(B,x1),... ,n(B,%y)) . This process

~(k+1) Ak
is iterated until a suitable convergence rule is satisfied, e.g. if HO( 9 )H is sufficiently small, or

§(k+1)) _

~(k ~(k ~(k
5(9( ))H or ||Z(0( H))/E(H( )) — 1|, is small enough. An interesting observation is that the M-step to

until some distance involving two successive evaluations of the actual log-likelihood £(8), like ||¢(

estimate (3 is equivalent to the weighted nonlinear least squares in the NLM, z = n(83,x) + €, in which
reliable and efficient implementation of algorithms are available in softwares as SAS, R, Ox and Matlab.

To recover o2 and A, we observe that
0?=A%4T and A= A/VT.
3. Score Test for Homogeneity of Variance

The model defined in (5) assumes that Var(Y;) = o [ko — b6?] is constant, in which the scale pa-
rameter o2 is constant. However, similar to the dispersion parameter mentioned by Lin et al. (2009), the
actual scalar parameter may be related to the ith observation. Then, one cannot make any inference for
the model without further assumptions, since there are too many unknown parameters involved. Hence,

it is necessary to test homogeneity of the scalar parameter. This section concentrates on this problem in

SMSN-NLM.
2

Following Lin et al. (2009), we generalized the scale parameter o by o2, where o2 is modeled by

o} = o*m(zi, p), (16)

where m(.) is an injective and twice continuously differentiable function with respect to the parameter
p=(p1,...,pq )", and z; is a vector of explanatory variable values, which constitute in general, although
not necessary, a subset of {x1,Xsa,...,X,}. Now let m; = m(z;, p), we assume that exists a unique value
po of p such that m(z;, p,) = 1, for all i. Obviously, if p = p, then 0? = 02 and Y; have constant
variance. With this consideration, the test for homogeneity of scalar parameter in model defined in (5),

under the above assumptions, can be expressed by

Hy:p=pyvs Ho:p# pg. (17)



In the remainder of the this section, let 8; = p be the parameter of interest and the parameter 8 =

(87,02, N7 is considered a nuisance parameter, then of (5) and (16), the log-likelihood function for

0, = (0?, OT)T given the observed sample y = (y1,...,¥%,) " can be written as
005) = iei(ez) = 2": log2 — }10g27r — 1loga2 — llogmi + log K; (18)
i=1 i=1 2 2 2 7

where K; = [ u!/? exp{—3ud;}®(u'/2A;)dH (u), d; = (y; — n(B,%;) — bAm:/Q)Q/(miJQ) is the Ma-
halanobish distance, A; = A(y; — n(8,%;) — bAmg/Q)/(miﬁ). The score function is given by U(63) =

0002) .
00, —;UZ(OQ) where
0¢;(02) 10logo? 1 dlogm; 1 0K;
i(02) = = -z - = —_— , 1
Ui(62) = =54 5 90, 2 00, | K, 00, (19)
with
OK; o . 0A; 1 4 (3\ 0d;
06, i S 06, 2" (2) 00
and

K2

o0 1 o0
I@(w) :/0 uwe(—udz/Q)q)l(ul/QAi)dH(u) and I?(’LU) _ E/O uwe(_u(dﬁ_A?)/Q)dH(u).

The observed information matrix is given by

Jop I "L 9%0,(0
Jey) = | ooy O (20)
Jpg J(0) i=1 a92802
where
82&(92) N _1 82 10g0’2 _ 182 1ogmi _ 1 8Ki 6[(, L 82[(1'
060,00, 200,00, 2 00,00, (Ki)? 00200, Ki060,00,
with
PKi 1. (5) Odi 0di 14 (3) 02d, 71#(2) (8Ai dd, +(%li8Ai>
060,00, 4" \2)06,00] 2 \2) 00,00, 2°' 962 00; 002 90,
DA; DA, D% A;
—IP(2) At 112 (1 L
F 2 96 960, ( )aazae;

The derivatives of d; and A; involve standard algebraic manipulations and are given in the Appendix A.
It is important to note when p = p,, the submatrix J(@) in (20) represents the observed information
matrix for the model with constant variance.

