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FRACTIONAL TERM STRUCTURE MODELS: NO-ARBITRAGE
AND CONSISTENCY

ALBERTO OHASHI

ABSTRACT. In this work we introduce Heath-Jarrow-Morton (HJM) interest
rate models driven by fractional Brownian motions. By using support argu-
ments we prove that the resulting model is arbitrage-free under proportional
transaction costs in the same spirit of Guasoni et al [20] 21} [22]. In particular,
we obtain a drift condition which is similar in nature to the classical HIM
no-arbitrage drift restriction.

The second part of this paper deals with consistency problems related to the
fractional HIM dynamics. We give a fairly complete characterization of finite-
dimensional invariant manifolds for HJM models with fractional Brownian
motion by means of Nagumo-type conditions. As an application, we investigate
consistency of Nelson-Siegel family with respect to Ho-Lee and Hull-White
models. It turns out that similar to the Brownian case such family does not
go well with the fractional HIM dynamics with deterministic volatility. In
fact, there is no nontrivial fractional interest rate model consistent with the
Nelson-Siegel family.

1. INTRODUCTION

Financial models driven by semimartingales and Markov noises have been inten-
sively studied over the last years by many authors. In general, absence of arbitrage
is the basic equilibrium condition which fulfills the minimum requirement for any
sensible pricing model. On the other hand, empirical studies propose models which
are not consistent with this basic assumption. In particular, some evidence of
non-trivial long-memory behavior in bond markets has been recently suggested by
many authors [4], [7, 39, 28]. In most cases, the presence of long-range dependence
in short-rate interest rates seems to be common and it is originated by the funda-
mentals of the economy. In this regard, it is important to study bond markets with
extrinsic memory driven by non-Markovian noises which allow nontrivial long-range
dependence over time.

Recall that in the classical Musiela parametrization ([29]) the forward rate 7y
satisfies a stochastic partial differential equation (henceforth abbreviated by SPDE)
of the following form

(1.1) dri(z) = (%Tt(x) +apim(t, ;v))dt + Zag(x)ng,
j=1
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where apyy is the so-called Heath-Jarrow-Morton (henceforth abbreviated by
HJM) drift condition which is completely determined by the volatilities (07);>1
under a risk-neutral measure, (B7);>; is a sequence of stochastic noises and z is
the time to maturity. The forward rate r; is considered as a Hilbert space-valued
stochastic process. Due to this infinite-dimensional intrinsic nature, it is important
to understand the relation between forward curves = — ry(x) at time ¢ > 0 and
finite-dimensional parametrized families of smooth forward curves, frequently used
in estimating the term structure of interest rates (e.g Nelson-Siegel and Svensson
families).

Originally proposed by Bjork and Christensen ([6]) and recently studied by Fil-
ipovic and Teichmann in a series of papers ([15} [18, [19]), the so-called consistency
problems regards to the characterization and existence of finite-dimensional invari-
ant manifolds with respect to ¢ — r;. In fact, the stochastic invariance is essentially
equivalent to a deterministic tangency condition on the coefficients 6%, QHJM,O in
equation (LI). In particular, if short-rate interest rates exhibit long-range de-
pendence then standard statistical procedures may be misspecified, since in this
case the classical HJM no-arbitrage drift restriction may not be the correct one.
Moreover, by fixing (non-semimartingale) long-memory stochastic noises (Bj);>1
in (II)), one has to obtain new tangency conditions on the coefficients of (1) to
get appropriate arbitrage-free invariant parametrized families of smooth forward
curves. This is the program that we start to carry out in this work.

We have chosen the driving noise in equation (I.II) given by the fractional Brow-
nian motion (henceforth abbreviated by {Bm) with Hurst parameter H € (1/2,1).
For many reasons (see e.g. [37]), the fBm appears naturally as the canonical process
with nontrivial time correlations inserting memory into system under consideration.
Indeed, the main difficulty in dealing with fBm is the fact that such process is a
semimartingale if and only if it is a standard Brownian motion (H = 1/2). This lack
of semimartingale property immediately implies from [10] that fBm allows arbitrage
opportunities (for any H # 1/2) in the absence of transaction costs.

The main goal of this work is to introduce arbitrage-free HIM interest rate mod-
els driven by a cilindrical fBm under arbitrary small proportional transaction costs
in the bond market. In this paper, the forward rate is considered as the solution
of a SPDE (in Skorohod sense) of type (ILI) under the Musiela parametrization.
In this work, we only treat the case of deterministic volatilities, leaving open the
general stochastic volatility case for future research. In particular, there is a gaping
lack of results for fractional SPDEs in Skorohod sense with general multiplicative
noise. See Section for more details.

Under deterministic volatility assumption, we obtain a drift condition which is
similar in nature to the classical HJM no-arbitrage drift restriction. Although such
condition is not sufficient to ensure no-arbitrage in the market, when combined with
an additional mild condition on the volatilities it results in absence of arbitrage in
the same spirit of the works [20, 21l [22], where the support of the driving noise
plays a key rule in the no-arbitrage characterization for markets with transactions
costs.

In the second part of this paper, we characterize finite-dimensional invariant sub-
manifolds for HIM models driven by fBm by means of Nagumo-type conditions.
Such characterization is the key ingredient to tackle the consistency problems re-
lated to the model. As an application of these abstract results, we investigate
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consistency of the Nelson-Siegel family with respect to Ho-Lee and Hull-White
models driven by fBm. Similar to the Brownian case, such family is not consistent
with respect to these models. In general, we arrive at the same classical result of
the Brownian case: No nontrivial interest rate model with deterministic volatility
structure is consistent with Nelson-Siegel family.

This work is organized as follows. In Section 2, we give some general results
regarding portfolios and absence of arbitrage in fractional bond markets. In Section
3, we characterize finite-dimensional invariant forward manifolds with respect to
HJM models driven by fBm. In Section 4, we examine consistency of the Nelson-
Siegel family with respect to concrete interest rate models.

2. THE BOND MARKET: PORTFOLIOS AND NO-ARBITRAGE

In what follows, we are given a stochastic basis (€, (F;)i>0,P) satisfying the
usual conditions. Let us consider a sequence of fBm (ﬁ%l) j>1 with the same param-
eter 1/2 < H < 1 and adapted to (F;)i>0. We fix 1/2 < H < 1 once and for all.
In other words, for each j > 1, 6%1 is a centered Gaussian process with continuous
sample paths, 6}.{ (0) = 0 and covariance

B3 () — By (5)) (3} (1) — By () = b5t — 512 |
Throughout this paper we omit the subscript H and we write 3/ instead of 37 (t).
For each j > 1 there exists a unique Brownian motion W7 such that

. t .
B :/ K(t,s)dW?,
0
where K (t, s) is given by

t
(2.1) K(t,s) := CH51/2*H/ (u— s)H’?’/QuH*l/Qdu_

for some cyg > 0 (see [25] for more details). For a detailed discussion on the
stochastic analysis of the fBm, the reader may refer to [25].
In what follows, we consider the following subset of R?

A? = {(t,T) eR})0<t < T < c}.
Let us consider a term structure of bond prices {P(t,T); (t,T) € A?} where
P(t,T) is the price of a zero coupon bond at time ¢ maturing at time 7. We
assume the usual normalization condition

P(t,t)=1, Vt>0,
and P(t,T) is a.s continuously differentiable in the variable T. In this way, we
introduce the term structure of interest rates {f(¢,7); (t,T) € A} given by

_ OlogP(l,T)

2
a7 i (8,T) e A®.

