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Abstract

In this article we consider a spectral sequence (E",d") associated to a filtered Morse-Conley chain complex (C,A),
where A is a connection matrix. The underlying motivation is to understand connection matrices under continuation.
We show how the spectral sequence is completely determined by a family of connection matrices. This family is obtained
by a sweeping algorithm for A over fields F as well as over Z. This algorithm constructs a sequence of similar matrices
A% = A,A', ..., where each matrix is related to the others via a change-of-basis matrix. Each matrix A" over F (resp.,
over Z) determines the vector space (resp., Z-module) E" and the differential d”. We also prove the integrality of the
final matrix A® produced by the sweeping algorithm over Z which is quite surprising, mainly because the intermediate
matrices in the process may not have this property. Several other properties of the change-of-basis matrices as well as the
intermediate matrices A" are obtained. The sweeping algorithm and the computation of the spectral sequence (E",d") are
implemented in the software Mathematica®.

Keywords: Connection matrix, spectral sequences, sweeping algorithm, Conley index, integer programming, computer
implementation.

2000 Mathematics Subject Classification: 55T05; 37B30; 90C10.

1 Introduction

In this article, we consider M an n-dimensional compact Riemannian manifold, D(M) = {M,}}"; a Morse decomposition
of M and a filtered Conley chain complex C' with finest filtration {Fp}lﬂ A Morse decomposition of M is a collection
D(M) = {M,}p-, of mutually disjoint compact invariant subsets of M such that that if v € M \ UJ’; M), then there exist
P < p with w(y) € M, and w*(y) € M,. In other words, D(M) contains the recurrent behavior of the flow. A subset of
M which belongs to some Morse decomposition is called a Morse set. In our case, each Morse set, M, is a nondegenerate

singularity of the gradient flow ¢ of a Morse function f: M — R.
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LA filtration F' = {F,} on a chain complex C is a sequence of subcomplexes F,C for all integers p such that F,C C FpiaC.



As in [CdRS] we consider a Morse chain complex with connection matrix A. Given a Morse decomposition D(M) with m
Morse sets, a connection matrix is a m X m matrix whose entries are homomorphisms between the homological Conley indices
associated to the Morse sets (see [Fr1], [Fr2] and [Mo]). The nonzero entries of a connection matrix register the existence of
connecting orbits in .

We make use of the algebraic-topological tool called spectral sequence in the setting described above. Our goal is to
explain how a connection matrix A determines the spectral sequence, i.e, how it determines the spaces E” and how it induces
the differentials d”. By considering a connection matrix over a field [ it is possible to obtain a sweeping algorithm which
characterizes the convergence process of the spectral sequence. To achieve this we use this algorithm to sweep the connection
matrix.

This process was first described in [CdRS| for connection matrices over Z. In this paper we prove that the sweeping
algorithm holds for a connection matrix over F. This algorithm consists of changing the basis of a connection matrix,
A" = (M™H7LA™ LML as the spectral sequence (E”,d") associated to a Morse-Conley chain complex unfolds. The
sweeping algorithm preserves the upper triangular structure as well as the nilpotency of A", throughout the process producing
a sequence of connection matrices over F. However, this is not necessarily true over Z. In fact, fractional entries show up
in several of the computational examples. It is therefore surprising that the final matrix A in the sweeping algorithm
over Z is always integral, and, thus, a connection matrix. This is the subject of Section [l Several other properties of the
change-of-basis matrices as well as of the intermediate matrices A" are obtained.

A major interest in the Conley index theory is to understand flows and connection matrices under continuation. Our
main motivation for characterizing properties of the intermediate matrices is to better understand the continuation behavior
associated to the initial matrix A.

Both versions of the sweeping algorithm are implemented using the program Mathematica®.

In [CARS], we treated the case where the chain complex C' was a Z-module generated by the singularities and graded by

their indices, i.e.,

Okz @ Z<1‘>

zEcrity f
where critg(f) is the set of index k critical points of f. In this case, the connection matrix A : C — C associated to D(M)
is defined as the differential of the graded Morse chain complex C' = Z{critf), i.e., determined by the maps Ay : C — Ci—1
via
Ap() = > nlz,y)y),

yEcrity 1 f
where n(z,y) is the intersection number of x and y. The intersection number is defined for nondegenerate singularities z
and y of indices k and k — 1 respectively, since the set of connecting orbits is finite. By orienting the unstable and stable
manifolds respectively, the intersection number n(z,y) is the number of connecting orbits counted with orientation. In order
to count orbits with orientation, choose a regular value ¢ of f with f(y) < ¢ < f(z) and n(z,y) is the intersection number of
the spheres S*~1 = W¥(x) N f~1(c) and S*~% = W*(y) N f~%(c). For more details see [Sal] and [R3].

When we have F = Z,, C' is the Zs vector space

C =17 <C1"itf>

and the connection matrix A : C'— C associated to D(M) is the differential of the graded Morse chain complex C, i.e., it is



determined by the maps Ay : Cx — Ci_1 via

Ap(z) = Z a(z,y)(y),

yEcrity_1f

where a(z,y) is the number of connecting orbits counted mod 2 for nondegenerate singularities  and y of indices k and k —1
respectively. We recall that A is an upper triangular nilpotent matrix.

Without loss of generality, we may assume that the columns of the matrix A are ordered with respect to k. The property
we need to ensure is that the map Ay is filtration preserving. Hence, the columns of A may be partitioned into subsets Jy,
Ji, Joa, ..., such that Jg are the columns associated with index-k critical points, for some k. This implies that the matrix
A is block upper triangular, as illustrated in Figure [I] below, that is, if A;; # 0 then ¢ € J,_; and j € Jg, for some s. The
entries with row indices in Js_1 and column indices in Js constitute the s-th block Bs. The entries in By determine the map
Ay, for some k. There is however a subtlety regarding notation. We use Ay ;; as an “enhanced” synonym to A;;, in the sense
that it refers to the same entry, but carries the additional information that this entry belongs to the block in the column set
associated with index-k critical points. Notice however, that the subscript s of column set Js usually does not coincide with

the index of the critical points associated with the s-th block.

J1 Jo J3 Ja Js
Jo NN —N— NN T
Jo B1
J1 B2
Jo B3
A =
J3< By
Ja Bs
Js Bg
Je

Figure 1: Connection matrix with 6 blocks.

We denote this filtered graded Morse chain complex by
(C,A) = (Flerit ), A).

We will use the notation of the boundary operator 0 and its matrix A interchangeably.

Note that the r-th diagonal of A has entries Ap41—r p+1, which are related to the connections between unstable and stable
manifolds of My and Myi1—,, for p € {r,...,m — 1}. Clearly, if column (p + 1) intersects the submatrix Ay, then M,
and My 1_, are respectively singularities of Morse index k£ and k — 1, which we denote by hj and hj;_;. These singularities
are in filtrations F, \ F,—1 and F,_, \ F,_,_1, respectively. In summary, the r-th diagonal, when intersected with Ay, is
registering information of numerically consecutive singularities of Morse indices k and & — 1. We will use the same notation

to indicate an elementary chain of C, that is, the elementary chain hZH is associated to the column (p + 1) € Ji, which



corresponds to the singularity of Morse index k in filtration F), \ Fp,lﬂ

The notation hj indicates the elementary k-chain associated to the column s of A.

Given a chain complex (C, 0) endowed with an increasing filtration FPC, such that 9(FPC) C FPC (and we assume here
F~1C = 0), the associated spectral sequence is (a generally infinite) sequence of chain complexes (E",d") ( see D] and [Sp]).
Roughly, each stage contains information about longer and longer parts of the differential: the differential d° in the complex
at the first stage is the part of 9 which does not decrease filtration, d' concerns the part of & which reduces filtration by no
more than 1, and so on. Moreover, H(E",d") = E"+1.

A bigraded module E" over a principal ideal domain R is an indexed collection of R-modules E

».qe for every pair of

integers p and ¢. In this article, we work with R = IF and hence the bigraded modules E” are actually vector spaces over F.
A differential d” of bidegree (—r,r — 1) is a collection of homomorphisms d" : E, ; — Ep_, q+,—1 for all p and ¢, such that

d" od"” = 0. The homology module H(E") is the bigraded module

= Kerd" : E;,q - ;—T,q-H"—l
Imd" : E” Er

Hy o (E7) =
p+r,q—r+1 P59
A spectral sequence {E",d"}, r > 0, is a sequence of chain complexes where each chain complex E" is the homology module

of the previous one, i.e.,
e E" is bigraded module, d" is a differential with bidegree (—r,r — 1) in E";
e For r > 0 there exists an isomorphism H(E") ~ E™F1.

In general, we will omit reference to ¢ in this section since its role will be important only when considering more general
Morse sets of a Morse decomposition. In our case, when the Morse set is a singularity of index &, the only ¢ such that £} |
is nonzero is ¢ = k — p. Hence, it is understood that E} is in fact E} —p

For a filtered graded chain complex (C, ) we can define a spectral sequence
I T r—1 r—1
Ep = Zp/(prl + 8Zer'rfl)

where,

Z, ={ce F,C| dc € F,_.C}.