From Basso et al. (2009), we have the following results related with If) (w) and I? (w) for each element

of the SMSN class that we are considering:
o Skew—t: Letting v, = 2w + v, we have

29121 (1, /2) [ v
Iq) = " T -~ Az w d
i (U}) F(l//2)(l/ + di)uw/Z < di +u sV ) an

2U V2T (1, /2) .
V2rTD(v/2)(d; + A? 4 v)ve/2’




o Skew-slash: Letting v, = w + v, we have

221U (v,)

IPw) = =P (v, di/2) E{®(S;*A))} and
P B V2V T (vy) d; + A7 d;
B0 = e Pl S5 i Gammate, o,

where P, (a,b) denotes the distribution function of the Gamma(a, b) distribution evaluated at x.
o Skew contaminated normal:

I (w) Vor{vy =2, ( d;; 0, i) (v 2A;) + (1 — )61 (v/di;0,1)®(A4;)} and

IP(w) = w2, (,/di+A§;o,i>+(1—u)¢1 (,/di+A3;o,1>.

Furthermore, the score test statistic for Hy is of the form (Cox and Hinkley, 1974)

SR =U(8y) 734 (05)U(85),

L0 <
(0:) sz(OQO) is the upper left corner block of J71(63)|,, ~ corresponding to

8p 92:@27 02:02
~0 ~T ~
p, and 0, = (py,B ,52,\)T is the ML estimate of 85 under the null hypothesis Hy. When Hy is true,

where U (53) =

the statistic SR is asymptotically distributed as Xgl.

3.1. Simulation Studies

In this subsection, we study the performance of the asymptotic distribution and power of the score

test statistic.

3.1.1. The empirical distributions of the score statistics
The performance of the asymptotic distribution of the score statistic SR is examined in order to
compare the empirical distribution with the theoretical distribution via Monte Carlo simulations. As in

Xie et al. (2009b), the model used for the simulation study is
Yi=exp(Bz;)+e€, i=1,...,n, (21)

where ¢; ~ SMSN(—\/gkla,;(S, o2, \; H), with 0? = o%m(x;, p) = 0 exp(pz;). The simulation is per-
formed for test the homogeneity of scalar parameter as discussed above. The true values of the parameters
are set as 3 = 2,02 = 0.5, A = 1. In our analysis we use SN, ST with v = 3 and the SSL distribution with
v = 3. The explanatory variable x, was generated following uniform distribution in the interval (0.2, 2)
and their values were held fixed throughout the simulations. To get values of Y;, a random variable is
drawn from the model (21) with the true values of parameters, the values de z; and p = 0 (Hy), repeating
this procedure 2,000 times. Then the empirical distribution functions of the score statistic are obtained
and recorded. For n = 30,50, 70,90, and 150 the comparisons between the empirical distribution func-
tions of the score statistics an the distribution function of x%l) are depicted in Figure 1. These figures
shows that the empirical distributions functions of the score statistic are very close to the theoretical

distribution X%l) for all the SMSN models considered in our study.
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Figure 1: Simulated comparisons between the empirical distribution functions of the score statistic and X?l)’ using SN in
the first row, ST in the second row and SSL in the last row.

3.1.2. Power of score test

The design considered in this simulation study is the same as in the previous subsection and the
simulation was performed for different values of n and p to get the simulated sizes and powers for the
test statistic. We take p =0,0.2,0.4,0.6,0.8 and 1, and n = 30, 50, 70, 90 and 150. Each simulated case
was replied 2,000 times, then the proportion of times which rejected the null hypothesis was just the
simulated valued of power. Here all the statistics are compared with the x? critical value at o = 0.05
level.

