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Abstract

This paper uses tools in Quasi-Homogeneous Normal Form theory to dis-
cuss certain aspects of reversible vector fields around an equilibrium point.
Our main result provides an algorithm, via Lie Triangle, that detects the
non-reversibility of vector fields. As a consequence we answer an intriguing
question related to the problems derived from the 16° Hilbert Problem. That
is, it is possible to decide whether a planar center is not reversible. Some of
the theory developed is also applied to get further results on nilpotent and de-
generate polynomial vector fields. We find several families of nilpotent centers
which are non-reversible.

1 Introduction and setting of the problem

This paper is focused on the differential systems with time-reversal symmetries. A
time-reversal symmetry is one of the fundamental symmetries in natural science and
it arises in many branches in physics, see for instance, Lamb and Roberts [15] for a
survey on reversible systems and related topics.

In the last decades there has been an increasing interest in the study of systems
with time-reversal symmetries. In recent years, a lot of attention has been devoted
to understand and use the interplay between dynamics and symmetry properties.
Reversible vector fields were first considered by Birkoff, in the beginning of the last
century, when he was studying the restricted three body problem. In [13] the theory
was formalized by Devaney.

The property of reversibility of a planar vector field is a sufficient condition for a
monodromic planar vector field to be a center, and this provides a strong motivation
to study the reversibility of vector fields. Moreover, there exists a strong connection
between the reversible and the center characteristics of a planar vector field. In fact,
it is known that a planar system having a non-degenerate (respectively nilpotent)
center at the origin is reversible (respectively orbitally reversible), see Poincaré [18],



Berthier and Moussu [9]. In this paper, we also study nilpotent centers which are
non-reversible.

Much effort has been dedicated to understand the connection between, centers,
analytic integrability and reversibility of a planar vector field, see for instance (Al-
gaba, Gamero and Garcia [2], Berthier and Moussu [9], Berthier, Cerveau and Lins
Neto [8], Chavarriga, Giacomin, Giné and Llibre [12], Llibre and Medrado, [16],
Strozyna and Zoladek, [20], Zoladek, [22], Teixeira and Yang, [21], and references
therein).

On the other hand, much work has been done in the study of planar polynomial
vector fields by means of techniques in the quasi-homogeneous normal form theory,
see for instance, Gasull and Torregrosa [14], Algaba, Gamero and Garcia [2], Algaba,
Freire, Gamero and Garcia [3], [4], [5].

In this paper, our main aim is to establish a discussion involving reversible vector
fields and quasi-homogeneous normal forms theory.

We now need to introduce some definitions and terminology.

e An involution is a diffeomorphism o € C>*(Uy C R",R"), such that o o
o = Id, where Uy is a small neighborhood of 0 € R™. Denote Fix (o) =
{x € Uy |o(x) = x} This set is a local sub-manifold of R™ and we are assum-
ing throughout the paper that dim (Fix (0)) =n — 1.

e We say that the system x = F(x), x € R™, or the vector field F is reversible
if there is an involution o, ¢(0) = 0, such that ¢,F = —F.

e We say that the system x = F(x), x € R™, or the vector field F is orbitally
reversible if there exists an involution ¢ and a function f € C*(Uy, C R™, R),
f(0) =1 such that o, (fF) = — fF.

e We say that the system x = F(x), or the vector field F is reversible with
respect to the coordinate z; (or just R, —reversible) , i = 1,--- n, if it is
reversible with respect to the involution

in(l'l, e 7$i—17xiaxi+17 e ,l‘n) = (xla ey Ti—1, _xi7$i+1a e 73:71)'

We mean that the system x = F(x) is invariant under a coordinate system
given by x; — —x;, t — —t for some 1.

We deal with n—dimensional systems. Let Fg = (X,Y), X e R, Y e R"! a
(germ of ) C" reversible vector field with Fo(0) = 0,7 > 1, r = o0 or = w. We know
(Montgomery-Bochner Theorem, (see [17], pp. 206)) that there exists a coordinate
system of class C" around 0 such that the vector field is expressed as Fo(x,y) =
(f(22,y),zg(x%y)), z € R, y € R" ! with f and g being C"—functions. So a system
is not reversible provided that it cannot be expressed, up to C" — conjugacy, to the
above form. This is, roughly speaking, the route we have chosen to conduct this
paper.

In summary, in what follows, we give a rough all-over description of the main
results of the paper.



e Necessary conditions of reversibility We derive that it is enough to use re-
versible generators in order to calculate necessary conditions for the reversibil-
ity of a vector field. (Theorem 2.11). This fact provides a strong simplification
to deal with the reversibility problem.

e Algorithm of non-reversibility. We exhibit an algorithm, via the Lie tri-
angle, that detects the non-reversibility of the system (Theorem 3.19)

e Applications. We apply some of the theory developed to get further results
on nilpotent polynomial and degenerate vector fields.

The remaining sections are organized as follows. In Section 2 some terminology,
basic concepts and preparatory results are presented. In Section 3 an adequate
normal form to detect the reversibility of a vector field is discussed. In section 4
we present some applications on nilpotent and degenerate vectors fields, where the
center and the reversibility problem are connected.

2 N-—reversibility

First of all, we establish some terminology and definitions.

Let P% be the vector space of real quasi-homogeneous polynomial functions of
degree k € N, respect to the type t = (t1,---,t,) E N" ie., f € P f:R* — Rif
and only if f(elwy, -, ema,) = ¥ f(zy, -+, x,) for all €,x1,-- -, 2z, € R and QFf be
the vector space of the polynomial quasi-homogeneous vector fields of degree k € Z,
respect to type t = (t1,---,t,) € N* ie, F = (Qq,--- ,Qn)T et F:R" — R",
if and only if Q; € P§,, , Vi =1,---,n. For more details see Bruno [10].

We will denote:

o Ry = {m € P} lun(—2,y) = —p(z,y) }-
o 8¢ = {up € Pt |ur(—2,y) = ur(x,y) }, where x = z; and y = (29, -+, 7,) 7.

e Rt :={(p)" € Qi |lpest ¢ €RE,, ,i=2,---,n}, the R,—reversible quasi-
homogeneous vector fields of degree k, where ¢ = (g2, -, qm)*.

oSt = {(pg)TeQ:peR,, €8, ,i=2,--,n} the R,—symmetric
quasi-homogeneous vector fields of degree k.