Hence, the module Z consists of chains in F,C with boundary in Fj,_,C. This makes it natural to look at chains
associated to the columns of the connection matrix to the left of and including the column (p + 1). This guarantees that
any linear combination of chains respects the filtration. Furthermore, since the boundary of the chains must be in F,_,C we
must consider columns or linear combinations that respect the filtration and that have the property that the entries in rows
1> (p—r+1) are all zeroes. Hence, a significant entry in the connection matrix is the element on the r-th diagonal on the
row (p —r + 1) and the column (p + 1).

However, as r increases, the F-modules E; change generators. In practice, the generators of the complex C' mentioned
above are very specific: singularities in the Morse case. The domain of d", E”, is a certain quotient of a subgroup of
C. Elements in this domain are represented by elements of C' whose appropriate classes are in the kernels of all previous
differentials d®, s < r. Finding a system that span E" in terms of the original basis of C' is, in practice, a non-trivial matter

but it can be obtained as a product of the sweeping algorithm.

2Note that the numbering on the columns are shifted by one with respect to the subindex p of the filtration Fj.



2 Sweeping Algorithm on Connection Matrices

The sweeping algorithm for constructing the spectral sequence (E", d") associated with a connection matrix A was introduced
in [CdRS|]. The spaces E" are bigraded modules over a principal ideal domain R, assumed, in that work, to be Z. The
algorithm developed therein is repeated below in condensed form, for completeness. The notation adopted regarding matrices

is introduced in Table [l

A;. i-th row of matrix A

A, j-th column of matrix A

Ag., submatrix of A with entrie a;; such that i € I

Ay submatrix of A with entries a;; such that ¢ € I and j € J,

where T (resp., J) is a nonempty subset of the set of
row indices (resp., column indices)

At {-th matrix in a sequence, nonnegative superscripts
do not denote exponents

(AY)~1 | the inverse of matrix A

Table 1: Notation adopted for (sub)matrices.

Given a m X m connection matrix A, the sweeping algorithm constructs a family of matrices A", for r = 0,...,m — 2,
recursively, where A® = A. At each iteration, the entries of A" are obtained from A by performing a change of basis over
R, that is, A” = (P"1)71A°P"=1 and marking the r-th diagonal to the right of and parallel to the main diagonal, or r-th
diagonal for short. Thus, the main diagonal is the 0-th diagonal. The construction of A" is completed only after the markup
of the entries along the r-th diagonal. That is, each matrix A" comprises two kinds of information: numerical (the values of
the entries themselves) and qualitative (the marks assigned to specific entries). The change of basis is determined by certain
entries in A" which we will refer to as change-of-basis pivots. These, on the other hand, depend on the previous classification
of certain non-null entries of A™~! as primary pivots. Primary pivot marks are permanent, i.e., matrix A" inherits all the
primary pivots of A""!. On the other hand, if the non-null entry of A" is a change-of-basis pivot, then the corresponding
entry in A™*! is zero and unmarked. In the illustrations of the algorithm, primary pivot entries will be encircled, whereas
change-of-basis pivots will be encased in boxes.

The sweeping algorithm is used to determine the Conley spectral sequence (E”,d") associated to the Morse complex
(C,A) and the finest filtration {F,}. As previously stated, we will assume the singularities to be ordered with respect to
the filtration. It simplifies the notation and implies that the nilpotent upper triangular connection matrix A has a block
structure. That is, the set of column indices {1,...,n} may be partitioned into consecutive nonempty subsets Jy, Ji, ..., Jp
determined by the indices present in the chain complex as follows. Suppose the distinct indices present in the chain complex
C, in ascending order, are 0 = go, g1,.-., gp- Then |Jg| is the number of critical points of index gs, for s = 0,...,b. If
gs = k, then the first and last column of Js; are denoted by fi and ¢, respectively. Thus the column partition implies a
block partition of A, with the s-th block constituted by entries A;; with (¢, j) € Js_1 x Js. The s-th block is non-null only

if the indices gs—1 and g5 are consecutive integers. If g = k, the columns in J; are associated with the elementary chains

3When there is no danger of ambiguity, the comma between row and column indices is omitted.
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Figure [T]illustrates the block structure of a connection matrix A. This structure may correspond to several different sets
of indices. It is compatible with, for example, one index-0 critical point (go = 0), three index-2 critical points (g1 = 2),
six index-3 critical points (g2 = 3), two index-5 critical points (g3 = 5), four index-6 critical points (g4 = 6), three index-7
critical points (g5 = 7) and one index-9 critical point (¢g¢ = 9). If that were the case, blocks B;, By and Bg must be null.

Furthermore, we would have fo = ¢y =1, fo =2, lo =4, f3 =5, {3 =10, f5 = 11, {5 = 12, fg = 13, lg = 16, fr = 17,

lr =19, fo = by = 20.

Sweeping Algorithm over 7Z

Input

: nilpotent m x m upper triangular matrix A and column partition Jy, Jy, ..., Jp.

Initialization Step:

Iterat

Final

r=20
AT =A

P =1 (m x m identity matrix)

ive Step: (Repeated until all diagonals parallel and to the right of the main diagonal have been swept)

Matrix A update
r—rnr+1

A" = (Prfl)flAOPrfl

[ Markup
Sweep entries of A" in the r-th diagonal:
If A7, #0and A7, does not contain a primary pivot
Then If A contains a primary pivot
Then mark A7 ;. as a change-of-basis pivot

Else mark A}, as a primary pivot

Matrix P update
Pr (_Pr—l
kij
Let I ={i,....0k—1}, J={fo,..., i}, A=AY, c=1J]|

Let x* € Z° be the optimal solution to

For each change-of-basis pivot A’ .. update the j-th column of P" as follows

min T,
subject to Ax = 0
. > 1
x € Z°
P§j<—1:*
Step:

Matrix A update
re—r+1

AT = (Pr—l)—lAOPr—l




The construction of P" is designed to guarantee that all entries below and including a change-of-basis entry are zeroed
out in A", This and other properties of the algorithm over Z will be further explored in Section [4l It turns out that this
step can be considerably simplified when one works with fields, using the fact that field elements have multiplicative inverses.
In this case, one does not need to work with the original matrix A, or A°, but can consider A"~ directly. Since the basis

change will be from A"~! to A", we assign a different notation to the change-of-basis matrix. The algorithm is thus altered.

Sweeping Algorithm over F

Input: nilpotent m x m upper triangular matrix A and column partition Jy, Ji, ..., Jp.

Initialization Step:
r=0
AT =A

M"™ =1 (m x m identity matrix)

Iterative Step: (Repeated until all diagonals parallel and to the right of the main diagonal have been swept)
Matrix A update

re—r+1

AT = (Mr—l)—lAr—er—l

[ Markup
Sweep entries of A" in the r-th diagonal:
If A7, #0and A7, does not contain a primary pivot
Then If Al contains a primary pivot
Then mark A7, as a change-of-basis pivot

Else mark A7, as a primary pivot

Matrix M construction
M"™ — 1T
For each change-of-basis pivot AJ; change the j-th column of M" as follows
Let p be such that Ay, is a primary pivot
i My; — =47 /A,
Final Step:
[ Matrix A update
re—r+1

A" = (Mrfl)flArflM'rfl

The following proposition embodies the main properties of the family {AY Al A2 ...} regarding the pattern of certain
zero entries therein. Loosely speaking, it establishes that entries marked as primary pivots in an iteration remain non-null
as the algorithm progresses and that entries below primary pivots and change-of-basis pivots are always null. It is necessary

to show that the algorithm is well defined, that is, the division operation in the matrix M construction step is valid.

Proposition 2.1 Let {A° Al ...} be the sequence of matrices produced by the sweeping algorithm over F. Then



(i) all matrices inherit the block structure of A;
(i) the non-null entries of A" strictly below the r-th diagonal are either primary pivots or are above a primary pivot;
(#ii) primary pivot entries of A" are non-null.

Proof: The statements are trivially true for AY. Assume by induction that they are true for A”. Consider the sweeping
of the r-th diagonal of A”. By the markup rules, if an entry on the r-th diagonal is marked as a primary pivot, then it must
be non-null. Furthermore, there are no primary pivots below it. But since these entries lie strictly below the r-th diagonal,
by the induction hypothesis, they must be null. Now suppose A7, is a change-of-basis pivot. Then, by the markup rules,
A7, # 0 and there is a primary pivot on the same row, say Aj,. Due to the order in which the entries are swept, this
primary pivot, marked at an earlier iteration, must lie on a lower diagonal, and thus to the left of the change-of-basis pivot,
so p < i+ 7. By the induction hypothesis, A7, # 0. We conclude that the change-of-basis matrix M" is well defined.

The matrix M" has unit diagonal and, for each column j such that A7, has a change-of-basis pivot, has precisely another
(off-diagonal) non-null entry. In particular, if A7, = Af 4, is a change-of-basis pivot and A} is the primary pivot on row
i, then My, = —A%/A;j # 0 is in the upper triangular part of the matrix, since p < j. Furthermore, this entry is in the

triangular region above the diagonal and below the block containing the change-of-basis pivot. Figure |2 gives a close-up

of this region of M", showing in gray the position of the relevant change-of-basis pivot, the primary pivot and the block
column column
pj=itr

primary pivot position

containing them in A”.

row ¢ —
1 T \ change-of-basis pivot position
1
row p — 1 r-th diagonal
1
1

1 MT

row j — 1 Jp

l‘f main diagonal
Figure 2: Relative position of non-null entries of M".