Table 1 present the simulated sizes and powers for the score test statistic SC. From this table, we

can see that for n = 30 the sizes of the test statistics SR are 0.082 for the SN, 0.0875 for the ST and

10



0.0945 for the SSL distribution at the 0.05 level and hence this test statistic is very conservative in all
cases. However, when n > 50, the actual size of the test is close to 0.05. As p and n increase, the power
of this test statistic SR approach 1 quickly as depicted in Figure 2. This figure shows that if the sample
size is moderate or large, the proposed score test statistic SR can detect heteroscedasticity of the scalar

parameter and consequently of the variance very well.

SN ST SSL

6 07 08 09 10

Rejection Ratio

01 02 03 04 05 06 07 08 09 10

01 02 03 04 05 06 07 08 09

Figure 2: Power of the analysis to detect significant heteroscedasticity over a range of possible pg values, sample
sizes (n), and for three errors distributions in the model (21).

Table 1: Rejection rates of the hypothesis Hyp : p = 0 at nominal level of 5% from the statistic test SR for three errors
distributions in the model (21).

SN-NLM
n p=00 p=02 p=04 p=06 p=08 p=1.0
30 0.0820 0.0610 0.1130 0.1740 0.2735  0.4000
50 0.0690 0.0755 0.1570 0.2680 0.4220 0.6180
70 0.0670  0.0860 0.1970 0.3955  0.6285  0.8160
90 0.0625 0.0920 0.2450 0.4865 0.7455  0.8920
150 0.0630 0.1345 0.3565 0.7065 0.9030 0.9875

ST-NLM
n p=00 p=02 p=04 p=06 p=08 p=1.0
30 0.0875 0.0995 0.1320 0.2115 0.2930 0.3715
50 0.0730 0.0980 0.1435 0.2395 0.3665  0.5135
70 0.0650 0.0945 0.1805 0.3025 0.4410 0.6275
90 0.0735 0.1345 0.2305 0.3900  0.5955  0.7740
150 0.0650 0.1435 0.3425 0.5725  0.7730  0.9255

SSL-NLM
n p=00 p=02 p=04 p=06 p=08 p=1.0
30 0.0945 0.0915 0.0980 0.1665 0.2475  0.3330
50 0.0740 0.0815 0.1150 0.1860 0.2990  0.4350
70 0.0620 0.0935 0.1840 0.3015 0.4900 0.6645
90 0.0605 0.0990 0.2205 0.4280 0.6280  0.8165
150 0.0595 0.1270  0.3375  0.6240  0.8570  0.9690
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4. Influence diagnostics

There are basically two approaches to detecting observations that seriously influence the results of
a statistical analysis. One approach is the case-deletion approach, in which the impact of deleting an
observation on the estimates is directly assessed by measures such as the likelihood distance and Cook’s
distance (see, Cook, 1977). The second approach is one in which the stability of the estimated outputs
with respect to the model inputs is studied via various minor model perturbation schemes such as the local
influence approach developed in Cook (1986). In the following subsections we describe the background
and details of the classical diagnostics methods to the detection of influential observations, as well as two

types of perturbation schemes.

4.1. Case deletion model

The identification of observations with a disproportionate influence in the estimates of the parameters
is a fundamental component of the process of model validation. The presence of these types of observations
can become inadequate inference. An important approach for the identification of influential observations
can be based on the methodology known as case-deletion model (CDM), proposed by Cook (1977) for the
normal linear regression models. To study the influence of i-th observation in the maximum likelihood
estimate of 8 = (ﬁT702,)\)T, it is usual to compare the estimate with all observations, 5, and the
maximum likelihood estimate b\(i) obtained when the i-th observation has been excluded from the data

set. This approach corresponds to the case-deletion model, which can be expressed as
}/j = n(ﬂ7xj) +€j7 J 7& i:

where the log-likelihood function of 6 is denoted by £;)(0) = >_,; ¢;(8). However, to compute g(i) =
(,62;),0(21.), /\(i))‘r for all ¢ and to compare them with 6 would be very time-consuming when the total
sample size n is large. Fortunately, the following result due to Cook and Weisberg (1982) gives an
updating formulae under case deletion to avoid direct model estimation for each of the n cases. This

result is essential for our case-deletion diagnostics.
0 =0 +{3(0)} (;)(0), (22)

where é(i)(é) = 3£(i)(0)/30|0:9 = 70&-(0)/80|0:9 . From this result, we can see the difference between
the estimates with and without a case deleted and can obtain the case-deletion measures for assessing
the influential observations in SMSN-NLM.

