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Abstract

We demonstrate a sufficient condition for some modules M over the group algebra
Z[G] to be of homological type FP,, where G is a finitely generated split extension of
abelian groups. This generalises a result of Bieri-Strebel when M is the trivial module
Z [7] and is a special case of a conjecture suggested in [13. Conj. 7).

1 Introduction

In this paper we consider a result about the homological type of some special (left) modules
M over the group algebra Z[G], where G = N x Q is a finitely generated group, a split
extension of abelian groups NV and Q. We assume that .V acts trivially on A/. Our main
result is the existence of a sufficient condition ( in terms of the Bieri-Strebel invariant &
introduced in [7] ) for M to be of homological type F P over Z[G).

Theorem 1 Let Q be a finitely generated abelian group, M. N be finitely generated (left)
Z[Q]-modules. Let G = N x Q be the split extension of N by Q, where the action of Q on N
via (left) conjugation is the original action of Q@ on N. Suppose that G is finitely. presented

and
0 ¢ Ry0Z3,(Q) + conv<a(Rso =4 (Q)).

Then M is of type F P, over Z[G|, where G acts on M wvia the canonical projection G — Q.

Theorem 1 is a particular case of a more general conjecture classifving modules M of type
FP,, [13. Conj. 7]. This conjecture is a generalization of the £ P,,- Conjecture for metabelian

groups [2].
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Conjecture (13, Conj. 7] Let Q be a finitely generated abelian group, M. N be finitely
generated (left) Z|Q]-modules and G = N x Q be a split extension of N by Q, where the
action of Q on N via (left) conjugation is the original action of @ on N. Then M 1is of
type F Py, over Z[G), where G acts on M via the canonical projection G — Q if and only 1f
0 ¢ RyoX5,(Q) + convem (R0 Z4(Q)) and 0 ¢ convenm(RsoZi (@)

. In Theorem 1 and in the above Conjecture RsqZ5,(Q) and R5oZ%(Q) are subsets of R®
invariant under multiplication with elements from Ry, where n is the torsion-free rank of @
and for a subset T of R*, conve,,T stands for the union of all convex hulls of subsets of T of
at most m elements. There is a—homological conjecture, the F'P,-Conjecture. that suggests a
classification for the finitely generated metabelian groups of type ' Pn. The F'Prn,-Conjecture
states that if G is finitely generated and an extension of abelian groups N by Q then G is of
type F P, if and only if 0 ¢ conven(Rs0Z%(Q)). The FPn,-Conjecture holds for m =2 (7]
and in this case a bit more is true, a finitely generated metabelian group G is of type F'P,
if and only if G is finitely presented.

In the case when M and N have finite prime exponent p as abelian groups the sufficient
condition from Theorem 1 is necessary [13, Prop. 29]. We strongly believe that in general
the sufficient condition from Theorem 1 is necessary.

Corollary 1 Let Q be a finitely generated abelian group, M, N be finitely generated (left)
Z|Q]-modules of prime exponent p and G = N x Q be the split eztension of N by Q, where
the action of Q on N wvia (left) conjugation s the original action of @ on N. Then M has
homological type FP; as a Z|G)-module, where G acts on M wvia the canonical projection
G — Q if and only if 0 € Ry0Z5,(Q) + conv<2(R50Z4(Q)) and 0 ¢ conva (R0 X (Q)).

We note that there is a monoid version, the ¥™-Conjecture, of the F'Pp,-Conjecture that
suggests a formula for the calculation of the higher geometric invariants of metabelian groups.
The S™-Conjecture for finitely generated metabelian groups G has been proved for m = 2
[10]. [9] and gives that in the split extension case i.e. G = N @ where N and Q are abelian
groups

conv<y(R>0 =% (Q)) = R0 (Z2(N % Q, Z)° |q),

where S™(G, Z)¢ = S(G)\Z™(G, Z) is the complement of the homological invariant (G, Z)
in S(G). We note as well that by the main result of [12] we have that in general for a group
G with a normal locally polycyclic subgroup H for every real character y of G such that
x(H) # 0 we have [x] € N> E™(G,Z). Then Theorem 1 can be reformulated as follows.

Corollary 2 Let Q be a finitely generated abelian group, M, N be finitely generated (left)
Z|Q)-modules, G = N » Q be the split ectension of N by @, where the action of @ on N
via (left) congugation is the original action of @ on N and G be finitely presented. Suppose
0 ¢ RooSH(M 2 Q,Z) + RyoZ*(N » Q,Z)°. Then M is of type F P, over Z|G], where G

acts on M wvia the canonical projection G — Q.

Proof. Note that £'(M % Q, Z)¢ has only elements [x] such that x € Hom{M=xQ,R)\ {0}
and (M) = 0. For x € Hom(M » Q,R) \ {0} with x(M) = 0 we have [\] € £Y(M % Q,Z)¢
if and only if [x |o] € £5/(Q). Thus Corollary 2 is equivalent to Corollary 1. a

)



The proof of Theorem 1 is quite long and technical. It generalises some new ideas
introduced in (4], where the F P3-Conjecture for metabelian groups in the split extension case
1s proved. We have tried to explain the similarities and differences between the methods used
in this paper and in [4] in section 5.1. Section 5.1 is self contained and is included to help the
reader who has already read [4]. It is interesting to note that the modules M we study are in
general non-trivial and the Bieri-Harlander’s result is about the homological property F P; of
the trivial module Z over a metabelian group. The improvement from trivial to non-trivial
module is done at the expense of going one dimension down i.e. we study the property F'P,
of (in general) non-trivial module M instead of the F'P; property of the trivial module Z.

2 Preliminaries on the homological invariant X"

In this section we revise known results about the homological invariant ¥™ and at the end
we prove a technical proposition that will be needed later in the paper.

Let A be a finitely generated left Z[Q]-module. where Q is a finitely generated abelian
group. By definition

S(Q) = {[x] =Rsox | x € Hom (Q, R) \ {0}},
Qx={q€Q]x(q) >0}

and
Em(Q) = {[x] € S(Q) | M is finitely generated over Z[Q,]}.

The complement of £y/(Q) in S(Q) is denoted by £§,(Q). By definition for an element \ of

the group algebra Z[Q)] the support supp()) is the finite set of elements of Q that appear in
A

Lemma 1 (/5]) Suppose M is a finitely generated (left) ZiQ)-module. Then there erists a
finite subset Ay of the centraliser of M in Z[Q] and some positive real number vy, such that
for every [u] € Ty (Q) there is an element \ in Ay with

min{u(g) | g € supp A} > v

Note that Hom (Q,R) and @ ®z R can be identified with R*, where n is the torsion-
free rank of Q. We write the product of elements in Q inside the group algebra Z[Q]
multiplicatively, but when we work only with elements in Q we write the operation additively.
Thus we identify Q/tor(Q) with the integral lattice Z" in R".

Lemma 2 ([7, Lemma 1.1]) Let Ay be the set and vy be the positive real number given
by Lemma 1. Then there is a positive integer p,(M) such that for ¢ € R* with | = |>
m(M), i € —Zm(Q) there is A € Ay such that z + supp \ is a subset of the open ball with
centre the origin and radius | v | —4¢.



The invariant £,,(Q) is a particular case of a more general homological invariant defined
in [6]. Let H be a finitely generated group and 1" be a finitely generated (left) Z[H]-module.
The invariant E™(H. V) is defined as

{[x] = Rsox | x € Hom (H,R) \ {0}, V" has homological type F P, over Z[H,]|},

where H, = {h € H | x(h) > 0}. Note that £,,(Q) = =%(Q, M).
Following (6] we consider

Fio..=o>F->F_—-...-FK—->V-=>0

a free resolution of V' over Z[H|. Let .\, be a basis of F, as Z[H]-module and we set
X = U;>0X;. We further assume that F is admissible in the sense of [6] i.e. for everv z € .X
we have d(z) # 0. Define the function support with respect to .X' ( denoted by suppy) for
elements of F as in (6, p. 472] i.e. it is function which associates to every element of U; F; a
finite subset of the group H with the following properties:

suppx (0) = O:

for A = Z zhzhx by definition suppx(\) = U, _ez\(o}suppx (hz);
24,z €Z\{0},h€H 1€ X,

fori > 1.r € X, and h € H by definition suppyx(hr) = suppx(9(hz));
for z € X and h € H by definition suppx(hz) = {h}.

The way the support function suppy is defined it depends on .X'. But it is easy to note that
for two bases .X and .X such that

Xo = Xo, HY, = H‘\.',- for every 1 > 1

we have
SUppx = Supp .

For every x € Hom (H,R) \ {0} there is a valuation v, [6, p. 470, section 2.2] extending x
and depending on the choice of X

Uy : UixoFi — Ry
with the following properties:
1. vy(hf) = x(h) + vy (f) for every h € H, f € Ui»oFj;
2. vy(z) = vy (9(x)) for € U;»,.X; and vy (z) = 0 for z € Xj;
3. u (2., ez\(0) heH zex; 2h,ahT) = mins, z\(0){vy(hz)} for every i > 0;
4. v (fi + f2) = min{vy(f1), v (f2)} for i > 0 and fy, fo € Fi;

5. vy (0f) = vy (f) for every f € UiroF;



6. vy (f) = oo if and only if f = 0.
Theorem 2 (6, Thm 4.7] Let
f:...—rF,—-’F,,l—o...—rFq

be an admussible free deleted resolution of V. over Z[H| unth finitely generated m — skeleton

e. Fy has a basis X, such that 0 ¢ 9(X,) for every 1 > 0 and for 1 < m the set X, is finute.
Then the following three conditions are equivalent for a compact subset [ of

S(H) = {[x] = Rsox | x € Hom(H.R) \ {0}} :

1. T CS™(H,V);
2. there is a finite set ¥ of chain monomorphisms ¢ : F — F, lifting the identity map
tdy of V', with the property that for each point (x] € T there is some p € v with

vy (¢(z)) > v, (z) for every z € X™ = U,cm X,

where vy is the valuation extending x defined for the fized basis X = Ui>oX;

3. after replacing F by a suitable admussible free resolution. obtained by performing on F
a finite sequence of elementary expansions, we can find a set v as in 2. and for each © € ¥
there is a chain homotopy o, : o ~ Idr with o,(X,;) C X,., U {0} for every 0 < i < m.

