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Abstract

We study the well-posedness of the initial value problem for a coupled semilinear reaction-
diffusion system in Marcinkiewicz spaces LF12°)(Q) x L#2:°)(Q)). The exponents p1, ps of the
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a nontrivial consequence of our coupling-term estimates, we prove the uniqueness of solutions
in the scaling invariant class C([0,00); LP*(2) x LP2(2)) regardless of their size and sign.
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attraction for each self-similar solution and that solutions in LP! x LP? present a simple long
time behavior.
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1 Introduction
In this paper we are interested in the Cauchy problem for the following semilinear parabolic system

u — Au = g1(u,v), reN, t>0
v — Av = go(u,v), refQ, t>0
u(0,2) = ug, v(0,2) = vy x €

(1.1)

where
g1(u,v) = |u|? Dufv|*2"Dy and gy(u, v) = |u|" " Dufo|2Dy, (1.2)

1 < pi,1ri < 00, @ = 1,2. Here, we consider () being either R", R’ , a bounded domain or an exte-

rior domain in R", with smooth boundary 0€2. Also, we assume homogeneous Dirichlet boundary
conditions.

The equations (1.1) provide an example of reaction-diffusion system which arise naturally as
physical and chemical models. For instance, they can be used to describe heat propagation of
two interactive substances and model the behavior of chemical reactions, where the unknown u
and v represent the chemical concentrations. For more details, we refer the reader to [9] and
the references therein. (1.1) generalizes the well-known semilinear heat equation, which has been
studied by several authors (cf. e.g. [5, 7, 23, 14, 22, 13]).

The purpose of this paper is to show existence and uniqueness of global mild solutions, and
asymptotic stability results for the Cauchy problem (1.1) in Marcinkiewicz spaces. Mild solutions
will be obtained in the time-dependent space E = BC/((0,00); LP1>°) x [(P22)) with the right
homogeneity to allow the existence of self-similar solutions. These solutions may not be radially
symmetric, and they correspond, for instance, to homogeneous initial data ug, vy of degree —ky, —ks,
respectively, where ki, ko are determined by scaling of (1.1). It is worth pointing out that such
approach in finding self-similar solution was introduced by Giga and Miyakawa [15] in the framework
of Morrey spaces for Navier-Stokes equations and posteriorly by several authors in other spaces (cf.
[17]). Since L contains only trivial homogeneous functions, the advantage in considering L(®>),
in view of Chebyshev’s inequality, is that it can be regarded as a natural extensions of LP which
contains homogeneous functions of degree —n/p.

In our estimates of the coupling terms gy (u, v) and ga(u, v) (cf. Lemma 4.3), we do not use Kato-
Fujita’s approach, which uses two norms to prove the continuity of the nonlinear term, namely the
natural norm in E and an “auxiliary norm”. So, since L? C L®>) as an important product of
these estimates, we obtain the uniqueness of solutions in the class C([0,00); LP* x LP?) without
smallness assumption and regardless of the sign of solutions (cf. Theorem 3.4).

Moreover, with further work, this time by employing Kato-Fujita’s approach, we prove some
time-decay properties in the norm ||| (qi,00) with ¢; > p;, 7 = 1,2, and LP-persistence for the obtained
solutions, namely (u,v) € BC([0,00); LP* x LP?) provided (ug,vg) € LP* x LP2. Also, we stress that
our results do not require a sign assumption and they work well for the completely coupled case,
ie., gi(u,v) =v|v|” " and go(u,v) = ulu" " (cf. Remark 3.6).

On the other hand, using arguments related to those of [6], we discuss the asymptotic stability
of solutions and, as a consequence, a criterium for vanishing small perturbations of initial data at
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large time will be obtained (cf. Theorem 5.1). Applying this result to the particular case in which
the initial conditions wug, vy are homogeneous of degree —ki, —ks, one obtains the existence of a
basin of attraction for each self-similar solution. Also, by assuming (ug, vg) € LP* X LP?, one shows
that the solution (u,v) presents a simple long-time diffusive behavior, i.e., (u(t),v(t)) — (0,0) as
t — oo in LP' x LP?> (cf. Remark 5.2) .

Let us finally review some works of the literature concerning the Cauchy problem (1.1). For
p1,72 > 1 and on a bounded domain 2, Chen [8] found positive bounded classical solution under
smallness assumption on L —norm of the initial data. In whole space, for the completely coupled
system py = r; = 0, among other results about L>°—blow-up, Escobedo and Herrero [10, Theorem
3] proved that there exists at most one nonnegative bounded classical solution by assuming initial
data in L*° with small norm in L' x LP?>. Late on, in [11], they showed uniqueness of nonnegative
classical solutions in L>®(R™). In these last two works, the techniques rely in maximum principle,
positivity and boundedness. The results of [11] were extended to the system of n— equations by
Bokes [4]. By applying invariant solution method and reducing the problem to a system of ODE’s,
Qi [20] obtained positive radial self-similar solutions for (1.1). In the paper [21], by employing Kato-
Fujita’s approach and with € = R™ | Snoussi and Tayachi proved existence of small self-similar
solutions in the framework of Besov spaces. There, the authors also studied the asymptotic behavior
of the solutions for a specific type of initial data: (ug,vo) = n(¢1, ¢2) where ¢; homogeneous of
degree —k; and 7 is a cut-off function with n = 1 near x = 0.

Comparing to the above works, this manuscript presents, among other things, the following
improvements and novelties :

e The existence of self-similar solutions, which may not be radially symmetric, in a new frame-
work.

e The employed approach, without using two norms, enables us to obtain a new class of unique-
ness.

e Our results yield an orbit solution in space L®1%) x L(P2:>°) (persistence), which lies in LPt x LP?
when the initial data is also there.

e New large time behavior results which describe the behavior of the solutions within same
initial data class considered. In general, we obtain a basin of attraction for each self-similar
solution and, in case of LP* x L2 the w-limit is precisely a point, namely w({(u(t), v(t)) }i>0) =

{(0,0)}.

e The results work well on the four types of domain mentioned above. Besides the unbounded
domains R"™ and R, we point out the exterior domain case.

