
AN EXPLICIT FORMULA FOR A BOUNDARY MAP
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Abstract. We give an explicit formula for the first boundary map of the
resolution constructed in [3], by means of writing the aprorpiate map between

complexes.

1. Introduction

Determinantal ideals and their resolutions are a central source of examples and
inspiration in algebra (see [6] and the more contemporary [5]). We are particu-
larly interested in the representation-theoretic approach pioneered by Lascoux [10]
in characteristic zero, but in the characteristic-free setting. Over the integers, a
minimal free resolution of the ideal generated by the maximal minors was found by
Eagon and Northcott [1], and in the case of submaximal minors by Akin, Buchs-
baum and Weyman [2]. However Hashimoto [9] showed that such resolutions cannot
be constructed in general. Therefore, it is of great interest to study the structure
of explicit resolutions in order to understand to what extent such resolutions exist.

The resolutions in [2] for the submaximal case are built by means of using the
mapping cone of appropriate maps between complexes. However, the maps are
inexplicit. A formula for the first of these maps –whose structure seems to be key
in establishing the formulas for the explicit resolutions– was given by Boffi [4].

The more general representation theoretic approach is studied in [3], where they
construct resolutions for Schur modules using Schur complexes. This paper bears
the same relation to [3] as Boffi’s formulas in [4] to [2]: we will find an explicit
formula for the first application of a map between Schur complexes whose mapping
cone furnishes a resolution of the relevant Schur module.

The formulas for the two approaches are quite related; more precisely let φ : G→
F ∗ be the usual generic map andM denote coker(φ), whereG,F are free R-modules,
F ∗ = Hom(F,R) with m = dimF ≥ n = dimG. The determinantal ideal relevant
to [2, 4] is the ideal In−1 of submaximal minors of the generic m×n matrix, whereas
in [3] they construct a resolution of the Schur module Λm+n−2(M); we have that
the suppport of Λm+n−2(M) equals the support of R/In−p for all p = 0, . . . , n− 1
[7].

It should be remarked that recently letter-place methods have been proven very
succesful in building and analyzing resolutions of Schur and Weyl modules with a
great simplification of the size of the computations, which allows the tackling of
more complicated problems [8, 11, 12].
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2. Preliminaries and notation

Let us now briefly review some fundamental definitions and facts.
We begin with the Schur complex, following the basic reference [3] where the

reader is referred for details. Let R be a commutative ring and φ : G → F be a
map of finitely generated free R-modules. We let λ = (λ1, · · · , λn), µ = µ1, · · · , µn)
be partitions with µ ⊆ λ, that is µi ≤ λi for all i. Then λ/µ is the skew shape and
the Schur complex, Lλ/µφ is the cokernel of the map

�λ/µ :
n−1∑
i=1

λi+1−µi−1∑
v=0

Λp1φ⊗· · ·Λpi−1φ⊗Λpi+pi+1−vφ⊗Λvφ⊗Λpi+2φ · · ·⊗Λpnφ −→ Λp1φ⊗· · ·⊗Λpnφ

where pk = λk − µk, for all k = 1, · · · , n and the map

Λp1φ⊗· · ·⊗Λpi−1φ⊗Λpi+pi+1−vφ⊗Λvφ⊗Λpi+2φ · · ·⊗Λpnφ −→ Λp1φ⊗· · ·⊗Λpnφ

is the composition

Λp1φ⊗ · · · ⊗ Λpi−1φ⊗ Λpi+pi+1−vφ⊗ Λvφ⊗ Λpi+2φ · · · ⊗ Λpnφ
1⊗···⊗4⊗···⊗1−−−−−−−−−−→

Λp1φ⊗ · · · ⊗ Λpi−1φ⊗ Λpiφ⊗ Λpi+1−vφ⊗ Λvφ⊗ Λpi+2φ · · · ⊗ ΛpnF
1⊗···⊗m⊗···⊗1−−−−−−−−−−→

Λp1φ⊗ · · · ⊗ Λpiφ⊗ Λpi+1φ⊗ · · · ⊗ Λpnφ

with 4 standing for the diagonal map Λpi+pi+1−vφ → Λpiφ ⊗ Λpi+1−vφ and m
standing for the multiplication Λpi+1−vφ⊗ Λvφ→ Λpi+1φ.

