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ABSTRACT - We give the differential equation of the lines of rurrature for immersions
of surfaces in R'

*) da(u, v)(du? = deDydude + b{u, ) du' = 6du?de? 4 de') = 0

and conversely, we prove that for any given analytic functions a,b: " — IR defined on an
open neighborhood U/ C IR? of a point p. there exists an immersion f: V' — R' where
V C U is some small open neighborhood of p. such that the differential equation of the
lines of curvature of f is given by (*) and the coordinates (u.¢) are isotherme,
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Abstract. We give the differential equation of the lines of curvature for immer-

"il’”]\ Uf .\”trﬂf'f'.‘i iTI !Il”

(") ta(u. v)(du? = dv®)dudv + b(u, 1’)("’“d — 6du*dv? + “,“") =0

and conversely. we prove that for any given analytic functions a,b : /' = R de-
fined on an open neighborhood U7 C IR? of a point p. there exists an immersion
[V — R’ where VV € U is some small open neighborhood of p, such that the
differential equation of the lines of eurvature of f is given by (*) and the coordinates

(v, ) are isothermic,

Introduction. Let f: M — IR be a smooth immersion of a surface M. Let a
be the second fundamental form of the immersion [. The set ¢, = {a(X, X);|X]| =
1. XN e T M} is an ellipse called the cllipse of curvature of the immersion f at p.
Every semi-axe of this ellipse determine a field of pais of lines or a 1-cross field (see
[3]) in the tangent space, The integral lines of theses smooth cross field are called
Lines of Curvature of the immersion f. This is a natural extension of the classical
idea for surfaces in 14,

Let U be an open neighborhood U € M with isothermic coordinates (u,v), Let

s=utrwand X =|d,| =], where d, = -i and i, = i
du e
Let us introduce the two Wirtingen operators
. (I 6 _ 1 .
(1.1) . = (d, —1d,), 0= —=(0,+1d,).

S

g 7

Il we denote

A= u(@,.@z) , B= O’(a:‘az—)
(1.2)

a= He((AwA)) )

where (,) is a bilinear complex extension of the inner product of 7t M to T*M @ €',

b=2Im({A, A))

and T+ M denotes the normal bundle. We prove the following theorem.

.

Theorem. Let f: M — IR' be a smooth immersion of a surface M. In isothermic
coordinates (u,v) : M — IR?, the differential equation of the lines of curvature of f

is given by

(1.3) da(u,v)(dv? — dv¥)dudv + b(u,v)(du® — 6du?dv? + dv') = 0

where a = a(u,v) and b = b(u,v) are real valued functions given by (1.2).
Conversely, for any given analytic functions a,b: /' = IR defined on an open

neighborhood U C IR® of a point. p, there exists an immersion f : IV — R*, where

V' C U is some small open neighborhood of p, such that the differential equation of

the lines of curvature of f is given by (1.3) and the coordinates (u. v) are isothermic.
2. Preliminaries. Using the notation (1.2) we have

Gauss Equation

(2.1) (R(3:,0:)d.,8%) = (a(d.,.) 3 a(d=, 82)) — |a(d.. &=)?

Ricci Equation

(2:2) RY(D.,8:)v = a(A,85,0,) — a(A,..8<)., v € T+ M



Codazzi Equation

(2.3) (Va.a)(0s0.) = (V5.0)(0:,0:).

Let {es. ¢4} be a normal frame and let 5 be a smooth function such that

Vir;g = ney V,%nC.a = —nes
(2.4)
V‘-J;v(-a = 0 5 Vf;ﬁm = 0

If we denote

(2.5) B;=(B.es) , B=3,1

A 4= (/‘ N f"’[) N

then the Gauss, Ricci and Codazzi equations we can re-write, respectively as:

(2.6) — MAlog A = |A]* - |B|? (Gauss equation).

Proof. We have

(27) R(dna:_)a: = va:vi‘)?a: -_Va_rva;a

This implies that

(2.8) (R(0:,35)d.,8:) = —A*Alog A.