(2.2) ft.17)=
Then the following relation holds

P(t,T)zexp(—/tTf(t,u)du); (t,T) € A
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In this paper, we adopt the Musiela parametrization where x := T —t¢ is the time
to maturity. Then we shall write

P(t,T) =exp ( - /OT_t rt(x)dx>,

where r(x) := f(t,t + z) for (t,z) € R3. We adopt the Heath-Jarrow-Morton
framework ([24]) in the fBm setting. In particular, we seek the forward curve
x +— r¢(x) as a Hilbert space-valued stochastic process described by a SPDE

d
(2.3) dry, = (art + at>dt +o0dBy,ro() =€ E

in a separable Hilbert space E to be defined. The first-order derivative operator
< is the infinitesimal generator of the right-shift family of operators {S(t);¢ > 0}
acting on E. We seek the drift a as a function of the volatility ¢ in such way
that the resulting bond market is arbitrage-free under arbitrary small proportional
transaction costs. Here B, is a cilindrical fBm with parameter 1/2 < H < 1 taking
values in a separable Hilbert space U. Formally we shall write

(2.4) B, =Y Blej,
j=1

for some orthonormal basis (e;);>1 in U. Of course, the SPDE (Z3]) must be
interpreted in the integral form. Moreover, in this work the stochastic integral is
considered in the Skorohod sense [12] as a Paley-Wiener integral.

2.1. The specification of the model. Initially, let us fix a d—dimensional fBm
(B, ..., 8% on (Q, (F)i>0, P). Let us assume for the moment that the forward rate
is given by the following system of stochastic differential equations

t d t ‘
. T) = T T)d o' (s, T)d3* d .
(25)  f(t.T) = £(0. >+/Oa<s, )+Z/ (5, T)dF, 1<d<+s0

From now on the coefficients (o!,...,0%) and a are deterministic functions.
Equation (Z3)) is well-defined if for each i =1,...,d

T T T
|l mlas+ [ [ 1t Dllo' Tl om - s)dsde < o,
0 0 0
for all 0 < T' < oo, where ¢ (u) := H(2H — 1)[ul*" 72 u € R.

Let {S(t);t > 0} be the semigroup of right-shifts defined by S(t)g(x) := g(t + )
for any function g : Ry — R. Fix (¢,z) € R?. Then ([2F) can be written as

(2.6) t . | |
f(t,t—i—:lc):S’(t)f(O,;v)—i—/O S(t—s)a(s,s—i—x)ds—i—%/o S(t—s)o'(s,s+x)df..

In (2.6) we deal with the parametrization T'= ¢ + x. The operator S(t) acts on
f(0,z), a(s, + s) and o7 (s, x + s) as functions of x. By setting
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re(x) = f(t,t+ x),
it follows that

P, T) = exp{ - /OT_t Tt(.%')dl'}; (t,T) € A%

We can work out in an axiomatic way the minimal requirements on a Hilbert
space F such that (28] can be given a meaning when

(2.7) n() = f(Lt+); teR,

is considered as an E—valued stochastic process in such way that {S(t);t > 0} is a
strongly continuous semigroup in E with infinitesimal generator given by the first
order derivative %. The strategy follows very similar to Filipovic [I5]. So we omit
the details and the reader may refer to this work. We just want to mention that
the minimal requirements on the state-space E are the following:

(H1) The point-wise evaluation h — h(x) is a continuous linear functional on E
for every « € R;. Moreover, we assume that for every element h € E there exists
a well-defined continuous representative, still denoted by h.

(H2) {S(t);t > 0} is a strongly continuous semigroup on E with infinitesimal
generator (A,dom (A)), where A := £

Remark 2.1. We choose the state-space E as defined in Filipovic [15]. He proposed
a family of suitable Hilbert spaces to study HJM models in the semimartingale case.
One should notice that even in the fBm case, such spaces are regular enough to
attend our needs since they fulfill conditions (H1-H2). Moreover, they are coherent
with realistic economic assumptions on the forward rate.

At this point, we relax the hypothesis on the noise and we allow from now on
the cilindrical fBm B = (37);2, defined in (2Z4) on a separable Hilbert space U.
In the sequel, we denote L(2)(U, E) the space of Hilbert-Schmidt linear operators
from U into E with the usual norm || - || 2).

We make use of the following notation: We set a¢(+) := a(t,t+-) and o = (07)52,4,
where

Uf = ope; = ol (t,t+-),

ol (x) == oyej(x);  (tx) €RZ, j>1.

In this paper, we are interested in Gaussian interest rate models where we assume
that the coefficients o : Ry — E and 0 : Ry — L9)(U, E) satisfy the following set
of assumptions:

T T
(2.8) / los || mds +/ ||os||%2)ds < 00, for every 0 < T' < o0.
0 0

To ensure existence of a continuous version for the mild solution of equation (2.3))
we assume there exists v € (0,1/2) such that
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(2.9)
T T
/ / u” oS (w)oul|(2)l|S (V)0 |l (2) @ (u—v)dudv < oo,  for every 0 < T < oo.
o Jo
In order to get a well-defined expression for the bond prices { P(¢,T); (t,T) € A?}
we also assume the following growth conditions: In the sequel, we denote [? the

usual Hilbert space of real sequences (a;);>1 such that [lal| = >7°; |a;[* < oc.
We assume that

(2.10) / low(s)|izllow(P)|lizdr (w — v)dudvdsdr < oo, for every 0 < T < o0;
4

)

(2.11) / llow @iz l|ow () |12 m (u — v)dvdudt < oo, for every 0 < T < co.
(0,773

One should note that ([2.8)) yields fOT HS’(t)atH%Q)dt < oo for every 0 < T' < o0,
and therefore we can write the stochastic convolution as an E-valued Gaussian
random variable given by

t o0 t
/ S(t— 5)0sdB, = Z/ S(t—s)old3l, t>0.
0 = Jo

Under the above assumptions one can easily show the following lemma.

Lemma 2.1. Assume that the coefficients o and o satisfy assumptions (2.8), (2.3), (210)
and (211). Then the forward rate ry is the continuous mild solution of equa-

tion (Z3). Moreover, the term structure of bond prices is given by the continuous
process

(2.12)
P(t,T)=P(0,T) exp{/o [TS(O)—IQ(S,T)]dS—i—;/O —Zyi (S,T)dﬁg}; (t,T) € A%,

where Ly (s,T) := fOTﬂ as(z)dz and I,i(s,T) := fOTﬂ ol (x)dw.

Proof. This is a straightforward application of stochastic Fubini theorem (see [27])
in the fBm setting by using conditions ([2.10) and (2II)). Condition (2.9) allows
the existence of a continuous mild solution of ([Z3)) as in [12]. O

We assume the existence of a traded asset that pays interest. In other words,
the unit of money invested at time zero in this asset gives at time ¢ the amount

So(t) := exp { /Ot TS(O)ds},

where 7,(0) = f(t,t) for ¢ > 0. By considering Sy as a numéraire, the discounted
prices are then expressed by

(2.13) z(r) =L ;j(g) (t,T) € A2,
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Up to now the bond price P(t,T) has been defined only for (¢t,7) € A% It will
be convenient to work with P(¢,T) when ¢ > T. For this, we make use of the same
trick as in [5]. We set P(t,T) = So(t)Sy '(T) for t > T.

Following the arguments in [38] and [5] we now introduce the notions of admis-
sible self-financing portfolios in our context. Let us denote M(Ry) the space of
(finite) signed measures on R endowed with the total variation norm || - ||7v. Let
1 be a measure-valued elementary process of the form

N—-1
(214) ut(w7 ) = Z XF; (W)X(ti,ti+1](t)mi7
=0

where m; € M(Ry),0=1t9 <...<Tn < oo and F; € F;,. We assume the support
of p; is concentrated on [t, 00) for every (t,w) € Ry x €.

We denote by S the set of elementary processes of the form (214]), endowed
with the following norm

(2.15) lell¥ =B sup |z
0<t<o0o

From now on all economic activity will be assumed to take place on the bounded
set [0,T*]%. So we assume that Z(¢,T) = 0 if (¢,T) ¢ [0,7*]?>. Under the hypothe-

ses (Z8), (Z9), (ZI0) and (ZIT)), the discounted price process Z;(T) satisfies the
following condition:

(A1) {Z(T); (¢, T) € [0,T*]?} is a jointly continuous real-valued stochastic process
such that

E sup |Z:(T)]* < .