The Schur complex generalizes both Schur and Weyl modules: if G = 0 then
Lλ/µφ = Lλ/µF and if F = 0 then Lλ/µφ ≈ Kλ/µG in degree |λ| − |µ|.

When φ : G→ F ∗ is the generic map (by generic map we mean that the entries of
a matrix X = (xij) of φ are variables over a commutative ring K and that R is the
polynomial ring K[X] in the variables xij over K ) and M is the coker(φ), we have
a map ψ = {ψk} between Schur complexes L(m−n+1,m−n+1)(φ) → Λm−n+2(φ),
namely,

. . . −−−−→ L(n,n−1)F ⊗ ΛnG −−−−→ L(n,n−1)F ⊗ ΛnG −−−−→ 0yψ2

yψ1

y
. . . −−−−→ ΛnF ⊗D2G −−−−→ Λn−1F ⊗G

φ1−−−−→ Λn−2F ,

where D denotes the divided power. The map ψ1 is caracterized by it being a lifting
of the map ψ∗ : L(n−1,n−1) ⊗ ΛnG→ H1(Λm−n+2) and φ1 ◦ ψ1 = 0. The mapping
cone of map ψ produces a finite free resolution of the module Λm−n+2M which is
minimal when n ≥ 2 (cf. [3]), here minimal free resolution means the resolutions
such that its entries of boundary maps do not have constant terms.

The main result for this article is an explicit formula for the map ψ1.
The main character in the computation is the bilinear pairing <,>Λkφ: ΛkF ⊗

ΛkG→ R, whose image is the ideal Ik generated in R by the minors of order k of the
generic matrix, that is, <,>Λkφ associates to the element fi1∧· · ·∧fik⊗gj1∧· · ·∧gjk
of ΛkF ⊗ΛkG the minor (i1 · · · ik|j1 · · · jk) of the generic matrix given by the rows
of indices i1, · · · , ik and the columns of indices j1, · · · , jk. We’ll use the notation
(x|y) to indicated <,>Λkφ, with x ∈ ΛkF and x ∈ ΛkG.
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3. Main Theorem

Let a = a1 ∧ a2 ∧ · · · ∧ an−1 and b = b1 ∧ b2 ∧ · · · ∧ bn−1 be in Λn−1F and let
g = g1 ∧ g2 ∧ · · · ∧ gn in ΛnG. Write

∆(a) =
∑
α

a
′

αk−1 ⊗ aαn−k ∈ Λk−1F ⊗ Λn−kF

∆(b) =
∑
β

b
′

βk−1 ⊗ bβn−k ∈ Λk−1F ⊗ Λn−kF

Theorem 3.1. A map ψ1 : L(n−1,n−1)F ⊗ ΛnG→ Λn−1F ⊗G can be defined by

d(a1 ∧ a2 ∧ · · · ∧ an−1 ⊗ b1 ∧ b2 ∧ · · · ∧ bn−1)⊗ g1 ∧ g2 ∧ · · · ∧ gn 7→
n∑
k=1

(−1)n+k
( ∑

α

∑
β

(aαn−k|(k + 1) · · ·n)(b
′

βk−1|1 · · · (k − 1))a
′

αk−1 ∧ bβn−k × gk
)

satisfying the desired properties: φ1 ◦ ψ1 = 0 and being a lifting of the map ψ∗ :
L(n−1,n−1) ⊗ ΛnG→ H1(Λm−n+2).

