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Abstract

Our purpose is to show a version of Girsanov theorem in smooth
manifolds. After, we will use it theorem to give stochastic character-
ization for strongly projective maps. This stochastic characterization
yields a proof that projective maps of rank > 2 between Riemannian
manifolds, with connected domain, are affine maps. In particular,
the groups of affine and projective transformations, in connected Rie-
mannian manifold, are equal.
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1 Introduction

The problem of change of probabilities is well kwnow in Theory of Proba-
bility. In stochastic analysis the interest is what this change yields in the
process. In R™, the well know Girsanov theorem shows that martingales and
Bronwnian motions turn in other ones when probability is changed.

We wish to investigate the change of martingales in manifolds when
probabilities are turned. There are some works about change of probability
in manifolds. We cite for instance I. Shigekawa [13], [14] and M. Arnaudon
et al. [2], [3].

Our first purpose is to state and to prove the following version of Gir-
sanov theorem in manifolds.

Theorem A: Let P and Q be equivalents probabilities. Let us denote
Z = gg Let M be a smooth manifold equipped whit symmetric connec-

tion VM. Let X be a (VM,P)-martingale in M. Then

/ 0dv" X, [ / —dZ, / HdVXs]
0 Z 0

15 Q-local martingale.



In R"™, Girsanov theorem is used in some applications as for example
stochastic differential equation. Here, our application is to use Theorem A
to study the projective maps.

Projective transformations are of great interrest in Mathematics and
Physics. For a fuller tratament we refer the reader to [1]. If one does not
consider the specialized studied of projective transformations, first atten-
tions in projective maps were gived by K.Yano and S. Ishihara in [15] and
Z.Har’El in [8]. For our study about projective maps we follows the works
of T. Nore [11] and J. Hebda [9]. As application of Theorem A we gived the
following characterization.

Theorem B: Let M, N be smooth manifolds equipped with symmetric con-
nections VM and VY, respectively. Let ¢ : M — N be a smooth map of
constant rank. Then ¢ is strongly projective if and only if there exist a 1-
form a on M such that $(X) is (VV, QZ];)—martingale, for every (VM P)-

martingale X in M, where QZ]; = ZP and Z = exp(— fadVMX).

As application of Theorem B we show that composition of strongly pro-
jective maps is strongly projective map. Finally, we show the surprising
result about projective maps.

Theorem C: Let M and N be Riemannian manifolds endowed with sym-
metric connections VM and VY, respectively. Suppose that M is connected.
Then every projective map ¢ : (M,VM) — (N,VYN) of rank > 2 is affine
map.

A direct consequence of Theorem C is, when M is a connected Rie-
mannian manifold with dimM > 2, that the groups of affine and projective
transformations of M are equal.

The author is greatly indebted to Professor Pedro Catugno for suggesting
the problem and for many stimulating conversations.

2 Preliminaries

We begin by recalling some fundamental facts on stochastic calculus on
manifolds, we shall use freely concepts and notations of M. Emery [7], P.
Protter [12] and S. Kobayashi and N. Nomizu [10]. For a complete treatment
about this section we refer the reader to [5].

Let (Q, F, (F;)¢>0) be a mensuravel space with right continuos filtration.



When we equippe it whit probability P, we ask that (2, F, (F;)s>0, P) satifies
the usual hypothesis (see for example [7]). We also suppose that every
stochastic process is continuos.

Definition 2.1 Let M be a differential manifold. A stochastic process X
in M is called semimartingale if f(X) is real semimartingale for all smooth
function f on M.

Let M be a smooth manifold, i.e. C*° manifold, endowed with symmet-
ric connection V. Here, symmetric connection mains that connection is
torsion free. Let X be a continuous semimartingale with values in M. Let
(1,...,2,) be a system of local coordinates. The It6 integral of an adapted
stochastic 1-form 6 along X is defined, locally, by

t t ) 1 rt . .
/OHdVMXSZ/O Hi(X)ngJrz/o 0 (XTI (X,)d[X7, X,

where 0(z) = 0;(x)dz’, with 6; smooth, and I‘;k are the Christoffel symbols of

VM. Let b an adapted stochastic section of T(29) M along X. The quadratic
integral of b along X is defined, locally, by

t ¢ o
/ b (dX57dXs) :/ bij(Xs)d[XlaXJ]Sa (1)
0 0
where b(z) = b;j(z)dz’ ® dz’, whit b;; smooth.