From now on we assume that H is of the form H, » Q, where Q is a free abelian group
of rank n (we will apply later this construction for H, = NV and H, = 1). Ve view Q as the
integral lattice Z™ in X*. Let = : H — Q be the canonical map. Define | h |=| w(h) |, where
| | is the standard Euclidean norm in X" and denote by ( , ) the standard inner product
in R".

Now let [ be a compact subset of ™ (H, 1) with the additional property that for every
[1) € T we have that Kerm = H, C Kerpu. An element u € T is in fact u = [u] for some
i € Hom (H,R) \ {0} and we write u | for [u |g] € S(Q). By definition for a subset T of
{[1] € S(H) | p(Hy) = 0}

Co={lrloll[u] T}

We fix some admissible free resolution F with finitelv generated m — skeleton of the left
Z[H]-module V and a finite set 1 given by part 3 of Theorem 2. Following [6, section 5.5

define foru e I’

p(u) = maz,cymin,e xm (Vu(@(T)) — vu(z)),
where in order to define v, we think of u as an element of Hom(H,R) \ {0} such that
u(H;) = 0 and the image of u in Hom(Q,R) ~ R" lies on S"~!'. This defines a continuous
and positive real function p: ' — R that attains its infimum since I" is compact

r=inf{p(u) |ueTl} >0.
Following [6, section 5.5] we put
s=maz{| o,(y) |, fory € HX™ 1o € n(suppx(y)),p € ¥} > 0, (1)

i.e. the maximum is over the finite set of chain homotopies o, given by part 3 of Theorem
2 and the finite set of elements {y | y € HX"™ 1 € m(suppx(y))}. The remark after [6,
(5.11)) shows that s is well defined. .



Proposition 1 Let V' be o (left) 7 -module of type F P, T o non-cinpty compact subset
of E™(H, V') with the additional property that for (4] € U we have that 1, = Kerw C Kerp
and F he an admissible free resolution of V'oas in part 3 of Theorem 2. Then for every

closed ball B in R* with radius > s*[2r and for every ¢ & F,, sotisfying the follounng two
condilions ;

1. m(suppx(c)) C B, n(suppx(de)) C B\ D8.

2. for v the centre of B and for cvery h & suppy(c) Nn=" (98 11())

w(h) — v . .
—_— e -T[pC~T,
ErrTk [ec —T

there exists ¢, € Fp, such that n(suppy(cy)) € B\ 9B and dc; = de.

Remarks 1. We view 7(h) —v as an element of B* = Hom((), 2) where the isomorphism
3¢ 5 s T haracte 3 — - . wlh)=vy S B \
sends r € R to the real character x, given by y,.(¢) = (r,q). Thus T,;:)T” e 571~ S(0Q).

2. Furthermore we view an element of the unit sphere S*~! =~ S((Q)) in B* as element of
the unit sphere in R @z (H/H') via the embedding of ) in the abelianization H/H’ of H.

This gives the embedding of I |g in I

Proof. The proof is a modification of the proof of [6, Lemma 5.3]. We induct on the
number of elements of the finite set m(suppy(c)) N OB. If this number is 0 then we define
¢; = e, If not we show that there exists ¢ € F,, such that m(suppx(¢)) € B. d(c) = 9(¢) and
the set 7(suppxé) N OB has less elements than the set m(suppyc) N dB. Then the proof of
the proposition is completed by induction.

We fix one clement g € suppy (c) N7~ (9B N Q) and decompose

c=cd +¢" where ¢ = E nyy,
yeH X ny€Z\{0}

¢ collects all terms n,y such that suppx(y) N gKerm # 0.

By assumption

m(g) — v .
LY Sy W el Y10 AR
| w(g)— v
From now on we write u for -—;{Z}:Z' as an element of ' C ™ (H,V) C S(H) and u |g for

_ D= g an element of Ty € S(QQ). Then there is a finite set v, an element @ € ¥ and

jwly)=wl

7, as in part 3 of Theorem 2. Furthermore we want  to be an element of ¥ such that
r < p(u) = min e xom (Vu(w(z)) = vu(z))- (2)
From now on we write o for o, and define .

é¢=c+do(d) = p(d) = o(d) + .

6



hence
0(¢) = 0(c) + D*a(c)) = O(c).
By [6, Lemma 4.3] for every f € Uicm Fy we have

U”(U(f)) > 'Uu(f)

and for an element y of H.X; such that y occurs in o(f) but not in f

vu(y) 2 vu(f) + p(u) 2 vu(f) + 1.

Note that
vule(c) 2 vu(c) + 1 > (7(g),ulg) + 1,

where the first inequality is a corollary of (2) together with [6, Lemma 2.1], the second
inequality follows by the fact that 7 (supp(c’)) C #(supp(c)) € B. Furthermore

vy (0(0c')) 2 v,(8c') = v,(dc — dc") > min{v,(9c), v, (dc")} > min{v,(dc), vu(c")},
where the first inequality follows from (6, Lemma 4.3]. Note that

7 (suppx(dc)) C B\ 0B and 7 (suppx(c")) € B\ {n(9)},

hence
min{v,(0c), vy (c")} > (7(g), u |g).
Then
vu(€) = vu(o(c) — a(0c) + ¢") 2 min{v,(o(c)), vu(0(3C)), vulc")} >
man{vu((c')), vu(0c), vu(c")} > (7(g), u lq)
and hence
7(g) & m(suppx(¢c)).
Furthermore

suppx (€) C suppx(c) U suppx (do(c')),
suppx(8o(c')) C suppxo(c’) S ({t € R* | (t,u|@) > (m(g),u |@) + 7} N Q) U suppx(c)
Cr i ({teR" | (tiulg) > (m(g),ulq) +r} N Q) U suppx(c),

where the last but one inclusion follows from the already discussed [6, Lemma 4.3]. Then
m(suppx () \ suppx (c)) C m(suppx (9o(c')) \ suppx(c)) <

{teR" [ (tule) > (n(9),ule) +r}NQ.
Note that by (1) we have that the length of the elements of 7 (g~ 'suppyo(c’)) is at most s.
Since m(g~'suppx(0aic'))) C m(g~'suppxo(c')) we deduce that the length of the elements
of 7(g~'suppx(0o(c))) is at most s. Then m(suppy(do(c')) \ suppx(c)) is contained in the
range exhibited in the picture on [6, p. 489], hence 7 (suppy(do(c')) \ suppx(c)) € B\ IB.
Then
7 (suppx (€) \ suppx (c)) C m(suppx (0o (c')) \ suppx(c)) € B\ 9B.
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Thus
7 (suppx (€)) C ((suppx(c)) U(B\ dB)) \ {7(9)}

and hence
(suppx (€)) N OB C (m(suppx(c)) NIB)\ {7(9)}

i.e. m(suppx(¢))NAB has less elements than 7(suppx(c))NIB. This completes the inductive
step of the proof. o

3 A reduction of the main problem

From now on we work under the assumptions of Theorem 1. We start this section justifying
why we can assume that @ is a free abelian group. In general () has a subgroup of finite
index that is free abelian. We note that finiteness properties of modules do not change if we
consider restriction to subgroups of finite index (the case of the trivial module Z is proved in
[8. VIIL. Prop. 5.1] but the proof is quite general and works for any module). This together
with the fact that the invariant £,;(Q) depends only on the torsion-free part of () shows we
can assume that @ is free abelian.

Let my, ..., m be a generating set of M over Z[Q)], ®1<i<xZ[Q]d; be a free Z|Q]-module
with basis Dy = {d1,...,dx} and

v elSISkZ[Q]d! — M

be a homomorphism of Z[Q]-modules that sends d; to m;. Let ®1<i<kZ[G|d; be a free
Z|G]-module with basis Do = {d, .. ..dx} and

g : @19‘92[6](1:‘ — M

be the homomorphism of Z[G]-modules that sends d; to m;. \Ve identify B1<i<kZ[(Gd; with
ZIN] @z (®1<i<kZ(Q]d;) via the multiplication map Z[N] x Z[Q] — Z[G)]. Then the kernel
of @ is generated as an abelian group by

the image Aug(Z[N]) ®z (D1<i<kZ(Q]d;) of Aug(Z[N]) @z (B1<i<kZ[Q]d))

and

the image Z[N] ®z Ker v of Z[N] ®z Kerv
where both images are in Z[N|®z (®1<i<kZ[Q]d;). From now on we write {2 for the augmen-
tation ideal Aug(Z[N]). As @i<i<xZ[Q]d; and the group ring Z[N] are free Z-modules the
canonical maps from Q ®z (B1<i<kZ[Q]d;) and Z[N]®z Kerv to Z[N| ®z (B1<i<kZ[Q]d;) are
inclusions i.e.