e Generalized Cook’s distance

The generalized Cook’s distance is defined as a standardized norm of 5(i) — 5, ie.,
GD; = (6 — 6)"™M(8(;) — 9) (23)

where M is a non-negative definite matrix, which measures the weighted combination of the elements for

the difference é(i) — 8. Cook and Weisberg (1982) considered several choices for M. A commonly used
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choice is the observed Fisher information matrix M = J(8). Substituting Equation (22) into Equation

(23), we obtain the following approximation:

D! = i()(8) {(I(B)} (). i=1.....n.

e Likelihood distance
The likelihood distance (Cook and Weisberg, 1982) is defined as

LD;(6) = 2{£(6) — £(6(;))}, (24)

Substituting (22) into (24), we obtain the following approximation:

LD! = 2{0(6) — £(6 + {3(0)} Ly (0)}, i =1,...,n.

4.2. Local influence

Case deletion is a common way to assess the effect of an observation on the estimation process. This is
a global influence analysis, since the effect of the observation is evaluated by eliminating it from the data
set. The work of Cook (1986), laid the foundation for assessing local influence of a group of observations
when a minor perturbation is made in the statistical model or in the data set. Based on his proposal
many papers have been written on the subject. In his seminal paper, Cook (1986) shows that the normal
curvature for @ € RP*2 in the direction of d € RY, ||d|| = 1 is given by C4(0) = 2|dT A*T I~ A*d|, where
J is the observed information matrix and A* is the (p+2) x ¢ matrix with elements A’ = 92/(0)/90,.0ws,
forr=1,...,(p+2) and r = 1,...,q, both evaluated at 8 = 0 and w = w, (postulated model). The
suggestion here to examine the elements of the eigenvector associated with the largest eigenvalue of the
matrix T = A*T{J}"'A*. Alternatively, one may also examine the total local influence C; = Cy, (),
where d; is an g X 1 vector of zeros with one at the ith position.

Since C4(0) is not invariant under uniform change of scale, Poon and Poon (1999) proposed the
conformal normal curvature By(0) = Cyq(8)/tr(2T). An interesting property of the conformal normal
curvature is that for any unitary direction d one has 0 < By(0) < 1, which allows comparison of
curvatures among different scale mixtures of normal models. In order to determine if the ith observation
is possible influential, Poon and Poon (1999) proposed classify the ith observation as possible influential
if M(0); = Bg,, where d; is an ¢ x 1 vector of zeros with one at the ith position, is greater than the
benchmark

M(0) + ¢*SM(0),

where M (0) = 1/q and SM(0) is the sample standard error of {M(0)r, k=1...,q} and ¢* is a selected
constant. Depending on the real application, c* may be taken to be any value. We will evaluate in the

sequel the matrix A* under two perturbation schemes for the SMSN-NLM given in (5).

e Case weight perturbation
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First, consider the following arbitrary attribution of weights for the experimental units in the log-
likelihood function, which can be defined by
L(0|lw) = Zn:wi {logQ — %logQw — %loga2 + logKi},
i=1
where and K; is defined in equation (6). Note that, w = (wi,...,w,) " is the vector of weights of the
contributions from each observation to the likelihood and wo = (1,...,1)T is the non perturbation point,
that is, £(0|wo) = £(0). This perturbation scheme is intended to evaluate whether the contribution of the

observations with differing weights affects the maximum likelihood estimator of 8. It follows after some

algebraic manipulation that the delta matrix is given by

A" =(Af,...,AL),

where A7 = — is as given in (19) after dropping the element corresponding to p.