Thus the post- multiplication of A” by M" zeroes out the change-of-basis pivots, since the appropriate multiple of the

column containing the primary pivot is added to the column containing the change-of-basis pivot:

AT, if column j of A™ does not contain a change-of-basis pivot,
(A"M").; = N
AT, — ﬁAfp, otherwise, and A%_  is a primary pivot.

Furthermore, by the induction hypothesis, the entries below primary pivots strictly below the r-th diagonal are null, so this
addition does not introduce non-null entries below the r-th diagonal of A" M” on the column containing the change-of-basis
pivot. Additionally, it does not affect the block structure, since both columns A7, and Afj belong to the same block. Finally,
if an entry on the r-th diagonal is marked as a primary pivot, then, by the markup rules, it is non-null and has no primary

pivots below it. Hence, by the induction hypothesis, the entries below the primary pivot positions on the r-th diagonal are



null, and the entries in the primary pivot positions are non-null. This means that the non-null entries of A" M" strictly below
the (r + 1)-th diagonal lie either on or above primary pivot positions and this matrix also inherits the block structure of A,

It remains to see what happens with the pre-multiplication by (M7)~!. It is easy to see that this inverse is obtained from
M7 by reversing the sign of the off-diagonal entries, so it has the same nonzero pattern as M". Since we're performing a
pre-multiplication, it is more convenient to think in terms of the rows of (M")~t. If A7; is a change-of-basis pivot, and the
primary pivot on row 4 is located on column p, then (M T);jl = A};/A},, where i < p < j, and p and j belong to the same
subset of the column partition, say Jg. Thus, if row p of (M")~! has two nonzero entries, then column p of A" contains a
primary pivot. Pre-multiplication of A"M" by (M")~! will add to row p of A"M" a multiple of row j > p. Because we're
adding to row p a multiple of a row below it, in the same block, this operation won’t disrupt the zero patterns nor the block
structure already established for A"M7. Hence the non-null entries of A™*! strictly below the (r + 1)-th diagonal are either

primary pivots or lie above a primary pivot, and, by induction, the statement is true for all matrices in the sequence. |

Given a non-null entry Af; such that j € Js, with g5 = k, then the i-th row is associated to a (k — 1)-chain, whereas the

T

j-th column is associated to a k-chain. This association is made explicit by the notation Aj, i;- Notice, however, that these

might not be elementary chains any longer. The elementary chain associated to column j of Ax may have been replaced by

a linear combination of the elementary chains hi’“, ..., hi, at some previous iteration.

If AL, jisa change-of-basis pivot, then there is a column, namely, the p-th column, associated to a k-chain such that A} ip
is a primary pivot. Then we have to perform a change of basis on A" by adding to the j-th column of A” the p-th column

r

k s for

of A™ multiplied by (— Zip)*lAZ ;j» in order to zero out the entry Aj ., without introducing nonzero entries in A
s > 4. Once this is done, we obtain a k-chain associated to the j-th column of A™*!. It is a linear combination over F of the
p-th column and the j-th column of A" such that A™+1, i; = 0. It is also a linear combination of hj, columns of A on and to
the left of the j-th column. Hence, the j-th column of A" is an h; column and it corresponds to a linear combination over F
A= Y h
s=fk

of hy columns of A, recall that fi-th column is the first column in A associated to a k-chain. The notation of ai’r indicates
the Morse index k and the j-th column of A". Note that C;T =1.

It follows that the j-th column of A™*! is an hj, column given by

J t
o™= AR gy Y EThy = G T e T T 4 T (1)
s=fk s=fk
oim on

where g, = (=A% ) TLA"y i and c;’TH =1.

Figure [ illustrates the markup process at the r-th iteration. Primary pivots are encircled and change-of-basis pivots are
encased in boxes. The figure shows part of the block associated with index k, as the r-th diagonal is swept.

It is clear that the first column of any Ay cannot undergo any change of basis since there is no column, and thus no
primary pivots, to its left.

Once the above procedure is done for all change-of-basis pivots of the r-th diagonal of A™ we can define a change-of-basis
matrix M", and let A"t = (M")~"1A"M". Equivalently, A™** = (P")"'A°P" where P" = M°M* ... M".

Therefore, the matrix A"™"! has numerical values determined by the change of basis over F of A". In particular, all the

change-of-basis pivots on the r-th diagonal A" are zero in A"™"1. See Figure



s,T s+1,r s+2,7 s+3,r s+4,r s+5,r
Ok O Ok Ok Ok Ok

S,T
Or_1

Us+1,r

s+2,r
Ok—1

Us+3,'r

e 0 0 0 0 0 0
r+1

Figure 3: Diagonals r and r 4 1.

Remark 2.2 Note that the change of bases we perform when we consider the connection matriz with entries in Z are more
complicated, see [CARS]. We add a linear combination over Q of all the hy, columns s of A™ with fi < s < j, where fy, is the
first column associated with index k, to the positive integer multiple of the j-th column of A", in order to zero out the entry

A'I"

ki for s > i. Moreover, this integer multiple of the j-th column of A", which

without introducing nonzero entries in Aj
we will denote by u, has to be the minimal positive integer with this property. The resulting linear combination should be of
the form ﬁf’chik 44 Bj’lhf:l + ﬂjhi where 3% are integers for s = fr,...,J.

The integer u is called leading coefficient of the change of basis. Note that it is the minimal leading coefficient of a change
of basis. Once this is done, we obtain a k-chain associated to the j-th column of A™'. It is a linear combination over Q of

the s-th hy columns f, < s < j of A" plus an integer multiple u of the j-th column of A" such that Aztjl = 0. It is also an

integer linear combination of hy, columns of A on and to the left of the j-th column. In this case, the j-th column of A™+! is

J Jj—1
L i— 1 1 1 :
]T+ Z “!‘ijl Z cg 1,7"h‘]9c T (cfk"r Thfk ;kil rhfk-‘r )+ka C?Z Th£k7 (2)
= ~ —
- ~— okt olk:
ch' ol

or, equivalently,

(el + g1 cf e ap B 4wl g e apenef TR

+ (ucly + g1 YR+ uch h, ®)
with cf’“’ =1 and
T = w4+ gy AT g €7 @
fr = ucy, qj-1Cy, 41:C,,
1 L
Chril = ekl + ] e apacf )T €L ©)
G = udt g e o

10



Jor+l _ g7

; =uc; € L. (7)
t

Note that if the primary pivot of the i-th row is on the t-th column then the rational number q; is nonzero in q; Z T hi

s=fk

C

and such that
A};;Jl = uAj, it @A} ;= 0.

Since u > 1 is unique, the coefficient q; is uniquely defined.

3 Conley Spectral sequence

In this section we present some results which indicate how the sweeping algorithm produces Conley’s spectral sequence. Those
were established in [CARS] for connection matrices over Z. In what follows we present a version for connection matrices over
F.

We will start describing basic properties of the A™’s produced by the sweeping algorithm which are to be used in the proof
of the main theorems. More specifically our attention will be directed towards characterizing properties associated with the
primary and change-of-basis pivots which are essential in determining the spectral sequence.

It is easy to see that all A™’s are upper triangular and nilpotent since they are recursively obtained from the initial
connection matrix A by change of bases over F.

Note that, as in [CdRS], if the entry A}, p—ri+1p41 Das been identified by the sweeping algorithm as a primary pivot or a

change-of-basis pivot then A} ;=0 forall s >p—r+1.
Proposition [3.1] asserts that we cannot have more than one primary pivot in a fixed row or column. Moreover, if there is

a primary pivot in row ¢ then there is no primary pivot in column i.

Proposition 3.1 Let {A"} be the resulting family of matrices produced by the sweeping algorithm applied to a connection

matriz A. Given any two primary pivots Ay, and A% e We have that {i,7} N {m, s} =0.

The proof is completely analogous to the proof for connection matrices over Z given in [CdRS|. Note that this proposition
is also a particular case of Proposition [4.3]

In order to simplify notation, reference to the index k in the matrix A} will be omitted whenever it is not necessary.

3.1 The Spaces E] of the Spectral Sequence

The spaces Ej are determined when we apply the sweeping algorithm to the matrix A. The primary and change-of-basis
pivots of A" produced by the sweeping algorithm play an important role in determining the generators of Z7.
Recall that
By = 20 /(Z,7) + 0250 )

p

where,

Z, ={ce F,C| dce€ F, .C}.

Each hj column of the connection matrix A represents connections of an elementary chain hy of Cj to an elementary

chain hp_1 of Ci_1.

11



The space Z;,k:—p = {c € F,Cy;0c € F,_,Cy_1} is generated by k-chains contained in F,, with boundaries in F,_,. This
corresponds in the matrix A to all the hy, columns to the left of the column (p+1) or linear combinations of these hj columns,
such that their boundaries (nonzero entries) are above the row (p —r + 1) ﬁ

The index k singularity in F}, \ F,—1 corresponds to the k chain associated to the column (p + 1) of A. Hence we denote
this singularity by h?*".

Proposition is an important result since it establishes a formula for Z, j—p using the chains o}"" determined in the

sweeping algorithm.