(t,T)eR?
If u € Sp is given by (2I4) then we define

t N-1
/ /'I’SdZS = Z XFZ (Zti+1/\t - Zti/\t)miu
0 i=0

where Z;,m;, is the usual dual action. By Holder inequality it follows that

t
(2.16) E sup ‘/ wsdZs

< LIVEY? sup (|2 = Zi|%, < o0
0<t<oo 0<s,t<o0

where || - ||oo denotes the usual (uniform topology) norm on the space of real-valued
bounded functions defined on R;. Let V be the completion of &, with respect
to (2IH). By the estimate (ZI6) and the definition of V we may easily define
Jo 1sdZ for every pe V.

In the sequel, we denote Pp« the set of all partitions of [0,77*]. We also need the
following assumption:

(A2) Hr«(p) == SUPrepy. Dopeq It — bt llTv 1S square integrable.
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By taking into account proportional transaction costs in the bond market, the
liquidation value of a portfolio with zero initial capital is

‘/;.k (/J’) = Z XF»L (Zt»;+1/\t - Zti/\t)mi
t; <t
- kZZti|/’Lti+l _/’Ltil _thlﬂtL
t; <t

where k is an arbitrary positive number and |-| denotes the total variation measure.
The first term accounts for the capital gain of holding an elementary strategy u of
the form (ZI4]) (without transaction costs) during the interval [0,¢]. The second
and third term account for the transaction costs incurred in various transactions
and the eventual liquidation value of the portfolio, respectively.

By passing from a finite number of transactions to continuous trading one can
easily show that if ;1 € V satisfies assumption (A2) then the above quantities
converge to the following

t t
(2.17) Vi) = [ wdzi—k [ Zudl] - Kz
0 0

See Appendix for more details, including the definition of the second integral
in 2I7). Now we are able to introduce the following notions:

Definition 2.1. We say that p € V is an admissible trading strategy if it
satisfies (A2), it is Fi—adapted and there exists a constant M > 0 such that
VE(u) > —M a.s for every t < T*. An admissible trading strategy is an arbitrage
opportunity with transaction costs k > 0 on [0,T*], if VE (1) > 0 a.s and
P{Vf. () > 0} > 0. Therefore, the bond market is k-arbitrage-free on [0,T"]
with transaction costs k if for every admissible strategy p, VE. (1) > 0 a.s only if
VE (1) =0 a.s.

Remark 2.2. Since the main dynamics takes place on A? we do assume that
all admissible strategies p are Markovian in the sense that the support of ps is
concentrated on [s,400).

It is straightforward to prove the following result in the same spirit of Gua-
soni ([20] - Proposition 2.1). Thus we omit the details.

Proposition 2.1. Let us fix k > 0. If for every (Fi)i>o0—stopping time T such that
P{r < T*} > 0 we have

ZT(T)
—1‘<k,T<T* > 0,
Z,(T) }

T<t<T<T*

(2.18) IP’{ sup

then the bond market is arbitrage-free on [0, T*] with transaction costs k.

One can also show by using similar arguments from Guasoni et al ([21]) that the
k-arbitrage-free property in Definition [2.I] is essentially equivalent to the existence
of a k-consistent price system. Thus (ZI8) is also a sufficient condition for it. In
fact, a sufficient condition for no-arbitrage is the conditional full support property
for Z which is equivalent to full support only if Z is Markovian. Hence in the
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non-Markovian setting it is more natural to find mild conditions on the volatility
in such way that log Z has only full support. See Lemmas B.1] and for details.

In the sequel, we consider K* the usual isometry between the reproducing kernel
Hilbert space of the fBm and L?(0,T*;R). See [2,[3] for this notation.

Lemma 2.2. Assume that assumptions (2.8), (2.9), (Z10) and (Z11]) hold. Then
the discounted bond price process satisfies the following stochastic differential equa-
tion

(2.19)  dZ(T) = [—Ia(t,T)+Eg( } dt+z T,(t, T)Z:(T)dp,

2
where X (,T) = X521 & fy [Ki(Zoa (1)), | dr.

Proof. Consider 1 < d < 400 and notice that Ité formula [2] [3] applied to (ZI3)
yields

de(T):[ To(t, T)+2d(tT}Zd dt+z T, (t, T)Z(T)d!,

where X4 (t,T) := %2?21 2 f(f [/C;‘ (IU]'(-,T))T} dr and Z¢(T) is given in ([2.I3)
with 1 < d < oo. Here Kj(-) := K*(x[0,4°) in the notation of [2].

By applying again It6 formula with respect to the cilindrical fBm and considering
the mapping II(0) : [0, T] — L2)(U;R) defined by

T—s
Is(o)e; :z/ osei(y)dy; s€1[0,T],
0

we may conclude the proof. (I

3. ABSENCE OF ARBITRAGE

For simplicity, we assume from now on that the driving noise in equation (23 is
given by a d-dimensional fBm with d < co. We prove that under suitable conditions
on the volatility ¢ = (¢7);>1, the bond market model is k-arbitrage-free for every
k > 0. The main ingredient in the no-arbitrage argument consists in the full
support property on C(AZ.;R), the space of real-valued continuous functions on
AZ, = {(t,T);0 <t < T < T*} endowed with the sup norm. This property
together with a suitable choice on the drift will result in k-no-arbitrage for every
k > 0. Recall that if & is a Polish space then a random element £ : 2 — & has P—
full support when P¢ :=Po 1 (U) > 0 for every non-empty open set U in X.

Lemma 3.1. Let Y : Q — C(A2.;R) be a measurable map such that X := log ¥
has P— full support. Then Y satisfies assumption in Proposition 21l

Proof. Given ¢ > 0 and 7 a F;—stopping time such that P{r < T*} > 0, it is
sufficient to check that

P{ sup |X(t,T)—X(T,T)|<<€,T<T*}>O

r<t<T<T™
If p € C(AZ%,;R) then triangle inequality yields
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{ sup |X(t,T)—p(t,T) <e/2,7< T*}
(t,T)eAZ,

c { sup X, T) —X(r,7)| < &,7 < T*}.
T<t<T<T*

Let us consider P the set of polynomials p on AZ. with rational coefficients such
that p(0,0) = 0. We claim that there exists p € P such that

(3.1) ]P’{ sup  |X(t,T) — p(t,T)| < e/2,7 < T*} >0.
(t,T)eAZ,

Suppose that B1]) is violated for every p € P. Then we obtain

{ sup  [X(t,T) — p(t,T)| < /2,7 < T*}
(t,T)eAZ,

c {TZT*} P—as, VpeP.

Therefore

(3.2) U sup  |X(&,T)—p(t,T) < 5/2} c{r>T*} P—a.s.
pep  (BTIEAL,

By the density of P in C(A%.;R) and the full support of X it follows that

]P’{LJP{( sup |X(t,T)—p(t,T)<£/2}}:1

2
t,T)eEAZ.

and therefore P{r < T*} = 0 which is a contradiction. O

Remark 3.1. Recall that the fBm has v- Hoélder continuous paths a.s for any
v < H. Moreover, one can prove the existence of the fBm Wiener measure on a
separable Banach space W continuously imbedded on the space C(Ry,R) such that
the elements of W are v- Hoélder continuous functions on any compact interval.

See [23] for the proof of this fact.

The following remark turns out to be very useful for the approach taken in this
work.

Lemma 3.2. Assume that Z,;(t,T) is \-Holder continuous on A2.. for every j > 1
where 1/2 < A < 1. Then the process Z?:l fot T, (s, T)dB has P-full support on
C(A%.;R).

Proof. Fix (£7)4_, a sequence of 5~ Holder continuous functions on [0, 7*] where
1/2 < v < H. We recall that if Z,;(t,T) is »-Holder continuous on AZ. then the

pathwise Young integral fg T, (s, T)d€! is well-defined and there exists a constant
C > 0 which depends only on T*, v and A such that

/ Toi(s,)del| < ClZos a1y, 5 =1, 4,

0

(3.3) |

~y
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where || - ||,, denotes the usual 7-Holder norm.