First of all, we will show that the map ψ1 is a lift of the map α∗. To do that,
we just need that π⊗ 1 ◦ψ1 = α∗, where π : Λn−1F → Λm−n+1M . This reduces to
prove the following identity

π⊗1
( n∑
k=1

(−1)n+k
( ∑

α

∑
β

(aαn−k|(k+1) · · ·n)(b
′

βk−1|1 · · · (k−1))a
′

αk−1∧bβn−k⊗gk
))

=

π ⊗ 1
( n∑
i=1

(−1)i+n(b1 ∧ · · · ∧ bn−1|g1 ∧ · · · ∧ ĝi ∧ · · · ∧ gn)a1 ∧ · · · ∧ an−1 ⊗ gi
)

To show that ψ1 is a lift of α∗ we’ll see that the summand of each sum coincide
under the application π ⊗ 1.

For k = n, in the first sum we have

(b1 ∧ · · · ∧ bn−1|1 · · · (n− 1))a1 ∧ · · · ∧ an−1 ⊗ gn

which is exactly the summand i = n in the second sum.
Now for k = n− 1, we have

−
∑
α

∑
β

(aα1|n)(b
′

βn−2|1 · · · (n− 2))a
′

αn−2 ∧ bβ1 ⊗ gn−1

On the other hand, we know that

γ
(
(b

′

βn−2|1 · · · (n− 2))a1 ∧ · · · an−1 ∧ bβ1 ⊗ gn ⊗ gn−1

)
=

(b
′

βn−2|1 · · · (n− 2))(bβ1|n)a1 ∧ · · · an−1 ⊗ gn−1

−
∑
α

(b
′

βn−2|1 · · · (n− 2))(aα1|n)a
′

αn−2 ∧ bβ1 ⊗ gn−1 = X − Y

where γ = ∂φ⊗1 : ΛnF ⊗G⊗G→ Λn−1F ⊗G and ∂φ is the following composition

ΛnF ⊗G
∆⊗1−−−→ Λn−1F ⊗ F ⊗G

1⊗<,>φ−−−−−→ Λn−1F

Therefore (π ⊗ 1) ◦ (∂φ ⊗ 1) = 0. Thus

π ⊗ 1
(
−

∑
α

∑
β

(b
′

βn−2|1 · · · (n− 2))(aα1|n)a
′

αn−2 ∧ bβ1 ⊗ gn−1

)
=
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π ⊗ 1
(
−

∑
β

(b
′

βn−2|1 · · · (n− 2))(bβ1|n)a1 ∧ · · · ∧ an−1 ⊗ gn−1

)
But ∑

β

(b
′

βn−2|1 · · · (n− 2))(bβ1|n)a1 ∧ · · · ∧ an−1 ⊗ gn−1

is precisely (b1 ∧ · · · ∧ bn−1|1 · · · (n − 2)n)a1 ∧ · · · ∧ an−1 ⊗ gn−1. Thus we get the
summand i = n− 1 of the the second sum.