Proposition 3.2 27

1 - -1 r—p—14f —p—1 , ,
Ty = Bt ypr=lgh =t fer=p Ut leglom =P~ 1IN where fy, is the first column in A

associated to a k-chain and ¢ = 0 whenever the primary pivot of the j-th column is below the row (p —r + 1) and p?¢ =1

otherwise.

Proof: Note that the (fﬁfl*g”ﬁ*é is associated to column (p + 1 — ¢) of the matrix A%. By definition, yP+1=¢7=¢ =1 if
and only if the primary pivot on column (p+ 1 —¢) is above row (p+1—&) — (r — &) = p —r + 1. It is easy to verify that

chains associated to columns with primary pivots below row (p —r + 1) do not correspond to generators of Zy j—p- Consider

a k-chain U£+17§’T7§7 with € € {0,...,p+ 1 — k}, associated to column (p + 1 — &) of A"~¢ such that the primary pivot of
column (p+1—¢) of A™~¢ is above row (p —r +1). For the latter primary pivots we show that O’Z+17§’T7§ is a k-chain which

corresponds to a generator of ZJ. It is easy to see that 02;4-1—5,7-—5 is in F,CY for £ > 0. Furthermore, the step (r — &) in
the sweeping method has zeroed out all change-of-basis pivots below the diagonal (r — £). In other words, all nonzero entries
of column (p + 1 — &) of A”~¢ are above row (p+1 — &) — (r — &) = (p — r + 1). Hence, the boundary of UZH*E’PE is in
Fyp  Crr.

We now show that any element in ZJ is a linear integer combination of Mf""’l_g’“gafﬂ_f”—& for £ =0,....,p+1—k.

This is done by multiple induction in p and 7.

e Consider F, _1, where f, is the first column of A associated to a k-chain. Let £ be such that the boundary of hi’“ is
in ka_l_gc’k_l.

1. Z}rl is generated by k-chain in F'y, _1C}, with boundaries in F, _1_,Cr_1. Note that there exists only one chain
hﬁk in Fy,_1C). Hence
(a) If € < r then Oh{* ¢ Fy,_1_,Ci_1. Thus, Z}, _; =0
(b) If € > r than Ohj* € Fy, _1_,Cy_1. Thus, Z}, _, = F[h]*]

2. On the other hand, a,{"’r is a k-chain associated to column fj of A”. Since there is no change of basis caused by

the sweeping method that affects the first column of Ay, 07" = hi’ﬂ. Furthermore, p/*7 = 1 if and only if the

boundary of hi’“ = J,{’“T is above the r-th diagonal. Hence
(a) If € < r then pf*" = 0. Thus ]F[uf’“’”or,{’“r] =0

(b) If € > 7 then p/*" = 1. Thus Flp/*"a/*"] = Flo{*"] = F[h{*].

Hence Z}, | = F[uf’“’"al’:’“r].

4The expressions ”above the row” and ”to the left of the column” shall include the row or column in question, whereas the expressions ”below

the row” and ”to the right of the column” shall not include the row or column in question.
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e Let diagonal & be the first in A that intersects Ay. All the columns of A corresponding to the chains h£+17 e hi’”

have nonzero entries above the diagonal £, thus, above row (p — & + 1) of A.

1. By definition Zgl is generated by k-chains contained in F},Cj with boundary in Fj,_¢, Cj—1. Since the columns
of A associated to the chains hiﬂ, .. .,h{:’“ have nonzero entries above row (p — & + 1), this implies that the

boundaries are in F),_¢, Cy_1, i.e.,

Z§ =FRyT, . hjr.

2. Since nonzero entries in the columns of A associated to the chains hi“, ceey h{:’“ are all above the diagonal &,

then Ui’él :hi,j:f;ﬁ...,p—i—l and 7€ =1, j = fu,...,p+ 1. Hence,

Flurtbéigh e L pfedimp=ttiego@mp=i i) — plpptt o pf).
Therefore, Z§! = Flppt1:&gP ™08 | pfesimp=ltfigliotimp=it /i)
e We assume that the generators of ZT 1 correspond to k-chains associated to o) =g 5, ¢&E=1,...,p+1— fr whenever

the primary pivot of column (p + 1 — &) is above row (p — r + 1). If the primary pivot of column (p + 1) is below row
(p—r+1) then Z; = Z;j and it is the case when pP*1" = (0. Suppose now that the primary pivot of column (p + 1)
is above row (p —r + 1). Let by, ,...,bp41 € F and by = b”“hp+1 + et 17f’~"h£’c be a k-chain corresponding to an
element of Z7, . We know that by is in F), and its boundary is above row (p —r +1). If W1 =0 then by, € 2"~

and the result follows by the induction hypothesis. Suppose P! £ 0.

Thus we can rewrite b as

b = b7 O 4 (b7 — P TIRE 4 (b — bR

Note that by — byi0l ™" = (b9 — bPHLETL)RY 4 - (b — bp“c?:l’r)hi’“ € F,_1. Moreover, since bh; and
o™ have their boundaries above row (p — 7 + 1), then the boundary of b, — b*+1a?*tH" is above row (p — r + 1).
Hence by, — bPH1ol ™" ¢ ZT_1 By the induction hypothesis we have that by, — bPT1ol ™" = g uPr=tgb™™! 4. 4

afkﬂfk,rfpfurfkg]{w P=1+fr 5 o

1 1, ,r—1 ,r—1 r—p—1 r—p—1
f)ksz+ O'er T—l—ap,ul” O’ir +"'+afk//4fkrp +kaIJ:kTp +fi

|
Note that sometimes the index j in A’ is negative and in this case we adopt the following convention: when j < 0 we
have A7 = A.

The next lemma establishes a formula which is used in Theorem [3.41

r—1
Lemma 3.3 Suppose that 02" H 1 (k1) — (pr—1) QZP Lk—(p—1)" Then

Z; 1,k—(p—1) +02 p+r 1,(k+1)—(p+r—1) — Z;
. r—1 r—1 .
Proof: Since 6Z 1 (1) = (pr—1) ¢z . 1 F—(p—1) then Zp k-1 T 8Zp+7,_1 (k+1)—(ppr—1) 18 8 subspace of

p+1,r p+1 r  pr—1_pr—1 fre,r—p—1+fr fr,r—p—1+fr
pk,‘p = Flu O s 1 Oy ey T "oy, ]
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but it is not a subspace of

or—1_p,r—1 —1,r—2 _p—1,7r-2 r=p—1+fr fr,r—p—1+fk
P ol , 1P ol . fr,m—p fko—k ]

—1 o
2ty = ! o
+1,r — -1 -1 _
Then P57 =1 and 2,75 + 02,00 ) k1)~ (par—1) = Zp-
|
When we have a chain complex and a connection matrix over Z this formula is harder to be obtained since it detects
torsion in the spectral sequence. In this case, when 8Z;_‘__r1_1,(k+1)_(p+r_l) ¢ Z;:ik_(p_l) then
-1 -1 — p+1l,r pr—1_pr—1 o, r—p—1+fr fr,r—p—1+Fk
Zy 1oty T 0Ly 1 ey~ par—ty = ZUOT T PTG ple T ‘]

where

_ r4p,r—1 p+lr—1 Ar—1 Frttofrer1—p—1 P+ fep1—p—1 A frp1—p—1 +1,7
b= ged{p A T Y pt1 AL e

fx is the first column associated to a k-chain and fgy; is the first column associated to a (k + 1)-chain as it can be seen with

more detail in [CdRS].

Theorem 3.4 The matriz A" obtained from the sweeping algorithm applied to A determines E.

Proof:

We have to prove that

r A _ ngk—P
p,k—p — r—1 r—1
Zy 1 h—(o-1) T OZp e 1 (k1) (pr—1)

is either zero or a finitely generated space whose generator corresponds to a k-chain associated to column (p+ 1) of A". The

entry Ap_, 1,11 is on the r-th diagonal and plays a crucial role in determining the generators of EJ , . Since Ap_, 1 1y

is a nonzero entry on the r-th diagonal, it can be either a primary pivot, a change-of-basis pivot or it is in a column above

a primary pivot. A zero entry can be in a column above a primary pivot or all entries below it are also zero. The proof is a

consequence of formulas obtained in Proposition and Lemma considering each one of the possibilities for A7, 4.