Moreover, the pathwise Young integral coincides with the symmetric integral in
Russo and Vallois [35]. Recall that we are assuming that the volatilities are deter-
ministic functions and therefore the Gross-Sobolev derivative of Z,; (t,T") vanishes
for each j > 1 and (t,T) € AZ2.. Since the fBm has - Hélder continuous paths a.s,
Proposition 3 in [2] tells that the Skorohod integral

t
/Igj(s,T)dﬁz; iz,
0

can be interpreted as a pathwise Young integral. By the estimate (3] and Re-
mark BT]it follows that each ) Z,; (s, -)d3] has P-full support on C(A%..; R). More-
over, since (37);>1 is a sequence of real-valued independent fBm we then conclude
that

d t
1)~ 3 [ 25,145,
j=1"90
has P-full support as well. O

By Lemma [3.I] and Proposition 2.1] we know that if log Z has P—full support
then the bond market is k-arbitrage-free for every £ > 0. One should notice that
assuming that the volatility o = (07);>1 satisfies the assumptions in Lemma B2
there are infinitely many choices of o which give the full support property for log Z
and therefore absence of arbitrage in the fractional bond market. But there is a
canonical choice for the drift which gives the desirable property:

(3.4) EZ,(T) = P(0,T) VY(t,T) € A%
As a direct consequence of Lemma we have the following basic result.

Corollary 3.1. Condition ([3-4)) holds if and only if the drift « satisfies the following
equality

d t - t
at(~)—2{05(~) / Z,0(0,+1)br(1—0)d0+ / ol (y)dy / a§<~+t—9>¢>H<t—9>d9}.

Proof. By Lemma 2.2l we know that Z;(T") satisfies the stochastic differential equa-
tion ([Z.19)). Since Skorohod integrals has zero expectation, we choose « in such way
that

Io(t,T) = S(t, T),
for each (¢,7) € A?. Therefore,

_ 9 d
(3.6) alt,t+T —1) = 220 ().

Differentiating expression (3.6]) and taking into account that
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- g2 — (t0)"~ =
B2 —2H,H - 3)
A0 , )
X / oI ()2 (9 — )2 o,
0
and
8K T Hi% _3
S =en() -9,

where (-, -) denotes the beta function, we then arrive at the expression ([B.5]) by
considering the parametrization x = T — t. By observing that Z,(T) > 0 a.s for
every (t,T) € A? we conclude the proof. O

Remark 3.2. We notice that if H = 1/2 then the operator K* in Lemma[22 is
just the identity and we therefore arrive at the classical HJIM drift condition in
Corollary [31]

an() =3 ad() / ol (y)dy.

Jj=1

Let us consider

d

Suon() =Y {o—z () / T, (6, +)pr (t—6)d6+ / ol (y)dy /

j=1

t

ag(-+t—9)¢H(t—9)de}.

We assume that the volatilities are regular enough in such way that

T
(3.7) / |SHow|| pdt < oo
0

for every 0 < T < oo. Indeed, it is not very restrictive to assume that the volatil-
ity oy satisfies such integrability condition on the forward curve space E given in
Remark 211 See Section 3.2 in [I6] for more details.

3.1. Drift condition and quasi-martingale measure. Similar to the semi-
martingale case the measure P is considered as physical measure. This motivates
the following definition.

Definition 3.1. We say that an equivalent probability measure Q ~ P is a quasi-
martingale measure if the discounted bond price process Zy(T) has Q-constant
expectation, that is,

(3.8) EoZi(T) = P(0,T) V(t,T) € A%

We now state the main result of this section. Before this, we present some
elementary results concerning Girsanov change of measures in the fBm setting.
Without any loss of generality we take U = (2. It is well-known (see e.g [9]) that
the following operator
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t
(3.9) KCh(t) := / K(t,s)h(s)ds; he€ L*0,T%1%); 0<T* < oo,
0

is a bijection between L?(0,T*;I?) and the Sobolev space I$+1/2(L2(O,T*;l2))
which is the image of the fractional integral Iéiﬂ/ % of order H + 1 /2 defined on
L*(0,T*;1%). In general, if @ € (0,1) then I§, admits an inverse given by the
Marchaud fractional derivative Dg,. See [36] for these notations and a complete
review on fractional calculus. Furthermore, one can show that X! is given by

(3.10) K to(t) = cl_fltH_%Dé{;%(u%_HDv) (t),

where D is the usual derivative operator. The next result is a straightforward
consequence of the representation of fBm in terms of the standard Brownian motion.

Lemma 3.3. Let {y(t);0 <t < T*} be an [*-valued measurable function such

that fo [v(®)|l;2dt < oo and R(-) := [;v(s)ds € I£+1/2(L2(O,T*;lz)). Then
B, := B; — fo ~v(s)ds is a QT*—czlmdmcal fBm on [0, T*] such that

(3.11) dﬁ;* =&K"Y R) . W),
where
1
EKNR) . W), :=exp | (KT (R) . W),. — 5/0 |K1R(t)||f2dt],

and (IC_l(R) . W) 7 18 the usual Ito stochastic integral with respect to the cilindrical
Brownian motion W associated to B. In this case, we may formally write

B, =Y Hle,
j=1
where Bﬁ = ﬁt fo yids is a sequence of Qr=-real valued independent fBm.

Recall that all economic activity is assumed to take place on the finite hori-
zon [0,7%*]. Let us fix k& > 0 which corresponds to arbitrary small proportional
transaction costs in the bond market. The main result of this section is then the
following.

Theorem 3.1. Assume that the volatility satisfies assumptions in Lemmal32 and
there exists an 12-valued measurable function v, satisfying assumptions in LemmalZ3
in such way that

(3.12) oyt =Spgoy —ay;  t>0.

Then there exists a quasi-martingale measure for the bond market. In addition, the
market is arbitrage-free on [0, T*] with transaction costs k.
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Proof. The forward rate is the continuous mild solution of

d
ry = (AT‘t + at)dt + Z Ugdﬁg,
j=1
under the measure P. Assuming assumptions in Lemma and (B.I2), we may
write

d
ry = (A’I”t + SHO't)dt + Z Ugdﬁg
j=1
under the equivalent probability measure Q with respect to P given in (BII]).
By (B one should notice that the above equation is well defined under Q. By
changing the measure P to Q in Corollary B.]it follows that

EQZt(T) = P(OvT)v V(f, T) € A%*u
and therefore Q is a quasi—martinga}e measure. By Lemma the two parameter
process (t,T) — Z?:1 fot 7, (s, T)dB! has Q-full support and therefore log Z has O-
full support as well. By Lemma[3.I] and Proposition 2.1l we conclude the proof. [

Remark 3.3. One should notice that if there exists a quasi-martingale measure

then it should be of the form (311), (312).

The next result gives an explicit formula for the term structure of bond prices in
terms of a conditional expectation. In the sequel, it will be convenient to express
the fBm through the following representations (See [34]):

_ t ot _
(3.13) g = aH/ / sH=Y2 (s — rYH=3/24sd M7
0 Jr

t s
(3.14) aH/ SH_1/2/ (s —r)H=32dMIds, j=1,...,d
0 0

where the processes M7 = (Mt] )t>0 are continuous martingales given by

t
M = cl/ st2H(t = 5)! /2 ap],
0
where ¢; and ay are normalizing constants. In the sequel, we denote
t
07 (r,t) := aH/ o (s,t)sTV2(s —)H=3/24s, j=1....d
T

for 0 < r <t < co. We also write [M7] to denote the usual quadratic variation of
the martingale M.

Proposition 3.1. Assume that Q is a quasi-martingale measure. Then the bond

price can be expressed by
T
P(t,T) = @D Eg | exp —/ rs(0)ds | |Fe |,
t

where the kernel £(t,T) is given by
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t d t o
£, T) ;:/O zg(s,T)ds—Z/o T, (s, T)dB? — G(t,T),
j=1

j d (T gi *dIM
where G(t,T) := 3 5_ 1f0f 07 (r, w)dud M} — 5575, [, (fr 6 (r,u)du) d[M7],.

