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Abstract. We introduce the notion of polycircular domain in a product of
Banach spaces and we prove that pseudo—convexity of this kind of domain can
be deduced from the pseudo—convexity of one of its projections plus another
very natural condition. Afterwards we study the same type of question for
more general domains when one of the Banach spaces has an unconditional
Schauder basis.
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On Pseudo—Convex Polycircular Domains
In Banach Spaces

Madrie C. Matos

Abstract. We introduce the notion of polycircular domain in a product
of Banach spaces and we prove that pseudo—convexity of this kind of do-
main can be deduced from the psendo-convexity of one of its projections
plus another very natural condition. Afterwards we study the same type
of question for more general domains when one of the Banach spaces has
an unconditional Schauder basis.

It is a natural question to ask for conditions under which properties of domains
in a cartesian product of Banach spaces may be deduced {rom properiies of their
projections. This problem is more interesting when the domains under consideration
are not the product of domains in the component spaces. In this note we introduce
the notion of polycircular domain in a product of Banach spaces and we prove that
pseudo-convexity of this kind of domain can be deduced from the pseudo-convexity
of one of its projections plus another very natural condition. Afterwards we study
the same type of question for more general domains when one of the Banach spaces
has an unconditional Schauder basis.

Unless expressed explicitly otherwise we consider the complex' Banach spaces
E, F, G such that E = F x G = F @ G, where @ denotes the topological direct
sum. If z is in E we may write z = = + 25 to indicate the unique representation
of  as the sum of an element of F with another of G. We also use 7 and =g to
denote the continuous projections from E onto F and G respectively.

1. Definition. An open connected subset U of E is called a polycircular domain
with space of symmetry F if every u in U implies that v+ ug belongs to U whenever
vis in F and ||v|| = |Jug||- This domain is compleie if v + ug is in U for every u in .



U, vin F with [Ju]| < |Jugll

We remark that the above definition is inspired by the usual concept of poly-
circular domain in @™ (see [4]): an open connected subset I/ of @ is a polycircular
domain with plane of symmetry z; = 0 if (2;¢*, 23,...,2,) belongs to U whenever
(21,225...,2,) € U and p is in IR; and it is complete if (A2, 23,.-.,2,) is in U for
“(21,22,...2,) € U and XA € @, [A] < 1. It is clear that this definition gives many
others domains (even in @™) not covered by the classical concept.

The following theorem gives a characterization of complete polycircular domains.

»

2. Theorem. U is a complete polycircular domain in E with space of symmetry
F if, and only if, there are a domain B in G and a lower semicontinuous function g
from B into IR, such that

U={z+y, z€F, yeB and |Iz|]l<p(y)} - *)

Proof. It is quite obvious that if U has the form (*) then it is a complete polycir-
cular domain with space of symmetry F.

Now we suppose that U/ is a complete polycircular domain with space of sym-
metry £. We have ng(U/) equals to / NG = B and we define p from 7g(U/) into
R+ by

plug) =sup{r; r>0 and BF(0)+4 uccC U}

where BF(0) denotes the open ball in F with center 0 and radius r. In order to
show that p is lower-semicontinuous we consider g in 7g(U) and a > 0 such that
plg) > a. It is clear that there is 7 > a such that BF(0) + ¢ C U. We consider
£=2"Yr —a) >0 and w in F with [jw|| = —¢& > 0. There is § > 0 such that
U contains the set w + B§(g). Thus, if v is in B(g), we have w + v in U and, for
every t in F, with [t|| < {|w|| = r — ¢ we get t + v in U. Therefore BX (0) + v is
contained in U and p(v) > r — ¢ > a for every v in B¥(g). Now we show that

(i) UC{z+y z€F, yeng(U)and |lz]| < p(y)}-

If u € U then ug € 7g(U) and there is § > 0 such that Bf (up) + ug Is contained
in U. If up = 0, then it is clear that p(ug) > é > 0 = ||up||. If up # 0 we consider
w = (2{jup||)"*ur. Thus wis in Bf (0) and ur +w+ug = (1 +(2|jur|]) *6)ur+uc
is in U with the norm of the first term of the sum equals to [Jup|| + 27'6. Hence

p(ug) 2 |lurl|| + 2718 > |lurl|| and (i) is true. We also have: :

(i) {z+y; z€F, y€ng(U) and ||z|] < p(y)} C U.



If z + y is in the left-hand side set in (ii) and r is such that [|z|| < r < p(y) we
get BF(0) +y C U and x4y € U, Hence (i) is true and (*) follows.

3. Theorem. Let U = {z+y; = € F, y € B, ||z|| < p(y)} be a complete
polycircular domain with space of symmetry F. Then U is pseudo-convex if, and
only if, B is pseudo—convex in G and — log g is plurisubharmonic in B.

Proof. (1) If U is pseudo—convex, sincé B = U N G, it follows that B is pseudo-
convex in G. We note that if b€ B and z € F,

® dy(b;z) =sup{s >0, b+ Az € U, |A| < s}.

Hence p(b) < di(b;z) for every.z in F of norm 1. On the other hand, if r <
inf{dy(b;z); z € F, ||z|| = 1} we have b+ Az in U for every z in F of norm 1 and
Ain@, [A| € r,i.e., U contains the set BF(0)+b. Hencer < p(b). As a consequence
of these facts we have p(b) = inf{dy(b;z); = € F, ||z|| = 1}, and consequently

— log p(b) = sup{—logdu(b;z); = € F, |lz|| = 1}.

