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SUMMARY
The problem of selecting independent variables to be employed in a lomistic model may be
approached via linear regression technique. In this article, we extend based on Hastie and Tibishirani
(1987, Applied Statistics 36, 260 —276), the paper sof Hosmer, Jovanovic and Lemeshow (1939,
Biometrics 45, 1265 — 1270) to yield a best subset selection of covariates for the analysis of polytomous

and proportional odds logistic regression models.

1. Introduction

In some instances researchers are forced to prospect for independent variables that could
conceivably be related to the dependent variable. Under these circumstances studies will have a large
set of independent variables. An important step in model building strategy for these types of datasets
is the selection of a best set of independent variables such that with a shottened list of such variables
and a small number of paramelers one is able Lo describe and coherently interpret the relationship
between the response variable Y and the vector of independent vatiables X.

When dealing with regression analysis for a binary response, the dichotomous logistic regression
model has become a standard method in many fields of research. losner, Jovanavie and Lemeshow
(1989) present a method for selection of meaningful covariales for the caxe of binary logistic regresaion
based on Lawless and Singhal (1978) method of efficiently screening nonnormal regression models, The

Lawless-Singhal analysis may be performed with any bext subscts linear regression prograim that allows
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for weights. The approach proposed by Hosmer el al. (1989) has the appeal of utilizing less complex

algorithms, and most important, requires programs for linear regression analysis which are readily

available. Basically, it identifies from the set of independent variables, key subsets of q (q <p)

variables by fitting models with a linear regression package using a pseudo-variable Z and a diagenal
matrix W of weights. The Wald stalistic is used for comparisons of hierarchical models and Mallow’s

coefficient is used for comparing competing models of same size q.

In this note we show that the method of best subsets by Hosmer et al. (1989) can be extended to
other members of the family of logistic regression models, more specifically the polytomous and the

proportional odds model.

2. Methodology
Even though logistic regression is frequently employed to model the relationship between a

dichotomous outcome variable and a set of covariates, generalization to an outcome variable with k

categories (k>2) is sometimes appropriate for certain types of studies.
Consider the polytomous logistic model with k categories based on multiple logits of probability
of (k — 1) categories in relation to a selected one chosen as a standard. This model does not take into

consideration an ordered structure of the response variable so it is appropriate to nominal outcome.

Let T be an indicator variable such that,

1 if Y, =]
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ij
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and
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: i i dent variables
where Y, is the outcome variable and Xj = (%01 Xj1r - - - » X;p) is a vector of p+ 1 independe

for the it? observation.

If the k' category is used as reference, the polytomous logistic model is defined as:
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Begg and Craig (1984) suggest that model (1) may be fit via (k = 1) individual dichotomous
logistic regressions. They demonstrate that the estimates obtained are consistent with efficiency close
to that of the polytomous fit. They also mention that this efficiency will decrease with increase of
number of parameters and low frequencies in the reference category.

Extension of [osmer et al. (1989) results to the polytomous logmstic model 1= straightforward.
The best subsets linear regression approach can be perl"ormed either on individual dichotomous logistic

regressions following Begg and Craig (1984) or on the polytomous model with:
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where ‘)S:' is (k=1)x(k=1)(p+1) and the \‘?i'l (i= L 2 . n) are the bMocks of & square Block
diagonal matrix W of dimension n(k - 1),

Since the dimension of ;(" increases with poand & care need to be Laken o that the pracedure dors
not lose its ability to compare mnodels. For example, if p = 10 aad & = L X7 will have In lines and
g1

(3x 11 = 33) columns, and will generate possible models to be compared,  In this situation analysis

with individual dichotomous logistic regressions would be preferved.



Differently from the polytomous logistic model, the proportional odds model takes into
ation an ordinal scale outcome variable. If Y is the response variable with k ordered categories

consider
then
m=P(Y =j/X)
and i
n:P(YSj/K):Eﬂ] D 17—,

with 7, = I, Lthe cumulative response probability of all categories of Y.

The model proposed by McCullag (1980) is defined as

P(Y <j/X) \_ LA ’
]"(I—F(Ysj/p)_ln(1—71)‘91+§£
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where § and @ are vectors of unknown parameters and § must satisfy 8, <8, <. . . <80, This

model has a smaller number of parameters when compared to (1) due to the fact that it takes into
account the ordered structure presented by the data. The parameter estimates uf£ =(4, g) are
obtained by iterative methods.

Thompson and Baker (1981) show that for generalized linear models with more than one
predictive value for each obsetvation, as in the proportional odds model, the ML estimator ofs may
be obtained by the iterative reweighted least squares (IRLS) method through a link function. Green
(1984) demonstrates that the method, in Lhis case, is equivalent to the solution of the equations
generated by BL/BE = 0 using the Newton Raphson algorithm with Fisher’s Scores.