e Scale parameter perturbation
To study the effects from departures from the homogeneity assumption regarding the scale parameter
o2, we consider the following perturbation ¢2 = 0?/w;. This perturbation corresponds to considering

that the distribution of Y; is heteroscedastic, once

Var(Y;) = o2, (ko — b6?),

Wi

where ko, 6 and b as denoted in Subsection 2.2. Under this perturbation scheme, the non-perturbed

model is obtained when w, = (1,...,1) . Moreover, the perturbed log-likelihood function has the form
(0|w) —i {10 2—110 27r—110 02+110 w; + log K
- Pt g 2 g 2 g 2 g K3 g Wy |
where d,; = wil/Q(yi —n(B8,x;) — I)A(,ui_l/2)2/027 Ay = /\wil/g(yi —n(B,x;) — bAwi_l/z)/a and K,,; is as
in Section 3, switching d,; and A,; with d; and A;, respectively. The matrix A* = (A};T, A;QT, Aj—r, )T

is given in Appendix B.

4.3. Residuals

Residual analysis aims at identifying atypical observations and/or model misspecification once resid-
uals are measures of agreement between the data and the fitted model. Most residuals are based on the
differences between the observed responses and the fitted conditional mean. We defined the following

standardized ordinary residual (Pearson residuals):

%*ﬁv

3

Var(y;)

T, = 1= 1, ceey
where 17a\7‘(yl) = k90?2 — %k%&ZSQ. Here, f1; = n(ﬁ, x;), and 8,52 and & denoting the maximum likelihood
estimators of 3, 02 and §, respectively. We also generate envelopes, as suggested by Atkinson (1981), to
detect incorrect specification of the error distribution and the systematic component n(3,x;) as well as

the presence of outlying observations.
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5. Application: Oil palm yield data.

The oil palm yield data data have been analyzed by Cancho et al. (2009) using the SN-NLM and
assuming a nonlinear growth-curve model - see Figure 7(b). We illustrate our methods, replacing the SN

assumption by the SMSN class of distributions as follows:

01 iid /2 2
Y, = +&, € ~SMSN(—\/—ki1A,0°,\;H), 25
1+ B2 exp(—Fsi) ( T ) #5)
for i = 1,...,19, where H denote the distribution function for the mixture variable U. In our analysis

we will assume the SN, ST and the SSL distributions from the SMSN class for comparative purposes.

5.1. Estimation models:

We choose the value of v by maximizing the the likelihood function as illustrated in Figure 3; for
the ST model we found v = 3 and for the SSL we found v = 2. Actually, with v = 3 and v = 2
the variances of the slash and skew-t distributions are finite. Table 2 contains the ML estimates of the
parameters from the three models, together with their corresponding standard errors calculated via the
observed information matrix. The AIC model selection criterion indicate that the ST distribution present
the best fit. Although the regression estimates parameters are similar in all the three fitted models (see
Table 2) the standard errors of the SMSN-NLM with heavy tails are smaller than those in the SN-NLM.
This suggests that the two models with longer tails than the SN model seem to produce more accurate
maximum likelihood estimates. The estimates for the variance components (02 and \) are not comparable

since they are on different scale.

5.2. Influence diagnostic analysis:

o Case deletion model:

1

7

Here case-deletion measures GD! and LD}, as presented in Subsection 4.1, are computed. The

results are displayed in Figure 4. We observe that cases (10, §13, £15, #16 and £18) are identified as

ST SSL
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Figure 3: Plot of the profile log-likelihood of the parameter v for fitting a ST-NLM and SSL-NLM for the oil palm yield
data.
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Table 2: ML estimation results for fitting various mixture models on the oil palm yield data set. SE are the asymptotic

standard errors based on the observed information matrix.

