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Zz—Fixed-Sets of Stationary Point Free Z‘-Actions

Claudina Izepe Rodriques

5 Introduction
In [3), Capobianco has studied the fixed sets of

involutions. He shows that the set of classes in the Thom
bordism group ’n formed by manifolds which can be realized as the
fixed set of an involution with éhe fixed set having codimension
k is ’n if k is even, and is the subgroup of classes in ”n with
zero Euler characteristic if k is odd, where 2 ¢ k ¢ n.

A stationary point free zg-action is a z‘—action with every

isotropy subgroup being either Z_ or the unit subgroup. Given a

2
closed manifold with a stationary point free Z‘—action, one can

consider the fixed point set of the action restricted to 22 with

the action induced by the Z4—action on it. So, one obtains an

element in the unoriented bordism group of free Zz—actions, and

it will be called the z_-fixed point set of the Z -action.

2 4
In this work we consider the guestion: Which classes in

the unoriented bordism group of free zz*actjons can be realized

as the zz-fixed set of stationary point free i‘—action on a

closed manifold with 2_-fixed point set having constant

2
codimension k?

Denote by C: the set of classes in the n-dimensional

bordism group of zz-free actions that can be realized as the



Zz-fixed point set of a stationary point free Z‘—action on a

' closed (n+k)-manifold. The main result is the following:

: |
(a) ™ 19
o S
(b) G ’n ({{1}}) if k is even and n ) O;
| oo < s 1 : e &
(e} cf =x_[8°,-114x__,[8",-1] if k odd and 2 < k ¢ n-1,
Zz

where an({{l}}) is the n-dimensional group of Z,-free actions
and x, is the set of classes in ¥, with zero Euler

characteristic.

I would liké to express my thanks to Professor R. E. Stdng
for suggesting this problem and for his continual encouragement.
I also thank FAPESP (Funda¢§o de Amparo & Pesquisa do Estado de
$ao Paulo, Brasil) for financial support during my stay at the

Department of Mathematics, University of Virginia.

2. Even Codimension

Zz
Let N‘4({{1},22}) be the unoriented bordism group of

: Z
stationary point free Z, 6 -actions and ﬁ,2({{1}}) the unoriented

"bordism group of free zz—actjans.

There is the restriction homomorphism

z, *a
o X AL 2 X S AN



which assigns to [M,T] the class [M,T2]. The z,-fixed point set

z
of [M,T]) in N ‘({{1},2 }) is the free involution [F _M,T’], where
. 2 o
F ,M is the fixed point set of p([M,T]) = [M,T2] and T’ = T|F M.

T T

Next, consider the ¥, -module homomorphism

z, z,
P, ¥ ({{1),2,)) = X 5({{1)}),

which assigns to [M,T] the class of the zz—fjxed point set of

[M,T]. The objective of this work is to study the homomorphism

4
F, . We denote the set of classes in an({{l}}} that can be
2

realized as the Zz-fixed set of a stationary point free 24-action
k
o

(v™*% 17 by ¢

There is a z -action on a sphere [Sr—1+zj,r], where T is
given by T(xl,...,xr,z

-,zj) s (-x ..,—xr,izl,...,izj) with

g0 ¥o g4 o
is= J—l, whose 2z -fixed point set is TN Taar. ThevEs well known

sl 3

=
that the classes [S" ',-1] form a basis for ,2({{1}}) as

N ,-module, therefore if k = 2j even we have that the image of Fz
> 2

Z Z
is an({{l}}), and cﬁ = an{{{l}}) for all k even. Thus, we are

reduced to the case of k being odd.

3. Codimension One

r4
Let Nt‘({{l},zz},{{l}}} be the relative bordism group of

£, actions with isotropy group {1} or Z, on manifolds with



boundary for which the action is free on the boundary. There is

an exact seguence

24 24 a3 Z‘
Aty 2,0 - )2 (0D - LD

and an isomorphism

Z : s z oo
r: 40 ({1).2,) ({1} - 0 #2 ({{13)) (8o, (C™))
=0
with
,zz o8 o
Nl ({13 (Bo (™)) & ¥, _, (BOL(CT) x, EZ,),

2
where

a0
: =
aoktc ) xzz E22 BSOk x Bz‘ for k odd

(see (1; p. 85]).
The boundary homomorphism & sends the k = 1 summand

isomorphically to Nf‘({{l}}). This says that for k = 1,
C; = (0). Therefore, we may assume k >-1 and odd.
4. A stru

Being given a closed manifold with a free 2z, -action (NP, T)
and .an: involution [N3,t] ome can:form ‘e guotient (WlxN3)/ (T ct)
with the induced Z -action Tx1. The Zz—fixed point set is
(N/TZ)thW with involution Tx1. If W is closed, so is
(NxW)/(T?xt), and if W has boundary on which t is free, then Tx1l

acts freely on the boundary 3((NxW)/(T’xt)) = (NxdW)/(T’xt).