We conclude the Introduction by describing the plan of this paper. The basic properties of
LP>)_ spaces and some estimates of the heat semigroup will be reviewed in the next section. In
Section 3 we shall state our results of existence and uniqueness which will be proved in Section 4.
Finally, in Section 5 we shall analyze the asymptotic stability of solutions. Throughout this paper
the letter C' > 0 will denote generic positive constants which may change from line to line or even
within a same line.
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2 Preliminaries

Lorentz spaces: We begin the section by recalling some facts about the Lorentz spaces. For
a deeper discussion about these spaces the reader is referred to [3, 2] and the references given there.

A measurable function f : Q C R® — R belongs to Lorentz space L9 (Q), for short LP9) if
the quantity

(p /oo [tlf**(t)}q dt>}] if 1 1<

L » — )i <p<oo,1<qg< oo,

Ifloo=q \7/s t g !
SUpyso t? f(t) Jif 1< p<oo, qg= o0,

is finite, where
() = %/Ot fX(s)ds, f*(t)=inf{s>0:m{zeQ:|f(x)|>s} <t}

The space L?? endowed with the norm || - ||, is a Banach space and L®?) = L? is the usual
Lebesgue space. In case ¢ = oo, L®>) is called the Marcinkiewicz space or weak-L? space. While
C°(€2) is dense in LP9(Q) with 1 < ¢ < oo, the same one is not verified for L®>)(Q). Also, one
has the following continuous inclusions Lea) c [p ¢ LPa2) ¢ [P0 with 1 < g <p<q <o

For 1 < p,q < 0o, the dual space of L®9 is L#"¢) and so, these spaces are reflexive. Moreover
L) is the dual space of L®"V) provided 1/p+1/p’ = 1, and L®Y is not the dual space of L"),

By real interpolation, the Lorentz spaces can be alternatively constructed as (cf. [3, 2])

L) = (L' L®),_1,, 1 <p< oo,
and the following interpolation property holds:
(L(PO,QO)’ L(pl:‘]l))eyq _ L(p,q)’

provided 0 < pp < p1 < o0, 0 <6 <1, izlil);oe—l—l%andlSQO,Qh(]SOO-

In the sequel we recall the Holder inequality in the framework of Lorentz spaces (cf. [19])
Proposition 2.1 (Generalized Holder’s inequality). Let 1 < py,ps < co. Let f € LPvM)(Q) and
g € LP2%)(Q) where pil + p% < 1, then the product h = fg belongs to L"%)(Q) where % = le + p%,
and d3 > 1 satisfies d—ll + % > dia. Moreover,

1Pllras) < CONFllr.an 191 o, - (2.1)

Heat semigroup: One defines the heat semigroup {G(t)};>0 as the family of convolution

2
operators with corresponding kernels g(¢,z) = (47?25)’%6’%, that is G(t)f = g(t,-) = f.
In the following lemma we recall two estimates for {G(t)}+>0 on Lorentz spaces. The first one
is the well known smoothing effect of the heat semigroup in Lorentz spaces and the second one is
Yamazaki’s estimate (cf. [24]).
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Lemma 2.2

e (Smoothing effect) Let 1 < p < g < 0o and 1 < d < oo. There exists a constant C' > 0 such
that

iggt%(E*E)HG(t)aﬁH(q,d) < Cléllpa (2.2)
for all ¢ € LPD(Q).

o (Yamazaki’s estimate) Let 1 < p < g < oo. There exists a constant C > 0 such that,

/o 26707 2 |Gl ds < Clloll >

for all ¢ € LPH(Q).

3 Results

The purpose of this section is to state the results of well-posedness for the Cauchy problem (1.1)
in the space L(P1:>°) x L(2>) In order to find suitable functional spaces to study (1.1), we start
by performing a scaling analysis. Just for a moment, let us take {2 = R". Assuming that the pair
(u,v) is a classical solutions of (1.1), we look for the values of kj and ks, such that the pair (uy,vy)
given by

ux(t, x) = Nu(N\?t, Ax) and vy (¢, z) = \20(\%t, \r)

is also a solution of (1.1). To this end, one substitutes u,(¢,z) and v, (¢, z) in (1.1) to obtain

NF20, (N2, ) — NP2 Au(A?E, M) = NFrertheez g pi=ty (N2 Ag) w2 Lo (A%t A) (3.1)
N2y, (N2 Ax) — A2 P2 Ap(A2E, Aa) = Atk g ity (A2 A [o] 2o (A2t Ax), (3.2)

for all A > 0, ¢ > 0 and x € R". It is easy to check that the equalities (3.1) and (3.2) yield
(p1 — 1)]{’1 + pgk’g = 2 and lel + (7"2 - 1>k2 = 2, (33)

and so a simple computation gives us

2(p2 — 2+ 1) 2(r —p1+1)
ki = and k, = 3.4
e — (o= 1)(ra — 1) 2 e — (o1 — (e — 1) (34)
provided
Tp2 — (pl — 1)(7’2 — 1) 75 0 (35)

The map (u,v) — (uy,vy) is named scaling transformation of (1.1). At this point a question arises

naturally: Are there scaling-invariant solutions of (1.1), in other words, solutions satisfying

(u,v)(t,x) = (ux,va)(t, x), (3.6)
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forallt > 0, x € R" and A > 0 7 These type of solutions are called self-similar solutions of the
problem (1.1). At least formally, taking ¢ — 07 in (3.6), up = u(0,z) and vy = v(0, ) should be
homogeneous functions of degrees —k; and —ks, respectively. This remark suggests that suitable
initial-condition space to find self-similar solutions should be one containing homogeneous functions
with that exponent. For instance,

(ug, vg) € LP1>) x LP22) with p; = /{;ﬁ and k; given by (3.4). (3.7)

7

On the other hand, since we are interested in self-similar solutions, we shall study the existence
of solutions in time-dependent spaces, in which the norm is invariant to the scaling of (1.1). In
the next definition we denote by BC' the class of bounded and continuous functions from the
corresponding interval onto a Banach space.

Definition 3.1 Let k; be given by (3.4), pi= 1+ > 1,1 < ¢; < 00 and o; = g(i—i) withi =1, 2.
We define the following Banach spaces

E = BO((0,00), L) x L2y

Epg ={(u,v) € E: (t%u,t*v) € BC((0, oo);L(q“OO) X L(‘D’OO))},

with respective norms given by

[(w, 0) ||z = max{sup [|u|p).00), SUp 0]} (.00 } (3.8)
>0 t>0

1(0.0) g, ,, = 100 maesapt (e ey S22 0O} (39
Next, according to Duhamel’s principle, we introduce the notion of solution for the initial value
problem (1.1).