1. Suppose the entry A7_, ., . has been identified by the sweeping method as a primary pivot. Then Af ., = 0 for all

s > p —r + 1. Therefore, the chain associated to column (p + 1) in A" corresponds to a generator of Z, g—p- By the

sweeping method this chain is a linear combination over F of the hy columns of A to the left of column (p + 1) such

that the coefficient of column (p + 1) is 1. This chain is o

p+1,r
O

P and since the coefficient of column (p + 1) is nonzero,

. . . r—1
is not contained in the generators of prl,kf(pfl)'

Claim 1: If A7, ., . has been identified by the sweeping method as a primary pivot then 8Z;;:_17(k+1)_(p+r_1) C

r—1
Zp 1 k—(p-1)"
The generators of Z;;Ll’(kﬂ)i(pwfl) must correspond to (k + 1)-chains associated to hi41 columns with the

property that their boundaries are above row (p+1) and consequently all entries below row (p+ 1) are zero. Hence
the entries of these hx11 columns on row (p 4+ 1) must, by the sweeping method, either be a primary pivot or a

zero entry. See figure [

By Proposition row (p + 1) cannot contain a primary pivot since we have assumed that column (p + 1) has

a primary pivot. Therefore, the entries of these hyyi columns in row (p + 1) must be zeroes. It follows that

YA does not contain in its set of generators the generator ai“’T. The claim follows.

ptr—1,(k+1)—(p+r-1)
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p—r+1,r
Ok—1

p+1l,r

p+r—2,r
k+1

p+r—1,r
Ok+1

p+r,r
Ok+1

p+r+1,r
Ok+1

p+r—2,r ptr—1,r p+r,r

p+r+1,r

15

p—r+l,r p+1,r
Ok—1 Ok Ok+1 Ok+1 Ok+1 k41
A rt1p+1
0
0 \ . \ .
0 0 * @mwﬂ
RO
. . r—1 r—1
Figure 4: 02, 1 (b1~ per—1) € Zp-1h-(p-1)°




p—r+1,r p+1,r p+r—2,r p+r—1,r p+r,r p+r+1,r
Ok—1 Ok Ok+1 Ok+1 Ok+1 Tk+1

p—r+1,r N K
Ok—1 \\\\\\\<§i:f+Lp+1

p+1,r N !

pr—2,r
Ok+1

p+r—1,r
Ok+1

ptr,r
Ok+t1

p+r+1,r
Ok+1

. . r—1 r—1
Figure 5: 8Zp+T_17(k+1)_(p+T_1) g Zp—l,k—(p—l)'

By Proposition |3.2| we have that £}, = Flo? 7).

2. If the entry A7, ., is identified by the sweeping method as a change-of-basis pivot then the sweeping method

guarantees that A;t}"-i-l,p-i-l = 0. Furthermore, Af ., = 0 for all s > p —r + 1 and, like in the previous case, the

generator UZH’T corresponding to the k-chain associated to column (p + 1) in A" is a generator of Zy kep
Thus we have to analyze row (p + 1). There are two possibilities:
(a) 82;;:71’(k+1)7(p+7ﬂ71) C Z;:ikf(pfl), i.e, all the boundaries of the elements in ZZ”)‘;:fl,(kJrl)f(errfl) are above
TOW P.
In this case, as before, by Proposition ﬁ B = F[ai"’l’T].
(b) 5‘Z;;T171’(k+1)7(p+%1) ¢ Z;:ll,kf(pfl)’ i.e, there exist elements in Z;;71171,(k+1)7(p+r71) whose boundary has a

nonzero entry in row (p 4+ 1) which is necessarily a primary pivot. See figure

By Lemma [3.3|and Proposition[3.2 E} , = 0.

3. If the entry A7, .4 . is nonzero, but is not a primary pivot nor a change-of-basis pivot then it must be an entry

T

sp+1 is a primary pivot. It follows that

above a primary pivot. In other words, there exists s > p — r 4+ 1 such that A

p+1l,r . . r r—1 _or T —_
o is not in Zp,k_p. Thus, Zp—l,k—(p—l) = an_p and hence Ep7k_p =0.
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4. If the entry A7, 4 1 is a zero entry we have the following possibilities:

(a) There is a primary pivot below AJ_ 41 pt1 1€, there exists s > p —r + 1 such that A7 |, is a primary pivot. In

this case the generator ai“’r corresponding to the k-chain associated to column (p + 1) is not a generator of Z,
-1 s _
and hence Z;_Lk_(p_l) = Z, j—p- 1t follows that E , = 0.

p+1,7m
k

(b) AL 41 =0forall s > p—r+1. In this case, the generator o corresponding to the k-chain associated to column

(p+1)in A" is a generator of Z, Thus we must analyze row (p+ 1). We have the following possibilities:

k—p-
i. aZ;J:rlfl,(kJrl)f(errfl) - Z;:ikf(pfly i.e, all the boundaries of the elements in Z;thfl,(k+1)7(p+r71) are
above row p.
In this case, as before, by Proposition E B = F[ai“’r].
ii. aZ;-i_-i—l,(k—i-l)—(p—i-?"—l) ¢ Z;:ik_(p_l), i.e, there exist elements in Z;—:j—l,(k—&-l)—(p—&-r—l) whose boundary has
a nonzero entry in row (p + 1). By Proposition and Lemma ok—p = 0.

5. The entry A7_, ;1,4 is not in Aj. This includes the case where p —r +1 <0, i.e, A7, ., ., is not on the matrix

AT
The analyzes of E is very similar to the previous one, i.e, we have two possibilities:

(a) There is a primary pivot in column (p 4+ 1) in a diagonal 7 < r. In this case the generator corresponding to

the k-chain associated to column (p + 1), aﬁﬂ’r is not a generator of Z ;. Hence Z;:ikf(pfl) =7, and
=0.

T
p,k—p
(b) All the entries in A" in column (p + 1) in diagonals lower than r are zero, i.e, the generator corresponding to the

p+1,r
k

k-chain associated to column (p+ 1), o in A" is a generator of ZJ ;. Then we have to analyze row (p+1).

. —1 —1 o . r _ +17'r
LIHO0Z . einy—pir—1) € Zp 1k (p_1) then, by Proposmon Er ., =TFlop "]

.. 1 -1 s oo
W IE0Z) ) ) () ¢ Z) ") j—(p—1) then, by Proposmon and Lemma E ., =0.

3.2 The Differentials of the Spectral Sequence

We will describe how the sweeping algorithm applied to A induces the differentials d, : Ej) — Ej_,. in the spectral sequence.
The results obtained in the case of a complex and a connection matrix over Z can be seen in [CdRS]. We will denote by fi

the first column of a connection matrix associated to a k-chain and by fi41 the first column associated to a (k + 1)-chain.

Lemma 3.5 Let Ej = F[0Z+1’T] and suppose that Aj_, .y 1 is a zero entry with a column of zeroes below it. Then

1 If Ay ey 18 @ primary pivot, E;jcl_p =0.

r , . Loprdl o ptlr+l
2. If AL Ly pirsr 8 a zero entry with a column of zeroes below it, £}~ = Floy ].

Proof: Since AJ_, 1,41 18 zero with a column of zero entries below it then O'£+17T+1 € Z;j;l_p

Z;jcl_p. Moreover, since E}, = IF[UZH’T] then 8Z;;T171,(k+1)7(p”71) C Z;:ikf(pil). But the difference between 02"}

and hence Z;_Lk_(p_l) G

17
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and 8Z;+T’(k+1)7(p+r) is that the last one includes the boundary of column (p + r 4+ 1). The element in column (p 4+ r + 1)

and row (p+1)is A) 4,

r . . . r r r+1

If Ap+17p+7“+1 is a primary pivot then 3Zp+r7(k+1)_(p+r) g Zp—l,k—(p—l) and Ep,k_p =0.
r _ r r r _ +1,r

A 1 =0thendZ iy 0y © 27 1,y and, EpF =Flop™ "]

—_r

Theorem 3.6 If £ and E,,_, are both nonzero, then the map dy, : E;, — E}

o—r is induced by oy, i.e, multiplication by the

entry Ay, ,+1 whenever it is either a primary pivot or a zero with a column of zero entries below it.

Proof: Suppose that Ej and E,_, are both nonzero. We must show in each of the following cases that
Ker ¢}, _ et
Imoy ., P

Since we want Ej nonzero, it follows from Theorem that we must consider three cases for the entry A7, .4: primary
pivot, change-of-basis pivot and zero with a column of zeroes below it. However, if A7 . ., is a change-of-basis pivot then
there exists a primary pivot in row (p —r + 1) on a diagonal below the r-th diagonal and hence E;_, = 0. Hence, whenever
E} and Ej_ . are both nonzero, the entry A7, ., ., in A" is either a primary pivot or a zero with a column of zero entries

below it.

1. Suppose AJ_, 14,41 is a primary pivot.

In this case E} = Flo?*""] and By, = Flo?~7"""]. We have the following sequence:
p—r+4+1r 6; p+1,r 6;+T E"
< F[Gk—l ] =< F[Uk ] p+r (8)
Kerd]
Since J;, : Flo?*h"] — F[o?~7"""] is multiplication by A} i1 p+1 7 0 then Kerdy = 0. Hence ﬁ =0.
p+r
On the other hand, since Aj_, ., .4 is a primary pivot then oh Tt = Ghthr g Zpt. Thus ZJth = Z7 | and

r+1 _
Ejt =0.

r _ . : : T __ T p+l,r _ _pt+lr+l
2. Suppose A} _, 1,11 = 0 with a column of zeroes below it. In this case Kerd, = E} and oy, =0y .

(a) If Aj ;1 ,4r41 IS an entry above a primary pivot then we have Ej ., = 0 and hence Imdj,, = 0. Thus,

Ker (5;

Im 5;+T

= £l

On the other hand, since P+ 1" = 0 then E}*! = E7.

= 0 with a column of zero entries below it then Im =0 an
b IfA;H,erTJrl 0 with 1 f ies below it then I (5;+T 0 and
Ker ¢, _ g
Imoy . P
On the other hand, it follows from Lemma that E;H =E,.
(c) f AJ ;i rq1 is & primary pivot then EJ = F[U£+1’T] and B, = F[a£+r+l’r].
ET" 5y p+1,r Sptr p+r+1,r
B P—r<;IF[0';~c ]%F[Omﬂ ] <~ (9)
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Therefore,
Ker d) _ FloPth"] o
Imoy,,  Flop™]

On the other hand, since A}, .. is a primary pivot, by Lemma E;Zl_p =0.