In this way we may always consider the decomposition P! = RE P 8t and O =

Remark 2.1 Denote now U; = Proyg: (U) and U; = Proyg: (U).

Next lemma is a direct consequence of the last definitions.

n—1

——
Lemma 2.2 Let S = diag(—1,1,---,1). Then



a) fix € Ry if, and only if, fix(Sx) = —fux(x).
b) T, € 8} if, and only if, [,(S%) = T (x).
c) PpeRE, if, and only if, Pr(Sx) = —SPy(x).
d) P, €St if and only if, Pip(Sx) = SP(x).
Lemma 2.3 Let F, € Rt F, € S, ji, € RE, 7, € 8t Hence:
a) Vi - F, € 8 k-
b) Vi -F, e R .
c) Vi, - F, € R,
d) Vi, -F,€8t,,.
Proof: This proof is an immediate consequence of Lemma 2.2. We prove only the
item a).
If fu, € RE, y = Sx then:
Vi (5x) = Vi (5%x)S = Vi (y)S = =V ix(x).

Hence Viik(y) = =V (x)S™! = =Viik(x)S. So:

(Vin - B) (v) = Vinly) - Folly) = Vin(x) - SSF,(x) = Vjie(x) - o (x) = (Viig - F

and finally the proof is done. ]

In [6] is proved the following result

Theorem 2.4 F is reversible if, and only if, there exists an involution oq € QY and
a change of variables close to the identity ® such that (¢ o 0y), F is R,—reversible.

Therefore, we can assume up to change of variables of zero degree that F = f‘r +- -
with F,, € R! and study when there exists a change of variables ® = > >0 Py
o, € Q; and D®(0) = Id, such that ®,F is R,—reversible. Otherwise, F is not
reversible.

Along this paper, we will need sometimes to truncate quasi-homogeneous expan-
sions. In this way, for the vector field F, expanded in quasi-homogeneous terms of
type t, F = F, + F, .1 + - - -, we define its quasi-homogeneous (r + k)-jet respect to
the type t by

T HME)=F,+F 1+ +Frp

Sometimes, we will need to pick-up the k-degree quasi-homogeneous term of a vector
field. As we have already done, we use subscripts on vector fields to denote its
projection on the space of quasi-homogeneous polynomials. For instance, [F,G]|,
will denote the k-degree quasi-homogeneous term of the Lie product.
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Throughout this paper we use the relation between change of variables and the
generators associate to the change of variables, more concretely.

Let y = ®(x) be a smooth change of variables. It is known (see [1]) that it can
be suspended to a flow u.(x) (where u;(x) = ®(x)) defined by a vector field U (U
is called generator of ®@). Recall that u(x, €) is the solution of

aug:,e) =U(u(x,€)), u(x,0)=x.

Considering the development (in €) at € = 0:

du(x,0) 10%u(x,0) ,
ge T2 oe ¢
1 0U (u(x,¢€))

_ 2
= x—l—U(u(x,O))e—i—i 9% 6206 + -

— x4+ U(x)e+ %DU(X)U(X)E2 .

u(x,€) = u(x,0)+

So,

b(x) = x+U(x)+%DU(X)U(X)+--- (2.1)

If we denote the ®—action over F as ®.F or U, F, it is known (see [1]) that,

n VeCces
—~
U.,F = F+[FU/+---+% [--.[F,U],--- U]+ (2.2)

Definition 2.5 Let N € N, F = F, + Y, F;, Fouj € Q.. We say that
F is N-reversible if there exists a vector field U = ZjZl U;, U; € Q; such that
J" N (U,.F) is R,-reversible.

Remark 2.6 It is clear that if there exists N € N such that F is N-reversible but
not (N + 1)-reversible, then ¥ is non-reversible.

Our goal now is to find sufficient conditions for non-reversibility of the field F.
Consider the above decomposition on each quasi-homogeneous term of F. In this
way, we will study the system:

X = F.+ Y (f‘j +Fj> : (2.3)
where PN‘]- € R; and Fj € S;.
Lemma 2.7 Let F, € RE, Ry, € Rt and Ry, € SE. Then:
(a) [ﬁkﬁ} eSt,,.

(b) |[RiF,| € REy,



Proof: Let F, = (f,9)", g = (g2, ,92)" and Ry = (p,0)7, ¢ = (g2, qu)7- As
F, € R} and Ry, € R} one has f € 8¢,,,p € 8,9 € R, and ¢; € R}, ,
t=2,---,n. Recall that

RoF,| = (VoF, - VR VF, - VoRi, - Vg.F, - Vo.Ry)

Now from Lemma 2.3 we obtain (a).

Let us discuss (b). If Ry, = (5,9)7 € S, 7= (¢, -+, q,)", then p € RE,, and
G €8y, fori=2--- n.

From Lemma 2.3 one has VjF, € 8¢ e VIR € 85 1101, Vg F, € RE et
VgRy € Rt,, ., and the claim (b) follows. n

Lemma 2.8 Consider ® and VU coordinates changes given by U = 2321 U;y V=
> ook Vi with U;, V€ QF respectively. Let W = 3., W;, W; € Qf be a
generator of one of the mappings W o ® or & oW. Then

W,=U;, Vj=1k-1,

Proof: If @ is generated by U, equation (2.1) allows us to derive ®(x) = x +
2]21 CDj(X) with (I)l = U1 and CI)j = Uj+fj (Ul, cee 7Uj—1) where fj with f]<0) = 0.

Similarly for U(x) = x+> 5, V;(x), with Wy = Vi y ¥ = V4 f; (Vi, -+, V).
In this case, as Vi =--- =V, 1 =0,0oneobtains ¥V, =--- =V, ;1 =0y ¥V, = V.

We discuss just the mapping ¥ o ®(x); the proof for ® o W(x) is completely
analogous.

Let O(x) :== W o ®(x) = x+ ., O;(x). Using same arguments as above one
obtains that both, ©; = W; and ©; = W, + f; (Wy,---, W,_;), depend only on
de Wy, -, W,.

k=1, as O(x) = Vod(x)= U (x 30 cpj(x)> = X+ Uy (x) + Dy(x) + -
where - - - are higher degree (> 1) quasi-homogeneous terms one has W; = U; + V.

fk>1thenW = =0, , =0y O(x) = Vob(x) =¥ (x+ > @j(x)) -
X+ Py (x) + -+ Pr_1(x) + Ug(x) + Pr(x) + - - - where - - - are higher degree (> k)
quasi-homogeneous terms. Thus ©; = ®q,---, 0, 1 = Py v Op = Oy + V..