Definition 3.2 A global mild solution of the initial value problem (1.1) in E is a pair w =
(u(t),v(t)) satisfying

(u(t),v(t)) = (G(t)uo, G(t)vo) + B(u,v)(t), (3.10)
where

t t
B(u,v)(t) = (/ G(t — s)|ultulv|?vds | / G(t — s)\u|”_1u|v|’"2_1vds) :
0 0

In what follows, we state our well-posedness result of mild solutions for (1.1). Before proceeding
we recall that p; is given by (3.7).

Theorem 3.3 Letn > 3, 1 < r;,p; < p; < 00 and p; > s, 0= 1,2 Assume that (ug,vg) €
[,(P1,0) ¢ [ (p2,00)
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(i) (Well-posedness)There existe > 0 and § = §(e) > 0 such that if || uol| (py,00) < 0, ||V (p2,00) < 6
then the initial value problem (1.1) has a global mild solution (u(t,z),v(t,x)) € E, with initial
data (ug,vo), which is the unique one satisfying ||(u,v)||g < 2¢

(1i) (Decay) Let p; <q; < 00, i = 1,2, satisfying le < % + ;Lz and p% < o+ 22 There exists 0 <
Oqu.qo < 6 such that if ||uo||(p1,00), [|V0]](p2,00) < Og1,q0s then the previous solution (u(t,x),v(t,x))
belongs to E,

192

(iit) (LP—persistence) If (ug,vo) € LP* x LP2, with ||ug|| i and ||vo]|ree small enough, then the
solutions obtained through item (i) belongs to BC((0, 00); LP* x LP?).

In view of the continuous inclusion LP C L®>) Theorem 3.3 supplies uniqueness of solutions
in the class BC([0,00); L' x LP?); under smallness assumptions. However, adapting an argument
found in [17], one can remove the smallness conditions. More precisely, one has the following
statement:

Theorem 3.4 (Uniqueness) Assume n > 3, 1 < ry,p; < p; < 00 and p; > 5,1 = 1,2. Let
(u,v) and (w,v) be two mild solutions of (1.1) in the class C(]0,00); LP* x LP?) with initial data
(ug,v9) € LP* x LP2. Then u =1 and v = 0.

As pointed out in the Introduction, since Marcinkiewicz spaces contain homogeneous functions,
a consequence of Theorem 3.3 is the existence of self-similar solutions. This is the content of the
next corollary.

Corollary 3.5 Let Q =R", k; and ko be given by (3.4) and (ug,vo) € LP1>°) x LP2°)  Assume
that uy and vy are homogeneous functions of degrees —ky and —ky, respectively. If ||uol|p,,00) <
9, |[voll (pa,00) < 0, then the solution (u(t,x),v(t,x)) provided by Theorem 3.3 is self-similar, i.e.,

(u(t, z),v(t,2)) = (AN (N2, Ax), N0\, Ax))

almost everywhere x € R™, t > 0 and all A > 0.

We finish this section by making further remarks which complement our results.

Remark 3.6

e (Convergence towards initial data) Leaving the details to the reader, we comment in what
sense the initial condition is taken. Adapting arguments found in [1, 24] we can prove that
the solution (u(t),v(t)) — (ug,v0) as t — 0% in weak-star topology of LP1>®) x LP220)
This behavior of the solution is expected, and no more, because the heat semigroup {G(t) }+>0
presents the same one. Indeed, letting f € L) and ¢ € L®V | one has

(GO = .o | =[{f,G{t)p—¢)|
<Nl IGE) f = fllry — 0, ast — ot
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On the other hand, assuming (ug,vo) € LP* X LP? and proceeding closely to [16, pp. 5], one
can show (u(t),v(t)) — (ug, vo) in topology of the norm of LP* x LP2. So, the solution obtained
through item (iii) is actually continuous at t = 0.

Observe that the conditions of Theorem 3.3 are not empty. For example, taking ro — 1 = py
and p1 —1 = ry, withreo —1 < py and py —1 < ry, one obtains 0 < k; < n, 1 =1,2. Moreover,

by continuity, one can choose q; = p; so that ~ < 22 + 22 gpd L < L 4 T2
Yy Y i Pi p1<Q1+fI2 p2<q1+q2

In Theorem 2.1, we can deal with the case n = 2 by assuming

1 -1 1 -1
S TP S Y R0 QP I S
b1 q1 q2 D2 a1 G2

instead of p; > "5, 1 = 1,2. This latest condition comes from estimates (4.5)-(4.6) where,

i duality argument, one needs 1 < p; < §; Therefore, to include the case n = 2, one

should avoid the duality argument and perform the estimates by using the auziliary norms
SUPy=o 1% - |l(gioo) Of Eqiger @ = 1,2. However, in this case, we could not prove the uniqueness
of solutions in C(]0,00); LP* x LP?) because we should lose the bounds (4.5)-(4.6) which are
essential to showing Theorem 3.4 (cf. estimate (4.27)).

(Other coupling terms) Above resuls still hold if we consider more general couple terms g;
satisfying

191 (u,0) = g1(@,0)| < Clu— @l (Ju|®=Y + [@] D) ||,
191 (w,v) = g1(w,0)| < Clo =] (Ju] 7Y + 0] @2Vl

and the same inequalities for go, replacing p; by r;, i = 1,2. Observe that g; given by (1.2)
satisfies these conditions and the need of them arises in deriving (4.8) below.

Moreover, by taking p1 = ro = 0 and removing the superfluous conditions py,ro > 1 in the
statement, all our results work well for the completely coupled system, i.e. gi(u,v) =v |v|p2_1
and gs(u,v) = u|u|r171, with a slight adaptation of the proofs. For instance, in place of
estimates (4.5) and (4.12), we would have (4.10) (dual version of the needed estimate) and
(4.18)-(4.19) with p; = 0, respectively. In this case, by (3.4) the scaling exponents would be
kl = 2<p2 + 1)/(,027’1 — 1) and k2 = 2(7’1 + 1)/(p2T1 — 1)

(Positive solutions) Let ug, vy be non-zero functions with ug,vg > 0 . It is a simple matter
to check that the elements (tum,vm) of the interactive sequence (4.24) are positives. Then, as
(Um, Um) — (u,v) in E, the solution satisfies u(t,z),v(t,x) >0 a.ex € Q andt > 0.

(Local theory) In proof of Theorem 3.4, indeed we have proved the uniqueness of solutions in
the class C([0,T); LP* x LP?) with 0 < T < 0.