SN-NLM ST-NLM SSL-NLM
Parameter Estimate SE Estimate SE Estimate SE
51 37.351 0.462 37.529 0.441 37.463 0.486
o 44.576 17.039 43.483 10.364 43.373 14.982
B3 0.731 0.070 0.732 0.045 0.728 0.063
o? 6.919 2.655 1.644 1.152 3.105 1.708
A -4.453 3.125 -1.871 1.332 -3.489 2.481
v - - 3 - 2 -
log-likelihood -35.037 -33.829 -34.781
AIC 80.074 79.659 81.562

Figure 4: Index plots of a) Generalized Cook’s distance GD! and b) Likelihood Distance LD! using SN-NLM, ST-NLM and
SSL-NLM, on the oil palm yield data.

the most influential in the estimation of the parameters under the SN and SSL cases. Meanwhile,

only cases (§10, #13, #15, and #18) are influential under the ST-NLM.

Note however from Figure 5 that when we use distributions with tails heavier than the SN one, the
EM algorithm allows to accommodate such observations attributing to them small weights in the
estimation procedure. The estimated weights for the skew—normal distribution (u;,7 = 1,...,19) are
indicated in Figure 5 as a continuous line. Therefore, this rich class of distributions may naturally
attribute different weights to each observation and consequently control the influence of a single

observation on the parameter estimates. These results agree with similar considerations, presented
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in Osorio et al. (2007), in a symmetric context.

Next we conduct a local influence study with interest focussing on 6. The perturbation schemes
described in the Section 4.2 are considered and in all cases we consider the benchmark for M(0)

with ¢* = 1.96

ST SSL

15
I
15
I

1.0
1.0

Weights
Weights

0.0
0.0

Mabhalanobis Distance Mahalanobis Distance

Figure 5: Estimated u; for the ST-NLM and the SSL-NLM, on the oil palm yield data.

o Case weight perturbation

Under this perturbation scheme, we obtain Cg,,,.sxn = 3.99, Ca,,,.cr = 2.28 and Cq,, .5, = 2.13,
as values of maximum curvature. From Figure 6 (first row), it is noted that under the ST-NLM
and SSL-NLM, the observation 13 is identified as influential. In addition, the observation 18 is also
identified as influential under the SN-NLM.

e Scale perturbation

In this case, the value of the maximum curvature are Cq,,, ..y = 6.40, Cq = 2.10 and

maxzST
Ca,,.ns5. = 4.82. The ML estimators are quite stable with respect to this perturbation scheme in
the ST case, as displayed in Figure 6 (second row). However, it is appreciated some influence of

the observation 13 under the SN-NLM and SSL-NLM.

It is important to note that as expected, the influence of the observations is reduced when we consider
distributions with heavier tails than the SN one. For this data set, the ST model accommodates slightly

better the influential observations.

5.8. Residuals Analysis:

We first perform residual analysis for the ST-NLM fit by plotting the Pearson residuals r; against the
explanatory variable z; (see Figure 7a). This plot also shows that the residuals of the observations §13,
#15, #16 and #18 are possible outliers. These observations are the same as detected by the case deletion

analysis.
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Figure 6: Oil palm data. Index plot of M(0) using SN, ST and SSL models. In the first row case weights perturbation and

in the second row scale parameter perturbation.
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Figure 7: Oil palm yield data. (a) Index plot of residuals
Predicted values for the ST-NLM.
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versus explanatory variable z; for the ST-NLM. (b)

In order to detect incorrect specification of the error distribution and the systematic component (25),

in Figure 8 we show the QQ-plots and simulated envelo

pes for the Pearson residuals. This Figure clearly

indicate that the ST-NLM is more suitable for modeling the current data than the SN-NLM and SSL-

NLM, since there are no observations falling outside th

fit for the SN-NLM.
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Figure 8: Oil palm yield data. Plots of the Pearson residuals against the order statistics of the normal distribution
to the SN-NLM, ST-NLM and SSL-NLM.