T
exp ( —/ rS(O)ds> .7-}1,
t
where

by d_ ot o d_ /T o
= - ACH o - oI \9 g
£, T) /O (s, T)ds ;/O Z,i (s, T)df? lnEQlexp< ;/0 Z,i(s T)dﬁ)

We only need to compute the above conditional expectation. By using represen-
tation (BI3) it follows that

t t
/ o (5, 4)dF = / 07 (r, ) AMS.
0 0
By using conditions (2.8), (ZI0) and (2I1) and changing the order of integration,

we obtain
T
/ Ig](sTdﬁj—/ /erududMJ ji=1,...,d
0

and therefore the conditional expectation can be written as

Z/ / 07 (r, u)dud M — —Z/ (/ 07 (r u)du>2d[Mj]r.

We end this section by showing some examples of familiar short-rate models in
the fBm setting as developed in this section under the quasi-martingale Q.

Proof. By the very definition

P(t,T) = &1 Eg

O

Example 1 (Ho-Lee) Let us assume that d = 1 and o¢(z) = o, a constant, for
all (t,z) € R%. Then in this case the model is k-arbitrage-free for every k > 0 and
the short-rate dynamics under Q is given by

r1(0) = ro(t) + 02 /O /OS[% (54 0)|ou (s — 0)dods + o,

and we recognize this as the Ho-Lee model with a deterministic time-varying drift.

ft] |
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Example 2 (Hull-White) Again assume d = 1 but now take oy (z) = o exp(—ax),
where o and « are positive constants. Straightforward integration imply

2

t s
r(0) = ro(t) + U—/ efo‘(tfs)/ [1—e Doy (s — 0)dods
0 0

(0%

2 t s t B
+ Z / [1— e (9] / e =gy (s — 0)dOds + 0/ e =34,
@ Jo 0 0

which is consistent with the Hull-White model or the Vasicek model with time-
varying drift parameters. Furthermore, in the fBm setting this model is k-arbitrage-
free for every k > 0.

4. CONSISTENCY FOR FRrRACTIONAL HJM MODELS

In this section, we study consistency problems related to HJM models introduced
in the previous section. We now assume that the following dynamics

(4.1) dr®o(t) = <%T(t) + SHO'(t)) dt + Z cldF (t), 1o =o€ E,

J=1

(under a quasi-martingale measure Q) induces an arbitrage-free bond market as
described in the last section. We study the important case of time-homogeneous
HJM models, in the sense that the volatility o does not depend on time ¢ € [0, 7]
where 0 < T' < oo is a fixed terminal time.

Let P be the interest rate model produced by r; and let M be a parametrized
family of smooth forward curves (e.g Nelson - Siegel or Svensson families). We
recall that a pair (P, M) is consistent if all forward curves which may be produced
by the interest rate model P are contained within the family M, provided that the
initial curve is in M. There are several reasons, why in practice, one is interested in
consistent pairs (P, M) with respect to HIM dynamics (see [0 [15]). In particular,
the following questions are of great importance in calibrating interest rate models:

Given an interest rate model P and a family of forward rate curves M, what are
the necessary and sufficient conditions for consistency? Let M be an exponential-
polynomial family of smooth forward curves. Is there a nontrivial P which is con-
sistent to M ?

The remainder of this paper will be devoted to answer the above problems in
the fBm setting.

4.1. Consistent pairs (P, M). In this section, we give a fairly complete charac-
terization of a given M to be consistent with respect to P. We adopt an abstract
framework by considering M as a finite dimensional smooth submanifold of E. The
concept of invariance used in this work is the following:

Definition 4.1. A closed set K C E is said to be tnvariant for the forward rate
(r(t))o<t<T when

Q(r*o(t) e K,Vt € [0,T]) =1, for every zog € K.
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Hence the pair (P, M) is consistent if and only if M is invariant for the cor-
respondent forward rate r,. The main difficulty in characterizing consistent pairs
(P, M) is the obtention of the topological support for the law of {r(¢);0 <t < T}
on the space C(0,T; E) of the E-valued continuous functions on [0,7]. We recall
that the topological support supp u of a probability measure u on a Polish space
X is the smallest closed set in X with total mass. Recall that the forward rate
satisfies the following equation

r(t) = S(t)zo + /0 S(t—s)Spo(s)ds + /0 S(t — s)odB(s)

where {S(t),t > 0} is the right-shift semigroup acting on the Hilbert space E' and
B is a cilindrical fBm (under Q) on a Hilbert space U. Let us denote

(4.2) Z(t) = /0 S(t — s)odB(s),

and

d t
(4.3) Ja(t) = Z/ S(t—s)o?dB(s), 1<d< 0.
j=1"0
One should notice that Esupg<;<r | Z(t) — Ja(t)|[|z — 0 as d — oo.

Our main task is to characterize supp Qz on the space C(0,T; E). For this
purpose, we take advantage of the fact that fBm is a centered Gaussian process.
The theory of Gaussian processes provides a sharp characterization for the support
of the measure Qz. A direct (but lengthy) calculation shows that the law of Z(+)
in L2(0,T; E) is a symmetric Gaussian measure whose covariance operator is given
by

T
App(t) = / grr(t, 5)p(s)ds,

where

sAt sAt
gu(t,s) ::/O ' /OA S(t—v)oc™S*(s —u)dpm(u — v)dudv.

By condition (29)) it follows that Qz is concentrated on Co = {u € C([0,T]; F) :

u(0) = 0}. Therefore, the closure of Image A}f in the Cp—topology is the support
of Q7. This fact would lead to a straightforward characterization of supp Qz as
long as we know how to calculate the square root of the covariance operator Ag.
In fact, a direct calculation proves to be very hard. Moreover, it is not trivial to
find a bounded linear operator A such that Ay = AA*. See Corollary B.4 in [§].
Therefore other non-direct techniques should be applied.

In the sequel, we consider the Wiener space (W, H, P) of the R?-valued fBm,
where W is the space of the R%-valued continuous functions f on [0, 7] such that
f(0) = 0, H is the correspondent Cameron-Martin space and P is the Wiener
measure on WW. The set H is equal to Image K as a vector space, where K is the
operator defined in ([3.9), and the respective inner product is given by
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<1Ch7K:g>H = <hvg>L2; hag € L2(07T;Rd)'
We have the following sufficient conditions for inclusions of the support of the
law of an abstract Wiener functional V : W — X. See Aida et al [I] for the details.

Proposition 4.1. Let V : W — X be a measurable map, where X is a separable
Banach space.

(i) Let ¢, : H — X be a measurable map, and let J, : W — H be a sequence of
random elements such that for any e > 0,

(4.4) 11331P<|v—glojn|x >5> ~0.

Then
supp Py C ¢ (H).
(i) Let (o : H — X be a map, and for each fived h € H let T} : W — W be a
sequence of measurable transformations such that Prn < P for every n, and for
any € > 0,

(4.5) limsupP<||V o T — Go(h)||x < 5) > 0.

Then supp Py D ((H).

The remainder of this section will be devoted to characterize the topological
support of the forward rate r : @ — C(0,T; E) by using conditions (£.4]) and ().
Clearly, we only need to analyze the support of the probability measure Q7. The
strategy is to characterize invariant sets for HJM models via a controlled deter-
ministic equation associated to ([@I). In the sequel, we write E to denote the
expectation with respect to P.

4.2. Invariance for HJM Models. We now introduce a polygonal approximation
for the fBm. Let us recall the Volterra representation of the fBm

t
(1.6) 50 = [ Kto)aw(s)

0
where W is the unique Wiener process that provides the integral representation (4.6))

and K (t, s) is the kernel defined in (2.1]).

Remark 4.1. From the above representation we notice that W is adapted to the
filtration generated by the fBm ( and both processes generate the same filtration.

Let I=0=1t) <t1 <--- <t, =T be a partition of [0,T] where t; := k%
and || := maxo<j<n—1(tj41 —t;) = L. Let us consider the following polygonal
approximations

(4.7) Bri(t) ;:/O K(t,s)dWH(s):/O K(t, s)Wr(s)ds
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where

Wtj1) = W(t)

Wan(t) = Wts) + (tj+1 —t5)

(t—1t;),

fOI‘tj §t§tj+1;j:(),1,...n—1.
One can check (see [25]) that Vy < 1—H there exists a constant C'g , independent
of II such that

(4.8) E sup [Bu(t) — B(t)| < Cuy||7.
0<t<T

If w € W and [TI| = T//n then we define w(™(t) = (win) ®),... ,wfl") (t)) where

wgn) (t) := /Ot K(t,s)Wii(w)(s)ds, 1<i<d.