Assuming that
lim sup ¢t ||G(t)uol|(q1,00) and lim sup t*?||G(t)vol| (gs,00) (3.11)

t—0+ t—0+
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are small enough, one can prove a local-in-time version of Teorema 3.3 by replacing the
smallness of the initial data by the smallness of the existence time. In case (ug,vg) € LP* X LP?,
the condition (3.11) holds (cf. [16, pp. 4]) because

lim sup t*'||G(t)ugl|zar = 0 and lim sup t**||G(t)vg|| L2 = 0.

t—0t t—0+t
Also, if (ug,vg) € Lt x L2 with b; > p; i = 1,2, then one can solve the initial value
problem (1.1) in BC((0,T); L1 x L®2:2)) for some value of T > 0 small enough. The
proof, in this case, is simpler. Applying the semigroup estimate (2.2) and Holder’s inequality,

we can estimate directly the norm of nonlinear coupling term in BC((0,T); L®1:°0) x [(b2:29))
without using duality and Yamazaki’s estimate (2.3) or the approach with two norms.

4 Proofs

In this section we shall develop the proofs of the results stated in Section 2.2. We start with a
lemma about existence of solutions for an abstract equation, which will be useful to our ends.

Lemma 4.1 Let 1 < py, ps,r1,r2 < 00 and X be a Banach space with norm || - ||, and B : X — X
be a map satisfying B(0) = 0 and

1B(z) = B(2)ll < K|z — 2l [(l= ™" + 207 70) el + (™7 + 2770 [l=)”+
+ (™ M) Nl + (el A+ ™) 0] (4.1)

Let € > 0 satisfy
1

2P1+P2+1601+P2—1 + 2T1+T2+157“1+T2—1 < —

I

If y € X is such that |ly|| < e, then there exists a solution x € X for the equation x =y + B(x)
satisfying ||x|| < 2e. The solution x is unique in the closed ball B(0,2¢). Moreover, the solution

depends continuously on y in the following sense: If ||| < e, T =y + B(Z), and ||Z|| < 2¢, then

1

HLE N SZ.H = 1— (2P1+P2+1K8P1+P2—1 + 2T1+T2+1K57"1+7“2—1) Hy N gH

(4.2)

Proof. The proof relies in the Banach fixed point theorem. For each y € X, let us define a map
F,: X — X sothat F,(z) = y+ B(z). We claim that F is a contraction on B(0, 2¢) when [|y|| < e.
Thus the Banach contraction principle implies the existence and uniqueness of solution in B(0, 2¢).
In the following we prove the claim. Since

291+pz+1K5p1+p2—1 + 2T1+r2+1K5r1+7’2—1 —1< 0’ (43)
we apply (4.1) with = x and z = 0 to estimate

IE @) < Myl + I1B@)IF <yl + K ()77 + [l]72)

<
< g4 op1tp2t+l [ opitp2 + oritretl proritra - o +e=29
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and so, one obtains that F'(B(0,2¢)) C B(0,2¢). Futhermore, taking z, z € B(0, 2¢), we get

IF(z) = F(2)| < [1B(x) = B(2)l| < Kllz = 2[[(l=1”7" + 27 7) [|[12
(17278 + {1207275) Tyl + (el =+ =l fla) ™

<

+(

+ (ll==t = l20m0) lyl™]

< (291+ﬁ2+1K6p1+p2 1 2T1+r2+1K€T1+T2—1) ||J: _ ZH

which, together with (4.3), give us the desired claim.
In order to conclude the proof it remains to prove (4.2). To this end, we take Z and = as in the
statement of the lemma and estimate

lz — 2| < |ly — || + | B(z) — B()|| < ||y — §|| + (202t Kerrtea—1y
+ 2T1+T2+1K6T1+r2_1)||1’ . j”;

which implies the inequality (4.2). ]

Remark 4.2 [t is useful to recall that the solution obtained through Lemma (4.1) is the limit in
X of the following Picard sequence {x, }nen,

r1=y and x,1 = F(x,), n €N.

Nonlinear estimates

In this part of manuscript we will derive the needed estimates of the nonlinear term B(w.v) in the
spaces E and E,,,,. These will be used to show that B satisfies the property (4.1) with X = E and
X = Eqq,

In order to perform the estimates in space E we consider the following nonlinear operator

192°

F(hy, ho) () = (Fy (h1, ha), Fa(hy, hs))

where

Fy(hn, hy) = / G(s) ([T [P o o> ) () dis
0

Fg(hl, hg) = / G(S)(’hl‘Tl_lhl‘h2|r2_1h2)($)d8,
0

and we recall that {G(t) }+~0 denotes the heat semigroup.
Before proceeding to the next lemma, let us remind the reader an useful real number inequality:
If r > 1, then
plo ™" —ala < Clb—al (b +a"), (4.4)

for all a,b € R with the constant C' > 0 being independent on a, b.
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Lemma 4.3 Let n > 3, p; be given by (3.7), 1 < p;,ri < p; with p; > -5, i = 1,2. There exist
positive constants K1 and Ko such that

1Fy (P, ha) = Fi (R, o)l o) < K [St;lg (71 = B) | o0 ) Sup (P10 ) + (2 )SUPHhZ‘” (p2.00) T

(p1,00) (p1,00)

st = il supCltal + sl ) sup Vil
(4.5)

_I_

(p2,00) (p2,00) (p1,00)

|Fo (s ho) — Fa(hr, ho) || ooy < Ko {Stug (h2 — 1)l (pa.00) SUP(||h2||T2 ! = 12722 )Sug||h1||r1
> >

+Stl>1§ (h1 = T21)]|(pr 00) SuP(||h1||7}.1 o+ ||h1|\r;,1 %) )SUP Hh2||(p2 00) } ,

(4.6)

for all measurable pairs (hi, hs) and (hy, hs).