Definition 2.2 Let M be a smooth manifold with symmetric connection
VM. Let P be a probability. A semimartingale X with values in M is
called a (VM,P)-martingale if fgﬁ dV" X, is a real P-local martingale for
all € TM*.

Let M and N be smooth manifolds endowed with symmetric connections
VM and VV, respectively. Let ¢ : M — N be a smooth map. Let ¢~ (TN)
be the induced bundle. We denote by VY the unique symmetric connection
on ¢~ (TN) induced by V¥ (see for example Proposition I.3.1 in [11]). The
bilinear mapping 84 : TM x TM — TN defined by

Bo(X,Y) = VX ¢(Y) = 6. (VXY)
is called the second fundamental form of ¢ (see for example definition I.4.1.1
in [11]). ¢ is said affine map if Sp is null.
Let X be a semimartingale in M and 6 be a 1-form along X. We have
the following geometric It6 formula:

¢ N t M 1 [t
\ _ * \Y - *
/ 0d¥ ¢(Xs) —/0 ¢ 0d¥ X+ 2/(; ,3¢9 (dXs,dXs). (2)
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3 Girsanov Theorem
We can now formulate our Girsanov Theorem in manifolds.

Theorem 3.1 Let P and Q be equivalents probabilities. Let us denote
7 = Zg Let M be a smooth manifold equipped whit symmetric connec-

tion VM. Let X be a (VM,P)-martingale in M. Then

t o t 1 t
/ 0dv" X, — [ / —dZ,, / OdVXS] (3)
0 0 Zs 0

is Q-local martingale.

Proof: Let X be a (VM P)-martingale in M and (z1,...,z,) be a local
coordinate system in M. By definition of It6 integral, for every 1-form 6 on
M,

1 rt A .
/ 0dv" X, = / JAXI+ 5 / 0:(X )T (Xs)d[ X, XFs,
0
where () = 0;(x)dz’. Since X' is real semimartingale, X* = M’+A’, where

M* is P-local martingale and A’ is variation finite process. Substituting these
into equation above we obtain

t t .
/ 0av" X, = / 0;(X,)dM!+ / 0;(X,)dA" + / 0 (XTI, (X, )d[ X7, X1,
0 0

Because X is a (VM P)-martingale, f(f 0dV" X s is P-local martingale. There-
fore by Doob-Meyer decomposition

/9dVMX /9 S)dM. (4)

Girsanov Theorem in R now shows that N* = M’ — [ 1d[Z, M'] are
Q-martingale. From this and (4) we dedude that

t t t
. . 1 .
/ 0,(X,)dN] = / 0,(X,)dM; — / 0:(X,) -5, M,
0 0 0 s

¢ . tq ¢ .
- /ei(XS)dM;— [/ ZdZs,/ Gi(XS)dMs’]
0 0 ] 0
t t 1 t
— /GdVMXS— [/ dZs,/ HdVMXS].
0 0 ZS 0
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Since fg 0;(X,)dN? is Q-local martingale, so is
/Hdv X, — [/ ZdZs,/ 0dv Xs].
0 0 s 0

Corollary 3.2 Let M be a smooth manifold endowed with two symmet-
ric connections V and V'. Let X be a (V,P)-martingale in M, Y be a
(V',P)-martingale in M and « be an 1-form on M. Then

t t t
/ 0dY X, + [ / ad"'Y,, / HdVXs] (5)
0 0 0

18 QZ}/—local martingale, where QZ:Y = ZP and Z; = exp(— fg adV'Ys).

g

Proof: Let X be a (V,P)-martingale in M, Y be a (V', P)-martingale in M
and a be an l-form on M. Write Z; = exp(— f[f adV'Y,) and
QZ’Y = ZP. As Z is strictly positive we have that @Z:Y and P are equiva-
lents. It is clear that dZ = —ZadV'Y. Substituting this in equation (3) we

get

t t 1 t t t , t
/ HdVXS—[ / 7 s, / QdVXs] = / HdVXer[ / adV'Y, / OdVXs]
0 0 S 0 0 0 0

From Theorem 3.1 we conclude that

t t t
/ 0d¥ X, + [ / ad"'Ys, / HdVXs]
0 0 0

is QX”Y—local martingale. 0

Example 3.1 A (2n + 1)-dimensional smooth manifold is a contact man-
ifold if there exist an open covering U; of M and a 1-form «; on each U
such that (1) o; \(de;)™ # 0 everywhere on U; and (2) if U; N U; # O then
a; = o550, where oy is a function on U; N U;. If M is orientable, there
exists a 1-form « (called a contact form) on M such that (1) o \(da)™ # 0
everywhere on M and (2) a; = o;a on Uy, where oy is a function on U;. For
a deeper discussion of contact manifolds we refer the reader to [6].