In this way we get W1 = U;. Moreover for each j, 2 < 7 < k — 1 we have:

0; =W, +f; (Wi, W;_1)=U; + f; (Up,---,U;1) =

We obtain then W = Uy, -+, W;_; = U,_;. Finally the proof of the Proposition
follows from
Or = Wi+ fi (Wy,--- ,Wi_1) =W+ fi.(Uy, -, Up_yq)
U+ @, = Vi+Up+ fi, (Up, -, Upy).



Lemma 2.9 Letr € N, F = F, + > i1 Fryy with F, ¢ Ry, Frpy € Qr,; and
F, # 0. Consider U = > 51 Uj with U; € Qb There exist V.= 37V,

Ve Qtand V, € Q\ﬁ, where @;E is a complementary space to <Fr> in QF; that is,
0t = Ot <}?> such that U.F = V,,F

Proof:  Let ® be the diffeomorphism generated by U. Let U, = IAJT + )\f‘r with
A€ Rand U, € Q. If A = 0 the assertion follows; it is enough to take V = U.
If X # 0, we select ¥, the diffeomorphism generated by AF. Observe that

1
(AF),,F = F+[FAF]+ -+ — [ [F,AF],--- AF]+ - = F
n:

If V is generator of ® o U1, then:
U.F = &.F=0oV 'oU,F=(PoV¥™") (I,F) =V, (\F), F)=V.,F

On the other hand ¥(x) = x+AF,(x)+---. So V"!(x) = x—AF,(x)+---. Applying
Lemma 2.8 one obtains that V,, = U, — AF, = U, € Qt. n

From now on, we will denote, abusing of the language, Rt as a complementary
subspace to < F, > in Rt

Proposition 2.10 If the system (2.3) is reversible, then there is a diffeomorphism
U generated by a R,—reversible vector field V, i.e. V € @jzl R;, such that

(V**F)Tﬂ. =0 forall j > 1.

Proof: If x = F(x) is reversible, there exists a diffeomorphism & generated by U

such that (U**F)rﬂ. =0 for all 7 > 1.

Let ky = min {j € N}ﬁj #* 0}. If ky < 400, we show that there exists a

diffeomorphism generated by V such that (V**F) =0 for every 7 > 1. Moreover

r+7
k’V > kJU. o
Let Uy, be the diffeomorphism generated by —Uy,. Consider V one of the
possible generators of Wy, o ®. We show that ((\I/kU o ®), F) = 0 for every
r+7

j > 1. From Lemma 2.7 cases b) and c) we just need to prove that:

This assertion is always true due to (U**F) i = 0 for every 7 > 1.

We conclude the present proof by applying the Proposition 2.8 and recalling that
JhH (V) = g1 (U) and Vi, = Uy, — Uy n

Theorem 2.11 F = f‘r+2j21 F,; is N-reversible, N € N, provided that there ex-
ists a vector field U= Z;VZI ﬁj, ﬂj € R; such that J™ N (fj**F) 18 R,—reversible.

Proof: 1t is enough to apply Lemma 2.9 and Proposition 2.10. |

Remark 2.12 Therefore to study the reversibility of a vector field it is enough to
use change of variables whose generators are reversibles.



3 N-reversible normal forms and reversibility

The goal of this section is to determine a suitable normal form adequate to our
setting. Following the terminology of the last section, let Qf = Sf @ R}, for every
k. So we write

F = F,+)_ (F}H + EH) F.;eRt,, FeS,,, (3.4)
j=1

where F, #£0, F, € RE, i.e. Fis O—reversible.
We take F := F = F{" ¢ (ﬁ(r()+)1 + FESZI) + - -. To simplify the terms Fgl, we

apply the variable change ®; generated by 61 € Rt. Observe that from Theorem
2.11 we may use generators belonging to R instead QF, and we get

Such results suggest to define the following linear operator:
L. R — S 35
ﬂ-l R [6—17 ﬁo)} ‘ (3.5)

From Lemma 2.7 (a) we know that f(l), is well defined, and it depends on F” and
we may write f(l) = f(l) [f‘fp)} .

Consider Fgl = F:H + FiH where F:H € Im (f(l)) and Fiﬂ € Cor (ﬂ”),
with Sf,, = Im( 1)> @ Co r( 1)). We may select U, € RY such that EH =
Ll <U1>. So F := (®,), F is expressed as:

FO = FOLF9 +F,  +-.

If F, , # 0 we will show that the original vector field cannot be 1-reversible. Oth-
erwise we may write

FO = FOLF +FY, +F, +- (3.6)

To simplify Fﬁ)z we apply @, having as generator the vector field 61 + ﬁg with
fjj € 72}3 for j =1,2. We choose U, € Ker (f(l)) and we get:

(@), F = FO4+FY, + [ﬁo)7 61} +FY, + F(+)2 + [Fﬂ)p 61] + [ﬁfﬂo)’ 62}
1 Fimn ~ 1 ~
+5 HFS)),Ul] ,Ul} +
= FO4+F9 +FY, +FY, + [Ff’jl,fjl] + [17“50), INJQ] +

(m)

In this way a sequence of linear operators can be defined L', m € N as follows.
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Definition 3.13 Let m € N and

F = B B 4D (Fi’iz +FT+J>’
j>m
where F£+] e R, for each j > 0 and Frﬂ € S}y, for each j > m. We define the

operator i by induction on m € N. TV s defined in (3. 5) and the operators
L that depend on F™ ... F e AR [FY - FT ) for every
m > 1, are defined by

(m) -1

L : Ker (f(m XRE — SE,
<<ﬁ17 Tty ﬁ'm—l 7ﬁ’m> - Zj:o |:ﬁ’m_j’ ﬁ""""j] :

(m)

Lemma 2.7 (a) allows us to conclude that L' is well defined.