Q @z (B1<i<kZ[Q)di) = Q ®z (S1<i<kZ[Q]d;) and Z[N] ®z Kerv ~ Z[N] ®z Kerv.
Note that

Ker6/Z[N] ®z Ker v = (Q®z (1i<kZ[Q)d:)) /W = Q®z ((@1<i<kZ[Q]di) /Kerv) >~ Q@z M,
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where 1V is the subset of 2 ®; (@1<i<kZ[Q]d;) whose image in Z[V] ®z (D1<i<kZ[Q]d;) is
Z[IV] Q= Kerv N Q Rz (@IS‘SkZ[Q]dl)

By the dimension shifting argument [1, Prop. 1.4] M is FP, over Z[G] if and only if
Ker 8 is of type F P, (finitely presented) over Z[G]. Now as .\ is finitely generated over Z[Q)]

and Z[Q)] is Noetherian we deduce that Ker v is of type F P, over Z[Q]. Then the induced
module

T;Eg]] Kerv = Z[G] ®zq) Ker v ~ (Z[N] @z Z!Q]) @z (g Ker v

~ Z[N] ®z Kerv ~ Z[N] ®z Ker v

is of tvpe FP, over Z[G]. Again by the dimension shifting argument for the short exact
sequence

0 — Z[N] ®z Kerv — Ker6 — Ker 0/Z|N] @z Kerv — 0
we see that Ker 6 is of type FP, (finitely presented) over Z{G] if and only if

Ker0/Z[N) ®z Kerv ~ Q®z M

is of type F'P, over Z[G]. We summarise

Lemma 3 The Z[G]-module M is of type FP, if and only if Q ®gz M is of type F P, over
Z[G), where Q@ = Aug(Z[N]). The action of G on Q ®z M is as follows : N acts via left
multiplication in Q) and Q acts diagonally on the tensor product via its (left) action on N
and M.

4 Constructing one infinite presentation of Q Qz M

Let .
R :ZB- 2,71 N—0

be an exact sequence of (left) Z[Q]-modules with B and A disjoint unions of finitely many free
(Q-orbits. We note that such a sequence exists as [V is finitely generated over the Noetherian
ring Z[@)], hence is of type FP., over Z[Q). In particular .\ is finitely presented over Z[Q).
We equip A with a linear order invariant under the Q-action.

First we want to "lift” R to a resolution of ) = Aug(Z[N]) over Z[G], where G = N x Q.
To do so we will construct first an exact sequence of (left) Z[G)-modules :

F:BERE = 2N 2z,
where 9 is the augmentation map,
F\ = @4caZ[N]e, is a free Z[N] — module with basis {e,}4ca,

Fy = (@vepZ[Nle,) & (Day <az.a;4L[N]eq, €a,)

is a free Z[N] — module with basis the disjoint union {€a,€a3 Yar.a2e .01 <az.U {€5 }re-



The action of Q on F is defined as follows :
q(”"u) = (q"‘rvih‘1("'\1\“.!:) = (q”)'\mu“u‘n: and g(ney) = (qn)t\u‘b‘
To explain the differential 3, we consider the following infinite presentation of the group .V

-1 -1
(() ' a2y "ay -“u’))u\.u_\‘uu:‘nLul\'u:;ht‘u

where for da(b) = 30, 2a with ay < ay < ... < a,, and 3, € T the element a(b) is
3 N < =m T > - .
defined as aj'as’.. -agr. Then by [8, Prop. 5. there is an exact sequence

0 = Rap = R/[R. R|2s @,e5 Z[N)e, 20 Z[N]-=Z — 0,

where
S=Adand R = Ker (F(S)——XN)

with F(S) the free group with basis S. 7 the homomorphism of groups defined by =(s) =
dy(s) for s € S. ¢ the augmentation map and

9]((‘5) = T(S) -1= (1[(3) - 1.

By [8. Pr.3(d),p. 45] 6, is given explicitly by Fox “free derivatives” i.e. 65 is induced from the
map R — ©.esZ[ Ve sending r to 3° _o(0r/ds)es, where overlining stands for the image
of elements of Z[F(S)] in Z[\'] via 7. In our previous notations we can define d(e) as the
image of a(b) in the above formula i.e as 3~ . (da(b)/0s)e,. Thus for a(b) = aj'...air we
can define

da(er) = > _(A(ay ... air)/a)ea, = 3 _((a5' .. 0] 3)(0a]" /ar) e,

<m 1sm

Note that
0(1;-"/(70,- =1l+a;+... _{_”;‘.-—l forz, >0

and
daj' /0a; = —aj* (L +a; +...+a7*"") for 3, <0

Hence in both cases
dai* = z; mod Q = Aug(Z[N]).

Using the Fox free derivatives again we define

Og(culeaz) = Z((‘)a,agu('a;'/as)es = (dl(ul) - ]_)e_‘“,_, — (dl((lg) = l)t‘“l

seS

and finally we set d, =, i.e.
(')l((,‘a) = d[((l) - 1.

The following lemma summarizes some of the properties of the differential &, ot K.

Lemma 4 The differential 0y : F> — F\ satisfies the following two conditions:

10



1. Oy(eb) = da(es) modulo BacaQleq, where U = Aug(Z[NV]).

2. Oa(es) = Y, Miea,, where \; = ai'...a7'7'(d(a*)/Da;) € Z[N|. Furthermore if for
some 1 we have z; = +1 then \; € ;N.

Now we consider an exact sequence of Z[Q]-modules
T : ZFZD"=5M—0

such that F' and D are disjoint unions of finitely many free Q-orbits, the orbits in D are
generated by the elements d;, ..., dx of the set Dy defined at the beginning of section 3 and
vy = v. Note that the complex 7 exists since M is a finitely generated module over the
Noetherian ring Z[Q)], hence is Noetherian and of homological type F P, over Z[Q)].

Let P be the complex of (left) Z[G)-modules induced from F

P: B2 R 250 = Aug(Z[N])—0.
We consider the deleted complexes
pel . 2 0
and

T ZF-3ZD—0

and their tensor product after omitting the most left term F, ®7 ZF
Pl @z T . (Fy @2 ZF) ® (Fy ®2 ZD)—F, ®2 ZD—0
that we view as the deleted complex Plel of the complex
P: (R @2 ZF)® (F, ®; ZD)—F, ®; ZD225Q @5 M —s0.

Note that by the Kiinneth formula P is an exact complex of Z|Gl®z Z[Q] ~ Z[G x Q)-
modules, in particular of Z[G]-modules where N acts via (left) multiplication on the first
component of Z[G] ®z Z(Q] and Q acts diagonally via the embedding of Q x @ in G x Q.

From now on we write ZD as @®4cpZey and ZF as @rerZes. We write . (or just omit
it) for the tensor product in P and write egeq for (—1)4e9(2)degBle es where eqep is a well-
defined element of P. Here deg(e,) = 1 = deg(eq),deg(es) = 2 = deg(ey). Then we can
rewrite P in the following form

P (€Ba€A»IEFZ[N]eﬂeJ') 52 (@al,ﬂzE.—\.m<a2.d€DZ[AT]ea|eaz ed) 57) (GDbGB.dEDZ[N']ebed) -

@uEA.dEDZ[N}eae([aL&/)lQ QM =0 (3)

From now on when we refer to P we will mean (3). The differential of 5“’1’ is the standard
differential of tensor product of complexes and hence the differential & of P is the following
one

Ieaes) = —eqvy(ey), eveq) = Aa(es)eq,

1.1



0(€q,€q,€d) = Oa(€q,€4,)e4, O(esea) = O1(eq)r1(eq).

In order to have more symmetric notations we will write @ for all the differentials in the
complexes P,P and T without low index to denote the degree of the differential. It will be
clear from the context both the complex and degree we work with. Note that under this
agreement the above formulae become:

O(eqey) = —eq0(eys), O(esea) = O(es)ea;

O(€q,€0,€d) = (€4, €4, )€q, O(eaeq) = I(ea)O(eq). (4)

5 A 7cell” structure of the chain complex 75""6[ and sup-
port of ”cells”

5.1 Motivation

We start this subsection with a discussion of the construction of 3-dimensional CW-complex
X in [4, section 3.2]. Let M, be a finitely generated Z[Q]-module (in [4] M, is denoted by
Al). Consider an exact sequence of Z[Q]-modules

ZBy-5Z Ay — My — 0

with By and Ay free Q-sets with finitely many orbits (in [4] 4y and B, are denoted by A
and B respectively). It is convenient to put an ordering on 4y and B, that is compatible
with the Q-action. The space constructed in [4, section 3.2] has a single 0-cell, trivial second
homotopy group and fundamental group isomorphic to My as @-group. The complex .\
is obtained from the 3-skeleton of a A (ZAo, 1)-complex Z by gluing 2-dimensional cells e?
indexed bv b € By, 3-dimensional prisms e'fb‘a) indexed by (b,a) € By x 4y and finitely many
free Q-orbits of 3-dimensional cells ¢}. The edges of .\ coincide with the edges of Z are
indexed by the elements of Ay and we denote them by e for a € 4y. From these edges arise
in Z squares efal_az) for elements a, < a, of Ay and cubes efahﬂzm) for elements a; < ay < az
of Ag.

Let X be the universal covering space of X. As 7 (X) ~ 1, is an isomorphism (of
Z[Q]-modules) the group M, acts freely on X. Furthermore the action of Q@ on X lifts to
Q-action on .X. This gives rise to action of Go = My x Q on X' that is free on cells of
dimension at least one but not free on the vertices. The vertices form just one free A p-orbit.
Then the singular chain complex of X is

ce. (6306.40.b€BoZ[A110]e:(3b,a)) ) (eaal.az.user,al<a2<agZ[A’[0]egal_33,03)) S2) (EBCECZ[“'[fJ]ez) =

(@bEBoZ["‘Jﬂ]ei) ® (@al.GZEAD.QI<“2Z[A[0]el(2al,az)) — @HEAOZ[-\[U]eé - Z[‘\[O] —Z—0.