We have seen that in all cases

T T

Kerdj, el Kerd,
8 - “pk—p — ro

Imdy., Iméy.,,

|
These results are also true for connection matrices over Z, see [CdRS|, however the proofs are intrinsically more difficult

due to the presence of torsion in the homology.

4 Properties of the sweeping algorithm over 7Z

Computational experiments with the sweeping algorithm over Z, significantly expanded with the aid of its computer imple-
mentation and of the random generator of matrices A, described in Section led to the conjecture that the final matrix
produced by the sweeping algorithm over Z is integral. The very nature of the sweeping algorithm made it reasonable to
expect the occurrence of fractional numbers in the A™ matrices, which was quickly confirmed. On the other hand, it was
somewhat puzzling to witness the consistent disappearance of these fractional numbers at the end of the algorithm. Beyond
its immediate relevance, there is the fact that this result opens up the door to interpretations of the final matrix, and in-
stigates investigation into the information it might carry. In this section, we conduct an algebraic study of the sequence of
matrices produced by the algorithm, establishing properties that eventually lead to the desired result.

The algorithm included in Section is in an equivalent, albeit slightly different, format from the one described in [CdRS].
The difference lies in the matrix P update step. We begin by establishing that the algorithm is well defined. This is a

consequence of the following proposition, analogous to the one presented for the sweeping algorithm over F.

Proposition 4.1 Let {A° Al ...} and {P°, P!, ...} be the sequence of connection and change-of-basis matrices, respectively,

produced by the sweeping algorithm over Z. Then the following are true regarding these matrices:
(i) All matrices {A° A, ...} inherit the block structure of A°.
(ii) The non-null entries of A’ P~ strictly below the r-th diagonal are located on or above a primary pivot position.

(i4i) The non-null entries of A" strictly below the r-th diagonal are either primary pivots (always non-null) or are above a

primary pivot.

(iv) The change-of-basis matrices P" have the following block upper triangular structure: it is block diagonal, block k has

entries with indices in Ji X Ji, fork=1,...,0—1, and each block is upper triangular and invertible.

Proof: The matrices A? and P° = I trivially satisfy the proposition. The proof is by induction.

Suppose by induction that (i)-(iv) are true for A™ and P"~!. Given a change-of-basis pivot Al iitr = Ay With j € Jg
such that g5 = k, let A = AY,, where I = {i,..., 0,1} and J = {fg,...,j}, see illustration in Figure @ Let ¢ = |J|.
Consider the corresponding entries in A”:

L= (Prhrlacer
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Given that the inverse of an upper triangular matrix is also upper triangular, the inverse of P"~! shares its block upper

triangular structure. Thus, we may rewrite the previous equality as

T r—1\—1 A0 r—1
IJ*(P )IIAIJPJJ .

Jus ] «— 4-th row

I

j-th column

Figure 6: Submatrix A determined by a change-of-basis pivot in position (4, 7).

By the markup rules, there is p € J; such that A, is a primary pivot. Then, by the induction hypothesis, A}, = 0, for

¢/ > i. Thus, the ¢ X 1 column vector y given by

A?p? ifj/'i_zk—l :j7

yj/ = _AT

ij) ifj/+€k—1:p7

0, otherwise,
is a rational solution to the linear system
17y =0,
since P"! and A? are integral. This implies that the rational vector z = P;;l y satisfies

Az =0.

Furthermore, since P"~! is block upper triangular and invertible, z, = Pjrj_lyC # 0. Therefore, an appropriate multiple of Z

solves the integer linear program of the change-of-basis update step:

min  x.
st. Az = 0
z. > 1
x € Z°

The above integer program is thus feasible, bounded by construction (since z. > 1) and the data defining it is integral. It
is a well known consequence, see [NW], that it has an optimal solution z*. Hence the matrix P update step is well defined.
Notice that z7 = u, the leading coefficient associated with the change-of-basis pivot A7

The components of the optimal solution x* will replace entries of P™~1 in positions (f, ), ..., (j,4). Thus the change-
of-basis matrix P" is integral, has the same block upper triangular structure, and is invertible, since the diagonal entries that
may have changed (one for each change-of-basis pivot) were replaced with positive (since % > 1) entries. Condition (iv) is

verified for P". The matrix update rule implies that condition (i) is satisfied.
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By construction of P", only columns containing change-of-basis pivots detected on the r-th diagonal change from A°P7—1
to AYP". In particular, the construction of P" implies that entries in positions (i, j), ..., (¢gk—1,J) are zeroed out, for j € Jj
such that A7, = A;’j is a change-of-basis pivot. Thus, columns containing primary pivots, either on or below the r-th
diagonal, do not change. Hence, by induction and the markup rules, A’ P" satisfies (ii).

Matrix A" is obtained pre-multiplying A°P" by (P")~!. The fact that (P")~! has the same structure as P" implies
that, in the pre-multiplication, a row i € J,; of A°P" will be replaced by a linear combination of rows 4, i + 1, ..., {,
with the coefficient of row i being non-null. Thus, since we have already established that A°P" satisfies (ii), it follows that
(PT)"YAYPr satisfies (iii). |

The following corollary is a consequence of Proposition and the sweeping algorithm over Z. The markup rules imply
the uniqueness of the primary pivot below a nonzero entry, since each column may have at most one primary pivot. The
relative positions of the rectangular blocks of AT, the last matrix produced by the sweeping algorithm over Z, and the
triangular blocks of P#~1 are illustrated in Figure [7l Notice that, since the columns j, for j € J;, are null, block 77 is an

identity matrix of order Jy, for all r.

Corollary 4.2 Let A" be the last matriz produced by the sweeping algorithm over Z. Then

(i) The primary pivot entries are non-null and each non-null entry is located above a unique primary pivot.

(ii) The s-th block of AT is given by

B = (TSN BII, Jor 1<k <b, (10)
where Bs = Ay, 7.
Jy Jo J3 Jy Js
Jo NN —N—— AN
BT g
1 - TR
B 1
1
R—1
I
Byt
AR — PR—l — TR,1
3
BE .
=il
Iy
B
R—1
Ty
BJj
Jes 1 Té%71

Figure 7: Block structures of A" and PR-1

The sweeping algorithm leads to a complementary relation between a column j € J, of A® containing a primary pivot
and its j-th row, established in the following proposition and illustrated in Figure [8| Notice that this proposition is valid for
both versions of the algorithm, over F and over Z, since it follows from the zero pattern established in Proposition for F

and in Proposition for Z.
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non-null columns m

k
*[ . .
— BPR | * primary pivot
0---0 | ¢
0---0 |+
BY, null rows
0---0 |«

Figure 8: Complementarity relation between columns of B and rows of B ;.

Proposition 4.3 Let AT be the last matriz produced by the sweeping algorithm over Z. If the j-th column of AT is non-null,
then its j-th row is null, or, equivalently,

ARAR =0, for all j. (11)

Proof: Equation is trivial when Af%j is a zero column. So suppose Aﬁ» # 0. By the inherited block structure

established in Proposition there exists s such that j € J;. By Proposition the non-null columns of Af are precisely

R

the columns containing primary pivots. Label the primary pivots of block s in increasing order of row index: if Ajl, ., ...,

Afﬂ-a are the primary pivots in block s, then 47 < 49 < --- < i4. Thus, ji1, j2, ..., jq are the non-null columns of the s-th
block of AT, Furthermore, Aﬁ j. 1s the unique nonzero entry of row Affz', row ig_1 has a nonzero entry in column j,_1 and
may have another one in column j,, and so on.

The fact that AZ is nilpotent implies that

0=AF AR =Af, AT

tafa " JaJ"?

for fixed arbitrary j’. Using the fact that the primary pivot entry is non-null, we conclude that Aﬁ j =0, for all j'. Repeating
the argument for i,_; and using the fact that the j,-th row of A is null, we establish that its j,_;-th row is null. The
nullity of rows j,_o2, ..., j1 of A® follow analogously. |

In the proof of the main result, we need the following modified version of Proposition [4.3
Corollary 4.4 Let AT be the last matriz produced by the sweeping algorithm over Z. Let k = g,. Then
By(TF) (TR Byy);. = 0, (12)
forj+4Lx_1 € Js, and s € {1,...,b}.
Proof: Let j=j 4 {1 € Js, for s € {1,...,b}. Then, equations and imply
0 = AF AR

s—17 77 Js41

= (L5 BN (T Ben T ;.

= (TEH BT ()™ Ben T (13)
Pre-multiplying by TSR__l1 and post-multiplying by (Tslf”‘__ll)_1 gives 1' |

We may now prove the integrality result.
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Theorem 4.5 The last matriz A" produced by the sweeping algorithm over Z is integral.

Proof: By Corollary it suffices to show that the rectangular blocks B are integral. By the integrality of P#~1 and
, it is sufficient to show that (TF#~1)~y = « is integral, where v is a fixed arbitrary column of By, for s € {0,...,b—1}.

Or, equivalently, we need to show that the unique solution of the linear system

TE 1o = (14)

S

is integral. Notice that we need only consider s € {1,...,b— 1}, since T = I, for all r.