Obviously w™ e M for all n > 1 and w € W. For each h € H we define

(4.9) Tho :=w+ (h—w™).
Lemma 4.1. If h € H then Prn <P for alln > 1.

Proof. Let us consider h = K~ and J,(I") (w) == Ky —w™ for w € W and v €
L2(0,T;R%). By definition of W it follows that

/ CK( ) Wan(s)ds = 3 / K (s ds
0 i=0 “ti

Nt

and therefore J,(I") is adapted to the internal filtration generated by the Brownian
motion W. By the Novikov condition

1/2exp </0 Iv(s) — W(s)|2ds>] < oo

and the representation ([0, Girsanov theorem (see [9]) for the fBm yields

E

PT’n},L ~ P.
O
The following result is crucial to get (£4) in Proposition {1l In the sequel, we

write (U - 3) and (¥ - 1) to denote the Paley-Wiener integrals with respect to
and O, respectively.

Proposition 4.2. Let O be the polygonal approzimation of the real-valued fBm.
If U € L*(0,T; E) then

lim E sup [[(¥-5)(t)— (¥-Bu)t)|g=0
[TI[—0  o<t<T
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Proof. We proceed by approximating ¥ by step functions f. Assume that

n—1
s) = Z QiX[si,si01)(s); 0 =50 <51 <...8,=T,
i=0
and consider the operator 0 := Ig;l/Q o Dgflﬂ defined on I(ﬁ_ﬂ/z (L*(0,T;R)).
By the semigroup property of fractional integrals and taking into account that
D£r+1/2 is the inverse IH+1/2 it follows that

— tit1 Nt

I(f-8)®) = (f - ) D) 2

ANt

i=0

IN

Z ||o‘1||E‘ 1+1/\t (t' N t)) — (ﬁn(ti+1 A\ t) —

By the estimate ([LJ) we conclude that the assertion is true for step functions.
Now let us consider ¥ € L?(0,T;F) and a sequence (f,)n>1 of step functions
which converges to ¥ in L?(0,T; E). We have

sup [[(W-6)(t) = (¥ -Ao)®)le < sup [[(V-B)() = (fu-B)(t)lle

0<t<T 0<t<T

+ sup [(fr B)(E) = (frn - Br)®) &

0<t<

+  sup [[(fu - Bo)(t) — (V- Bn)t)||le

0<t<T

= T (n) + Tg(n, H) + Tg(n, H)
By the first step we only need to estimate 77 and T3. Holder inequality yields

(4.10) Ts(n, D) < [|fn = ¥llz20,1:m) 108 Pl L20,7m) < 00 as,

where we observe that |0y O 120, 7;r) i square integrable for all partition II. In
fact, we can rewrite (1) in the following way

Br(t) = culy, (qu/QIfﬁ_w (Ul/QHWH)> (t),

and therefore
OB (t) = Iy 2D Bu(t) = et V21 P WA ) (1), 0<t < T

Then E||9H5H||2L2(0 7.r) < 00 and therefore we can conclude that for each parti-
tion II

lim ET5(n,II) = 0.

It remains to estimate T;. For this we shall use the factorization method on the
fractional Wiener integral. Recall the identity

[ tivine) — Bt A t)) — /t On Pri(s)ds

}

Bu(t: A1)

E
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t
s

4.11 = [ (t—5)*" (s — o) %ds; <s<t, 0<a<l.
( ) pr— /U( s) (s—o0) s; o0<s< «

Fix 0 < o < 1/2 and p > 1/2«a. By using (£I1)) and the stochastic Fubini theorem
for fractional Wiener integrals (|27]) we may write

(U= 1) B0 =22 [0 9 (),

0
where Y () == [ (¥ = fm)(0)(s — 0)~*dB(c). Holder inequality yields

T
sup [[((¥ — ) - AOZ < C / ()22l

0<t<T

where the constant C; depends only on p, and T. We now choose p = 1. The
ordinary Fubini theorem and the isometry of the fractional Wiener integral with
the reproducing kernel Hilbert space of the fBm (see [12] [3]) yields the following
estimate

ETY(n)

IN

T
e / By ()3 ds
0

e /OT | [ = s =i - fawis - o),

X ¢m(u—v)dudvds.
By estimate (11) in [3] we can find positive constants Cy and C5 such that

T s
ETYn) < Co [ [ 0= f)0)(s —u) @ pduds
o Jo
< Ga||Y — faullz2o,1iE)-
Summing up all the estimates we complete the proof of the proposition. O

In the sequel, with a slight abuse of notation we write 0y = I(ﬁ_lﬂ o Dg:rl/?

defined on Igflﬂ (L2(0, T; X)) where X can be R or the Hilbert space U, depending
on the context. In accordance with Proposition[4.] we are now in position to define
the following mappings

(4.12) Cih(t) == Z /Ot S(t — s)o'0uhi(s)ds, heH,

=1

(4.13) Tn(w) =™, wew,
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t
(4.14) Gt)g ::/ S(t — s)o0mg(s)ds, g€ IL2(L20,T;U)).
0
Proposition 4.3. The support of the Wiener functional Z in (4.3) is given by
GIgs (220,73 1))

Proof. For each fixed d > 1 we apply Proposition 1] to the Wiener functional
Jy defined in ([@3) with the correspondent transformations ¢{, J, and 7Z,”, defined
in (I12), @I3]) and [@3), respectively. Conditions (£4]) and (£3)) in Proposition[d1]
are direct consequences of Proposition and Lemma LIl We then have the
following characterization

supp Qj, = ¢ (Lo "/*(L2(0, T; RY))),

where I(ﬁH/Q(LQ(O,T;Rd))) is equal (as a vector space) to the Cameron-Martin
space H.

We now counsider the full sequence of independent fBm { Bin > 1}. At first, since
U is separable one should note that we have the following orthogonal Hilbertian
sum

(4.15) 182220, T3 0)) EBIH“/Q L2(0,T;R)).

To shorten notation we set Oy := (¢ (Iéfrl/z (L?(0,T;R%))). Obviously the following
inclusions hold

O4C Ogy1, foralld>1,

and therefore limg_.o supp 9, = U2, O4. On the other hand, we can approxi-
mate the stochastic convolution Z in probability uniformly in [0, T] as follows

Z(t) = /Ot S(t — s)odB(s) = lim Jy(t).

d—o0

Therefore we have

supp Qz = U O,
n=1

By the relation ([@I5) we can conclude that supp Qz = (1(], H+1/2(L2(0 T;0))).
]

We say that a closed set K in F is invariant for the evolution equation

(4.16)

d _

V) = Ay O+ Sno+o I u(t), y(0) = z0 € B, ue 13(0, T U)
if for each initial condition 2o € K and a control u € L?([0,T]; U) we have

y(ﬂaoﬂ) (t) e K; forallte [07T]-
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Theorem 4.1. A closed set is invariant for the differential equation (4.10) if and
only if it is invariant for the HIM equation ([{-1). In particular,

supp Qo = {y@ow);y € L2(0,T;U)}.

Proof. The hard part of the proof is the obtention of the support of the stochastic
convolution Z (¢ fo (t — s)odB(s). We know from Proposition B3] that the law
of Z is concentrated on the set of continuous functions of the form

/ S(t — s)oly " h(s)ds, he L*([0,T);U).
Then the proof follows the same lines of [30] and therefore we omit the details. O

4.3. Nagumo conditions and finite-dimensional invariant manifolds. In
this section we prove the main result of this section. We recall that if M is a
C'-manifold in E then the associated tangent space at € M may be written as

(4.17) ToM={ge E;lirﬁionf %dist[m +tg, M| =0}; ifxe M,

where dist[y, M| denotes the distance between y € E and the set M. We now
provide Nagumo-type conditions for an HJM model to be invariant with respect to
a given smooth manifold.