Hence, from (1.2), (2.1) and (2.8) follows (2.6)

any

2 -
(2.9) 3 = -T?']TII(A;;A4) (Ricci equation).

Proof. Using (2.2) and (2.5) we obtain

R_L((’)uaz—)eﬂ = Q(Aeaaiia:)_a(/‘ewazva?)

1 — )
- 3 [0(1130; + Byds, 0.) + al Asis + Bid., 0. )}

1

= 2/\’—‘31m(ZJA),

Hence, follows

(2.10) e

Also, we obtain

(R-L(az, a:—)e.?» 64) = zifm(zgfltl)

1

"

RY(0.,05)es = V3 Vies— V5 Vie,
7
= Vi (Z5e) - 4(
Y
T V2\9: oz b
_
B !Bv .
and hence we get
d
(2.11) (R*(D.,85)ea, ea) = —i L.
Hence, from (2.10) and (2.11) follows (2.9).
9A 4B dlog A
(2.12)
dA dB dlog A
¥4+A3T]=a—;+33n—2 338 B,

)

(Codazzi equations)



Proof. Using the equation (2.3) we have

(2.13) v;:sz;:B—z‘a];‘f’\B.

Also. we find that

) aA JA,

(2.11) ViA= ( = Am)es+ (# + AaT))Ed

and 1\
oB. 0.

Hence, from (2.13). (2.14) and (2.15) follows (2.12).

Now. il we denote

(2.16) An = Re((Aieg)), Aga=Im({(A.ez)); B=13.4

then the equations (2.6). (2.9) and (2.12) we can re-wrile, respectively as:

1

(2.17) Ao = —\(_,-ag, — A =AY AL+ BE B2+ 02 402 - A0
. 2
(l]b) (l}),. = ?[;‘14].432 = /13].“‘142)
2
(As2), = (As1)u — (Ba)u —nAa +1By + XAHBS
(Az1 + B3)y = —(As)u+1nAe + A Bs
(2.19)

(As2)u = (An)u — (By)u + nAz1 —nB; +

M N |
2 >
=

(An + By)y = —(Aga)u — 745 o5

P

e
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3. Proof of the Theorem. First, observe that an easy computation
shows that the differential equation of the lines if curvature of f is given by
Im({A, A)dz4) = 0 (See [1], Prop. 5.1) or (1.3).

Now, we need to prove only that for any given analytic functions a,b, there
exists an immersion f such that the differential equation of the lines of curvature of
f is given by (1.3) and the coordinates (u,v) are isothermic. ,

First, we observe that if we can find Aj;, A4z then we can get Ay, and Ay,

depending on « and b.
In fact if A4, is positive and sufficiently large and Aa; sufficiently small from
a=A} - AL+ A} - AL
(3.1)
b =2(Az Asz + Ay Asz)

we can get

bA;;;_\ :t .‘142(,’
3.2 Agg = ———— | A,
( ) 31 2(A§2+A32) 41!

_ b;“.r_’ F .“3—3(‘
(A3 + AR

where

¢ = 4(A%, + A%,)(4a + A3, + AL) - B~

So we set convenient inicial conditions for A3z and Ay,




al,

|
By using Canchy-Kowalewsky Theorem (See [1]) we can find smooth functions .f that an easy computation shows that U5 = B = M. (See [2], Prop. 5.1c¢).
Cao 3 =3.0.0,.U,.U4.n. Ayz and Ay satisfying ‘ Now the existence of the immersion f follovlvs from the theorem of existence and
unicity of immersions.

(‘,{”|

(1986), pp. 751-766.
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o = [
v | = 1
',_l = B (( ; == 2.’131C_q = 21"4]04 —_— Ai, —}— {;22 + (/!2 - {il (7(_3) «’ References .
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Now, it will be proved that there is an analytic function A = A(u,v) > 0 defined [
in a disk with center O € R? and analytic functions Ag, By i = 1,2, B=2344 )

which satisfy (2.17), (2.18) and (2.19).
Infactset Cy= A4y +B3; =34 and A= Uy, A, = U

To have A > 0 we include among the inicial conditions Uy(u,0) = 1. Observe
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