For k = n− 2 one gets the sum∑
α

∑
β

(aα2|(n− 1)n)(b
′

βn−3|1 · · · (n− 3))a
′

αn−3 ∧ bβ2 ⊗ gn−2

Next, we consider

∂φ ⊗ 1
(
−

∑
α

(aα1|n− 1)(b
′

βn−3|1 · · · (n− 3))a
′

αn−2 ∧ bβ2 ⊗ gn ⊗ gn−2

)
=

−
∑
α,ξ

(aα1|n− 1)(b
′

βn−3|1 · · · (n− 3))((bβ2)
′

ξ1|n)a
′

αn−2 ∧ (bβ2)ξ1 ⊗ gn−2

)
+

∑
α,δ

(aα1|n− 1)(b
′

βn−3|1 · · · (n− 3))((a
′

αn−2)δ1|n)(a
′

αn−2)
′

δn−3 ∧ bβ2 ⊗ gn−2

where

∆(bβ2) =
∑
ξ

(bβ2)
′

ξ1 ⊗ (bβ2)ξ1 ∈ F ⊗ F

∆(a
′

αn−2) =
∑
δ

(a
′

αn−2)
′

δn−3 ⊗ (a
′

αn−2)
′

δ1 ∈ Λn−3F ⊗ F

If we sum over β the right side of the last identity, we get

−
∑
β,α,ξ

(aα1|n− 1)(b
′

βn−3|1 · · · (n− 3))((bβ2)
′

ξ1|n)a
′

αn−2 ∧ (bβ2)ξ1 ⊗ gn−2

+
∑
β,α,δ

(aα1|n− 1)(b
′

βn−3|1 · · · (n− 3))((a
′

αn−2)δ1|n)(a
′

αn−2)
′

δn−3 ∧ bβ2 ⊗ gn−2

which is equal to

−
∑
β,α

(aα1|n− 1)(b
′

βn−2|1 · · · (n− 3)n)a
′

αn−2 ∧ bβ2 ⊗ gn−2

+
∑
β,α

(aα2|(n− 1)n)(b
′

βn−3|1 · · · (n− 3))a
′

αn−3 ∧ bβ2 ⊗ gn−2

Therefore

π ⊗ 1
( ∑

α

∑
β

(aα2|(n− 1)n)(b
′

βn−3|1 · · · (n− 3))a
′

αn−3 ∧ bβ2 ⊗ gn−2

)
=

π ⊗ 1
( ∑
β,α

(aα1|n− 1)(b
′

βn−2|1 · · · (n− 3)n)a
′

αn−2 ∧ bβ2 ⊗ gn−2

)
=

Using the case k = n− 1, we end up in

π ⊗ 1
( ∑

β

(b
′

βn−2|1 · · · (n− 3)n)(bβ1|n− 1)a1 ∧ · · · ∧ an−1 ⊗ gn−2

)
=

and this is equal to

(b1 ∧ · · · ∧ bn−1|1 · · · (n− 3)(n− 1)n)π(a1 ∧ · · · ∧ an−1)⊗ gn−2
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Finally, for any k we have the double sum

(−1)n+k
∑
α

∑
β

(aαn−k|(k + 1) · · ·n)(b
′

βk−1|1 · · · (k − 1))a
′

αk−1 ∧ bβn−k ⊗ gk

As in the other cases we compute

∂φ⊗1
(
±

∑
α

(aαn−k−1|(k+1) · · · (n−2)(n−1))(b
′

βk−1|1 · · · (k−1))a
′

αk∧bβn−k⊗gn⊗gk
)

=

±
∑
α,ξ

(aαn−k−1|(k+1) · · · (n−2)(n−1))(b
′

βk−1|1 · · · (k−1))((bβn−k)ξ1|n)a
′

αk∧(bβn−k)
′

ξn−k−1⊗gk
)

±
∑
α,δ

(aαn−k−1|(k+1) · · · (n−2)(n−1))(b
′

βk−1|1 · · · (k−1))((a
′

αk)δ1|n)(a
′

αk)
′

δk−1∧bβn−k⊗gk

where

∆(bβn−k) =
∑
ξ

(bβn−k)
′

ξn−k−1 ⊗ (bβn−k)ξ1 ∈ Λn−k−1F ⊗ F

∆(a
′

αk) =
∑
δ

(a
′

αk)
′

δk−1 ⊗ (a
′

αk)δ1 ∈ Λk−1F ⊗ F

Similarly, as in the other cases we add over β the last identity and we obtain

±
∑
β,α,ξ

(aαn−k−1|(k+1) · · · (n−2)(n−1))(b
′

βk−1|1 · · · (k−1))((bβn−k)ξ1|n)a
′

αk∧(bβn−k)
′

ξn−k−1⊗gk

±
∑
β,α,δ

(aαn−k−1|(k+1) · · · (n−2)(n−1)(b
′

βk−1|1 · · · (k−1))((a
′

αk)δ1|n)(a
′

αk)
′

δk−1∧bβn−k⊗gk

Note that the above sum is the same as the following sum

±
∑
β,α

(aαn−k−1|(k + 1) · · · (n− 2)(n− 1))(b
′

βk|1 · · · (k − 1)n)a
′

αk ∧ bβn−k−1 ⊗ gk

±
∑
β,α

(aαn−k|(k + 1) · · · (n− 2)(n− 1)n)(b
′

βk−1|1 · · · (k − 1))a
′

αk−1 ∧ bβn−k ⊗ gk

In consequence, we have

π ⊗ 1
(
±

∑
α

∑
β

(aαn−k|(k + 1) · · ·n)(b
′

βk−1|1 · · · (k − 1))a
′

αk−1 ∧ bβn−k ⊗ gk
)