Proposition 4.4. Let M be a C'—submanifold in E, closed as a set and M C
Dom (A). Then M is invariant for the stochastic equation ([{.1)) if and only if

(4.18) Az + Spo(t) + ov € T, M,
for each x € M, t € [0,T] and v € U

Proof. Let & be the set of U-valued piecewise constant functions. We claim that a
closed set K is invariant for equation (£I0) if and only if its mild solution satisfies
the following condition: For each x € K and v € £ we have y(*)(t) € K for all

€ [0,7]. We fix an arbitrary v € L?*(0,T;U) and let us consider a sequence of
step functions u,, converging to u in L?(0,T;U). Then

t

(4.19)  [ly@u () —y @I (@)|p < sup || | S(t—s)olyy " (uy —u)(s)ds| k.
o<t<T Jo

By Holder inequality we have

(4.20)
t T 1/2
sup || S(t—s)aIH 1/2( un —u)(s)ds||p < Cl(/o Ha(un—u)(r)||2Edr) / ,

o<t<T  Jo
where C is a positive constant which depends on 7" and H. Since ¢ is bounded
we then have inequalities (.19) and (@.20) imply that a closed set K is invariant
for (EIG) if and only if y(»¥)(t) € K, t € [0,T] for all x € K and all piecewise
constant U—valued function v. Thus proving our first claim.
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Now let M C E be a closed C*— submanifold where M C Dom(A). By Theorem
2 in Jachimiak ([26]) and Theorem A.I], we know that M is invariant with respect
to equation (@) if and only if, for each x € M, t € [0,T] and v € £

lim inf ~ dist[S(a)(z) + a(Sxo(t) + I

al0 «

ov(t)), M] = 0.

By assumption M is contained in the domain of A and therefore the above
condition can be replaced by

(4.21) 1imlionf ldist[(az + a(Az + Syo(t) + Iéi_%av(t)), M]=0
a (0%

Since U is linear and o is a bounded linear operator on U, the condition (2Tl
is equivalent to

1
limlionf —dist](x + a(Az + Sgo(t) + ov), M] = 0,
a «
for each x € M, t € [0,T] and v € U. O

We end this section with the characterization of a given finite- dimensional in-
variant submanifold. In fact, by using Proposition 4] the proof of the following
results are minor modifications of the arguments given in [30].

Lemma 4.2. Let M C E be a finite-dimensional C*—submanifold and closed as a
set. If M is invariant for (£.1) then every r¥(t) mild solution of equation (4.1)) is
also a strong solution for every xg € M. In particular, M C Dom (A).

Proof. Let a € Dom A* where A* denotes the adjoint of A. By using a stochastic
Fubini theorem for the fractional Brownian motion (see ([27]) we obtain for ¢ € [0, T

(a, 77 (£)) = (a, z0)+ /O (A*a,r(s))ds+ /0 (a,Smo(s)))ds+ /O (a,0dB(s)), a.s.

Now we may apply the same arguments as in Lemma 2.3 in [30] to show that if M
satisfies the above assumptions and it is invariant for the stochastic equation (4.1])
then M C Dom (A) and therefore

Q(r*(t) € Dom (A),Vt € [0,T]) =1, for every zg € M.
This concludes the proof. ([

Now we are in position to prove the main result of this section. In the sequel, we
write Im o := oU.

Theorem 4.2. Let M be a finite-dimensional C*— submanifold in E (closed as
a set). Then M is invariant for an HJM model given by ({.1) if and only if
M C Dom (A), and

(4.22) Az € T, M,

(4.23) Spo(t)+Im o C TpM,
for every t € [0,T] and z € M.
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Proof. Similar to the proof of Lemma one can show that the above conditions
imply that every mild solution of the equation (@6 is also a strong solution which
is given by

t t t
y @M (1) = o _|_/ Ay@h (s)ds +/ Spo(s)(s)ds +/ g]éifl/Zh(s)ds,
0 0 0

for h € L?(0,T;U). Therefore differentiating the above expression at t = 0, we
conclude that Az € T, M for every x € M. Proposition [£4] implies that for each
x € M, we have Sgo(t) + ov € TyM for every t € [0,T] and v € U. Conversely,
let x € M, ve U and ¢ € [0,T]. By Proposition L4 it is sufficient to check ([ZIJ).
But this is a straightforward calculation using the parametrizations in M (I

Next we examine concrete short rate models and smooth finite-dimensional man-
ifolds, in particular, Ho-Lee and Hull-White models together with the well-known
Nelson-Siegel family [31] are investigated.

5. NELSON-SIEGEL FAMILY

In this section, we are interested in investigating the Nelson-Siegel [31] exponen-
tial family M = {F(-,y);y € Y} widely used to fit term structure of interest rates.
The form of the curve is given by the following expression

(5.1) F(z,y) = y1 + yee” "% + ysze %, >0,

where we restrict the parameters to the following state space Y := {y = (y1,...,%4) €
R*|y4 # 0}. Obviously, if n = F(-,y) is a generic element of M, then the tangent
space of M at the point 7 is given by T, M = Im F,(-,y), where Fy(-,y) is the
Frechet derivative at point y € ) with respect to y. Therefore, the tangency con-
ditions ([@22]) and [@23]) can be written as

(5:2) (s y) € Im Fy (-, y)

(5.3) Suo(t)+Im o C Im Fy(-,y)

for every (t,y) € [0,T] x ), where Fy(-,y) is the derivative of F(-,y) with respect
to the variable x for each fixed y € V. Straightforward computation yields

(5.4) Fo(z,y) = (Y3 — y2ys — ysyax)e 47,

(5.5) Fy(z,y) = [1,e7 ¥, ze™ %, —(yz + ysa)ze ¥47].

As an example, we now study simple interest rate models. By using Theorem [4.2]
(in particular relations [@.22]) and [@23))), the calculations are minor modifications
from [6] so we just sketch the details.
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5.1. Ho-Lee model. Let us consider the one-factor model under the Ho-Lee volatil-
ity structure given by a constant volatility, i.e., oy(z) = o, for all (f,z) € R3. In
this case, the drift restriction is given by

(5.6) Suo(t,x) = o (o (t,x) + 0% (1)), (t,x) € R%;

where o (t, ) = 22 [J ¢ (t —0)df and 0% (t) =t [ ¢rr(t —6)dO — [3 O (¢ — 6)d.
One should notice that relation (5.2)) is satisfied but because of the term ok (¢, z)
in (B4, relation (&3] is not possible and therefore by Theorem we conclude
that the Ho-Lee model is not consistent with the Nelson-Siegel family. On the other
hand, by restricting the state space we may obtain consistency as follows. Let us
consider the degenerate Nelson-Siegel family: We take J° = {y = (y1,...,%1) €
R*|y2 = y4 = 0} and in this case

Flz,y) =y +ysz, (7,y) € Ry x YO,
Moreover, one can easily check invariance of the Ho-Lee model with general affine
manifolds.

5.2. Hull-White model. Let us consider the one-factor model under the Hull-
White volatility structure given by oy(z) = oge™** where a and o are positive
constants. In this case, the drift restriction is given by

(5.7)

o? t 202 ¢
Spo(t,z) = = eo® l / (1+e‘a(t_9)>¢H(t—0)d01 27 eoe / et (t—0)do),

o 0 o 0
for each (¢,x) € R3. By considering the full state space Y, clearly the Hull-White
model cannot be consistent with the Nelson-Siegel family. By restricting the state
space to Y* = {y = (y1,...,y4)|ys = a}, the curve shape is then given by

F(z,y) = y1 +yae ™" +yzze "
Due to the second term in (5.1), the fractional Hull-White model is not consistent

with the Nelson-Siegel family on Y“. So an alternative is to consider the following
curve shape

(5.8) F(z,y) = y1e” " + yoe 27

Due to the term e 2% we now notice that the family given in (5.8) is consistent

with the fractional Hull-White model. In fact, the following result is not surprising
in view of the previous examples.

Proposition 5.1. There is no nontrivial fractional interest rate model with deter-
ministic volatility which is consistent with the Nelson-Siegel family.