Proof.- We only will prove the inequality (4.5) since the proof of (4.6) is entirely parallel by
substituting F1,p1, p1 and py by Fh, pe, 71 and 7o, respectively. Let 73 > 1 such that — = pl + Zz
By definition of p; (3.7) and the relation between k;’s (3.3), note that

n,l1 1 n,pa  p1—1 1
— Y- 1= + —1==(peko+ (p1 — k1) —1=0. 4.
2(p1 T{) 2(@2 . ) 5 (p2kz + (p1 = 1)k1) 0 (4.7)

In the following, one takes ¢ € L1V, After recalling that G(s) = e** with A self-adjoint, we
use the bound (4.4) and Hoélder’s inequality to estimate

< Fl(hl,hg) — Fl(%17 hg),¢ >‘ = ’< / G(S)((’hl‘plflhl — ‘E”pl*lfi)‘hﬂm*lhz)ds,¢ >‘
0

= ‘< / (|hal?” =y — (B[~ ) [hol P~ By ds, G ()¢ >
0

< C/O (R = R ) ([ P+ R 27 o] 1 ) (G (8)8) | o1 1)
(4.8)

Applying again Holder’s inequality and Yamazaki’s estimate (2.3) with ¢ = 7{ and p = p/, one
bounds the right hand side of (4.8) by

< Csup [[(h1 = 1)l g o) Sup(llhlll”;lio + 1Al ) $up |2l o / (G (s))ry 1y ds
0

SKliggH(hl 1)l pr,00) Sup(l\th’“ Ol [ )Suthzl (paso0) 191l (1. 1)- (4.9)

(p1,00) (p1,00)
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Also, just like the proof of (4.9), we can bound

< Fi(hi,ho) — Fi(hi,ha), ¢ > gKlsu%)||(h2—11~2)H(p2,oo)sug(|]h2]|p2 . +||h2|’p2 : )%
t> t>

(p2,00) (p2,00)

X sup 110122, 16l 1)+ (4.10)
Finally, collecting the last two inequalities, one gets

’< F1<h1,h2) — Fl(%l,EQ),Qb >‘ < ‘< Fl(hl,hg) — Fl(%l,hg),qb >‘+‘< Fl(%l,hg) — Fl(ﬁhEQ),qZﬁ >

< K [Supﬂ(hl—hl)”(m,oo) sup([[ha 172, ) + 1l ) sup [1Rall2, o)+
t>0 t>0

T (p1.09) (p1,00)

1 1
o1 = )l supCltal 2 + IRl ) s W, | Nl

which, by duality L(®+>) = (L#P1D)* yields the estimate (4.5).
]

In the next lemma we deal with the estimates of B(u,v) in the time-decay part of the norm
Il (u, v)||quq2 , namely

100, = mas{sup ¢ [0 oy 5D [0(D)] - (411)
Below, one also uses the convention
(s )11, o, —max{suptﬁl [w(®)]] 4, 00 iggt‘b [0(0) ] 1,000 >

where 3, = %(pil — %) and (y = —(p% — 5) In case l; = g, ||(u,v)|]l1J2 = ||(u, v)qu 4 and

1, 0)l],, _p, = max{supe [[w()l ) 00) » 50 [0 .00 -

Lemma 4.4 Let p; be given by (3.7), p; < ¢ < 00 and p; < l; < 00, i = 1,2, satisfying pil <

Lyl pmgpg Lo byn g 22l There exists a positive constant Ky, ,, such that
! q 92 p2 Tl @ 92

Stgl()jthBl(U7 U) - B1<ﬂ7 fﬁ)“(h,OO) S KthfIQ ||(U’ - ﬂvv - 5)”[1,12 X

x| (I, )l =g, + DG Zg,) (s 0) 157 g, + (Ul 0) 27, + 1@ D)2 g,) 1@, D) 15 qQ] :

(4.12)
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sup (| By (u, v) — Ba (@, 0)l|to.00) < Kopo (0 = Gv = D))}, 4, x

X | (1 0)lgh =g, + 1@ D) gh g ) (s 0) 132, + (s 0) 157, + 1@ D) 132 70,) 1@, D)l qQ] 7
(4.13)

for all measurable pairs (u,v) and (u,v).

Proof. Likewise the proof of the previous lemma, we only show (4.12) and skip the proof of
(4.13) which follows in an analogous way. We start by writting

||Bl(u7v) - Bl('m ’6)”(111,00) = ||Bl(u’ U) - Bl(a7 U) + Bl(a7 U) - Bl(a’ 5)”((11,00)
< [|Bi(u, v) = Bi(@, v)|(g1,00) + | B1(w, v) — Bi(w,0)[(g1,00)  (4.14)

Firstly we deal with the first term in the right hand side of (4.14). Take 7 > 1 such that £ =

%—F plq—;l + Z—i > pil > % Applying (2.2) with ¢ = I3, p =7, d = 00, the bound (4.4) and afterwards
Holder s inequality (2.1), one obtains

t
1B1(u, v) = Bi(w, v) [l g1.00) = / IG(t = s)(Jul” = u =[]~ @) o] o]l gy.00)ds
0

<C [ (t—) FEW | (jul = @70 0] 0 0o ds

t _ncl_ 1 ~
SC/(t—S) 20T (= )0y (el sy A+ NN I, s
0
(4.15)

Now multiplying and dividing by s®1+1(p1=D+e2r2 ingide the integral and taking the supremum over
s > 0, one bounds (4.15) by

(q1,00)

! 1
_n/i__ . , )
= /O<t—8) 2 (F—ar 551||(u—u)|| (1,00 ga1(p1—1) (” ||p;1 5 + le ) 0212 || n s (arpr-tazp) g,

t _
< C/ (t — 3)7%(211+%)3_(’81+0‘1(p1_1)+a2p2)d8 x Ay, (4.16)
0

Ax = sup 2| (= )y s £ Dl ) st ol o

1 -1
< [(u—u,0=0),_y, (Il(u,v)| g T 1@ 0)g Zg,) (s, 0)IIg7 g,

Since Z’Ll < %+p1q—;1+2—§ and p; < ¢;, 7 = 1,2, the equality (4.7) implies 81 +a1(p1—1)+agpy < 1

and %(plq—;l +£2) < 1, respectively. Thus, the integral in (4.16) is finite, for all ¢ > 0, and the change
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of variable s — st yields

t _ _
/ (t _ 8)_%(”‘71 1+%)8—(ﬁ1+a1(01—1)+O¢2P2)d5 — t‘%(plql 1+%)—(ﬁ1+01(01—1)+0¢2p2)+1X
0

1 —_
X/ (1—8)7%(p211+%2) —(B1+ai1(p1—1)+azp2) ds _Ct_ﬁl,
0

and so (4.16) gives us

sup ¢ | By (u, v) = Bi(@ v)llr.00) < CAr- (4.17)
Similarly, one can prove
Stlig 9| By (i, v) — Bi (@, )| (1y.00) < CAs, (4.18)
where
A = sup (0 = 7)o sup P Dol + TG supt @Gy (419)
< l(w =0 =0y, (w0527, + 1@ D)1, 1@, )] Zi .
We finish the proof by observing that (4.14), (4.17) and (4.18) imply (4.12).
n