Let M be an orientable contact manifold and « be a contact form. Sup-
pose that M is endowed with two symmetric connection V and V'. Let X
be a (V,P)-martingale in M and Y be a (V',P)-martngale in M. Let us



denote Z = exp(— fode'Y) and QZ’Y = ZP. It is clear that QZY and P
are equivalent probabilities. Then by Corollary 3.2

t t i
/ 0dv X, + [ / adv'Y;, / HdVXs]
0 0 0

5 a QZ’Y—local martingale for each 8 € T*M. O

4 Projective maps

The following definition is due to J. Hebda [9].

Definition 4.1 Let M be a differential manifold whit symmetric connection
VM. Let v : (a,b) — M be a smooth curve.

1. The acceleration bivector field along v is the smooth map
ay : (a,b) = TM ANTM defined by oy = ¥ A vyy, where 4 is the tan-
gent vector field along ~y.

2. The curve vy is a pregeodesic if ay = 0.

3. A regular pregeodesic is called a geodesic.

J. Hebda and T. Nore in [9, 11] define projective map and strongly
projective map, respectively, in the following way.

Definition 4.2 Let M and N be differential manifolds endowed with sym-
metric connections, and let ¢ : M — N be a smooth map.

1. We say that ¢ is projective map if ¢ o~y is a pregeodesic of N for every
pregeodesic vy of M.

2. ¢ 1is called strongly projective if, for every geodesic v in M, f o~y is either
a geodesic or a constant curve in N.

The following remark will be useful for us.

Remark 4.1 Let ¢ : M — N be a projective map. J. Hebda in [9] showed
that if M is connected then ¢, is either of rank < 1 everywhere or of constant
rank v > 2. In the latter case ¢ is strongly projective.

T. Nore in [11] give the following characterization of strongly projective
map of constant rank.

Proposition 4.1 Let ¢ : (M, VM) — (N, VY) be a smooth map of constant
rank between smooth manifolds with symmetric connections. Then ¢ is an
strongly projective map if and only if there exists a 1-form « on M such that

Bs(U, V) = a(U)pV + (V) U, U,V € XM,



where 34 is the second fundamental form of ¢. We say that o is a 1-form
associated to ¢.

Proposition 4.2 Let M, N be differential manifolds equipped with symmet-
ric connections VM and VY, respectively. Let ¢ : M — N be a smooth map
of constant rank. Then ¢ is strongly projective map if and only if there exists
a I-form a on M such that

t t ¢
/ B30(dX,, dX,) =2 / adV" X, / ¢*0dv" dX,), (6)
0 0 0
for all semimartingale X in M and for all 1-form 6 on N.

Proof: Let ¢ : M — N a smooth map of constant rank. Suppose
that ¢ is strongly projective. By Proposition 4.1, there exist a 1-form
a on M such that 4(U, V) = a(U)dV + (V) U, U,V € XM. Let
X be a semimartingale in M and 6 be a 1-form on N. Let us compute
fg B30(dXs,dXs). Let (z1,...,7,) be a system of local coordinates in M.

Denote 9; = %,i =1,...,n. From (1) we see that

t t
/0 B0(dX,, dX,) /O (B50):(X,)d[ X7, X7],,

where 360 = (ﬁ;@)zjdwi ® dz’. Applying B in the vectors 0i,. ..,y yields
B30(0;, 05) = (B0)i;- In the other side,

B30(0i, 0;) = 0((9;)p+0; + (9;)$:0;) = i(¢*0) + i (¢°0),
where a = a;dz’ and (¢*0) = (¢*0);dz’. Tt follows that

/0 B10(dX,, dX,) = /0 (0s(670); + o (6°0):) (X)X, X7,
t t
= /0 ai(¢70);(X,)d[ X", X7+ /0 a;j($%0):(X,)d[ X", X7,
t . t )
= /0 (X)X, /0 (6°0);(X,)dX]]

¢ ot ,
b /0 (§°6):(X.)dX". /0 0 (X,)dX3].