As the prism ey, is the product of the 2-cell €} with the edge e! and squares and cubes are

te of setive OE i ir edees we wri il 52 e 53 1 51 ¢ 2
products of two (respectively three) of their edges we write ele; for Brpait €aiCos for €lay )



and e} e; e}, for €0y, apay)- After deleting the upper index corresponding to the dimension
of a cell the above comple\ gives the following exact sequence

.7:(1\10) (EBaeAg,bEBo [A/Io]eﬂeb) @ (@al.az,aaeflo‘al<a2<a3Z[AIO]ea|eazea3) @ ('EBCGCZ[A[U]EC) -

(®E’GBOZ[A{0]€'J) @ (®a|,azEAo,m(azZ[A’IO]ealeaz) — @QEAOZ[‘»IO]eﬂ - ‘_lug(Z[AIU]) - 0
Now we consider F(Mp) for the special choice of A9 = 4, By = B, Mo =

'F(N) : (eBaEA.beBZ[N]eaeb) S (Gaal,az,ageA,a1<a2<a3Z[fV]5a|eazeas) D (@CECZ[IV]BC) -

(@beBZ[N]eb) @ (EBa.l,azeA.a1<a2Z[N]euleaz) — ®CLEAZ[N]60 - AUg(Z[J.V]) = 0

and want to draw the reader’s attention to the similarities and differences between F(NN)
and P.

1. Both complexes F(N) and P have product structure. In fact in the particular case
when M = N, F = B, D = A both complexes contain free Z[N]-modules generated by the
elements e,ep, €q,€q,€0, aNd €4,€q,.

2. The lengths of the complexes F (V) and P are different but this is due to the fact
that in Theorem 1 we study the F P,-property of some modules and in [4] the F Py property
of the trivial modules is discussed. 5

3. The differentials of the complexes F(IN) and P are slightly different. This comes
from the fact that to obtain P we first do some dimension shifting and then tensor two
complexes. The differentials of (V) are standard ones in the sense that we have a product
structure and the differential behaves nicely with respect to the product i.e. d(ag8) = d(a)B8+
(—1)%9(@)ad(B).

In [4] the space .X is realised as increasing nested union U,5¢.X, of @-finite subcomplexes
X, of .\ and using some homotopy operations it is shown that if

0¢ CoNnu<s (Rso wan (@)

for sufficiently large p the subcomplex .Y, is a retract of .X. Then the universal cover of .X,
has singular chain complex with the property that in dimension 1,2 and 3 all modules are
free and finitely generated over Z[My x Q]. This shows that Aug(Z[My)) is of type F'P, over
Z[My x Q], hence by dimension shifting argument Z is of type FP; over Z[My % Q). i.e. the
group My x Q is of type F Ps.

The philosophy of our proof of Theorem 1 is similar but there are technical differencies
due to the many differences between the chain complexes P and F(N) listed above . We
have tried to keep the notations of the present paper as similar as possible to the notations
from [4]. We will show in Section 7 that our complex P is an union of increasing nested set of
G-finite subcomplexes P and that for sufficiently large p the subcomplex P is homotopy
equivalent to P. hence for sufficiently large p the subcomplex P is exact. This will show
that 2 ® M is finitely presented over Z[N x Q] and will finish off the proof of Theorem L.
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5.2 ”Cell” structure and support of ”cells”

In this subsection we define a “"cell” structure of the beginning P of a deleted resolution
of 2® M. We warn the reader that we do not build a space but just use the label ”cell” for
some special elements of P?¢ in order to keep analogy with the proofs in [4].

We call cells the elements of X, U X3, where

X2 = {neqea}nenacaden is a Z-basis of Daeadep Z[NV]eata C P
and
X3 = {neqes, neveq, neq, €4,€4 b ne Vo) <aracAbeB.den, jeF 1S @ Z-basis of

(DacaserZ[N]ees) @ (Ba, arena<araeDZ[Nea, €az4) © (BoeB depZ[N]esea) C P.
The elements of X, are called cells of dimension two or squares, the elements of X3 are called

cells of dimension three. Furthermore we call the elements ne,e; and neyeq prisms and the
elements ne,, e,,€e4 cubes.

In section 2 we defined support of elements of a free admissible resolution. Here we
discuss in detail the support of the resolutions 7 and P.

1. We view 7 as beginning of a free resolution of Al over Z[Q]. Without loss of generality
we can assume that the resolution is admissible and consider {e4}4ecp, as a basis of ©gepZey
as a free Z[Q]-module and {e} ser as Q-invariant Z-basis of @ ;e Ze;. Then we can consider
support function suppy of the elements of 7" associated with Y = U;»0Y; where Yy = {ea}aep,
and QYy = {es}ser. For A € (®scrZes) U (ByepZey) we write supp()) for suppy (A) ie.

supp(eq) = {q} where ¢~'d € D,.

2. We view P as the beginning of a free resolution of @ = Aug(Z[N]) over Z[N x Q]
and represent .4 as a disjoint union U,e4,Qa of free Q-orbits. Then {e,}qc., is a basis of
Fy = @aEA-IZ[N]ea OVver Z[NNQL {nemeaz}HEN.aL<az.a.EAU{neb}nef\'.beB is a (N xQ)-invariant
Z-basis of F> and as in section 2 we can define a support function suppz on F, U F» where
Zo = {€ataes, and GZ1 = {neq €, bnenai<aracs U {nes}nenses, G = N % Q. This way
we will finish up with support function suppz whose images are finite subsets of G. As we
prefer working with elements of @ we define a new support function
supp = mo suppz : F1 U Fy = Set(Q)

where 7 : G — @ is the canonical projection i.e.

supp(neq) = {q}, where a € Ay, q € Q.
3. Finally we define support of the elements of P. By definition the support of a non-zero
element of P! is a subset of @ and satisfies the following properties:
supp(0) = 0 and supp( Z ziz;) = U;supp(z;) for fixed j € {2, 3}
T.€X,.2,€2\{0)
supp(z) = supp(d(z)) for z € X3,
supp(neqeq) = supp(neq) U supp(ey) € supp(P) U supp(T)
hence
supp(neq,eq) = {q1,q2}, where ¢;'a € ."0,{].__)_‘([ € Dy..

14



Lemma 5 Leta€ A,d€ D, ne N, )€ ZfeF Zes and p € Y ycg Z[N]es. Then
supp(ne,\) C supp(e,) U supp()\) and supp(peqs) C supp(p) U supp(eaq)

with equalities for A # 0 and p # 0, where supp denotes the support functions of T, P and
P defined above.

Proof. As supp(0) = @ we consider the case A # 0. Note that for A = 3°_ 7\ (0} sicF i€/,

supp(nea(z zieg,)) = Uisupp(neqey,) = U;supp(d(neqey,)) = Uisupp(—ne d(ey,))-

i

Let O(e;) = 3_; a;jd;; where o; € Z\ {0},d;; € D. Then

U;supp(—ne,d(ey,)) = U,-supp(z —ajneqeq, ;) = Ui jsupp(eqseq; ;) =
J

Uij(supp(ea) U supp(eq; ;)) = supp(ea) U (Ui ;supp(eq,,)) = supp(e.) U (Uisupp(d(ey,))) =
supp(ea) U (Uisupp(ey,)) = supp(eqs) U supp(A).

The second part of the lemma is proved similarly. a
The following proposition is corollary of Lemma 5.

Proposition 2 Let A, be an element of P! and )\, be an element of T% such that deg(\;)+
deg(Ag) = 3 i.e. AAg € P, Then

supp(A1A2) C supp(Ar) U supp(A2).

We finish this section with the definition of diameter of a non-zero element of the modules
in 'ﬁ(del)? T(del) and Plde)

Definition We define the diameter of a finite subset of Q as the diameter of the smallest
closed ball in R™ that contains this subset. The diameter of a non-zero element of the modules
in Plde) | Tdel gng pldel) g defined as the diameter of the support of this element. Note that
the set of diameters of cells of P! is a discrete subset of [O 00). For a non-negative real
number k we define P® and P®) s the subcomplezes of P and P respectively spanned by
{ all cells of diameter not bigger than k } plus the most right module in the complez in
consideration i.e. Q @z M and Q respectively.

6 Some restrictions on the cells of the complex Piel

6.1 The restrictions

By the main result of 3] £$(Q) and £5,(Q) have polyhedral structure. Furthermore by
assumption
0 é R)()Ei{(Q) + CO’lU(g(R>OuAr(Q)).
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By the main result of [11] for a finitely presented group G =.V » @
[conver(Reo 25 (Q))] = S(Q) \ 2V % Q. Z) |q,
where [ ] stands for the projection of Hom(Q,R) \ {0} to S(Q) and
(N % @,2) lo= {[x la] € S(Q) | [x] € Z"(N % @, Z) and x(N) = 0}.
Let I'y; and I'y be compact subsets of S(Q) such that
Ca € Tu(Q) = S(Q)\ S, (Q);

[y C S(Q)\ [convea(Roo T4 (@) = B2V % Q. Z) o CTHN % Q,Z)lg =Zn(Q):

Then S(Q) \ T is an open subset of S(Q) that contains £§,(Q) and S(Q) \ I'y is an open
subset of S(Q) that contains ¥§(Q). Then using the polyhedral structure of £ (Q) and
T5,(Q) [3] together with the condition 0 ¢ Rso25,(Q) + conv<a(Rx>o £4(Q)) we can choose
the sets I'y; and I'y such that

0¢ Rso(S(Q)\Tw) +Rso(S(Q) \ Tar)- (3)

Furthermore there is € > 0 such that for any ug € S(Q) \ I'v and any vg € S(Q) \ ['ar the
angle between uy and vg is smaller than 7 — e.