Definition 3.14 Let F, G be two conjugate vector fields such that U.F = G,
U e @jleg' We say that G is a N—reversible normal form of F if G can be
expressed as

G = Gr+"'+ér+N—l+(ér+N+6T+N>+"'7

with G, =F,, Gyox € Cor (TV[Gr, o, Gy ) and Gy € R, 0<j < N,

Lemma 3.15 Let k € N, k> 1, F = Zk IFHJ <f‘r+k+ﬁ,+k> + . ﬁrJrj €
RTH and Fr+k € STM. Assume that U = ijl Uj, Uj € R;f such that (fjl, e ,ﬁk_1> €
Ker (E(kfl)) Then:
(fj**F) = f‘T+j7 fOTjZO,"‘,k,
r+7

<ﬂ'**F> — 0, forj=0,--- k-1,
r+7

k
<U**F> h = Frﬂc + Z [Frﬂc—l? Ul]
" =1

Proof: For j =0,---,k, one has

@©.5),, = Fos o8] 3[R0 (0] 9.0

+$' BRI

i|r+j



Since <ﬂ'1, - ,fjk_l) € Ker (f(k_1)>, one has:

o - [r0] <[],
2

o - X[t o],

=1

k—1
0 = Y[R 0] [R0]
; +k—1-1, Uy ek
and so the proof is complete. ]

The following result proves that the (r+ N)—jet of any two N —reversible normal
form is unique, modulus reversible generators.

Theorem 3.16 Let
F o= BByttt B+ (B + Fpan) 4000,
G = f‘r + é?‘—l—l +--+ aF'r—‘,—N—l + <ér+N +GT+N> + -
such that
Fyox € Cor (LV[F, By, Fran ).

N ~ ~ ~
( )[Fra Gr+1a T GT+N—1]> .

GT_A,_N € Cor (E
Assume that there exists a formal series U= 2]21 ﬁj with I~Jj € R; forall 7 > 1
such that <fj**F> =G,y forallj=1,---,N. Then

r+7

érﬂ- = f‘rH forallj=1,--- N and G,,n =F,.n
Proof: As G,4; = (ﬁ**F) , for 5 =1,---, N one obtains:
r4j

1 7~
G, = FTH-—l—[F,U] +—HF,U},U} TR
r+j 21 r+]

WL [[Fﬁ]ﬁ]ﬂ+ (3.7)

n!

Hence:

_ _ = 1T = =
G., = Fr+j+[F,U} +—HF,U},U} +---+—[---[F,U],---,U] .
r4j 2! -+ r+g

— 7 ~ 1 — ~
Gr-i—j = Fr+j+[F7U} _|__HF7U}7U} +...+_[...[F’U]7...,U] 4+ ..
r+j r+j r+j



Observe that these infinite sums are well defined. As G, = --- = G,,y_1 = 0, for
1 <7 <N —1one has:

Ozﬁ +1WT+j+...+l[...[F,ﬁ}7...,ﬁ

r+j 2' TL'

:|r+j

For j = 1, taking into account the quasi-homogeneous degree in the non-reversible
part, the equation (3.7) is written as:

o = [FU] =-1"(0).

+1
Hence fjl € Ker (E(1)>.
Consider now the reversible terms for j = 1. From Lemma 2.7 case (a), we get:

—_——

G’r+1 = F’r—i—l + |:ﬁr761:| 1 = i;—;‘r—i-l'
For j = 2, considering in (3.7) the reversible terms, one has:
0 - |:f‘7“7 62:| + |:f‘7“+17 61:| + % [[ﬁTa fjl:| 761]
= [ﬁmﬁz} + |:f‘r+1761:| = —E(Q) (ﬁl,ﬁz)
T T2
So (Ul,U2> € Ker <L )
Considering now the reversible terms in (3.7) for j = 2, from Lemma 2.7, case

(a), one gets iFV‘HQ = G, 2.
Arguing in the same way as above we have f‘r+N_1 = éT+N_1 and (61, e ,INJN_1> €
+(N-1)
Ker (L )

From Lemma 3.15, the non-reversible terms of the equation (3.7), for j = N,
are:

Q
+
=2
I
]
_l’_
=2
+

~ ~ _ —(N ~ ~
Froj, Uy =Frow ~ L (0, Oy)

Thus G,4n — Frpn € Im (f(N)> N Cor <f )> = {0} and so G,y = F,,n.
Finally the reversible terms of (3.7), for j = N, are:

(N

GrJrN = FrJrN +

[Fr+j7 ﬁij] = FT+N~

M-

This finishes the proof.
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Lemma 3.17 Let k, N e N, k < N. If
F = ﬁr+ﬁr+1+"'+ﬁr+kz—1+(ﬁr+k+Fr+k>‘|’"'a

1s N -reversible then

kaemwfwﬁmnwﬁwmﬂ)

Proof: Consider F,,), = F, , + F,,, with F,,, € Tm (f(k) [F,, - ,f‘T+k_1]> and
FLkECm<ﬁmﬁmuwﬁHmﬂ>

So there is a k—upla <ﬁ1, cee ﬁk) in the domain of the operator " F, - Froip ]
satisfying

T

p— J— k ~ ~ ~ ~
Fr+k — L( )[Fr;"'aFrJrkfl] (le...7Rk>.
Let ® be the diffeomorphism generated by Z§:1 ﬁj. From Lemma 3.15 one gets

q)*F - f‘r + -+ f"r-i-k—l + f"r—i—k + F:+k - Egk) [f‘ra e uf‘r—&—k—l] (ﬁlu e 7ﬁk)
+F
= Fot AP + P+ F 4

As ®.F is N-reversible and N > k we conclude that ®.F is also k-reversible.
Hence, there is U = Z§=1 U;, U, € R;‘ such that <U** (QJ*F)> =0forj =

0,---,k. Denoting G = U,, (®,F) then

G = F4Gui+ 4G+ Grpp + -

Wlth ar+k =0. _ _ .
Theorem 3.16 implies that F,; = G,;, for j = 1,--- k and F;k = 0 and so
we finish the proof. |

The following proposition defines a procedure which provides us the necessary
conditions of reversibility up to a defined order.

Proposition 3.18 let N € N, F = f‘r + .-+ a vector field. There ezists U =
SN U, with

j=1 “Jj

6**F = ﬁr + Z (f"f-‘rj +FT+]>

Jjz1

such that iffrﬂ- =0j=0,---,k—1, then F,;; € Cor <f(k) [f‘r, e ,f‘r+k_1]>, for
alk=1,--- N.
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Proof: Let FO .= F = FY 1 > is < ij T F,(uzj) we are going to prove that there

exists a sequence of change of variables near the identity ®*), k = 1,--., N such
that F® .= dF*=D verifies the following properties:

(a) ®® is generated by Uk = INJ(k) +oo U , where (ng), e IN_TEC’“)>, belong

Tk )[F(k Do kD ]

to the domain of the operator L s B

(b) If F® .= F® 4 D st ( rij F£+]> then it is verified:

F') =0,j=0,--- k=1 if andonlyif, Fe, "

r4j _Ovjzoa"'ak_]-a

and in this case it has f‘fnk) = ankﬁl),j =0,---, k.