Hastie and Tibshirani (1987) using the results from Thompson, Baker and Green show the
equivalence of Fisher's scores and [RSL for the proportional odds logistic model. The extension of
Hosmer et al. best subsets dichotomous logistic regression technique to the proportional odds model
presented below draws on results of Haslie and Tibshirani (1987).

Consider the proportional odds model with k ordered responses. Define the pseudo-variable Z

and its weight W by:
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and W, a tridiagonal (k — 1) x (k= 1) matrix (w; =0 ¥ i, j, s.t. |i —j| > 1) with diagonal elements

wili=1,2...,k=1), superdiagonal elements w; ;| and subdiagonal elements w; ., described as :
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If it is of interest to select from p independent variables a subset  of these variables. This can be

done using a linear regression program that starts with the WLS fit of the full model and the MLE &

of £.
Let SSE(p) be the sum of squares of residuals from the fitted model
Z=[111%]¢
where
Z=C'o-N+X"E
and
F=1/1+exp —(X7).
Then,

SSE(P) =(Z -Z () WIZ -Z ().
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By writing Pearson’s x? in terms of v, one easily finds that SSE(p) is equivalent to the Pearson
d

Chi-square goodness of fit statistic . This allows for the utilization of algorithma for selection of
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models with q variables based on the dilference between the residual sums of squares of such models
and that of the full model. The fitling of the model with q independent variables is performed by
partitioning matrices X*, £ and | such that:

Z(a)=X"E
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The estimator of §, is given by
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Substituting (2) in this last expression,
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The residual sums of squares for the fitted model with q variables is given by
SSE(a) = (2 —Z () WIZ ~Z (a)]
=Wz -2 & XIWIC (@ - )+ X7 D+E X WEE
=X2-F1E+E 1§
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=X2+A' . (5)

From (5) it follows that A" is the Wald Statistic for the test of H: 5_., =0. The WLS regression
of Zon X™' with weight W (where Z and W are obtained with the help of £) generates the sums of
squares necessary for comparisons ol madels with q variables using Mallow's coefficient.

The results presented in this section permit the utilization of WLS regression programs for the
selection of covariates in polytomous and proportional odds logistic models. Comparisons among
selected models can be done using Mallows C, or the Wald Statistic A" as an approximation of the
likelihood ratio statistic (Lawless and Singhal, 1978) in the same way as presented by Hosmer et al

(1989).

3. Example '

The method of Hosmer et al. (1989) extended for the proportienal odds logistic model is used to
examine data from a cocoa study done in Brazil. This study was concerned with qualitative evaluation
of cocoa areas that were developed under a national expansion program of incentives to cocoa farmers.
Even though quantitatively the government program had attained its goals in terms of planted areas,
questions related to the use of improper areas for such crops remained to be examined, since this might
result in decrease of productivity and necessity of extra expanditure for Lreatment of the soil.

The response variable was “technical opinion™ of the soil specialist visiting the (planted) area and
interviewing the owner or manager of Lhe land, with outcomes “excellent”, “good™, “bad™ and “very
bad”. There were 14 independent variables appearing in the 1173 questionnaires answered by the
farmers. Because of incomplete data, only 1100 questionnaires were used in Lhis application.

Initially the full model with 14 variables was fitted using the procedure lugistic from SAS. Table
1 shows the maximum likelihood estimates Bi, for the full inodel along with the standard errors, the
weighted least squares estimates, E, and their standard errors for the model Z = .S'E, along with the
Wald statistic and signifjcance for H B;=0. Then through weighted least squares regression fit of all
models with q variables (q < 14) and use of Z (as in (2)) and W (as in (4)), the models with the

smallest Mallow’s C(q) were selected. These results are presented in Table 2.

(‘Table 1 here)



Table 3 presents the maximum likelihood parameter estimates for the selected models. Use of
ratio likelihood test for comparison of hicrarchical models resulted in that all parameters of model (6)
were different from zero.

Table 2

Models with ¢ variables selected by \WLS, residual sum of squares, Wald statislic,
marvmum likelihood ratio, level of significance and Mallow’s coefficient.