The above compact condition implies the following two lemmas. Note that in the follow-
ing two lemmas we identify @ ®z R ~ R* with Hom{(Q,R) and the unit sphere S™=!in R"
with S(Q) via the isomorphism sending r € R* to x, € Hom(Q, R) given by x.(q) = (r,q),
where (, ) is the standard inner product in R".

Lemma 6 There is a positive real number m; with the following property.

Let By be the smallest closed ball in R that contains the support of a prism eqef, v be
the centre of By and r be the diameter of By. If r > m, then either

1. é;—:?—' € —I'n, where {q,} = supp(e,)

or

2. for every q from the support of e; we have I-Z:_zl € —Lyy.

Proof. Assume that u = =" ¢ —D'y and for some ¢ € supp(e;) = supp(des) we

have t = |3:3| ¢ —I'ar. By the definition of By as the smallest closed ball that contains
supp(e.er) = supp(e.) U supp(e;) for sufficiently large 7 the angle between u and ¢ can be
very close to 7, in particular bigger than m — ¢, where ¢ is defined just after (5). In particular
—u € S(Q)\I'y and —t € S(Q)\ T and the angle between —u and —t is bigger than m — e,

a contradiction with the choice of e.

a

Lemma 7 There ts a positive real number my with the following property.

Let By be the smallest closed ball in R* that contains the support of a prism eyeq, v be
the centre of By and r be the diammeter of By. If r > m, then either

1. f=5 € =T for supp(ed) = {qi}

or

2. for every q from the support of e, we have == € [ y.

lq—vl
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Proof. The proof is similar to the proof of the previous lemma. _
For T a subset of S(N x Q) we write T |o for {[x o] € S(Q) | [x] € T x(N) = 0}-

Lemma 8 For any m >0

SN % Q,Z) lg= E™(N % @: Q) lo

where QO is the augmentation ideal of Z[N]. In particular
Iy C SN % Q,Z) [g=Z' (N 2 Q) le

Proof. Let x € Hom(NxQ,Z)\{0} and x(N) = 0. Note that [x |g] € ™1 (N xQ,Z) lo
is equivalent to the trivial module Z being of homological tvpe F Py OVer Z[(N »x Q)x] =
Z|N x Q,]. Consider the short exact sequence of left Z[V x Qy]-modules

0 = Aug(Z[N = Q,]) = Z[N % Qy] — Z — 0.

where Aug(Z[N x Qy]) = Z{N x Q] is the inclusion map. Note that the module in the
middle is free (of rank 1) over Z[N x @,], hence of type F'Py over Z[N % Qy|. By the
dimension shifting argument [1, Prop. 1.4] the trivial module Z has homological type F'Prni1
over Z[(N » Q),] = Z[N x Q] if and only if Aug(Z[N Q) is F Py over Z[N x Q-

Now by [6, Thm. C] applied for the chain endomorphism ¢ that is multiplication with
an element of Q, \ Ker y we have that [y |o] € Z™(Q,Z) for every m > 0 (in fact the
same argument shows that £™(Q, Z) = S(Q)), hence the trivial module Z is always of type
FP.., over Z[Q,]. Hence the dimension shifting argument for the short exact sequence of
Z[Qy)-modules

0— Aug(Z[Q,]) = Z[Qy) = Z =0

where Aug(Z[Q,]) — Z[Q,] is the inclusion map, shows that Aug(Z[Q,]) is F Py over

Z(Qy). Then T%INNQ‘] Aug(Z[Q,]) is of type F Py, over TEISJQ‘] Z[Q,] =~ Z[N x Qy]. Note

(@xl
that the induced module TE%:}Q‘] Aug(Z[Q,]) and Z[N x Qy]Aug(Z[Q,]) are isomorphic as

Z[N x Qy)-modules. In particular Z[N x Q,]Aug(Z[Q,]) is F Py over Z[N x Q,].
Now consider the short exact sequence of Z[N x Q,]-modules

0 = Z[N » Q,]Aug(Z[Q,]) — Aug(Z[N % Q,]) — Aug(Z[N]) — 0, |

induced by the inclusion of Z[N xQ\|Aug(Z[Q,]) in the augmentation ideal Aug(Z[N xQy])-
As Z[N x Qx| Aug(Z[Qy]) is of type F'P over Z[N % Qy] by the dimension shifting argument
[1, Prop. 1.4] Aug(Z[N » Qy]) is of type FP,, over Z[N x Q,] if and only if Aug(Z[N]) is of
tvpe F Py, over Z[N x Q,]. )
. Thus Lh(? .trivial n'lodule Z is of homological type FP,,,, over Z[(N x Q)] = Z[N % Q4]
if and only if Aug(Z'N]) is of type FP,, over Z|N x Q,). This is equivalent to the lemma
via the definition of the Z-invariants. ' O
Let Ay and Ay b.e the finite subsets of the centralizers of M/ and .V respectively given by
Lemma 1. By enlarging the sets B and F with finitely many new free Q-orbits if necessary
we can assume that : i
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1. In the resolution R defined at the beginning of Section 4 for every A € Ay C
Z[Q),a0 € Ay (remember A is the disjoint union U, e.1,Qao and Ay is a finite set) there is
br.a € B such that

da(byag) = (1 = N)ag. (6)

D)

2. In the resolution 7 defined after the statement of Lemma 4 for every A € Ay C
Z(Q),dy € Dy (remember D is the disjoint union Ug,ep,@do and Dy is a finite set) there is
frdo € F such that

a(ef—\,d()) = (1 = ’\)edO' (7)

Remember that we write 8 for the differentials of P, P and 7. In the above case d stands
for the differential of 7 and in the old notations the above differential is

va(fado) = (1 = A)do.

The above two types of restrictions together with Lemma 2 imply the following Lemma
9. We remind the reader that the function p, was defined in Lemma 2 and we write multi-
plicatively the group operation in Q when viewed as a subset of Z[Q] and additively when
viewed as the subset Z™ of R".

Lemma 9 Suppose By is a closed ball in R with radius > maz{p;(M),p1(N)} and centre
v and q is an element of Q N 8By. Then v
1. if ﬁ € - (Q) and supp(eq) = {q} then there is ey € T with

supp(d(es) — ea) € Bo \ 9Bo;

2. 4 ﬂ%:—l c —S~(Q) and supp(e,) = {q} then there is e, € F and an element h € N
such that

supp(hd(es) — ea) C Bo \ 9B,.

Proof. To prove the first part of the lemma consider dg = ¢~'d € Dy and \ € s such that
¢ + supp(\) € Bo \ dBy. Then by (7) we can define F=afs 5

To prove the second part consider ag = q'a € 4o and X € Ay such that g + supp(A) C
By \ 0By. By (6) we have dy(bray) = (1 — A)ag. Then by Lemma 4(2) for b = gby q, there is
h e N such that da2(ey) = h~'e,+ cells with support in By \ 9Bo. a

6.2 Some corollaries of the restrictions
We start this section reminding the reader that for the complex
P £ F 250 = Aug(Z[N]) = 0

P® is the subcomplex of P spanned by  and all cells of diameter < p. We view P as the
beginning of a free resolution of §2 over Z[(G), where G = N x @, whose components are not
all finitely generated ie. I is not.



Lemma 10 There ezists a positwve number ms such that
PO FO S FP=F50=0

is exact for every p > mj.

Proof. \Ve observe first that the lemma is equivalent with Q being finitelv presented over
Z|G]. Let 0 — Aug(Z[Q]) — Z|Q] — Z — 0 be the short exact sequence of (left) Z[Q]-
modules given by the inclusion map Aug(Z[Q]) — Z[Q]. As Z[Q)] is a Noetherian ring the
trivial module Z over Z[Q) is of type F P... Then by dimension shifting argument Aug(Z[Q))
is of type F'Py, over Z|[Q).

Consider the short exact sequences of left Z[G]-modules induced by the inclusion of
Aug(Z[G]) in Z[G] and the inclusion of Z[G]Aug(Z[Q)]) in Aug(Z[G))

0 — Aug(Z(G]) - Z[G] - Z — 0
and
0 — Z[G)Aug(Z(Q]) — Aug(Z[G)) — Q = Aug(Z[N]) — 0.

Observe that Aug(Z[Q)]) is F P, over Z[Q], hence the induced module Z[G)Aug(Z[Q)) :Tg{g{
Aug(Z[Q)]) is F Py over Z[G). Then by applying dimension shifting argument for both exact
sequences we have that (2 is F P, over Z[G] if and only if Aug(Z[G]) is F P, over Z[G] and
Aug(Z[G]) is FPn over Z[G] if and only if the trivial module Z is FP,,,, over Z[G). In
particular 2 is F'P, (finitely presented) over Z[G} if and only if the trivial module Z is FP
over Z[G]. By the main result of [7] G = N x Q is finitely presented if and only if it is of
type F'P,. Thus § is finitely presented over Z[G] and the lemma holds.

O
Now we discuss some corollaries of Proposition 1. In section 2 two numbers r and s

were defined and used in Proposition 1. Now we fix 7, and s, to be the values of these r
and s for V=Q, H = N x @, m =1 and the free resolution P(™3) given by Lemma 10.
Furthermore we fix r, and s, to be the valuesof r and s for V" = M. H = @, m =1 and the
free resolution 7 of A/. Observe that we can assume that the resolution 2™ and T satisfv
part 3 of Theorem 2. this can be achieved by enlarging B and F with finitelv many new free
Q-orbits if necessary. The following two lemmas are obvious consequences of Proposition 1.