(c) If Fr+g =04j=0,---,k—1 then Ff,]i)k € Cor (E(k)[F£°)7 . j‘fﬁjﬂ).

Let us prove this statement by induction. For k = 1, we consider the decomposition

F,, e m (LV[FY))
f‘ﬁﬂ € Cor <f(1)[f‘£o)])

—=(0) =r = .
F.o=F.  +F., with

So, there exists 65 such that FTJrl -t )[F$0)] (69)

Taking &) generated by U(1 ) (it is verified (a) and F) = ®VF O It has that
PN‘fqlll = ﬁfffl, therefore is obtained (b) and (c)).

Let us assume that (a), (b) and (c) are verified for Kk —1 < N and let us prove
these statements for k.

We consider the decomposition:

(k) k—1 ~(k—1
Fo) =F,, +F,, with Fp €Im (D, F30)
r+k  — Ltr+k r+k ¢ (k) G k=
FH,g € Cor ( [F7(~ Do 7F£+kljli> :

So, there is (fjgk), e ,ﬁ,(f)) in the domain of T [ﬁ&’“‘”, e ,ﬁﬁﬁkl)l] such that

=" T () (3 (k- k—1) k) = (k

Fr-i—k L [ng 1)7" F$~+k 1] (Ui 7"'7UI(<:)>

Considering ®®) generated by U®) = fjgk) + -+ ﬁ,&k) (therefore (a) is verified)
and F®) = 0" FE-D Let us prove (b).

k=1 =)

e IfF,_,  =0forj=0,---,k—1 then by Lemma 3.15 it has F,/; = 0 for
j=20,---,k—1 and Fffi] = Frlijl for j = 0,---,k. This is the sufficient

condition.
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e We prove the necessary condition by induction on j, 0 < j < k—1. For 5 =0
it is trivial. Assuming the condition j — 1. Let us prove for j. In fact, if we
express the vector fields

- (k- (k=1) k—1 (k=1)
F(k 1) — F’g‘k 1) + oo+ F(+] )1 + <F + F£‘+] )) + (Fr-}-J—i-l + F£1+‘7+)1> + ..

B _ (k-1 (k—1) = (k—1) (k
FO — FFD 4. 4+ F) rj—1 T Fr—i—] <Fr+3+1 + Fr+]+1> +oe
We have to prove that Fff?jl) = 0 and Frﬂ+1 = F£+J+)1 We know that
(ng)7 e ’ng)) € Ker (f(])[FS - ), e Ffﬁjl 1]) and by Lemma 3.15, it has

1) A A B (k1)
0 = Fr+j - (U** F 1)> FTH Z[ r+] l? ] _Fr+j ’

r+

hence Fi 4 K

In this case, applying Lemma 3.15 again, we obtain

= 0.

=0 _ (o®pe- (k1)
Folijm = (U** F* 1)> =F.
rj+1
Finally, we prove the property (c). By applying Lemma 3.15, we have

(k-1
_Fr+k +Z[ rak—tr U }

=1

(k) = (k _
Fr+k = (US@)F(k 1))

r+

C

fnid we 7 (F) - k—1) k) ek I
= Fr+k+Fr+k_L [F1(nk 1)7" Fv("-i-k 1] (Ug 77U](<:)> :Fr+k

So, ng)k € Cor (E(k) [17“5’“‘”, e 7ﬁ£i;121]>7 to obtain the result it is enough to apply
induction hypothesis and property (b).

To finish the proof it is enough to consider U a generator of the change of
variables @) o (N1 o ... o0 1), ]

The following result characterizes the k—reversibility of a vector field and ensures
the existence of a (k + 1)—reversible normal for this vector field.

Theorem 3.19 Let N € N, F = f‘ +--- a vector field and U the generator defined
in Proposition 3.18 (i.e. U**F F —|—ZJ>1 ( r4j T+ Frﬂ), verifying the properties

of the Proposition 3.18). Then: _
F is k—reversible, k < N if, and only if, F,1; =0, j =1,--- k.
Moreover, in this case U F is a (k + 1)—reversible normal form of F.

Proof: The sufficient condition is trivial. Let us prove the necessary condition. We
assume F is k—reversible and F,;; # O for some j = 1,---,k. We define j, :=

14



min {j =1,---,k: F,;; # 0}. By hypothesis F,;, € Cor <f(j0)[Fr, e ,f‘r+j0_1]>
and therefore U,,F is a jo—reversible normal form. By using Lemma 3.17 F,;, €
Im (f(m)[f‘r, e ,f‘T+jo_1]>, then F,;, = 0, and this is a contradiction. ]

Taking into account the Hilbert Basis Theorem and the above Theorem, we
obtain the following result.

Corollary 3.20 Let F = {F = f‘r + - -+ |F polinomial vector ﬁeld} a family of poly-

nomaial vector fields. Then there exists M € N such that:
F € F is reversible if, and only if, ¥ is M —reversible.

Remark 3.21 The minimum natural number M € N which exists by Corollary 3.20
is called reversibility order of F.

4 Applications

There are inside the theory of planar vector fields three important objects: ana-
lytic integrability, the center-focus problem and reversibility. Moreover, they are
themselves intrinsically and closely related.

In fact, it is well known that the vector field (—y,x)? + --- has center at the
origin if and only if it is reversible, (Poincaré theorem)(see [18]). In this sense, the
reversibility of some families of vector fields are known. For instance, the reversibility
of (—y, )T + (Pn(z,y), Qm(z,y))T for m = 2 and m = 3, is known (see Bautin [7],
Sibirskii [19], Zoladek [23], [24], and references therein). However, this doesn’t
happen for the monodromic nilpotent case. In this case due to Berthier and Moussu
theorem (see [9]), the vector field (—y, x*"™)7 + ... has a center at the origin if and
only if it is orbitally reversible. Therefore the monodromic and reversible planar
systems of type nilpotent are centers. However, the reverse claim is not true. We
discuss some counterexamples in this section.

In the first part of this section we discuss the reversibility of the following nilpo-
tent systems:

T Y amxy + agz?it?
( y > N ( U$4q+1 ) + ( b1y2 +62$2q+1y—|—b3x4q+2 , (48)
i) ; " e (4.9)
i) = Vot )T by + oty + et ) .

with 0 = +1, ¢ € N.