Variables Included the Selected Models SSE(q) A* -2mL(B) A  LS(%)(d) Cla)

1885.06 53.07 2131.88 G1.74 0.00 10 95.99
1874.24 42,25 2118.74 47.60 0.00 9 78.89

FER, PROF, Prvl-Prv3, CPE, DEN, LIM
FER, PROF, Prvl-Prv3, CPE, DEN, LIM,

FRVIS
FER, PROF, Prvl-Prv3, CPE, DEN, LIM, 1862.60 31.61 2105.39 34.25 0.00 8 60.05
FRVIS, AGE

FER, PROF, Prvi-Prv}, CPE, DEN, LIM,
FRVIS, AGE, ADUB

FER, PROF, Prv1-Prv3, CPE, DEN, LIM,
FRVIS, AGE, ADUB, Dell, Def2

FER, PROF, Prv1-Prv3, CPE, DEN, LIM,
FRVIS, AGE, ADUB, Defl, Def2,

1853.2JB 21.29  2095.24 24.10 1.00 7 4537
1841.71  9.72 2082.84 11.70 500 5 28.75

1834.12 213 2074.71  3.54 25.00 4 17.07

FRASS2
Table 3
Mazimum likelihood estimates for the selected models
Variable  Model (1) Model (2) Madel (3) Model {(4) Model (5) Model (6)
FER 0.643 0.710 0.729 0.7G8 0.712 0.707
PROF 0.831 0.833 0.830 0.826 0.889 0.837
Prvl - 1.203 - 1.093 - 1.120 -1.129 - 1171 -1.134
Prv2 - 1.247 - 1.237 - 1.269 - 1.275 - 1.534 - 1.169
Prv3 0.244 0.220 0.115 0.105 0.178 0.193
Dell -0.527 - 0.546
Def2 - 0.441 - 0.461
ADUB 0.541 0.522 0.506
CPE 1.126 1.159 1.094 0.918 0.885 0.788
DEN 1.G58 1.637 1.619 1.603 1.543 1.558
AGE 0.107 0.103 0.103 0.100
LIM 0.630 0.610 0.622 0.589 0.592 0.560
FRVIS 0.207 0.202 0.200 0.203 0.187
FRASS2 0.398

Analysis for the dichotomous situation of first two and last two categories being put together and
also of the proportional odds model with k = 3 categories where first and second categaries were again
put together were also performed and showed very similar results to the analysis with four outcomes
(k = 4) presented above. The estimates retained under each of the three analyses showed to be stable
in relation to inclusion or exclusion of new variables to the models. Results obtained by applying this
technique were coincident with these obtained by using the Stepwise procedure from 5AS.

While statistical methods discussed in this paper were motivated by a cocoa study, the
+
methodology presented is suitable for data from other research areas as well. The contribution of this

work is to offer an alternative way of performing polytomous and proportional odds logistic analysis to
the Stepwise procedure only available in expensive sjlmistic:\l packages. The problem of selecting
independent variables to be employed in a logistic model may be major if there is no access to specific
statistical programs and so, these extensions give the researcher an additional tool to perform his/her

analysis using weighted least squares regression which is available in most basic statistical packages.
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Table 1
Parameler estimales of the full proportional odds model, Wald Stalistic and
level significancefor H L‘Ij =0.

M.L. W.L.S. Wald Level of
Variable Abbrevialion Estimate S.E. Estimate S.E. Statistic Significance(%)
Constant Constl - 11.363 0.734 —-11.228 0.610 239.449 0.01
Conslt2 -8.273 0.692 -8.218 0.547 142.850 0.01
Consl3 - 5.615 0.664 - 5.564 0.507 71.569 0.01
Soil Type Soll 0.226 0.176 0.225 0.132 1.644 19.20
Sol2 —0.007 0.274 —0.007 0.205 0.007 97.88
Soil Fertility FER 0.615 0.136 0.609 0.102 20.609 0.01
Soil Depth PROF 0.881 0.156 0.874 0.118 31.910 0.01
Templ?rary Prvl - 1.190 0.207 - 1.180 0.157 33.055 0.01
Shading Prv2 —1.176 0.182 = 1.170 0.139 41.523 0.01
Prvd 0.190 0.164 0.189 0.122 1.352 24,49
Definite Defl - 0.522 0.155 —0.515 0.116 11.343 0.08
Shading Del2 —0.446 0.212 — 0.440 0.158 4.437 3.52
Use of ADUB 0.512 0.172 0.510 0.129 8.842 0.29
Fertilizer
Control of CPE 0.803 0.177 0.801 0.133 20.643 0.01
Insects
Distance DEN 1.570 0.146 1.554 0.115 115.393 0.01
Belween
Plants
Problems with PMO —0.061 0.132 —0.061 0.099 0.213 64.46
Finding
Workers
Age of Plants AGE 0.094 0.030 0.093 0.023 9.860 0.17
Number of LIM 0.562 0.090 0.556 0.068 18.897 0.01
Clean-Ups of
Area
Number of FRVIS 0.197 0.0G0 0.195 0.045 10.907 0.10
Owner’s Visits
to the Land
Frequency of FRASS2 0.389 0.143 0.38G 0.107 7.454 0.63
Technical
Assislance
Size of Planted  STRATUM 0.016 0.028 0.016 0.021 0.310 57.78

Area
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