5.4. Influence of a single outlier

The robustness of the ST-NLM and SSL-NLM can be also studied through the influence of a single
outlying observation on the ML estimate of 3. In particular, we can asses how much the ML estimates
of @ influences by a change of V units in a single observation Y. We replace a single observation y; by
y(V) = yr — V, and record the relative change in the estimates ((@(V) — A)/@\), where 6 denotes the
original estimate and é\(V) the estimate for the contaminated data. In this example, we contaminated
the observation on subject 5, and varied V between 0 and 5 in increments of 0.4. In Figure 9, we have
presented the results of relative changes of the estimate By and, (3 for different contaminations of V,

under SN-LMM, ST-LMM and SSL-NLM. As expected, the ST and SSL models are less adversely affected
by variations of V than the SN model.
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Figure 9: Oil palm yield data set. Relative changes on the ML estimates of 32 and (3 when fitting a SN-NLM, ST-NLM
and SSL-NLM for different contaminations of V in the fifth observation on subject 5. Relative change= ((@(V) - 5)/@)7

where 6 denotes the original estimate and §(V) the estimate for the contaminated data.
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5.5. Heteroscedasticity diagnostic

We now consider the test for heteroscedasticity for the oil palm data. In the previous analysis, we saw
that the ST-NLM is the most appropriate for these data, so our analysis will be based on this distribution.
As suggested by Cook and Weisberg (1982), we take the exponential function as the weight function, that
is, we consider m; = exp(pz;). It is easily seen that when p = 0, then w; = 1 and 0? = o2 for all i.
Hence, the test for the homogeneity of scalar parameter becomes the test of hypothesis Hy : p = 0.
Based on the statistic SR given in Section 3 and a little computation, we get SRgpr = 19.79010 and the
corresponding p-value is about 0. Thus, we should reject the hypothesis Hy and therefore the assumption
of homogeneity of variance is not suitable for the oil palm data.

We believe that the proposed score test is very sensitive to the presence of influential observation,
so we eliminate now these observations from the full data (15, 16 and 18) and by similar computation
we get SRsr = 3.028285 (p-value = 0.0818), which indicates that when the influential observations are
deleted, we cannot reject the hypothesis Hy. This result agrees with the graphical analysis depicted in
Figure 7(a), where we can see a clear constant pattern of the residuals on the interval (—1,1). Table 3
shows the values of the SR statistics for the SN-NLM, SSL-NLM and the ST-NLM. We note that, for the
SN-NLM and SSL-NLM always should reject the hypothesis Hy. As expected, the presence of influential
observations can affect significantly our decision about the heteroscedasticity, and this decision can be
changed depending of the model we are used. Similar conclusions emerged when we chose m;(x;, p) = x;°.

Finally, in Figure 7(b) we show the predicted values, where the full data and the data without the
influential observations are considered for the ST-NLM. We note that, when the influential observations

are deleted, a slight modification on the curve can be seen related to consider the full data.

Table 3: Oil palm yield data set. Score statistics and the corresponding p-values for some SMSN-NLM.

Full data All - #15, 416 and £18
Model SR p-value SR p-value
SN-NLM  38.87257 4.5239e-10 5.324405  0.02102
ST-NLM  19.79010 8.6429e-06 3.028285  (.08182
SSL-NLM  32.12216 1.4477e-08 3.910459  0.04798

6. Conclusions

In this paper, we have proposed the application of a new class of asymmetric distributions, called
SMSN distributions, to nonlinear regression models. An EM-type algorithm is developed by exploring
the statistical properties of the SMSN class that can be implemented efficiently in softwares as SAS, R, Ox
and Matlab. The observed information matrix is derived analytically which allows direct implementation
of inference on this class of models. In order to examine the performance and properties of the score test
for heteroscedasticity of the scalar parameter in the framework of SMSN-NLM, some simulation studies
are carried out under different situations. These simulation studies indicates that the test is effective

for all the models. Furthermore, influence diagnostics analyses are discussed for SMSN-NLM where it is
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noted that the influence of the observations is reduced when we consider distributions with heavier tails
than the SN one. For the Oil Palm data set, the ST model accommodates slightly better the influential

observations.