The analytic integrability and the center problem for these systems in the case
o = —1 (monodromic case) has been studied in [11] and [14], respectively.

In the second part of this section we study the reversibility of a family of systems
with null linear part:

(5)

2 3 ) ) ,
J apx” + a1x7Y + axry” + azy
( @’ ) - ( box® + b1y + byxy? + by ) . (4.10)
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Remark 4.22 In Algaba et al [3], a recursive procedure to compute quasi-homogeneous
normal forms under equivalence, that uses the Lie triangle, is presented. The com-
putation of the N—reversible normal form can be accomplished by adapting this
procedure to the case of reversible transformations, by using Proposition 3.18

We have the following result.

Theorem 4.23 The system (4.8) is reversible if and only if one of the following
conditions is satisfied:

a) by = —ay, ay =0, by = —0ay.

b) a; = by = b3 =0, (reversible to the change v — —x, t — —t).
c) as = by =0, (reversible to the change y — —y, t — —t).

d) a; +2b; =0, by = —2(q+ 1)as.

Proof: Let F be the vector field given by (4.8). Observe that F is a sum of two
quasi-homogeneous vector field of type t = (1,2¢ + 1) and degree 2g and 2q + 1,
respectively. The first quasi-homogeneous term, PN‘Qq = (y, 02T is already in a
desired simplified form (it is R,— and R,— reversible) and these are the unique zero
degree involutions which carry the first term of the vector field to R,—reversible.
We start seeking the R, —reversibility. To obtain reversible conditions we take the
generator U = 3° ., U;, U; € R, where: Uy = (q2?, agry)”, Uy = (0, azz®*?)7,

IAjzz = (064554; %x?’y)T, I~J—4 = (X{q:1}046$2y7067352q+5 + X{qzl}Oésny)T and X{q=n} is 1
when ¢ = n and 0 otherwise. Choosing adequately a;, i = 1,---,8 as specified in
the Proposition 3.18, we obtain:

. - (= 0 - 1 0
U.F = FU(x) =Fy + {F2q+1 A ( a2 > } " {F2q+2 - 5)\(2) ( z2at2y ) }

~ 1 0 ~ 1 0
s+ g (s )+ (B = 5 (o, )}

~ 1 0
+ {F2q+5 + @)\(5) ( x4Q+6 >}+ et

So, by applying Theorem 3.19, F is 5—reversible if, and only if, A¥) = 0for 1 < j < 5.
The equations )\gl) = )\§2) = 0, are equivalent to:

bs = =% [(4g + 1)ay + (4q — 1)b1)], (4.11)
(2¢ + 1) (b1 + a1)bs + 2 [(2¢° + 3¢ — 1)b1 + q(2¢ + 3)a1] as = 0, (4.12)

We have the following possibilities:

(1) as = by +a; = 0. In this case (4.8) by means of the coordinates change u = x,
v =y + a;zy the system is expressed by:

U v 0 0
< v ) = < oulat ) + < byu2dtly ) + ( —gaytet? ) ,o==1,g€N,

that is R,-reversible. This is the situation described in (a).
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(2) ag = by = 0. In this case the system is R,-reversible. This is the situation
described in (c).

(3) ag = by = 0, ap # 0. In this case the system is R,-reversible. This is the
situation described in (b).

2 [(2q2 +3q—1)by +q(2q+3)a1]a2
(2¢+1)(b1+a1) ’

(4) az(a;+b1) # 0. Assuming the condition (4.11) and by =
i.e., the condition (4.12), we get

AG) = —(2¢+ 1)o(by + aq) [2(4(] +1)(2¢+ 1)(4q + 3)a%
+(128¢% + 96¢° — 4g — 9)bray + (64¢” — 8¢ + 3)b7]
+24¢ [(2q + 3)(4g + D)ay + (8¢ + 14q + 1)b1] a3,

o If (2¢ +3)(4q + 1)a; + (8¢ + 14g + 1)by = 0 then

(3) __ 8(4g+5)(40¢>+74¢>+31¢+3)(2¢+1)o 1.3
A - (4g+1)2(2¢+3)3 by # 0

So, F is non-reversible.

o If (2¢ + 3)(4q + 1)a; + (8¢ + 14q + 1)by # 0, A® = 0 is equivalent:

o (2q+1)o(bi+a1)[2(4g+1)(2g+1)(4g+3)a3+(128¢°+96¢° —4g—9)b1 a1 +(64¢° —8¢+3)b? |
2 24q[(2q+3) (4g+1)a1+(8¢>+14g+1)b1]

a (4.13)

Assuming (4.11), (4.12) and (4.13), one obtains
E

A S as(2b; + aq) ,[(4q2 + 10q + 5)b% + 2q(2q — 1)&% + (8q2 + 8¢ — 5)albl}‘ )

As the discriminant of E is —16¢%> — 40q 4+ 25 < 0, for ¢ € N, A = 0 only if

201 + a; = 0. In this case the condition (4.13) is a3 = %;2&#9)7 which is
not possible for o = —1.
Ifo=1a,+2b0 =0ya3= bz(leTJrngqw) one obtains

)\(5) _  bY(4g+7)(2564° —128¢* —2564°+428¢* —105¢—135) 7& 0.

3q

So, F is non-reversible.

Now we deal with the R,—reversibility. By means of z < y, y «<» x, the system
(4.8) takes the expression:

. 4q+1 b 2 b 2q+1 b. 4q+2
T\ [ oy 177 + by + b3y .
( ) ) = ( . ) + ( oy - ) o= +1. (4.14)

Let F be the vector field given by (4.14). Observe that F is a sum of two
quasi-homogeneous vector field of type t = (2¢ + 1,1) and degree 2¢ and 2¢q + 1,
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respectively. The first quasi-homogeneous term, f‘?q = (oy*t )T is already in a
desired simplified form (it is R,—reversible). Choosing adequately U = U; + Us,
as specified in the Proposition 3.18, we obtain:

~ 4q+1 - 2g+1
U.F(x) = ( ny ) + {F2q+1 + A < $y0 )}
~ 2q+2
+{F2q+2—A(2) ( Iyo )}+

So, by applying Theorem 3.19, F is 2—reversible if, and only if, \(V) = A\ =0,
or equivalently

by = —2(q + 1)as, (4.15)
a2(2b1 + (11) = 0. (416)

Assuming (4.15), from (4.16) we derive the following possibilities:

(1) as = 0. In this case (4.8) is R,-reversible and so it is reversible. This situation
is described in (c).