Lemma 11 Let 3 € ©yepZ|N]ey C P™ such that
supp(B) € By and supp(0(8)) C By \ 8B,,

where By ts a closed ball with radius > si/r1 and centre v. Furthermore assume that for
every q € supp(3) N OBy we have
q— v ‘
l—h € —FN g _zl(_,\r A (Q,Q) IQ: _\:2(*\7 A (\.)VZ) ’Q )
Then there s

t € Fz("”) - ((abEUZ!A”]‘)b) D ((Dul'\‘uz.zham(n.lr,.,_,)gm]z[f\rlcrnC(.xv_’) - F.’
such that
supp(t) C By \ 0By and 0t = 9(3).
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Note that as Q is abelian we have £°(Q, M) = EZ™(Q. M) for every m and hence 'y C
Tu(Q) = 2%Q, M) = ZHQ, M).
Lemma 12 Let 8 € @yepZes C T such that
supp(B) C By and supp(d(8)) C Bo \ 9B,

where By is a closed ball with radius > s3/r, and centre v. Assume further that for every
q € supp(B) N8By we have

q—v
—v] € —Iy € -ZY(Q, M).

Then there is t € @ycrZe; such that
supp(t) € By \ 0By and 0t = d(B)-

We finish this section with an obvious lemma that will be used many times in the following
sections.

Lemma 13 Let o be an element of a module in Pldel) gnd By be a closed ball in R* such
that

supp(a) € (Bo \ 0Bo) UT C By,
where T is a finite subset of By such that By is not the smallest closed ball that contains T .
Then B, is not the smallest closed ball containing supp(a). In particular o has diameter
smaller than the diameter of B.

7 The existence of a chain map p

\We remind the reader that P by definition is the subcomplex of P spanned by Q ®z M
and the "cells” of diameter < p. Our aim in this section is to define a chain map of Z[G]-

complexes L
p:P=SP
lifting the identity of Q ®z A/ with the properties that for
re = Qmar{sf/rl, s3/72, pr (M), pr(N), my /2, ma/2,ms/2,
the diameters of the support of all the cells e,, €5, €4 and ey fora€ A,be B,de D, f € F}

1. the restriction of p onj;“"’ is identity;

2. for r > ro we have p(P')) C Uy, PU).

Note that since A. B, D e F form only finitely many free Q-orbits and so ro is well defined.

A5 the set of diameters of cells in P is a discrete subset of [0, c0) the existence of p will
imply immediately that the subcomplex Plrod s exact and in fact it gives a finite presentation
of Q@ M over Z[G). Then Lemma 3 will complete the proof of Theorem 1.
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The construction of 4 on a cell of diameter r > r, will be done inductively on 7 (remember
the set of diameters of cells in P is a discrete subset of Rsp). Assume we have constructed
pon Us, PB). To extend u to P we will construct a chain map

Hr . ﬁ(f) — U_;(rﬁ(s)

whose restriction to U, P') is identity and define the extension of x to P{") as the compo-
sition
PO Lty e PO Ly P,

7.1 The definition of u. on the squares

We start by defining the map y, on the squares e,e, of diameter r, remember r is a fixed real
number such that 7 > 7. We choose representatives of the Q-orbits of these squares, define
#r on them and then define . to be (N x Q)-invariant on the squares {ne,e4}aca depnen
of diameter 7.

Let e eq be one representative of a Q-orbit of {ea€d}aca.gep of diameter r. As the support
of a square has at most two points the minimal ball that contains the support {q1,q2} of
€a€q 15 the ball By with centre v = (q; + g2)/2, were supp(e,) = {q:1} and supp(eq) = {q2}.
By (5) either

— U s
'Ziﬁ € —Tny € —2(N % Q,2) |oC SN % Q,Z) |o= —Sn(Q)
or G — v
2 € -y € -XM(Q)
g2 — v
1. If 2= € —TI'); by Lemma 9(1) there exists element e, such that the support of 9(ef) — ey
lg2—v] 4 f

is in By \ 9(By). By Lemma 5
supp(ea(ea — d(ey))) C supp(ea) U supp(eq — 8(eys)) C supp(eq) U (By \ 8Bo) C By
and then by Lemma 13 the diameter of e,e; — e.0(es) is smaller than r. We observe that
Oeadles)) = Dlea)d(es) = Blea)0 = 0
and define
Ur(eaed) = .Ur(eaed - eaa(ef)) = €q€q — eaa(ef)-
Note that
Optr(eata) = A(eqeq — ea0(e;)) = eqeq) = 1r0(eq€q)

where the last equality comes from the fact that O(eqeq) € Q@ M and g, |ngar= id |agar-
Thus y; commutes with 0 and hence is a chain map.

2. If I'%E%l ¢ —a then l{ﬂ—:—zl € —['y. In this case by Lemma 9(2) there exists a cell e,
and an element & € N such that the support of e, — d(hey) is in the interior of the ball By.

By Lemma 5

supp((ea — O(hes))eq) C supp(eq — I(hey)) U supp(eq) S (Bo \ 9Bo) U supp(eq) C Bo
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and by Lemma 13 the diameter of e,eq — 9(hey)eq is smaller than r. We observe that
0(0(hey)eq) = 0°(hey)d(eq) = 00(eq) =0

and define
pir(€aed) = pir(eqeq — O(hey)eq) = eqeq — O(hey)eq.

Note that pu, is a chain map i.e. commutes with 0

a.ur(eaed) = a(eaed - 0(he¢,)ed) = a(eaed) = u,(’)(eaed).

7.2 Defining u, on the special prisms

\Ve remind the reader that by definition the prisms are the elements of type neq,es and nepeq-

Definition. One prism eqe; is called special if there exists = € Z\ {0} and d € D such

that
supp(d(ey) — zeq) C By \ 9B,

where By is the smallest closed ball that contains supp(e.ef) = supp(eq) U supp(es) =
supp(eq) U supp(deys). Note that in this case supp(eqes) C supp(eq) U supp(eq) U (Bg \ 0Bo),
hence By is the smallest closed ball containing supp(e.eq) = supp(eq,) U supp(eq)-

One prism eyeq is called special if there exists A € Z[N]\ {0} and a € A such that

supp(0(es) — Neq) € By \ 9B,

where By is the smallest closed ball that contains supp(eseq) = supp(eq) U supp(e,) =
supp(eq) U supp(9ey). Note that in this case supp(eseq) C supp(eq) U supp(eq) U (Bo \ Bo),
hence By is the smallest closed ball containing supp(eqeq) = supp(e,) U supp(eq)-

\ote that the definition of a special prism carries out to the Q-orbit it generates i.e. in

one Q-orbit of "cells” of type nesey or neyeq either everv element is special or there is no

special one.
As before we choose representatives of the Q-orbits of {eaf}aca ser and {esed}sen.deD

and work only with them. We assume now that e,eq and e ey are two representatives of

diameter r that are special prisms.
I First we define y, on eqes. Let By be the smallest closed ball that contains supp(eqey),

so B, has diameter r, and v be the center of By. Since eq,e; is a special prism there is
: € Z\ {0} such that

supp(d(es) — zeq) C By \ 9Bo.
By Lemma 5 supp(e.(9(ey) — zeq)) € supp(eq) Usupp(9(es) — zeq) C supp(eq)V (By\0Byp) C
By and hence by Lemma 13 e.(0(es) — zeq) has diameter smaller than r. There are two cases

to consider :
1. pr(egeq) = cata — €aO(ey,) for some fy € F such that supp(d(es,) — eq) € Bo \ 9By;

2. pr(eqeq) = €ata — O(hey, )eq for some b, € B,h € N such that supple, — d(hey,) C
B() \ aBg



If 1. holds we have supp(d(es,) — e4s) C By \ 9B, and supp(d(e;) — zeq) C By \ 9By,
hence supp(d(es) — 28(ey,)) C By \ 8B,. Note that

pr(0(eaey)) = pir(—ead(ef)) = pur(—ea(dey) — zeq)) — zpir(€ata)
= —eqa(0(ey) — zeq) — z(eqa — €,0(es,)) = —e.(A(ey — zey,))
and
supp(eq(O(es — zeyp,))) C supp(e,) U supp(d(e; — zef,)) C supp(eq) U (Bo \ 0Bo) C Bo.
Then by Lemma 13 the diameter of e.(d(es — zey,)) is smaller than r. Note as well that
supp(es — zey, ) = supp(es) U supp(ey,) C supp(dey) U supp(dey,) =

supp(d(es) — zeq + zeq) U supp(d(ey,) — eq + ea) C
supp(d(es) — zea) U supp(zeq) U supp(d(ey,) — eq) U supp(eq) C supp(ed) U (Bo \ 8Bo)

and by the construction of y, on the squares

g2 —V

—— € -T'y.
IQ2~‘U|

where supp(es) = {g2}. Then by Lemma 12 there is ¢ in >_jer Zey with support in the
interior of By and such that d(t) = d(e; — zey,). Then

pr(O(eaes)) = —eq(Des — zep,)) = —eq(t) = d(eqt)

and we define
prl€s€r) = st

Observe that
supp(eat) S supp(eq) U supp(t) C supp(e,) U (By \ 8By) C By

and by Lemma 13 the diameter of e,t is smaller than r. Note that y, is a chain map as

e (eqey) = O(eat) = pr0(eqey).
If 2. holds by the construction of he,, and e; we have that