Lemma 4.1. The map
"% z, o
?: N ({{1} .”. N, (BSO,) = ¥, 7({{1}})(BO (C)),

which assigns to [N.T]x[P.¢t] the class of [(Nth)/(sz-lj.Txll is

an isomorphism for all k odd.

Proof. For all k odd, we have

z
”,2({{1}})(Bok{c")) = ﬂ,(aok(c“) xzz EZ,)

= N.(BSOk x BZ‘) (see [1; p. 86])

= N,(BSO, ) A N.(Bz,),

by Kunneth theorem.

Next, consider the homomorphism

z, z, .
P M ({1) = A2,

which sends [N,T] to [N/T2,T]. Thus we have

Ihgogeg 4.2. The image of the homomorphism Fc is the
N ,-submodule generated by the free involutions [RP(2n)](s’,-1]
and [CP(n)][SI,—I], where n runs through the non-negative

integers.



Z :
Proof. First, we recall that #,%({{1))}) is freely generated

as an ¥ -module by extensions of the antipodal actions on even-

dimensional spheres, y -,[S2n X 2., Ixi), and
2n z2 4
Yone1 = (52n+1.i]. where i = J- .
Now, calculating the image of Fc on the generators of
z

N.‘({{l}}), we have

rc{[52" X. Zo. Peil) = L™ x

2, 2er z,)/(1x=1), 1x4]

Z,

= [RPtzn)[so,—I],
and

F_(1s®™1 1) = (571 /-1, 1] = [RR(2041),1). 5

1
Next, to see that [RP(2n+1),i] = [CP(n)]{SI,-ll. consider

f: RP(2n+1) = Bz2 claésifying the zz—bundle 52n+1 - RP(2n+1) and
g: RP(2n+J}/Z2 - 824 classifying the 24—bund1e 32n+1 -
RP(2n+1)/22, where Z4 acts on 82n+1 by multiplication by i = J—I.

Let p: RP(2n+1) - RP(2n+1)/22 be the canonical projection. Thus,

we have the commutative diagrams

RP(2n+1) i 4o+ BZ, |
P ey |
RP(2n+1)/2, g, BZ,
and
E 3
H (RP(2n+1):Z.) Lol e i)
- iZ, 225
2 | ~

E g x
H (RP{2n+1}/22;22) — H (Bz4:zzl



*® *
Therefore, since f and g are isomorphisms in dimensions ( 2n+1,

n+l
2

= g*(a} and X, = g‘(p) being a,p the generators of

: * = 2 % e
we have H (RP(2n+1}/zz,zz) = zztxl.leltxl = @, % 0), where

s

- = = z- o+l _
H (Bz,:2,) = Z,[a,p)/(a” =0, p 0)-'

Now, considering the map

g
RP(2n+1)/22 e BZ4 - 322

classifying the involution [RP(2n+1),i], we see that the

characteristic class of this involution is ¢ = xl and cj =0 for

2113 > 1.

Next, let ¢ be the linear bundle over complex projective

2n—-space CP(n). Thus, S2n+1 can be identified with the total

space of the sphere bundle of ¢, i.e., 82n+1 = S(¢). In the same

n

way, we have RP(2n+1) = S(t®{) and RP(2n+1)/22 S(t®tet®s ). The
tangent bundle of S({®¢{®¢{®{) is eguivalent to n*(r(IP(n))) @

*
n (¢@¢{®f{d¢), where =n: RP(2n+1)/z2 -+ CP(n) is the projection.

Thus, the Stiefel-Whitney class of RP(2n+1)/z2 is

W(RP(2n+1)/2,) = n (W(EP(n)))n (w(t®toE8¢))

n+1
(1+x2) [1+4x2)

n+1
(1+x2} i

On the other hand, considering the involution [CP(n}][sl,—x], the

characteristic class of this involution is given by c’ = 1xo,,

where oy is the generator of HJ(RP(I);ZZ) and the Stiefel-Whitney

class of CP(n)xRP(1) is



8 +1 i
w(CP(n)xRP(1)) = T (™) alx1,
Jop, X8
where a, is the generator of HZ(cP(n);zz).

Therefore, it is easy to see that all of the involutions
numbers of the two involutions are the same. Hence the theorem

follows.

5. An Upper Bound-

Consider the X, -module homomorphism

= 24 22
F, : N, ({{1},2,},.{{1}}) = A.7({{1}})
2

mapping the class of [M,T] into the class of [M.Tzl, and recall

that
BN

4
FA{13.2,). 4000 = e #.2 ({{1))) (8o, (7))
k=0

. o
Now, considering e A,2 ({{1}})(Bo,(C”)), we have
k=1
k odd

Theorem 5.1.