Remark 4.5 The bounds (4.12) and (4.13) still hold by replacing the norms || - ||1,.00)s || * ||(12,00)
and ||(-,*)|l,,_,, by their respective versions in Lebesgue spaces, namely

sup [|-[| pn » sup [l and max{sup |[-|| s, ,sup [|*[| i, }-
>0 >0 >0 >0

In order to prove it, since L' = LU in step to get (4.15) one must apply (2.2) with d = 1,
instead of d = oo, and Hélder inequality (2.1) with exponents of the first factor p1 = dy = 1y in
place of py =1y and dy =

Proof of Theorem 3.3

The proof of Theorem 3.3 is an application of Lemmas 4.1, 4.3 and 4.4.

Proof of (i). We wish to apply Lemma 4.1 to the integral equation (3.10) with X = FE,
y = (G(t)uo, G(t)vy), * = (u,v) and

B(z) := B(u,v) = (By(u,v), Ba(u,v)). (4.20)
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Clearly B defined by (4.20) satisfies B(0) = B(0,0) = 0, and the estimate (4.1) will be obtained
by using the Lemma (4.3). For this, we express B(u,v) as

By (u,v) = Fi(hy, he) and Ba(u,v) = Fy(hq, ho) (4.21)
with
hi(s,) =u(t —s,-), if 0<s<t and hi(s,:) =0 otherwise,
hao(s,-) =wv(t—s, ), if0<s<t and hao(s,-) =0 otherwise,
and

hi(s,) =a(t—s,-), if 0<s<t and hy(s,-) = 0 otherwise,
ha(s,-) =0(t —s,), if 0<s <t and hy(s,-) =0 otherwise.

Now let K7 and K3 be as in Lemma 4.3 and take Kp = max{K;, K,}. Handling the norm ||(-, *)|| g
on inequalities (4.5) and (4.6), and denoting = = (u,v), z = (@, v), one obtains

1B(2) = B)lle < Kellw — 2lsl(lllf ™ + 120571 lellE + (212 + 12057 =07
+ (2l + =17 21 + (2l + =037 207 (4.22)
Futhermore, using the semigroup estimate (2.2), we bound the linear part of (3.10) as
ol = (G (e, Gt} = max{sup | G(O)oll g ey 0P [ G 1)l )}
< CE maX{”uOH(pLOO)v ||U0||(p2700)} < CE5 =&,

provided [[uol|(p;,00): (V0| (pa,00) < 9. Thus if € > 0 is small enough, in a way that

1

2p1+p2+1€p1+p2—1 +2r1+r2+16r1+rz—1 < 7
Kg

(4.23)

then a direct application of Lemma 4.1 concludes the proof of (i).

Proof of (ii). In this time we apply Lemma 4.1 with X = E,,, instead of X = E. Taking
l1 = q1 and Iy = @, it is easy to see that the inequalities (4.12) and (4.13) imply that B satisfies
the property (4.1) with the norm

1)l g = max{iggto‘l 1l g1 50) sup [0l (g.00)

Since (4.1) is also verified in the norm ||(-, *)|| z, one obtains that the same property is also verified
in the norm ||(-, %)[| g, ,, = ¢, 0|z + (- %)l with K, , = Kg+ Ky,4,. Moreover, by estimate
(2.2), we have

q1—-q2 192

(G ()uo, G(t)vo) | £y, = (G E)uo, G(E)vo) | + (G (E)uo, G(E)v0)lg1 -0

< Cr,,,, max{][uol|pr.00): 100/l (p2.00) }-
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Now, proceeding analogously to the proof of item (7), one obtains a solution (u,v) belonging to
closed ball EquqQ (0,2¢,) with e, = Cg, , 64,4,- Futhermore, as Cp < Cp, , and Kp < Kg,, then
0g1q < 0 and g, < &. Therefore (u,v) € Bg(0,2¢) and so, by uniqueness of solutions in Bg(0, 2¢),
the solution (u,v) coincides with the obtained previous one.

Proof of (iii). Let Eqm = E,,4, N BC((0,00); LP* x LP?). From Remark 4.5 and Lemma 4.4,
one observes that B satisfies the bound (4.1) with X = E,, ,,and the norm

1G9z, = max{sup [l sup s} + 1G4y, g, -

So, leaving the details to the reader, one can now proceed as in the proof of (ii) and (iii) to
obtain the desired result.

Proof of Corollary 3.5

Proof: Theorem 3.3 was proved by ultimately applying Lemma 4.1. Thus, according to Remark
4.2, the solution (u,v) is obtained as the limit of the following Picard interaction:

ur(t,z) = GQ)ug , vi(t,x) = G(t)vo,
U1 (t, ) = ug + B1(Um, Uy) and vy,41(t, ) = v1 + Bo(tm, V), m € N. (4.24)

Let ug and vy be homogeneous functions of degree —k; and ko, respectively. Without difficulties
one verifies that (uq(t,z),v1(t, x)) is invariant to the scaling of (1.1), i.e.

wy(t, 2) = Ny (A2, Ar) and vy (¢, ) = M2 (A%, Ax).
By an induction argument, one proves that u,, and v,, also verify
U (£, 2) = A, (N2, Az) and v, (¢, ) = A20,,(A\*t, Ax), for all m.