By definition of 1t6 integral,
¢ M t M
/,B;H(dXt,dXt) = 2[/ adY XS,/ $*0dY " dX,).
0 0
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Conversely, suppose that there exists a 1-form o on M such that the equation
(6) is satisfied. In the same manner as above we can see that

/0 ((B30)i5 — ci(¢70); — aj(¢*0):) (X,)d[X", X7]; = 0,

for a system of local coordinates (x1,...,2,) in M. As X is arbitrage semi-
martingale we have

(B50)i; = i(9"0); + a;j(#*0);.
Therefore
08595, 0})) = 0@ (D) (9;) + a9;) 6 (D,))-
Since 6 is arbitrage, we see for U,V € X(M) that
Bo(U, V) = a(U)p«(V) + a(U) (V).
From Proposition (4.1) we conclude that ¢ is projecive map. 0

Corollary 4.3 Let M, N be differential manifolds equipped with symmetric
connections VM and V'V, respectively. Let ¢ : M — N be an strongly
projective map of constant rank. If X is a semimartingale in M, then, for
all € T*N,

t t t t
/ 0dv" p(X,) = / ¢*0d¥" X, + | / adv" X, / ¢ 0d" dX,),
0 0 0 0

where « s a 1-form associated to ¢.
Proof: It follows easily from It6 geometric formula.

Theorem 4.4 Let M, N be smooth manifolds equipped with symmetric con-
nections VM and VY, respectively. Let ¢ : M — N be a smooth map
of constant rank. Then ¢ 1is strongly projective if and only if there ex-
ist a 1-form o« on M such that ¢(X) is (VN,QZ];)—martz'ngale, for every

(VM P)-martingale X in M, where @X’];I( = ZP and Z = exp(— fadeX).

Proof: Let ¢ : M — N be a smooth map of constant rank. Suppose that
¢ is strongly projective. By proposition 4.1, there exists a 1-form « on M
associated to ¢. Let X be a (VM P)-martingale in M and  be a 1-form on
N. By Corollary 4.3,

t t t t
/ 0d¥" $(X,) = / ¢ 0dV" X, + [ / adV" X, / ¢*0dVMXs].
0 0 0 0
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Write Z; = exp(— f[f adV" X,) and @Zf; = ZP. Tt is clear that P and
are equivalent probabilities. From Corollary 3.2 and equality above

QY ival babilities. From Corollary 3.2 and lity ab
we conclude that fot 0dV" ¢(X,) is Qavf;—local martingale. As 6 is arbitrage
we have that ¢(X) is (VY ng)—martingale.

Conversely, let a be a 1l-form on M such that ¢(X) is a

, -martingale, for every , P)-martingale m , Where
vV.oYx ingale, f vM P ingale X in M, wh
ng; = ZP and Z; = exp(— fot ad¥" X,). By geometric Ité formula, for
every 0 € T*N,

t t t
/0 0% $(X,) _/O 50d Xs+2/0 B30(dX,, dX,)

Adding and subtrating [ fot adV" X, fot ¢*0dv" X s} we obtain

t t t t
/ 0dv" (X,) = / ¢ 0d¥" X, + [ / adV" X, / ¢*0dVMXS]
0 0 0 0
¢ M t M 1 [t
_ [/ adY XS,/ $*0dY Xs:| +2/ By0(dXs,dXs).
0 0 0

As $(X) is (VV, QY )-martingale we have that [; 0d%" ¢(X,) is QY y-local
martingale. From Corollary 3.2 we see that

t t t
/ $*0dV" X, + [ / adV" X, / ¢*9dVMXs].
0 0 0

is Qg’ﬁ—local martingale. Doob-Meyer decomposition now gives

t t t
/ ﬁ;@(dxs,dxs)zz[ / adV" X, / ¢*9dVMXs].
0 0 0

From Proposition 4.2 we conclude that ¢ is a projective map. a

J. Hebda shows that composition of projective maps is a projective map,
see Theorem 6.4 in [9]. We now prove this result for strongly projective map,
using Theorem 4.4.

Proposition 4.5 Let M, N, P be smooth manifolds equipped with symmet-
ric connections VM, VN and VF, respectively. Let ¢ : M — N and
¥ : N — P be strongly projective maps of constant ranks. If 1 o ¢ has
constant rank, then 1 o ¢ is strongly projective map.