supp(9(hey,) — eq) U supp(d(es) — zey) C By \ 8B,
Let A\, = d(hey,) — €, and A2 = O(es) — ze4. Then
O(hey, )0(er) — zeaq = (A1 + €,)(\2 + z€4) — 2€08q = M\ Ay + 2\ €64 + €ao.
Using Lemma 5 we have
supp(Aieq) C supp(A) U supp(eq) C (Bo \ 9By) U supp(eq)

and by Lemma 13 the diameter of A ey is smaller than r. Similarly the diameter of e, \s is
smaller than r. Note that A\yAz is a Z-linear combination of cells A ey, for some supp(eq,) C
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By, and Ajeq, has diameter smaller than r. hence A A2 has diameter smaller than r. Thus
the diameter of d(hey, )d(e;) — zeqeq is smaller than 7. and

r(9(hes, )0(ey) — zeqeq) = A(hey, )d(ey) — zeqeq.
Then
1r(0(hey, )0(es)) = 1, (B(hey, )O(es) — zeqeq) + pir(zeaea) = A(hey, )O(es) — z€aa+ i1, (€ata) =
a(hebl )a(ef) — Z€q4€4 + z(eaed = 0(heb1)ed) = a(hebl)(a(ef) — z€4).
Note that by Lemma 5
supp((ea — B(hes,))es) C supp(e, — Alhes,)) U supples) € (Bo \ Bs) U supples) C Bo

and then by Lemma 13 the diameter of (e, — 9(hes, ))e; is smaller than r. As for any element
\ in P! we have supp(9(\)) C supp()) we deduce that the diameter of ((e, — d(hes,))ey)
1s smaller than r. In particular :

pr(D((ea — Blhen,))eg)) = Bl(ea — Blhes,))ey).
Note that
B(eas) = Ol(ea — O(hes,))ey) + B(B(hes, Jeg) = B((eq — B(hes,))es) — A hes, )Ae)).
and hence
r(Oleaes)) = 1r(D((ea—D(hew, )Jeg) ~ Bhen, )O(es)) = A((ea—D(hen,))es) — s (B(her,)(ey))

= 0((eq, — d(hey,))es) — O(hey, )(d(es) — zeq) = O((ea — O(hes, ))es — hey, (I(ef) — zeq)).

\We define
;1,-(6,18[) = ((:‘a = (')(hebl))ef = he,,l(a(ef) = 36d).

Note that by Lemma 5
supp(hes, (O(eg) — zeq)) C supp(hey,) U supp(d(es) — zeq) C supp(es,) U (By \ 9By) C Bo

and thus by Lemma 13 he,, (0(es) — zeq) has diameter smaller than r.
Then both (e, — d(hes,))ey and hey (d(e;) — ze4) have diameter smaller than r, hence
prleqeys) has diameter smaller than r. Finallyv y, is a chain map as

0[1,—((fuf:'l) = (?(((‘u = (’)(heb,))ef = he’n(a(ef) - 134)) — llra(f’¢1€f).
This completes the definition of y, on e,ey. |
[I. Now we define jt, on eyey. Let By be the smallest closed ball in R" containing the

support of e,eq and let ¢ be the center of By. Let A € Z[N] and ¢, € A be such that

supp(d(ey) — Ae,) € By \ 0B,.
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By Lemma 5
supp((9(es) — Aea)es) C supp(d(es) — Aeg) U suppleq) € (Bo \ dBy) U supp(eq) C B,

and by Lemma 13 (8(es) — Aeq)eq has diameter smaller than 7. There are two cases to
consider :

L - (eqeq) = eqeq — ea0(ey,) for some f; € F such that supp(eq — d(ey,)) C By \ B,.

2. pir(eqeq) = eqeq — d(hes, Jeq for some h € N, b, € B such that supp(e, — A(hey,)) C
By \ 0By;

If 1. holds by Lemma 5

supp(es(ea — A(ey,))) C supp(es) U supp(eq — d(ey,)) C supples) U (Bo \ 0B,) C B,
and by Lemma 13 e;(ey — 8(es,)) has diameter smaller than r. In particular
tr(es(ed — A(ey,))) = en(ea — Aley,)).
Ve define
tr(epeq) = pr(=0(es)es, + ey(eq — d(es))) = —p(8(ev)ey,) + es(eq — d(ey,)),

then
,ur(ebed + a(eb)efl) = eb(ed - a(eh))v

Bu,(ebed + B(eb)efl)) = 8(eb(ed - 3(6_[1))) = Jd(epeq — eba(eh)) =
B(Ebed) — B(eb)a(efl) = a(ebed + B(eb)eh) = u,(@(ebed + 6(€b)eh)).
The last equality comes from the fact that

supp(9(eseq + d(ev)ey,)) = supp(D(eses — esd(ey,))) C supples(eq — d(es,))

has diameter smaller than r.

Note that by the definition of e;, we have that supp(d(es,) — eq) C By \ 8By and hence
d(ey)eys, is a sum of prisms of diameter smaller than r and special prisms of diameter r
considered in case I, hence p, is already defined on d(ep)es, and the restrictions of du, and
ur0 on O(es)ey, are already proved equal i.e. Aur(O(es)ey,) = ur0((ep)ey, ). Then

Opr (evea) = e (evea + Bles)ey,)) — Aur (Bes)ey,) =

prd(eved + d(er)ey,) — 1,0(0(es)es,) = 11,0(eseq)

i.e. y, is a chain map as required.
If 2. holds

1 (0(eveq)) = pr(9(en)ea) = 1 (9(es)eq — Aegey) + tr(Aeqeq) = O(ey)eq — Neqeu + pir(Neqeq)
= d(ey)eq — Aeqey + A(eqeq — O(hey, )ey) = (O(ey) — AD(hey, ))eq = O(ey — \Nhes, )eq.

Note that
supp(d(ey — Ahey,)) = supp(d(ey) — Ne, + Me, — d(hes,))) C
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supp((ey) — Nea) U supp(A(eq — d(hes,))) € Bo \ 0Bo
and
supp(es — Ahey,) C supp(es) U supp(es,) = supp(d(es)) U supp(d(es,)) =

supp(9(es) — Neg + Aeg) U supp(hd(ep,) — eq + €,) C supp(0(es) — Aeq)
Usupp(Xe,) U supp(hd(ey,) — e,) U supp(es) C (Bo \ By) U supp(eq).
By the definition of pr on the squares we have for supp(e,) = {q}

q—v
g —v|

€ —I'wy.
Then by Lemma 11 there is

te (®b'EBZ[N]eb’) 2] (®a1<azZ[N]ealeaz)

such that
d(t) = d(ey — Ahey,) and supp(t) C By \ 9Bo.

Note that by Lemma 5
supp(teq) C supp(t) U supp(eq) € (Bo \ 0Bo) U supp(eq) € By

and by Lemma 13 tey has diameter smaller than r. In particular as supp(d(teq)) C supp(teq)
we deduce that d(teyz) has diameter smaller than 7 and hence

ur0(teq) = O(teq) = 0(t)eq = O(ey — Ahes, )ea = ur-0(evea).

We define
pr(€eseq) = teq,

and u, is a chain map as du.(eveq) = 0(teq) = pr0(eveq).

7.3 Defining p, on the non-special prisms

Consider representatives e,es and eyeq4 of the Q-orbits of all prisms {e,ey, €s€a}aca.feFbeB,deD
of diameter 7. In this section we define x, on the representatives that are not special prisms
and extend the definition of p, on the (N x @Q)-orbits in the unique way such that g,
commutes with the (\V » @)-action.

I. Let By be the smallest closed ball in R" that contains the support of e,e; and v be its
centre. Then as r > my by Lemma 6 either

1. L=t ¢ —['y, where {¢q,} = supp(e,)

Jq1—v|
or

2. for every ¢ from the support of e, we have [—;ﬁ—i € =y

If 1. holds by Lemma 9(2) there exists e,, and & € N such that

supp(eq, — d(hey,)) C By \ 0By
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Hence by Proposition 2
supp(9((ea — d(hes,))es)) C supp((es — Al hes,))ey) C

supp(e, — d(hey,)) U supp(e;) C (By \ 8By) U supp(es) C Bo

and by Lemma 13 the diameters of (e, — d(hes,))es and O((e, — I(hes, ))es) are smaller than
r. In particular

pr((ea — O(hes, ))es) = (ea — O(hey,))es and
kr(0((ea — O(hey,))es)) = O((ea — O(hes, ))er)
Note that

O(eqes + hep, O(ef) — (€q — O(hes,))es) = B(hey, d(ey) + O(hes, Jes) =

B(hebl)a(e,-) - a(hebl)a(ef) =0.

Then we define
tur(eaef) = _,u'r(hebja(ef) =\ — a(hebl))ef) = _ﬂr(hebla(ef)) g~ a(hebl))ej‘

By the choice of e,, we have that hey, O(es) is a sum of special prisms of diameter v and
general prisms of diameter smaller than r. In particular p, is already defined on these
elements and proved to commute with d. Then

Ot (eats) = =0 (hey, Dles)) + Oleq — Dlhen,))es) = —ped(hes, ley))+

pr0(ea — O(hes,))er) = —pr(3(hey, O(es) — (ea — O(hes,))ey)) = prd(eaey).

If 2. holds by Lemma 9(1) applied several times for the elements e, in the support of d(ey)
that are on the boundary 9B, there exists an element

€ @j'eFZEff
such that
supp(d(a + ey)) C By \ 0By, supp(a) C supp(ef) U (Bo \ 0By)

and for every ey, such that there is a summand of a in Zey, we have that either supp(eg,) C
B, \ 9B, and hence esep, has a diameter less than 7, or supp(es,) = supp(d(es)) S (Bo \
dBy) U { just one point of By}, hence eqey, is a special prism of diameter r. Then

Hr(€a€y) = pr(ea(ey + a)) — pir(€qcr).