Since the limit (ty,, v,m) — (u, v) is taken with respect to scaling invariant norm |[|-|| g , by uniqueness
of the limit, the solution (u,v) must also satisfy

u(t, r) = \Nru(\%t, \x), v(t,z) = \20(\%t, ),

forall A > 0,¢t>0 and a.e. x € R™.
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Proof of Theorem 3.4

Let W = (u,v) and W = (@, v) be two mild solutions of (1.1) in C(]0, c0); LP* x LP?), corresponding

to initial condition Wy = (ug,v9) € LP* x LP2. By covering the interval (0, co) with I; = [a;, b;] and

b; — a; = T, observe that it is sufficient to show that W = W in [0, 7], with 7" > 0 small enough.
Let us denote © = W — W = (u— @, v — 0) = (61, 6), ¥ = (11, 2) = (G(t)ug — u, G(t)vg — v)

and U = (41, 105) = (G(t)ug — @, G(t)vy — 7). Firstly, we rewrite the norm [/l py.00) Of 01 =
By (u,v) — By(u,v), the first coordinate of ©, as
1B1(u, v) = B1(w, V)| o) = [|1B1(w, ) = Ba(w, v) + By(u,v) = By(w, )|, o0
< |1Bi(u,v) = Bi(t,v)|| () 00y T 1B1(t; v) = Bi(w, 0) |, o) - (4:25)
In view of (4.4), one bounds the r.h.s of (4.25) (up to a constant C' > 0) by
t
< || [ te = sniqur e
0 (pl,oo)
t
# | [ ot palep 4 e
0 (p1,00)
=14+J (4.26)

Since |u| < |11| + |G(t)uo| and || < |¢hy| + |G(t)uo| , one estimates I (up to a constant C' > 0) as

t _ t
I < H [ Gte= st + 13l 4 H [ 6= sionliGispun upas
0 Pl,OO) 0

(p1,00)
=L+ D
Working as in the proof of the bound (4.5) (or (4.9)) and using L™ C L"), one gets
L < C sup [[64lgn0)( sup [[91]175" + sup [[en|2h ) SUD {1011, oc (4.27)
0<t<T 0<t<T 0<t<T 0<

Let us take % = p% + g—z + plq—:l. In order to estimate I, we first apply (2.2) with ¢ = p; and p =1
followed by Holder inequality (2.1) to obtain

t o( l
1, §/0<f—8)2 711641 1G (5o~ [01 e

1 t —nei=l 1 +22) a1(p1—1)
<C sup. 101l (py,00) ( sUP ¢ [|G(t)ug ]| Lar )"~ Sup [Vl o | (E—s) 20 o Trdsmerlim g
0<t< 0<t<T <t< b2, 0

< C sup [0y 5D |G E)ugll ) sup [Jol] (4.28)
o<t<T o<t<T o<t<T

(p2,00)°

since —%(plq—zl +2)—a(pr—1)+1=0and

t _ 1
/ (t . 8)7%(p211+%)8_a1(p1_1)d8 — 2(p1 1+Z§) ai(p1— 1)+1/ (1 . S) %(plqll Zi)s (p1—1)d8 —C.
0 0
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Now, adding the inequalities (4.27) and (4.28) one gets

I<IL+1, <AT) sup |01 (p,00) sup Hv| (32,00)
0<t<T 0<

with A(T) given by
AT) = Clsup [l + sup [l +( sup 122Gl )
<t<

0<t<T
Analogously, one can prove the following estimate for J:

J < B(T) sup_[[falls 00) S0P TG, oc):

where
B(T) = C[( sup |[2]l75." + sup I92]1532") + ( sup 82| G(¢)vo| ez )™ ))-
o<t<T o<t<T
In an entirely parallel way, the norm ||-||(p2700) of 03 = Bs(u,v) — Bs(w, v), the second coordinate
of ©, can be bounded by I+ J with
I < A(T) sup |61l o0) sup (0[], o) and J < B(T) sup [0s][py,00) sup [l o)
0<t<T 0<t<T 0<t<T 0<t<T

where
A(T) = [(sup [lvnlli + sup. [ t) + (ilg)Ttal||G(t)u0HLq1)ﬁ—1)]

o<t<T

5”**“wﬂwﬁﬁ+swﬂw%$><&mwwammmw4»
o<t<T 0<t<T

So, collecting the inequalities above, we have

P [[01l g0+ SUR 62l paoc) <
0<t<

sccwvmww@w+MﬂgpMm@)ggmmmﬁ

0<t<T
0 (B s, 71, + B sup 715, ) sup el
o<t 0 t<T
Next, we remind that lim sup,_,t*!||G(t)uollra = 0 and limsup,_, t*?||G(t)vo|[re= = O when
up € LP* and vy € LP?, respectively. On the other hand, since W and W satisfy the same initial
condition and are continuous from [0,7") to LP* x LP2  the norms |[t)1(¢)||e1, [|1]| L1, ||t02]| Lr2 and
||tha]| Lr2 goes to zero as t — oo. Hence we can choose T' > 0 small enough in a such way that
¢ (A) sup 01 )+ AT s, 717, ) < 1.

0<t<T
C(B(T) SUP H“| (p1,00) +§(T> SUP ] p1<>0) <L

which yield © = (6;,6,) = 0.
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5 Asymptotic Stability in L) x L (P2:>)

In this section, we study the asymptotic stability of the solutions obtained through Section 3. The
corresponding results provide two interesting consequences: the first one is the existence of a basin
of attraction for each self-similar solution and the second one is that mild solutions, with small
initial data in Lebesgue space LP' x LP2 have a simple long-time diffusive behavior since all the
solutions decay to 0 as t — oo (cf. Remark 5.2). Our results now read as below.

Theorem 5.1 Assume that (u,v) and (u,v) are mild solutions of (1.1) obtained through Theorem
3.3, corresponding to respective initial data (ug,vo) and (g, V) € LP1®) x LP2:2)  [f

lim (|G (0) (1o — i) ey = 0 and Tim [[G(0) 0 — ) ) = 0. (5.1)
then
i [(u(6) = Ol o and Jim 0(8) = T0)] ) = O (52

Futhermore, if, instead of (5.1), we assume

Jim 2% |G (E) (1o — o)l g, o0y = 0 and lim 2 |G(#)(v0 — Vo)l (4, o) = 05
then
tlg})lo t* Ju(t) = u(t)ll (4 00) = 0 and tlgglo t* [Jo(t) = 0(t) [l (4p.00) = O- (5.3)
As consequence, if (ug,vo) € LP* X LP?, then the solution satisfies
i 4(t) g0y = Limn [[0(8) ey = 0. (5.4)

Remark 5.2

e (Basin of atraction) Let (u,v) be the self-similar solution with initial conditon (ug,vy). Take
Yo = up +wi and @y = vy + we small enough such that w, € CF, @ = 1,2, and consider the
mild solution (v, @) with initial data (g, o). Since wy = g — ug and wy = Yo — vy Satisfy
(5.1) then

T [[(8) — u()l] g,y md Jim [l(t) — 0()] .0 = O
Therefore, considering compact suport small perturbations, one obtains a basin of atraction

to each self-similar solutions. Indeed, this basin is characterized by all perturbations (wy,ws)
that satisfy (5.1).
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o (Simple long-time diffusive behavior) Let (ug,vg) € LP* x LP2. By using the Lebesgue version
of (4.12),(4.13) with l; = p;, i = 1,2 (cf. Remark 4.5), and working as in the proof of (5.2),
we can prove

Jim (9l = Jim fo(0)s = 0 65.5)

which clearly is stronger than (5.4). Also, by interpolation between (5.5) and ||(u,v)]/g—g <
oo (cf. notation (4.11)), one obtains

Tim £ [u(t) o = lim € )] 0.
The proof of (5.5) is simpler than the one of (5.2). The reason is that, as well as in the proof

of (5.8), we do not deal with non-integrable factors as (t — s)™1 when we bound the norms
SUPsso ||l pri » 2 = 1,2 (cf Remark 4.5 and inequality (4.16)).