L

Z
2 o 0 1
22[ o ML B0y e 1) = #,0s%-13ex,_ 18?10
k odd

|

Proof. Using the isomorphism of the lemma (4.1), we may

calculate the image of fz on the elements [Dthz

2 2

N, 1xt], where



% r4
[N, t] runs through a set of generators of N,‘({{l}}). We have

then that

= k 2n - 2n
Fzz([Dt xzz(s xzzz‘),lxlxi]) = [P)I(S xzzz‘)ltlx—l),lxil

= [P}{RP(2n)1(s°, -1],

where P is the base space of tk. and

F, ([nekgz s2P*1 141]) = [PT[RP(2n+1), 1]
2 2

= [P)[CP(n)1[S,-1],

as in the proof of the theorem (4.2). Thus, it follows that

N‘[so,-1]+ﬂ [Sl,—ll contains the image.

-1

Now, taking the free Z,6 -actions [soxz 24,1xi], [sl.i) and
2

the bundle [P,gk] with the base space P consisting of a single

point, we see that

= '3 (] e e
Fz ([D¢ X5 (s X, 24),1x1xi)) = [8", -1},

2 2 2

F_ ((pe®x, s?, 1x1)) = s, -13.
z, z,

Therefore, we have the result.

Note: By the theorem above, we see that

ck ¢ Kn[so,-1]+ﬂ

1
n [s 4—1]

=1

for all n,k and k > 1 odd.
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k

o b
- Cc Nn[S ,—1}+Nn_1[s +»=1)

0 1
Iheorem 5.2. " i
xn[s 1}+xn_1[s s iy L ol
for all 2 < k ¢ n-1 and k odd, where Xy is the set of classes in

N, with zero Euler characteristic.

1

Proof. Let M" and N" ! be in X, and x__,, respectively. By

n-1+k

n+k
,T1] and [V2

1
such that the fixed point sets are M" and Nn-l, respectively, for

Capobianco [3], there are involutions [V 5

2]
all 2 < k ¢ n-1 and k odd. Thus, the stationary point free
Z -action

4
[{V1x24)/(T1x—1).1x1] ¥ [(szslj/(tzx-ll,lxil

has z,-fixed point set [M"][s®, -1] + [(N""Yys?, 1),

6. Euler Characteristics

Let g,: X, (BO ) = N_(Bsok) be the map given by

k-1
O (1Mt 1Y) (2%t o dee % 1 onie map is well defined.
In fact, calculating the Stiefel-Whitney class of the bundle

¢ T w det T ;o owe heve

1

k-1 k-1 {knl)w(det fk— )

w(

L]
Q.
m
+
-
"

= (1+w1+---+wk_1)(1+w1)

2
1+(u1+w1)+(u2+ﬂ1)+---+wk_1w1

2
1+(w2+w1)+---+wk_1u1,

where w; are the Stiefel-Whitney classes of the bundle~tk—1.

Thus, the first Stiefel-Whitney class of the bundle
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k-1 1 k-1 1

¢ o Get 1 Lite ‘vore and ¢ o det ¢X° 1 3a orientable, i.e.,

the given class is in ”t(Bsok)'

E
Now, recall that H (Bsok.zz) = zzlvz.....vkj and

* »
- = ¢ ‘ , - con

H (BO, ,:2,) zzlvl.vz,...,vk_ll, where v 14v,+-+-+v, and

v’ = 14vi+---vy . are the total universal Whitney classes in

B‘(Bsok:zz) and n‘(BOk_l;zz), respectively. Next, let
g.: H‘(Bsok;zz; - H‘(Bok_l;zz) be the induced map given by
g'(v)-= v’(1+vi). Since g' is monie, thgn [4; 17.3] implies that
g. is epic.

Now, taking J = (j(1),3j(2),...,3(k=1)) a (k-1)-tuple of
non-negative integers with j(1) > j(2) »>--~2 j(k-1), and

considering t° the bundle

@~ -

E 3 * £ ]
P:“J{1)’ ] pzttj(z)) -8 pk—1“j(k—1)’

E * b x

over RPJ = RP(Jj(1))xRP(j(2))x+--xRP(j(k-1)), where gj(i) is the
canonical line bundle over the projective space RP(j(i)) and
J

Py RP" -+ RP(j(i)) is the projection onto the i-th factor, we

have:

Lemma 6.1. The bundles EJ. Jom BTy, JCZ) ;o ns o FBR=2)) with
j(1) 2 j(2) 2---2 j(k-1) 2 O constitute a set of generators for

N,(BSO,).