=

π⊗1
(
±

∑
β,α

(aαn−k−1|(k+1) · · · (n−2)(n−1))(b
′

βk|1 · · · (k−1)n)a
′

αk∧bβn−k−1⊗gk
)

=

Using the case k + 1, we have that

π⊗1
(
±

∑
β

(b
′

βn−2|1 · · · (k−1)(k+2) · · · (n−2)(n−1)n)(bβ1|k+1)a1∧· · ·∧an−1⊗gk
)

=

which is equal to

±(b1 ∧ · · · ∧ bn−1|1 · · · (k − 1)(k + 1)(k + 2) · · · (n− 1)n)π(a1 ∧ · · · ∧ an−1)⊗ gk

Proof of the theorem
As before let a and b be in Λn−1F and let g be in ΛnG, where

∆(a) =
∑
α

a
′

αk−1 ⊗ aαn−k ∈ Λk−1F ⊗ Λn−kF

∆(b) =
∑
β

b
′

βk−1 ⊗ bβn−k ∈ Λk−1F ⊗ Λn−kF
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Thus

φ1

(
ψ1

(
d(a1 ∧ a2 ∧ · · · ∧ an−1 ⊗ b1 ∧ b2 ∧ · · · ∧ bn−1)⊗ g1 ∧ g2 ∧ · · · ∧ gn

))
=

φ1

( n∑
k=1

(−1)n+k
( ∑

α

∑
β

(aαn−k|(k+1) · · ·n)(b
′

βk−1|1 · · · (k−1))a
′

αk−1∧bβn−k⊗gk
))

=

n∑
k=1

(−1)n+k
[ ∑
β,α,ξ

(aαn−k|(k+1) · · ·n)(b
′

βk−1|1 · · · (k−1))((bβn−k)ξ1|k)a
′

αk−1∧(bβn−k)
′

ξn−k−1+∑
β,α,δ

(aαn−k|(k + 1) · · ·n)(b
′

βk−1|1 · · · (k − 1))((a
′

αk−1)δ1|k)(a
′

αk−1)
′

δk−2 ∧ bβn−k
]

where ∆(a
′

αk−1) =
∑
δ(a

′

αk−1)
′

δk−2 ⊗ (a
′

αk−1)δ1 ∈ Λn−2F ⊗ F and ∆(bβn−k) =∑
ξ(bβn−k)

′

ξn−k−1 ⊗ (bβn−k)ξ1 ∈ Λn−2F ⊗ F . It is obvious that the above sum is
equal to

n∑
k=1

(−1)n+k
[∑
β,α

(aαn−k|(k + 1) · · ·n)(b
′

βk|1 · · · k)a
′

αk−1 ∧ bβn−k−1

∑
β,α

(aαn−k+1|k(k + 1) · · ·n)(b
′

βk−1|1 · · · (k − 1))a
′

αk−2 ∧ bβn−k
]

Writing the terms of the sum we get

(−1)n+1(aαn−1|2 · · ·n)(b
′

β1|1)bβn−2

+(−1)n+2
[
(aαn−2|3 · · ·n)(b

′

β2|12)a
′

α1 ∧ bβn−3 + (aαn−1|2 · · ·n)(b
′

β1|12)bβn−2

]
+(−1)n+3

[
(aαn−3|4 · · ·n)(b

′

β3|123)a
′

α2∧ bβn−4 +(aαn−2|3 · · ·n)(b
′

β2|12)a
′

α1∧ bβn−3

]
...

+(−1)n+n−1
[
(aα1|n)(b

′

βn−1|1 · · · (n−1))a
′

αn−2+(aα2|(n−1)n)(b
′

βn−2|1 · · · (n−2))a
′

αn−3∧bβ1

]
+(−1)n+n

[
(aα1|n)(b

′

βn−1|1 · · · (n− 1))a
′

αn−2

]
= 0
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