Now Tf~! is upper triangular, which means that system is ready to be solved by back substitution. This is the basic
tool behind the constructive proof that follows. The values of the components of o are calculated in reverse order, from the
last to the first one. As soon as a component is calculated, its value is inserted in the system, producing a system with one
less variable. Of course we need induction to ascertain that this iterative procedure will work with arbitrarily sized systems.

Let ¢ = |J,|, the order of T2~1. Let p = |Js_1], so block By is p x q. Notice that row and column indices of a block are
shifted with respect to the indices in the whole matrix. If, for instance, g, = k, then (Bs)ij = Ay, j+0, .- Integrality
of a4, the last component of «, will result from the rules for the construction of the change-of-basis matrix and the fact
that BsBs11 = 0, a consequence of the nilpotency of A. Replacing the value obtained for oy in the system amounts to
removing the last column of the coefficient matrix and updating the right-hand-side. In order to proceed we need to show
how to “update” the other matrices involved in the integrality argument.

We introduce some notation to simplify the induction argument. Let A = B, = Ay, ., v! = v = (Bsy1).q be a fixed

arbitrary column of block s+ 1, and U! = T#~!. In the new notation, system (14} becomes
Ula =o', (15)

Instead of working with a sequence of shrinking systems, we construe the back substitution procedure as generating a sequence
of equally sized linear systems equivalent to , but increasingly easy to solve. As the i-th system U'a = v’ is considered,

the last ¢ — 1 components of « have already been computed. The relevant matrices have the following characteristics:

(a) The first ¢ — 4 + 1 columns of U* coincide with the first ¢ — 4 + 1 columns of U, while the last i — 1 columns of U? are

equal to the last i — 1 columns of a g x ¢ identity matrix. Notice that this makes U* upper triangular and invertible.

(b) The last i — 1 columns of matrix A%, the update of matrix A = By, coincide with the last i — 1 columns of matrix

B TE-1 while the first ¢ — i + 1 columns of A’ retain the original values.

(c) The last i — 1 components of v® contain the (integral) values already obtained for the last i — 1 components of «, that is

(Tfﬁl)qﬁlv, cey (Tfﬁl)qf_li_%.v. The first ¢ — i + 1 components of v* have been updated to take into account the fact
that the variables ayq, ..., ag—;y2 have been eliminated from the first ¢ — i + 1 equations. They are integral, as well.
(d) A" = A’i,{l,...,q—i—&-l}U:L{l,...,q—i—&-l} =0.

At the end of the back substitution, U9T! = I, A"l = B,TE"1 and a = v9T! = (TE-1)~lv. Matrix equations will be
presented that produce sequences of matrices with the prescribed characteristics.

We start the induction proof by calculating ay. Since U s upper triangular, we have

Ul

g = . (16)

=7
Usq
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There are two possibilities for the last column of the k-th block: at some point of the sweeping algorihtm it contained a
change-of-basis pivot or not. In the latter case, this last column was not altered during the sweeping algorithm and, since
the change-of-basis matrix is initialized with the identity matrix, U, }q = eq, so that ay = v; /1 and thus clearly integral, since
v, a fixed arbitrary column of B, 1, is integral.

Now suppose the last column of the s-th block contained at least one change-of-basis pivot during the sweeping algorithm.
By the rules for the change-of-basis matrix update, each time a change-of-basis pivot is marked in a column of a block, say
block s, the corresponding column in the triangular block of the change-of-basis matrix, located just below block s, is updated.
The old column is superseded by the vector obtained in the solution of the minimization problem constructed in the update
step. Thus only the last change-of-basis pivot occuring in that column need be considered. Letting g5 = k, the position of this
last change-of-basis pivot in the connection matrix is (3, ;). The corresponding position in A! is (i,q) = (i—fx_2, — lr_1).

Then z = U }q is the optimal solution to the optimization problem

min Tq
subject to Al x = 0
(17)
g > 1
x € Z9,

where I = {i,...,p}. If Ul}q is a divisor of v;, then implies o is integral. Suppose not. The nilpotency of A implies that
v! belongs to the null space of A', which means +v! are integral solutions to the system A} x = 0. Therefore, if Uqlq is not a
divisor of v}, the optimality of U], implies U,, < |vj|. Consider the following linear combination, with integral coefficients,

of v! and U],:
_ 1y, 1 g Ul
w = sgn(v,) v — ot | Ve

By construction, w satisfies the constraints of , and wy < U},

. . . . 1 1 . .
qq» contradicting the optimality of U;,. Thus U, is indeed a

divisor of v, and oy is integral.

Now let

11
0O --- 0

The fact that U is upper triangular and invertible implies that D! satisfies these same properties. Letting U? = (D*)~1U!,

a straightforward calculation gives

0
2 _ (ply=1771 _
U= (D)7 U = Ul |~ | Ulga ’
0
1
so U? satisfies (a). Letting
A2 — AlDl
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we see that A2 satisfies (b). Pre-multiplying by (D')~!, we obtain the equivalent system
U?a = (DY) 'U'a = (DY) 1ot =02 (18)

Notice that, by construction, v? belongs to the null space of A2, since

A%? = A'DY(DY) 1! = 0. (19)
Since UZ, = €4, we conclude that
2 _ Y 2 _ 1 _ 2771
vy = U—‘i and v; =v; —v Uj, forj=1,...,¢—1,
qq

which implies that v? is integral and satisfies (c).

Finally, implies
A2 vl = Bs(TsR_l)-q ((TSR_I)_lBs-H)qa =0. (20)

qq

Therefore, using and , we have
0= A% = A?,{l,4..,q—1}”f17...,q—1} +A%ug = A?,{l,---7q—1}v?1,-~7q—1}’

which means (d) is also satisfied.

Now assume by induction that the linear system U'aw = v is equivalent to (15), that A%, v’ and U satisfy (a), (b), (c)
and (d).

Again there are two possibilities for column ¢; — i + 1 of the s-th block: it contained a change-of-basis pivot or not.
The latter is the simplest case, as before, since then Uf7q7i+1 = U}7q7i+1 = eq—it1 and og_;41 = véﬂ-H/Uéﬂ-Jquﬂ-Jr1 =

Uéfi+1/U;7i+l,q7i+1 = véfiﬂ/l € Z, by the induction hypotheses. On the other hand, assuming there was a change-of-basis

pivot in column ¢ _1 — i + 1, the column vector z = Ufl i1} g—idl = U{l1 i1} ,g—idt is the optimal solution to
min Tg—i+1
i _
8.t. AI,{l,--~7q—i+1}x =0 (21)
Tgoiv1 = 1

x € Zai+l

where I is some nonempty subset of the rows of A’. Then, if Ul ;,, ;. is not a divisor of v}_, ,, optimality of
Ul g—it1y.g—iv1 mplies Ug_i iy o iy < |vg_iq| since vy, ;4 is feasible for .
But then, the linear combination with integral coefficients

|U(i17i+1|

w = Sgn(vzfﬂrl) Uj[l,...,qfiJrl} - {Ui J UEI,...,qfiJrl},qfiJrl

qg—i+1,g—i+1
is also feasible for (21)) and satisfies wy ;41 < U;—i-s-l,q—z'-s-l’ contradicting optimality of the latter.

Therefore U;;Z-Hﬂﬂ-+1 must divide Uflﬂ-ﬂ and

! i1
q—1
Qi1 = 777 € 7.
g—it+1l,g—i+1
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It remains to show how to update the matrices and vector such that the new set satisfies (a) through (d). Let

1 0 0
Di _ 1 U.i,qfi+1 0 L. 0 , Ui+1 _ (Di)_lUi7 Ai+1 _ ALDZ7
0 0 1
(¢ — i+ 1)-th
0 S 0 column 1

and

vi+1 _ (Di)flvi'

Induction hypotheses and direct computation show that U1, A1 and vi*! satisfy (a) through (d). Therefore, these

properties also hold for U1, A9t! and v?*!, which implies the desired integrality result. |

5 Comments on the Implementation of the Sweeping Algorithm

5.1 Sweeping Algorithm over Z

The computer implementations of the sweeping algorithms over Z and Z, are available for download at [Me]. Also available
is a set of numerical experiments with the algorithms. The algorithms were implemented in Mathematica® 6.0.0.

The implementation of the sweeping algorithm over Z offers the choice of two methods for the matrix P update step.
The first method invokes Mathematica’s built-in Minimize command to solve the integer linear program constructed in the
update step. In the second method, the solution of this optimization program is coded from scratch, using the concept of
the integer normal form of a matrix. This choice is indicated via the optional Boolean parameter Nf. The other optional
parameter is Erp. It should be set to True if one wants the computation of the sequence of differentials (E",d"). Thus, for
instance, after defining a matrix A and a column partition partition, the command

SpectralSequenceConstruction[A, partition]

calculates the sequence {AY = A, Al ...} using the built-in Mathematica command to solve the minimization in the matrix
P update step. On the other hand,

SpectralSequenceConstruction[A, partition, Nf -> True]
indicates the choice of the second method for the matrix P update step. To obtain the computation of the sequence (E",d")
one should use

SpectralSequenceConstruction[A, partition, Erp -> True]
or

SpectralSequenceConstruction[A, partition, Nf -> True, Erp -> True].