Proof of Thereom 5.1. Let (u,v) and (u, v) be two mild solutions. We first handle the norm
||u(t) — w(t)||w.) and afterwards, without giving details, write the corresponding estimate for the
second component ||v(t) — U(t)||ws~) . To this end, we subtract the integral equations satisfied by
u and u (cf. Definition (3.2)) and then take the norm || - ||(p,.) to get

[u(®) = w(@) ][ o100 < [|G(E) (w0 = o)l 1.0

5t
+ / G(t — s)(Jul”tuv|> v — [a|” alo)r2 o) ds
0 (p1,00)
t
+ / G(t — s)(Jul”tulv|>tv — |[a|” o)) ds
ot (p1,00)
= Iy + 1) + I,

where the small constant ¢ will be chosen later. Recalling that ||(u,v)| 5, [|(@,7)||; < 2¢, one makes
the change variable s — ts and bounds I; (up to a constant C' > 0) as

ot
_ ~ -1 ~ —1
I < /0 (t = 8) " lu = lloreo [([[ull Gy + 116, o) 10116, ) )ds
ot . .
+ / (t = 5) "o = Vllwao [0l Gy + 0162 Null s
0
)
< oprtpagpitpa=] / (1 — &) ([Jults) — U(ts)||oroer + [[0(ts) — B(t8)|omer )ds  (5.6)
0

Applying Lemma 4.3 with

(ha(s,-), hals, ) = (uls, ), v(s, )X (s), (s, ) hals, ) = (s, ), B(s,-)xr(s)  and
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xu denoting the characteristic function of the set M, we obtain the following bound for Is:

f2§K(sup ||u<s>—a<s>||(m,m>) sup [(Jull?2L, + [ ) fo(s)]I% o +
It<s<t It<s<t

+K < sup |[v(s) —'17(8)||<m,oo>> (ol + 11 )8, )]
ot<s<t

< opreHL eemtea= 1 qun (lu(s) — @(8)||onee + sup [|0(8) = (8) || (5.7)
ot<s<t St<s<t

So, in light of (5.6) and (5.7), one bounds [|u(t) — w(t)||@; .. by
< (|G () (uo = o) [l .00 +
5
+ C’2p1+”25p1+p2_1/ (1 — )" (|Ju(ts) — (ts)||wroo) + [J0(ts) — T(t5)]| o) )5+
0

420t Ceritee = Cqup |ju(s) — @(8)]| @y + sup [[v(s) — 0(8)]|wavee ) (5.8)

St<s<t ot<s<t

for all £ > 0. Letting the details to the reader, we can estimate ||v(t) — U(t)||wy.00) by
< [1G(#)(vo = Vo) l[wace) +
5
+ C2T1+rzgrl+r2—1/ (1 — s)_l(Hu(ts) — ﬁ(ts)“(plpo) + ||U(t8) — ﬂ(ts)H(p%oo))ds
0

+ 2K sup lu(s) — U(s)[[wreo + sup [Ju(s) = 0(8)[[wa00), (5.9)

ot<s<t ot<s<t

for all ¢ > 0. In the following, we remember the notation limsup,_ . f(t) = limy_ sup,.; f(t) and
define
[y = lim sup [[u(t) — @(t)]| (1. and Ty = lim sup ||v(t) — 0(t) ]| wg.00 -

t—o00 t—o00

We shall prove that I'y = 0 and I'y; = 0. By the dominated convergence theorem, we obtain

0
1
lim sup / (1 —8) " Hu(ts) — u(ts)||p.yds < Ty log (1—5> , (5.10)
t—o00 J( -
’ 1
lim sup / (1 —8)"Ho(ts) — 0(ts)||wsrds < Ty log <ﬁ> . (5.11)
t—oo JO -

The following easy inequalities

sup sup [[u(s) = (s)|lerer < sup  [Ju(s) = U(s) |00,

t>k dt<s<t dk<s<oo
sup sup [|v(s) = 0(s) ez < sup [Jv(s) = 0(s)[[ o),
t>k dt<s<t dk<s<oo
imply
lim sup sup [[u(s) — u(s)||pr0e0 <T1 and limsup sup [[v(s) — V() ||waee) < o (5.12)

t—o0 dt<s<t t—o00 dt<s<t
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Summing (5.8) and (5.9) and afterwards calculating lim sup,_, ., on the result, the condition (5.1)
together with (5.10)-(5.12) yields

1
Fl + I‘z S (201+P2K€P1+p2—1 + 2r1+r2K€r1+r2—1) (Clog (1_5) + K) (Fl + F2)-

From the proof of Theorem 3.3 (cf. (4.23)), ¢ is taken in a such way that (2,12l Kerite2=l) 4
gritretl [eritra=l 1 So, since I'; and I'y are nonnegative numbers, we choose § > 0 small enough
and conclude that I'y = I'; = 0.

We omit the proof of (5.3) because it follows in the same spirit that the above proof. Indeed, in
this case, as one does not need to split fot = 0& + [ ;t, the proof is easier than the previous one. The

reason is that the estimates in the norms sup.o t* |||, o) » ¢ = 1,2 are more regular, in the sense
n(ei=l pay n(riyra—ly

that they bring either the factor (t — s)” 2" @ @’ or (t —s) '@ " @ ) within the corresponding
integral instead of the non-integrable factor (t — s)~' (cf. Lemma 4.4 and inequality (4.16)).

On the other hand, (5.4) is an immediate consequence of the well known fact lim,_. ||G(¢) ]|, =
0 provided f € L™ (cf. e.g. [16, pp. 4]) and the continuous inclusion L™ C L), ]
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