(2) a; = —2b;. In this case the change of variables u = x — 20,2y + aoy®?™2 v =y
transforms the systems (4.8) in

2biv—1

u

” biu2—ovdatly [40by 7b3}v4q+2+2 [2b3b1 72ob%f(q+1)a§] viat3p [3b1 a§f4b3b§ +4qby a%} pats
'l.} - 9

o ==+1,q € N, that is R,-reversible. This situation is described in (d).

This completes the proof. |

Remark 4.24 Notice that the reversibility order of the families (4.8) and (4.14)
are 5 and 2, respectively.

Theorem 4.25 The system (4.9) is reversible if and only if one of the following
conditions is satisfied:

a) ay = b1 = 0, bg = —(2q—|— ].)CLQ.
b) ay = by =0, (reversible to the change y — —y, t — —t).

Proof: Let F be the vector field given by (4.9). F is a sum of two quasi-homogeneous
vector field of type t = (1,2¢) and degree 2¢— 1 and 2q, respectively. The first quasi-
homogeneous term, f‘gq_l = (y,02% 17T is already in a desired simplified form (it
is R,— and R,— reversible) and these are the unique zero degree involutions which
carry the first term of the vector field to R,—reversible.
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_ We start_seeking the R,—reversibility. Choosing adequately U="U +U,+
U; + Uy + Us, as specified in the Proposition 3.18, we obtain:

~ y ~ 1 0 1 0 ~
U.F = ( opia—1 ) + {F2q + Ag) ( 24a ) + )‘é) ( 22y )} + Fogia

B 2q+3 =
3 (T 3 0
B (75 ) =8 (s ) B
~ 1 (5) 0 1 (5) 0
+ {F2q+4 - 1440(2q+3)>\1 ( pla+d ) - 24(2¢+3) A2 ( 22Tty ) } .

So, by Theorem 3.19, F is reversible provided that /\Z(j) =0for1 <j;<51=1,2.
The relations /\gl) = )\gl) = 0 are equivalent to:

by = =35 [(4g — 3)by + (4g — D)ar)], by = —(2¢ + 1)ay. (4.17)
Assuming (4.17) one obtains
MY = ap(2by +a1) [(2 + Dby + (20 — Day ],

A = —12[(8¢% + 2¢ + )by + (20 + 1)(4g — Dar] a2 + o(by + ay) x
[4¢(16¢> — 1)a} + (64¢® — 96¢° + 40g — 1)b7 + (128¢” — 96¢* — 4g + 1)arby] .

From these equations we get the following possibilities:

(1) az = 0. In this case the system (4.9) is R,—reversible. This situation is de-
scribed in (b).

(2) a3 = b; = 0. In this case the system (4.9) is reversible since the change u = x,
v =y + ax®! carries it to a R,-reversible form. This situation is described
in (a)

(3) 2by + a1 =0, a1byas # 0, in this case )\53) =0 and

AP = by (4g + 3)(—bPo(16¢° 4+ 12¢ — 1) + 12(2g — 1)a3)
If 0 = —1, the equation )\(23) = 0 has no real roots. When ¢ = 1, the equation

)\g?’) = 0 it is equivalent to

2 b2 (1642 +12¢—1)
as; = 12(2¢—1
q—1)
in this case,
)\(5) __ b3(4¢+5)(512¢°—1536¢*+1280¢°+600¢> —1162¢+81) #O
1 - 36(2¢—1) )

so, F is non-reversible.
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(4) (2¢+ 1)by + (2¢ — 1)ay = 0, arbiaz # 0. in this case A¥) = 0 and

)\(3) _ 8a1q(a?0(200¢>—94q+9)—24q(2q+1)%a?)
2 = (1+29)°
If 0 = —1, the equation )\53) = 0 has no real roots. When o = 1, the equation

Ag”) = 0 it is equivalent to

a2 = a?(200¢%—94q+9)
2 24q(2¢+1)2
in this case,
(B _ 8afaq(29—1)(2¢—3)(29+3)
Ay = - @+ D)7 70,

so, F' is non-reversible.

We now deal with the R, —reversibility. Applying to (4.9) the change z < y, y < z,

one has:
. 4g—1 b2+ b 29 4 pagte
T . oy 127 + baxy*? + b3y -
( J ) = ( " ) + ( alxy_'_%y?qﬂ ) ,o==+1. (4.18)

If F denotes the vector field given in (4.18), then it is a sum of two quasi-homogeneous

vector field of type t = (2¢, 1) and degree 2qg — 1 and 2q respectively. The first quasi-

4q—1
;

homogeneous term, Fo, 1 := (oy 7)T is already in a desired simplified form (it is

R,—reversible). Choosing adequately U=U, + INJQ, as specified in the Proposition
3.18, we obtain:

~ 4q—1 ~ 2q
_ ay [ 1Y
oor = () ofpee (1)
~ 2¢+1 0
{20 () ()}

So, by Theorem 3.19, F is reversible provided that A = )\52) = A§2’ =0 or
equivalently:

b2 + 2(q + 1)@2 - Oa
ag [by — (4q + 3)a1] = 0,

a1a9 — 0.
From these equations we get the following possibilities:

(1) az = 0. In this case the system (4.9) is R,—reversible. This situation is de-
scribed in (b).

(2) a; = by = 0. In this case the system (4.9) is reversible since the change u =
r+ayy®t, v = y carries it to a R,-reversible form. This situation is described
in (a)
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Remark 4.26 Notice that the families (4.9) and (4.18) have reversibility order
equal to 5 and 2, respectively.

Remark 4.27 It is known that the nilpotent centers are orbitally reversible (see
[9]), but can not be reversible. We give some examples of nilpotent centers which
are non-reversible.

The results (a), (b), (c), (d), of the Theorem 4.23, correspond to the families
(ii), (vi), (i) and (v), of Proposition 3.4 of [14], respectively. Thus the cases (iii),
(iv), (vii), (viii), (ix), (x), (xi) and (xii) are non-reversible centers.

In a similar way the cases (b) and (a), of Theorem 4.25, correspond to families
(i) and a sub-family in (ii), of Theorem 3.3 of [14], respectively. So the remaining
cases are non-reversible centers.

Next we study the reversibility of a system with null linear part.