Proof: Let X be a (VM,P)-martingale in M. Because 1 is strongly
projective map of constant rank, from proposition 4.1 there exist an 1-form
a on N associated to 1. By Corollary 4.3,

/edV pog(X /¢ 0d>" $(X,)+ [/ ad”" ¢ /1/; 0dv" ¢ )].

Since ¢ is strongly projective map of constant rank, there exist 1-form & on
M associated to ¢. By Corollary 4.3,

/Ot 00" pop(X,) = /Ot o 0dV" X, + [/Ot&dVMXs,/Ot ¢*1/)*0dVMXs]
" [ / ad™p(X,), / tw*edVNqs(Xs)]

From geometric It6 formula we deduce that

/0 0dV" o h(X / o 0dv" X, + [/OtndeXs,/otqﬁ*q/)*HdeXs],

where 1 = & + ¢*a. Write Z; = exp(— f(f nd¥" X,) and QVX = ZP. It is

clear that QZ;‘? and P are equivalents probabilities. From Corollary 3.2 we

see that
t o t o t o
/ Vo odY X, + [ / ndv" X, / ¢ 0dY Xs]
0 0 0

is ng—local martingale, so is fot 0dv" ¢ o (X;). Therefore ¢ o 1p(X) is
(VV, QZ;V()—martingale. From Theorem 4.4 we conclude that ¢ot) is strongly
projective map. O

Finally, we use Propostion 4.2 to prove the surprising result about pro-
jective maps.

Theorem 4.6 Let M and N be Riemannian manifolds endowed with sym-
metric connections VM and VY, respectively. Suppose that M is connected.
Then every projective map ¢ : (M,VM) = (N,VYN) of rank > 2 is affine
map.

Proof: We first observe that dimN > 2. Let ¢ : (M, V™) — (N, V") be a
projective map. By remark 4.1, ¢ is strongly projective map. By proposition
4.1, there exists a 1-form « on M such that

Bs(U, V) = a(U)pV + a(V)pU, UV € TM.
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It is clear that TM = Kera ® (Kera)®. For every V. € TM we have
Bs(V,V) = ¢.(a(V)V). Therefore B,(V,V) € ¢.((Kera)l). As dimension
of Kerar is n — 1 we have that dimension of ¢, ((Kera)®) < 1. Let 6 be a
1-form on (¢ ((Kerya)t)1)*, that is, (V) = 0 for V € ¢4 ((Kera)™). Let
X be a (V,P)-martingale in M. It follows that

t
/ B50(d X, dX,) = 0.
0

From Proposition 4.2 we see that
t M t M
[/ adY Xs,/ $*0dY" dX,] = 0. (7)
0 0

Since X is (V,P)-martingale, fg adV" X, and fg $*0dV" dX, are P-local
martingale. From (7) we deduce that fot adV" X, - fot ¢*0dV" dX is P-local
martingale. Taking expectation we obtain

t t
EP(/ adVMXs-/ ¢ 0d¥" dX,) = 0.
0 0

From this we conclude almost surely that
t M t M
/ adv X, / ¢ 0dY " dX, = 0.
0 0

Since fot ¢*0dV" dX, is arbitrage, fot adV" X, = 0. Because X is arbitrage,
we see that o = 0. Hence 3, = 0. It follows that ¢ is affine map. |
Let M be a Riemannian manifold. Let us denoted by A\(M ) the group
of affine transformation of M and by ﬁ(M ) the group of projective trans-
formation of M. A direct consequence of Theorem 4.6 is the following.

Corollary 4.7 If M is a connected Riemannian manifold such that dimM >
2, then A(M) is equal to P(M).

Let M, N be Riemannian manifolds and ¢ : M — N an isometric im-
mersion. We observe that immersions have constant rank. We recall that ¢
is geodesic immersion if S5 = 0 (see [4] for more details).

Corollary 4.8 Let M, N be Riemannian manifolds such that dimM > 2.

Let ¢ : (M,g) — (N,h) be an isometric immersion. If ¢ is projective map,
then ¢ is geodesic immersion.
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Other consequence of Theorem 4.6 is to give a new proof of Proposition
I11.4.5 in [11] due to T. Nore.

Corollary 4.9 Projective map of rank > 2 between euclidian spaces are

affine.
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