Proof. By using Theorem the proof is analogous to [6; Proposition 7.1]. O

Using the same ideas, we could also study consistency of concrete multi-factor
HJM models by checking relations (52) and (53]). See the works [15] 16, 5]. We
conclude this paper by discussing possible extensions of our results. The first exten-
sion is a direct consequence of the results of this paper. The other two extensions
are less obvious and require further investigation.
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5.3. Mixed noises and multiple scales. One can consider the case where the
HJM equation is driven by several independent {Bms with different values of the
Hurst parameter H = (H*,..., H%) € (1/2,1)<:

d
dr(t) = (%r(t} + SHU(t)) dt + Z oldpBl (t).

It can be seen that in this case, there is no conceptual obstruction to the use of
the method of the proof of this work. In this case, the proof follows the same lines
as before since we are able to perform a Wong-Zakai approximation for the above
equation. In fact, the strategy used in this paper works for fairly general continuous
Gaussian process.

5.4. Fractional gaussian noises with jumps. Alternatively, one can consider
the case where the fractional HJM is perturbed by a jump process as follows

d
d o
dry = (%” n SHat)dt +3 " 0'dp; + 8(t,y)m(dt, dy),
=1

where m(dt,dy) is a marked point process. In this case, logZ is no longer a
continuous process and therefore the full support no-arbitrage argument given in
Lemma [3.1] does not work. Further investigation is needed on the relation between
cadlag (right-continuous with left-limits) price processes and condition (ZI8). In
the continuous case, the (conditional) full support for log Z has a prominent role
in determining absence of arbitrage. In the cadlag case, new topological con-
ditions have to be derived to ensure no-arbitrage via Proposition 2.1l See the
works [20] 211, 22] for more details in the case of stock markets.

5.5. Fractional HIM models with multiplicative noise in Skorohod sense.
One can naturally ask if the results of this paper can be extended to multiplicative
noise as follows

d

d . )

dry = (@” +SHO'(Tt))dt—|— g ot (ry)ds;.
i=1

The stochastic integral appearing above is considered in the Skorohod sense. In
this case, as already commented in the Introduction, it will require using subsequent
work in the stochastic analysis of the fBm. Technical difficulties arise in the Picard
iteration of the above equation when the noise enters in a nonlinear way. At our
knowledge we only know how to solve such equations when the noise enters linearly
which becomes unsuitable for financial applications (see e.g [13] [32]).

Moreover, assuming the existence of solution, more refined probabilistic esti-
mates are required. In fact, by performing It6 formula in [2I3)) it will appear
additional random terms in the SDE of log Z;(T") which involve the Gross-Sobolev
derivatives of o*(r.) and Sgo(r.). Here Syo : E — E must be a suitable Lipschitz
mapping chosen in such way that EqgZ:(T) = P(0,T) for every (¢,T) € A? and
log Z admits full support. In this case, a mild sufficient condition on the volatility
structure (0%)2; to produce full support for log Z is not clear in this context. In
fact, more refined properties on the support of Skorohod integrals plus bounded
variation processes should be developed in this context.
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APPENDIX

6. INTEGRATION FOR C(R;; R)—VALUED PROCESS

In this section we introduce a suitable integral to deal with bond markets driven
by fBm. Let (Q, (Fo)t>0, ]P’) be a stochastic basis where the filtration (F;):>, satis-
fies the usual hypotheses. We denote M (R4 ) the space of (finite) signed measures
on Ry with the total variation topology || - ||7v. We also write Cp(R4;R) the
space of continuous functions from Ry into R converging to zero at infinity. For
m € M(R;) and I € Cyp(R4;R) we put

(6.1) Im = /l(@)m(d@)

Let us consider elementary measure - valued processes of the following form

N—-1
(62) ut(w7 ) = Z XF; (W)X(ti,ti+1](t)mi
=0

where m; € M(Ry), 0 =1ty < ... <Tn < o0 and F; € F;,. We assume that the
support of p is concentrated on [t,00) for all (t,w) € Ry x Q. We denote by S
the set of elementary processes of the form ([6.2). We endow S;, with the following
norm

(6.3) lully :=E sup |luellFy
0<t<o0o

The class of integrators will be Cy(R4; R)- valued stochastic processes satisfying
the following hypothesis.

Assumption (A1). Let {G(t,T); (¢t,T) € R2} be a jointly continuous real-valued
stochastic process such that

E sup |G(t,T) < .
(t,T)ER?

If p € Sp and G satisfies (A1) then we define

N—-1

t
/ ,U/SdGS = Z XF,L (Gti+1/\t - Gti/\t)mi'
0 i=0
By Holder inequality it follows that
¢
©4) B swp | [ pdG| < JulvEY? swp |6. - Gil <o,
0<t<oo 'Jo 0<s,t<o0
where || - || denotes the usual (uniform topology) norm on the space C(Ri;R).

Let V be the completion of S, with respect to ([63). By the estimate (6.4]) and the
definition of V we may easily define fo 1sdGg for all p € V. Next we present some
elementary technical results.
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Lemma 6.1. Fiz 0 < T < oo and consider t} := 12% fori=0,1,...,2" n>1.
Then if p € V and G satisfies assumption A1 then
271 .
limn o Y- (G = Gipn) = [ G| =0
i=0 0 oo
Proof. Straightforward estimates. O

Next we fix 0 < T™* < oo and consider

Mi(") (T):= sup GT); T>0,
RS
m{™ (T):= inf G(t,T); T>0,
‘ P <t<t?,

where t7 := ZQTn fori=0,1,...,2" n > 1. With these objects we then define
2m 1

G Z Xty t7+1 (n)u

2’7l 1 ( )
Z X(t 1+1] !

and

2" —1

¢
/ s)dus = Z M( Htr, At — ez at),
0

2" —1

/ G, (s)dus := Z m Mp, At = LR AL)-

We denote Prp« the set of all partitions of [0,7%]. In the sequel we consider the
following assumption:

Assumption (A2).
I+ (p) := sup Z et — bt |l7v s square integrable.

TEPpx t;em

Lemma 6.2. Assume that € V where (A2) holds and consider G a stochastic
process such that (A1) holds. Then

(a) lim,, oo Esupg<;<p- fot Grdp — fot G,du| =0,

(b) limy, 00 ESUpg<p < fot Gndu — fg Godu| = 0.
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Proof. We notice that

t t 2" —1
/ Gndp — / Gudp| < Y 10" — mE”)Iloollut;glm — pupaellTv
0 0 i=0

< max ||Mi(n) - ml(-")”OOH(u) a.s, 0<t<T"
i3i=0,...,27 —1

By continuity lim,, . max;,;—o,... .2n—1 ||Mi(n) — mE")Hoo =0 a.s. Moreover, there

exists a constant C' such that

Comax M —m™M | <C sup |G(s,T)| a.sVn>1.
4;1=0,...,27"—1 0<s,T<o0

By assumptions (A1-A2) and the dominated convergence theorem we conclude
part (a). Similarly, supg< <7+ 750 |Gn(s; T) — Gim(s; T)| goes to zero a.s as n,m —
00. Moreover, it is bounded by C'Supg<s 1< |G(5,T)|. Again, by assumptions
(A1-A2) and dominated convergence theorem we conclude part (b). (]

By Lemma we shall define

t t

t
/ Ggsdus :== lim Gn(s)dps = lim G, (s)dus.
0 0

n—oo 0 n—oo

The next result is a straightforward integration by part formula.

Proposition 6.1. Assume that assumptions (A1) and (A2) hold. Then

T T
(6.5) / Gsdus + / 1sdGs = G« pups — Gopo
0 0

Proof. By writing a telescoping sum we have
271
Z (Ger,, — Gep )y, —pup) = Gr-pr- — Gopo
i=0

271 271

- Z (Ger,, — Gep )y — Z (pp,, — pap)Ger,
i=0 i=0

a.s for all n > 1. By Lemma[6.1] and Lemma [6.2] we only need to show that the left-
side goes to zero as n — oo. But this is an immediate consequence of hypotheses
(A1) and (A2) together with the continuity of G. O
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