Theorem 4.28 The system (4.10) is reversible if and only if one of the following
conditions is satisfied:

a) b0+a3:b1—|—a2:b2+a1:bg+a0:0.

b) 91)3—9ao+2a1 = bQ+G1 = 3a2+9a0—2a1 = bl+3a0 = 3&3-6&0"‘5@1 =
9b0 - 18@0 - 11@1 =0

Proof: Observe that the first quasi-homogeneous term is reversible respect to y = .
To transform the first quasi-homogeneous term in one R,—reversible, we apply the
.change of variables: u = 2(z +y), v = 3(—2 +y), t = y7. The transformed system
is:

u B u? + v? n Agu® + Ao + Ayuv? + Agv? (4.19)
v —2uv Byu? + Byu?v + Byuv? + Bsv® ) '
where ! = i and AO — ao+a1+a2+a32-17-b0+b1+b2+b3 Al — 3ao+a1—a2—3¢132-:3b0+b1—b2—3b3
A2 3ap— tl1 —az+3a3+3bg—b1 —b2+3b3 A _ —aptai—az+az—bo+bi—ba+b3 B __agtaitas+taz—bo—b1—bo— b3
2y 2 27
B _ 3a0+a1 as—3a3—3bg—b1+ba+3b3 B o 73a0+a1+a2 3(13+3b0 b1 — b2+3bg B — ao— ai1+az—a3—bg+by— b2+b3
2y 27y 2

Let F be the vector field given by (4.19). Then it is a sum of two quasi-
homogeneous vector field of type t = (1,1) and degree 1 and 2, respectively. The
first quasi-homogeneous term, Fy := (u? 4 v%, —2uv)7 is already in a desired sim-
plified form (it is R,—reversible). In fact, it is a Hamiltonian vector field f‘l = Xy,
with h(u,v) = —3v* — v and X, (z,y) := (—%,%)T.

We can use the parameter ~, to obtain By = 0 or By = 1. Choosing adequately

U= EZ 1 Ul, as specified in the Proposition 3.18, we obtain:

3 u? +0? By (W (0
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u
~ 0 ~ 0 0
+{F7+/\§6)<u6v2 )}JF{FSJ”\?)(usv)+)\g7)<u6v3 )}+

So, by Theorem 3.19, F is reversible provided that )\Ej) =0for1 <5 <7,i=1,2.
The equations )\gl) = )\gl) = /\52) = >\§2) = 0, are equivalent to:

Ay =0,

By = 385 + A,
—(4By+ 54, — 1543) B — (3By + 5A3) Ay = 0, (4.20)
(343 — 4By — A,) By — (By — A3) Ay = 0. (4.21)

From these equations we get the following possibilities:

(1) B3 = Ay = 0. In this case (4.19) is R, —reversible. This case is included in (a).

(2) Ay #0, B3 = By — A3 = 3By + 5A3 = 0. Assuming these conditions, Af”) =0
is equivalent to:

A} = BA5(13A45+64,). (4.22)
Assuming (4.22), one obtains

MY = 5 A3A, (1980454, + 2917 A2 — 63042)
AV = B A A (A 4 545)(5A, + 1943),

Since Ay # 0, there exists not solution.

(3) B3 = 1, A2 - 0, BO = %(3143 - A1>, B2 == }1(3143 - Al)

Assuming these conditions, one obtain
AP = 434, - 345)(Ay + 343).
o If Al = 3143, F(l) then:

A= 5674,
AP = 0.

If A3 # 0, F is not reversible. Otherwise )\55) = /\56) =0 and
)\§7) _ )\g) _ 2526564 £ 0.
Therefore (4.19) is not reversible.
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o If A = —3A3, then:
MY = —BlA(845A2 + 144)
A= 245(105A2 - 128).
If A3 # 0, F is not reversible. Otherwise )\f’) = )\56) =0 and
>\§7) _ 3/\g7) _ 25664 £0.
Therefore (4.19) is not reversible.

(4) B3 =1, Ay # 0. From the equations (4.20), (4.21), we obtain:

Al - (Ag - BQ)AQ - 432 + 3143 (423)
A3 = —35By+ By + 2880 (4.24)

Assuming (4.23), (4.24) one obtains

3
AP

4
AP

2D

8423 [8A3(Ag + 6) + 15(Az + 4) (A2 — 6) B3
—(6A3 — 116 A5 — 192) BBy — 3(As + 2)(3As + 4) B3|,
mrg {B2 [—875(A2 — 6)(As + 3)(As — 3)(Az + 4)*B3
+50(Ag 4 4) (A + 3) (21 A3 — 143A3 — 1644, + 1806) By B,
+4200A5(As + 4)(Ay + 3)(Ay — 3)]
+By [3(3A, + 4)(84A; + 468 A5 4+ 1601A35 + 28524, + 2604) Bg
+(2205A35 + 945045 — 13780A3 — 14397043 — 384960A, — 342720) By B,
—40A5(As + 3)(56 A3 + 11945 — 814, — 252)] },
A2+3 [75(As +4)(7A3 — 384, — 56) B3

(225,4;1 — 37545 — 135043 + 18240 A, + 37920) By B3
+3(3A45 4+ 4)(30A435 + 1943 — 470A; — 1096) Bi By
+3(3A3 + 13Ay + 26) (345 + 4)> B + 8A3(3A5 + 4)(134, — 14) By
—40A3(11A3 + 3845 + 72) B

From )\53) = 0 we get the following possibilities:

e If A, = —3 one obtains

MY = —3BB2(B, - 3By),
AW = 0.

From these equations we get the following possibilities:
— If By =0 then (4.19) is:

u B u? 4 v? N —Byu*v — 3uv? — 2208
v’ - —2uv Bouv? + 3
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the change of variables, x1 = u + Ty = v, transforms this

v
—2+Bav’

system in
3 2 2 3,2
’ 2 2 . 9 _ 25(4B2+3022—4B3z2—12Bsx5+ By x3)
xll _ x| + 75 n Boxizo (21 Ba72)?
Ty —21129 Byxy 73

which is R,, —reversible. This situation is described in b)
— If By = 3By # 0 then AV = A}V =AY = A% = 0 but A" #£ 0.
Hence F' is not reversible.
o If Ay + 3 # 0, using Grobner basis for the equations )\53) = )\§4) = )\gl) =
/\55) =0, we get Ay = 0 as unique solution, and this is a contradiction.

This completes the proof. |

Remark 4.29 Notice that the family (4.19) has reversibility order equal to 7.
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