Bv the above assumptions on « the product e, is a sum of special prisms of diameter r
and general prisms of smaller diameter, hence i, is already defined on e,a and commutes
with 9. Now we consider the element e; + a. Note that for ¢ € supp(ey + ) N 9By we have

g € supp(ey), hence
€ =Ty




Then by Lemma 12 there exists an element
t e @jﬂepzeﬂ

such that
supp(t) C By \ B, and 9t = d(es + ).

Note that by Lemma 5
supp(eqt) S supp(ea) U supp(t) C supp(ea) U (B \ 9Bo) & Bo
and by Lemma 13 e,t has diameter smaller than 7. Then
O(ea(es + a)) = —e,0(es + @) = —e,0t = O(e,t) has diameter smaller than 7,

pr(O(ea(er +a))) = pr(0(eqt)) = O(eqt)

and we define
fir(eq(ef + o)) = eqt.

Note that
Bt (eales + ) = D(eat) = pr0(eales + ),
hence u, is a chain map i.e.commutes with &.
II. Now we define p, on the representatives of @-orbits of prisms of the type eyes that
are not special. Fix one such representative. Let By be the smallest closed ball in R* that
contains the support of e,eq and v be its centre. Then as r > mo by Lemma 7 either

1. ng:zl € —T'p for supp(eq) = {m }
or

2. for every g from the support of e, we have IZ:Zl € —I'n.
Now we can repeat the argument of case I. For completeness of the proof we give the
details. If 1. holds by Lemma 9(1) there exists ey, such that e, — d(ey,) has support in the

interior of By. Note that

Deseq + O(es)es, —ev(ea—dley,))) = A(Bles)es, +esd(e,)) = —0(es)d(ey,) +O(er)es) =0

and we define
#r(ebed) = _#f(a(eb)eh = eb(ed = a(efl))) = _.ur(a(eb)efl) = ,Ur(eb(ed = a(efl)))'

Note that by Proposition 2 supp(e;(eq — (e, ))) € supp(es) U supp(eq — d(es,))  supp(es) U
(By \ 9By) C By and by Lemma 13 e;(eq — d(ey,)) has support of diameter smaller than r.

Hence
#r(eb(ed - a(efl))) . eb(etf - a(eh“‘

By the choice of ey, we have that d(ep)ey, is a sum of special prisms of diameter r and general
prisms of diameter smaller than r. In particular g, is already defined on these elements and

commutes with 9. Hence

Oy (epeq) = = (Oev)es,) + Opir(en(eq — dley))) =
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—1-0(0(ev)ey,) + pr0(ep(ea — A(ey,))) = pro(esea)-

If 2. holds by Lemma 9(2) applied several times for the elements of supp(de,) that are on
the boundary 8By of By there exists an element

a € EBb'eBZ[IV]eb:

such that
supp(0(a + ) C By \ By, supp(a) C supp(es) U (Bo \ 9Bo)

and for every ey, such that there is a summand of a inside Z[N]ey, we have that either
supp(es,) € Bo \ 8By and hence ey, ey has a diameter less than r or supp(es,) € (Bo \ 8Bo) U
{ one point of 8By}, hence ey, eq is a special prism of diameter 7. Then we define

pr(evea) = pr((es + @)ea) — pr(aeq).

By the above assumptions on a the product aey is a sum of special prisms of diameter r and
general prisms of diameter smaller than r, hence i, is already defined on ae; and commutes
with 9.

Now we consider the element e, + «. Note that for ¢ € supp(e, + o) N B, we have

q € supp(ey), hence IZ::JJI € —['y. Then by Lemma 11 there exists an element

t € (ByepZ|Nley) ® (Ba,<ayZ[N]eq, €q,) such that supp(t) C By \ 8By and 8t = d(ep + ).

Then
supp(teq) C supp(t) U supp(eq) C (Bo \ 0By) U supp(eq) C By

and by Lemma 13 the diameter of te4 is smaller than r. Note that
I((es + ar)eq) = (O(es + a))eq = (Ot)ea = O(tey),

prO((es + a)eq) = 11:(9(teq)) = d(teq)

where the last equality comes from the fact that supp(d(tes)) C supp(tes) has diameter
smaller than r. Finally we define

tr((ey + )eq) = tey
and verify that y, is a chain map

1:0((ep + a)eq) = A(teq) = Ou,((es + a)eg).

7.4 Defining y, on the cubes

To define y, on cubes it is sufficient to choose representatives of the Q-orbits of cubes eq, €4, €4,
where a, < ay are elements of A,d € D. Fix one such representative e, e,,eq4 and let By be
the smallest closed ball in R" that contains the support of eq, e,,eq4. Let v be the centre of
By. Note that the support of e, €q4,€q is supp(eq,) U supp(eq,) U supp(eq) and at least two
elements of this support lie on the boundary of By. The case when precisely two elements of
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the support lie on the boundary of By can occur when these 2 elements are antipodal. We
CONStTUCt [y ON €4, €q,€q4 by induction on the number j = j(eq,€q,€q) Of elements in the set
supp(€q, €a€q) N OBy. Assume we have constructed . for cubes of diameter r with number
of support elements on the boundary of the minimal closed ball that contains the support
strictly smaller than 7. We aim to construct a chain map

l‘LTj ’ ’ﬁ(r:.‘/) — ﬁ(rvj—1)1

where P is the subcomplex of P spanned by all cells of diameter smaller than r. all prisms
and squares of diameter 7, all cubes ¢ of diameter r such that j(c) < i and p,; is identity
on Pi=1, Once u, is defined on P71 we extend it to P("7) as the composition

'ﬁ(r‘lj) ﬂ)'ﬁ(rr]_l) i)'ﬁ(r!]_l) )

From now on we work on the construction of the map g, ;.

Note that the definition of B, as the smallest closed ball that contains the support of
€q,€a,€q implies that the center v of By is inside or on the boundary of the triangle spanned
by the support of €, €464 As by assumption 0 ¢ conv<r(R>0 4 (Q)) + (Rxo £5(Q)) and
0 ¢ convea(Rso X% (Q)) one of the following holds:

1. supp(eq,) = {q1},q1 € 0B, and 2=t € —Tn(Q),

2. Supp(eaz) = {Qz}=Q2 S aBO and |Z::z‘ € =1 (Q),
3. supp(ea) = {gs}.gs € 9B, and 2= € —Zp(Q)-

As a;.a, have an antisymmetric role we can assume that 1 or 3 holds. The case 2 is the

same as case 1.
If 1. holds by Lemma 9(2) there exists a cell e,, and h € .V such that

supp(9(hes,) — €q,) € Bo \ 0B (8)

We claim that

9(€q, €ayea + (di(az) — 1)hey €4 — (eq, — O(hep, ))€q,€4) = 0. (9)

hence
pr.j0(€a, €ar€a + (d\(az) — 1)hey eq — (€, — O(hey,))eqye4) = 0.

Note that e eq is a prism, hence

(d(az) — 1)hes eq € PHI7Y,

By (8) (eq, — d(hes, ))eq €4 is a Z-linear combination of cubes of type ne.eq,eq, Where n € N
and supp(e,) € Bo \ 0Bo. In particular supp(neq,€q,eq) =_Supp(ea) U supp(eq,) U supp(eq) C
(By \ 9By) U supp(eq,) U supp(eq) and hence neqeq,ca € Pri=1 Thus

(€, — O(hey,))easeq € plri-1),
We define 1, ;(€q, €ar€a) to be

—ttr;((d1(a2) — 1)hey €4 — (ea, — O(hey,))ea,eq) = —(di(az) — 1)hey eq+ (eq, — O(hep,))eq,€4.
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Then by (9)
Otir,j(€ay€ar€4) = O(—(dy(az)—1)hey, eq+(eq, —(hes, ))easea) = €q,Cara) = fir;0(€q, €aza),

where the last equality follows from the fact that (e, €q4,€4) € Pr=1. Now we prove the
claim

0(a,€ar€a+ (d1(az) —1)hes eq — (eq, — (hey, ))eaea) = ((dy(az) — 1)hey, eq+O(hey, )ea,ea) =

(di(az) — 1)0(hes, )eq + O(O(hes, )ea, Jea = ((di(az) — 1)8(hes, ) + O(3(hes, )ea,))eq = Oeg =0

If 3. holds by Lemma 9(1) there exists e, such that e, — d(e;) has support in the interior of
By. As in the previous case it is sufficient to show that

O(€q, €q,64 + O(€q,€4,)e7 — (€4 — O(€f))€q1€a,) = 0
and then as 0(eq, €q,)er — (€4 — 9(e;))eq, a, € P71 we can define
tr.j(€a,€ar€d) = —ftr;(0(€q,€0,)ef — (€a — O(€f))€a,€ay) = —O(€q,€a;)ef + (€4 — O(ef))€q; Eay-
Note that
Otr,i(€a,€a,€2) = O(—0(eq, €0, )€y + (€4 — O(ef))€a, €a,) = O(€a,€0,84) = pir,jO(€0, €ar€4),

where the last equality follows from the fact that d(e,, eq,eq4) € Plra-1), Finally to justifv
the claim note that 9(eq, €q,eq + 0(€q,€4,)er — (€4 — (€f))€q, €q,) 1s equal to

a(a(emeaz)ef + eﬂleﬂza(e/)) = _a(eﬂleaz)a(ef) = a(emeaz)a(ef) =0.
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