The definition of the input matrix can be done entry by entry, but since it usually has a great number of null entries, it

is easier to construct a null matrix of the desired order and then assign the non-null entries separetely. The matrix shown in

Figure [9] (a), for instance, was built using the commands
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A = Table[0, {10}, {10}1;

A[[2,6]]
Al[2,7]]
A[[3,4]]
A[[3,5]]
A[[3,6]]
A[[4,8]]
A[[4,9]]
A[[5,8]]
A[[5,9]]
Alle,8]]
A[[7,8]]

Its column partition is defined with

partition =

{1, 0, 2, 4, 2, 0, 1};

meaning there is one critical point of index 0, none of index 1, two of index 2, four of index 3, 2 of index 4, none of index 5

and one of index 6.

The execution of the function SpectralSequenceConstruction causes the printout of the sequence of A’s, as well as the

expressions of the k-chains oy,’s associated with the columns thereof, as illustrated in Figures[9| (a) and (b). Primary pivot

entries are indicated by means of a yellow background and darker edge. The change-of-basis pivots have blue background

and dashed edges. Null entries are left blank. Only blocks with non-null entries are highlighted. The diagonal being swept

is indicated with a thin gray line.

10
h6

0|0 7|-5
513|2]0
IN=3
=5 B
510
710

(a) Initial matrix

ot -t
0'%3 =h2
oo
o2
AT = 65— 5h-3n
o8t
oot
ot
o2=r

103 _ .10
05 =hg

13

23

33

43

63

73

83

05’ o o3F 03 0 o ol o o o
00| 7|-5
sloi2fo

-~ -2| 0
~1] 1
5(0
7o

(b) Matrix after 3-rd diagonal is swept

Figure 9: Sample output of the routine SpectralSequenceConstruction.

The function SpectralSequenceConstruction returns the number of diagonals that are swept. Hence the command

n = SpectralSequenceConstruction[A, partition, Nf -> Truel
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executes the function SpectralSequenceConstruction assigns to n the number of diagonals. This is useful if one wishes to

examine the several change-of-basis matrices constructed during the algorithm, which can be done with the command
Table[changeofbasismatrix[i] // MatrixForm, i, 1, n]

since the function SpectralSequenceConstruction assigns to changeofbasismatrix[i] the value of P’

The choice of methods for the matrix P update step highlights the fact that, although the optimum value of the min-
imization problem in this step is unique, the optimal solution is not. Figure shows the matrices A? obtained from A?
shown in Figure |§| (b), using both choices. Notice that usmg Mathematica’s built-in Minimize function 02 = —h3+h5+hS,
whereas using the routine based on the normal form 02 = 2h3 — 4h3 + hS. Although the entries in Aj are the same in both

cases, notice that entries in A} are not.

14 2,4 34 44 54 64 74 84 94 104
o . 4 5 o o o & 4 o 14 44 54 64 74 104
0 T2 T2 3 3 3 3 T4 T4 6 [y o'g‘ (rg 4 [ o3 o3 oy 0_‘8‘ 4 0—3‘4 g

=hg (ré‘4 =h}
ot =13 0[O0 7]-5 o =h2 0|0 7]-5
o3 = slojo|o oo slolo]|o
o=l 0|0 o 0|0
o = g% _she_ahg -2| 1 af = o3t =5n3-3n3 3|1
o3 = —h}+ g+ g 5|0 o3t =2hf - 4h3 + 1§ 5|0
A 710 olh=h 710
o’4 = h8 0'4 = h8
94 _ h9 0.34 - hi
104 _ 10 o'éO'A - héO
(a) A obtained using built-in Minimize (b) A* obtained using code based on normal form

Figure 10: Continuation of instance illustrated in Figure [0}

The computation of the differential (E",d") involves a similar optimization problem. Proposition 4.1 and Theorem 4.4 of

[CARS| imply that
ZT

BT
pk—p = = —1
Z 1 k—(p—1) + 8Zp+r 1,(k+1)—(p+r—1)

; (22)

where

r _ +1,r p+1,r or—1_p,r—1 ,r—p—1+4 frr—p—1+fk
Z =ZpP "oy S PTT oy ,...,ufk P f’“a,€ ]

and the remaining terms have analogous expressions.

As the sweeping algorithm proceeds, we may express the various ¢’s as integer linear combinations of the elementary h’s.
Figures [11] and [12| shows a typical situation involving the computation of Ef and E§. By construction of , the matrix
containing the coefficients of the generators in Z7 , _ has one column more than the matrix containing the coefficients of the
generators of Z 1 ke (p—1)" Let A be the matrix containing the coefficients of the generators in ZT T1k—(p—1) followed by the

coefficients of the generators in 02" Let v be the vector containing the coefficients in the expression of

+T 1,(k+1)—(p+r—1)"
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/Lp+1’TO'Z+ " as a linear combination of i’s. Consider the minimization problem

min «
subject to Az = av
a>1

ri, o € L, Y i.

The the quotient space is: (i) Z[/ﬁ’“”“oz“’r] if problem is infeasible, that is, it is not possible to express a positive
integer multiple of v as an integer linear combination of the columns of A, (ii) {0} if the optimum value of is 1, and
(iti) Zo- [PtH7 T if the optimal value of is o* > 1. In the example shown in Figure|11] it is easy to conclude that
Ef = Z[uS*05" = Z]—h4 + h3 + h] and E} = Z;[h}], since Tu" 4oyt = dudlo + 0p®20)% + 2utlogt — 5u%3053 ) and

T4, 74

this is clearly the smallest possible multiple of p" that can be expressed as an integer linear combination of the other

generators in the denominator.

E
ph2og? yS3 03 84 ol
hi |0 -3 -1
Nunerator: h3 |0 5 1
h§ |0
hj |0 0 0
Denoni nat or:
ph2 k2 5353
hi |0 -3
1st term of denonminator: h3|0 5
hS |0 0
hi |0
OUS,Z O_S 2 C»3“9 3 o_9 3
hi |0 -3
2nd termof denominador: h3}|0 5
hS |0
hi |0

Figure 11: Matrices involved in the computation of E3, for A shown in Figure @
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&L

4,1 4,1 52 .52 6,3 .63 7.4 1,4
O3

H O3 = H O3 M O3
hd |1 0 0 0
Nunerator: h3 |0 1 0 0
hS [0 0 1 0
hi|o 0 0 1
Denomi nat or:
phtogt 5203 183033
hd |1 0 0
1st term of denominator: h3 |0 1 0
hS |0 0 1
hi|o 0 0
6/,18'1 og, 1 6H9,2 09 2
hg (1 3
2nd term of denoninador: h3|-5
hs
hi|7

Figure 12: Matrices involved in the computation of Eg, for A shown in Figure @

5.2 Sweeping Algorithm over Z,

The implementation of the sweeping over Zs is considerably simpler. The pertinent command in this case is
BinarySpectralSequenceConstruction[A, partition]

where A and partition have the same meaning as before. Examples may be easily constructed by noting that, if A is a

integer nilpotent matrix, then A mod 2 is a (binary) nilpotent matrix with respect to the field Zs. Figure [13|illustrates the

program’s output in this case.

5.3 Numerical Experiments

Several numerical experiments are available for download at [Me]. There are two versions of the notebook with the numerical
experiments:
SweepingAlgorithm ExecutedNumericalExperiments.nb
and
SweepingAlgorithm NumericalExperiments.nb

Both contain the commands for generating 15 integral connection matrices and 8 binary connection matrices and the com-
mands for running the appropriate version of the sweeping algorithm, but only the former contains the corresponding output
as well. Any notebook may be perused with the freely available Mathematica player from Wolfram, see description at
http://www.wolfram.com/products/player/. The full Mathematica program is needed to execute the commands in a

notebook.
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Figure 13: Example of the sweeping algorithm over Zs.

5.4 Random Connection Matrix Generator

The routine for generating random integral connection matrices is invoked with the command
RandomConnectionMatrixGenerator|n];

where n is the desired order of the matrix. It accepts three optional parameters:

(i) seed: the integral number to be used as a seed for Mathematica’s built-in pseudorandom number generator. Although
it is not necessary to supply a value for this option, it is a good policy to do so, in order to be able to replicate the

outcome.
(ii) numberofblocks: the desired number of blocks of A.
(iii) range: an integer value used to regulate the amplitude of the entries in the resulting connection matrix A.

The matrix shown in Figure|13| (a) is, modulo 2, the matrix obtained with the command

RandomConnectionMatrixGenerator[14, seed -> 15, numberofblocks -> 2, range -> 4]

6 Conclusion

The importance of having a computational tool such as the one presented here cannot be overly emphasized. It opens
possibilities of investigating problems which relate topology and dynamics via experiments on a large class of connection
matrices.

For instance, there are many questions which have yet to be answered, such as the ones presented in [CdRS]|, concerning
the existence of minimal paths, where time reversal occurs only for connecting orbits associated to primary pivots in the

sweeping algorithm.
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With this computational tool at hand, we will also be able to investigate the appearance of torsion in the spectral sequence.
Our goal is to search for properties in the connection matrix which either make this torsion disappear, or permit it to remain
in the stabilization of the unfolding of the spectral sequence.

Also, one of our main results in this paper, namely the integrality of the last matrix in the sweeping algorithm over Z,
raises the question of whether this procedure can be related to a continuation as in [Fr3] of a flow associated to the initial

connection matrix. Some examples indicate this might be true.
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