Proof. The result follows by the above remarks and [5; 3.4.2].
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Iheorem 6.2. The kernel of the homomorphism

ne Z‘ do9 Z‘ 2
61 o AN vy Ky B0 — 4 €N 2 A2 ()

is contained in the set of classes [a] such that fz ([a]) belongs
2

to xn{s°,-1]+xn_1[sl,-1], for all n,k odd and k > 1.

Proof. It is sufficient to verify the result for all the

. &
generators of ﬂ.‘({{l}}) and x,(nsok). Considering the even

z .
2f{-dimensional generators of K,‘({{l}}) and being given the

bundle [P,t{] an element in Nn—ze(BSOk}' we have

e([szfxz z,,1xi), [P.t]) = [Sztxzz,lx-IJ[S(gj,-lj =) Slace
2

[s exzz,lx 1] is boundary in N ({{1}}) and

F, (1s?
22

X (RP(2{)xP)

xz 24.1xi],[P,§]) = (RP(QC)XP)[S +~1]-with
2 .

0, since the dimension of RP(2¢)xP is

284+ (n-20) = n odd.

(Bsok) and

Now, considering [RP”,¢7] a generator of Woiatay

Z
odd (2{+1)-dimensional generators of N’4({{1}}}, we have

ecrs?*, 13, re?.¢% 1) = 1520*2, Cagrsie?). -1,

and taking the isomorphism F: #,2({{1}}) 2+ #,RP”), we see that

Fos2*, c1aesce%),-11) = [(RP(2641) = RE®IRP(¢7) = RE™)

= [f: RP(20+1)xRP(t°) - RP"],
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by [7), where the map f classifies the bund]e_

[RP(2£+1)xRP(¢7),7%072] with 7!

2

the line bundle over RP(2¢+1) and

12 the line bundle over RP(¢”). Calculating the Whitney number

{cw > of the map f, where c = a x1 and a is. the

2k+n-1"° 2k+n 2041 2041

generator of HI(RP(2£+1};22), we have

& Y = <{(a x1)w

¥ok+n-1"%2k+n 2041 2k+n-1

{RP(2€+1)xRP({J}),02k+n)

2042, _2¢ J
= 00 X1V (T 5p7) @5pq X X(RP(ET) )0 0

On the other hand,

F ([s2£+1
23

i1, treY,¢7)) = (epee)xrp?y-st,-11,

with
xcer(exre’) = (71 2 x x(re?),

where g is the generator of'Hz(tPtt);zzj. Therefore, we conclude

Fa >
that X (CP(¢)xRP”) = <c"2k+n-1‘°2k+n ) o
20 +1

we see that ([S ,i],[RPJ,cJ]) isn't in the kernel of G.

>. Thus, if X(CP(¢)xRP

:hgg;:em ﬁga.
= S 5
(a) s b T
Z;
(b) oy ”n ({{1}}) for all n > 0 and k even;
(c) c: s xn[s°,-1]+xn_1{s‘,-1; for 2 < k < n-1 and k odd.

Proof. Considering k odd and n even, let [M,t] = A[s®, -1] +

1 k

Bis,-1) be in cX c A 1s% -1) + ¥ __ 1s’.-1] ana (v"**, 1) &

-

stationary point free Z,-action such that {Mn,t} is the 2z _-fixed

4 2
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point set. Then, n+k is odd, so x(v) = 0. Since the Z‘-action

T free on V-M, we have that X(M) = 0 mod 4. Then,

M/t = A+(BxRP(1)) in Nn' Xx(M/t) = mod 2 and X (BxRP(1)) 0, since

the dimension of BxRP(1) is n-1 odd, iﬁply that x{A) =2 0, 1.e.,-2

belongs to Xp e One has B N since n-1 is odd, therefore

we have that C§ = xn[so,-1]+xn_1[81,-1] for k odd and n even.

n-1’

Next, for k odd and n odd, we have the exact sequence and

commutative diagram

z, 2, Py
N t1{3).250) = X, 1{{1)- 2,0 ({333 ~ ¥, {2}
an\ : / 'z,
2

POITCER3))

Thus,

k

o 1 o
[S",~1)#x ,[8,~3) Cc.c

0 1 =
(Jvn[s ,~1]+f(n__1[s .=1}) A F

X 2z

n 2(ker a)

by the exactness of the sequence and Theorem (5.2). Further,

since Fz (ker 3) C xn[SOJ-IJ+Kn_1ISI-—11 by the thecorem (6.2), we
2

conclude that

k

vooox 8% —1ex 18t 1),

xn[s°.—13+xn_1[s1,—1] cc

k ] 1
that is, Cn = xn[S ,-1)+xn_1[s ,=-1] for k odd and n odd.
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