Due to recent advances in computational technology, it is worthwhile to carry out Bayesian treatments
via Markov chain Monte Carlo (MCMC) sampling methods in the context of SMSN-NLM. Bayesian in-
fluence diagnostics can be treated via the Kullback-Leibler divergence as proposed by Cho et al. (2009).
Other extensions of the current work include, for example, a generalization of SMSN-NLM to multivariate

settings and nonlinear mixed effects models.
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Appendix A: First and second order derivatives to the heteroscedastic model

In this Appendix the first and second order derivatives of d; = B? and A; = AB; are obtained, where

A
B; = (yi — n(xi,8) — bo;6)/o; = C; — bd, with C; = (y; — n(x;,8))/0; and § = VST Here 02 =
o?m(x;, p) = 0?m; and Oy = (pT,BT,U2,)\)T.
° d;:
o8 2@- 0B’ 9o2 o2 " ON 2847, op micz op’
ani _ 9 iam 6771- & 8277i
opopT o oBopT  oiopopT ]’
o%d; 1 ani
98957 — %, [2B; + bd] %,
ani _ 27b ,8772'
OBOX oi. 0B’
8%d; . 1 on; Om;
880pT ~  oum LBt Wl Ga 5w
82di 1 1 anz b(S’ 8231' 1 (‘9ml
G007 = g1 2B+ W0 Goaas = G Ganr = e (2Bi+¥0)Cig L
82d~; . 7 N2 82di o bé’ 6mz
Shon = “RBi—bE)] groh = (2B +b) g
ani 1 é)ml aml Bi 82mi
dpdpT | 2m2 (4B; + b9) dp OpT  m; pdpT | Y

where ¢’ and §” are the first and second order derivatives of §.
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Appendix B: Elements of A*

In order to asses the perturbation scheme 02 (w;) = 02 /w;, we go to present the elements of A* for this

Ze (0lwi),

the perturbation scheme. In this case the perturbed log-likelihood function given by £(0|w) =

where

1 1 1
4;(8|w;) =log2 — 3 log 27 — 3 logo? + 3 logw; + log K,

where K,,; is as in Section 2.2 with 02(w;) instead of 02 and 8 = (87,62, 1) 7. In this case d,,, = B?(w;)

and A,; = AB(w;), where B(w;) = wil/Q(yi —n(B,%;))/o — bdo. So, under this perturbation scheme we

have A, = (A JART AT, where
2
Al = _Kliifw wi %Km + % ajfayK““ v =B,0%),

with

a%K“” - —%I?(3/2)%dwi+lf(l)aimAwi,

%Kwi = %1?(3/2)%@%1?(1)%&“

T Bl L T PR LIV LB VTP s
—%If@) {%dwi ++2Awi%Awi} %Aw +Ij)(1)6f;7 o

Next we present the derivatives of d.,, and A, with respect to 8 and w. To simplify the notation let n; = n(3,x;).
So evaluating at w; = wio = 1 we obtain

o d;:
ad“)i — . .
Owi CiBs,
Odi o 2 anz Odsi __i el 0di _ '
B~ oDag dor 2Dl gy T 0B
32dwi 1 6771’ 62dwi 1 a2dwi /
= ——(2B;+b6 , =——" i ) =- i
980w, s B 55 Goger — gpr BBiHW), Hpl = WG
o A;:
0Avi A,
80.)1' - QC“
8Awi _ )\ (9771 3140“ _ )\ aAm
o8 o098’ 902 202 o P b,
82Aw~; . _i 6771‘ 82Aw~; . _i 82Aw1 o 1 )
0B0w; 20 08’ 0020w; 402 MNow; 2"
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