Since U is pseudo—convex, — log dy( - ; z) is plurisubharmonic in B for every z in £
of norm 1. It follows that — log p is plurisubharmornic in B.

(2) If B is pseudo-convex and — log p is plurisubharmonic in B, it follows that
F & B is pseudo-convex and log [|z¢|| —log p(z¢) = w(z) defines a plurisubharmonic
function in F@ B. Consequently, since U = {z € F@® B; log||zF|| —log p(z¢) < 0},
U is pseudo—convex.

For the basic results on pseudo-convexity and plurisubharmonicity in Banach
spaces see Mujica [3].
Now we have the following consequences of Theorem 2.

3. Corollary. Let U = {z+y; z € F, y € B, p(y) > ||z||} be a complete
polycircular domain with space of symmetry F. -
(1) If U is a domain of existence in £ and G is separable, then B is a domain

of existence in G and —log p is plurisubharmonic in B.

(2) If U is a domain of holomorphy in £ and G is separable with the bounded
approximation property, then B is a domain of holomorphy in G and —logp is
plurisubharmonic in B.

Proof. (1) Is a consequence of Theorem 2 and Proposition 11.7.(b) of [3]. (2) is a
consequence of Theorem 2 and the Theorem of Gruman-Kiselman (see [1]).



4. Corollary. Let U = {z+y- -z € F, y € B, p(y) > ||z||} be a complete
polycircular domain in £ with space of symmetry F. If E is separable with the
bounded approximation property, then the following conditions are equivalent:

(1) U is pseudo- convex.

{2) U is a domain of existence.

(3) U is a domain of holomorphy.

(4) B is pseudo-convex and — log p is plurisbharmonic in B.

(3) B is a domain of existence in G and — log p is plurisubharmonic in B.

{6) B is domain of holomorphy and — log p is plurisubharmenic in B.

»

The proof is a direct consequence of Theorem 2 and the Theorem of Gruman-
Kiselman.

From now we consider F with a normalized unconditional Schauder basis (e;)32,.
In this case there is another natural way of generalizing the classical definition of
polycircular domain. In order to study this new concept we fix our notation. If

(- <3
T € F we write z = Em,-e, and for A = (X;)2, € " we denote by z, the formal
=1

sum Y_A;z;e;. We denote by AN the set of all A € @™ such that |A;| < 1 for every

=1
J € IN and by S¥ the set of all A € @'Y such that |Aj| =1 Vj € IN. In F we
always consider its equivalent norm having the following property:

k
lell = sup{|| 3_ Ajz;e5ll; k€ N, Ae A™).
=t
Then it can be proved that D, = {z\ € F; A € AM} is a compact subset of F. We
recall that a connected open subset V of F is a Reinhardt domain if z, € V when-
ever 2 € V and A € SV. See Matos-Nachbin [3] for properties on pseudo-convexity
of these domains. Now we introduce the notion of semi-Reinhardt domain in E.

5. Definition. An open connected subset U of E is called a 3emi—Rein)mrdt do- .
main with space of symmeiry F if (up)y +ug € U for u € U and A € SV. 1t is
complete if u € U and A € A" imply that (up)s + ug € U.

It 15 clear that if U is a (complete) semi-Reinhardt domain in £ with space
of symmetry F and z € ng(U), then ng(U(z)) is a (complete) Reinhardt domain
in F, where U(z) denotes the section of U at z. It is also clear that a (complete)
polycircular domain in E with space of symmetry F is a (complete) semi-Reinhardt
domain.



6. Proposition. If U is a complete semi-Reinhardt domain in £ with space of
symmetry F, then V coincides with the set

V={z+y; z€F, yeUNG and Aégf,do(m-"x))'l}-

Proof. fz+y€ Vwithz€ F, y € UNG and dy(y; 7)) > a > 1 for all X € A¥,
it follows that z) +y € U forall A € A¥. Hencez +y € U.
On the other hand if 4+ y € U withz € F and y € G, then z, + y € U for all
A € AM. In particular, for A\; =0, j € N, we get y € UNG. Since D, is compact
in F, D.+y C U and dy is lower semi-continuous in U x E, we have dy(y; z,) > 1
for alls\ € AN and
inf duly,1) = do(y,to)

for some tg € D, hence > 1. Thereforez +y € V. ggp.

If G has also a normalized unconditional Schauder basis (b;)%2,, then the union
of the basis of F and G is an unconditional normalized Schauder basis in £. It
follows that a complete semi-Reinhardt domain in E with space of symmetry F is
a complete Reinhardt domain if, and only if, B is a complete Reinhardt domain in
G.

7. Theorem. If U is a complete semi-Reinhardt domain in £ with space of sym-
metry F then the following conditions are equivalent:

(a) U is pseudo—convex

(b) B = UNG is psendo—convex in G and —logdy is plurisubharmonic in
BxF=BaF.

Proof. If U is pseudo-convex, then B = U NG = =g(U) is pseudo—convex and
—log dy is plurisubharmornic in U x E, in particular in B x F.

Now we suppose B pseudo-convex and — log dy plurisubharmonic in B x F. We
define

p(b,z) = sup{~log du(b;z2); A€ AT}
for b€ B, z € F. Since p\(b,z) = —logdy(b,z,) defines a plurisubharmonic
function in B x F for every A € A™, we have p plurisubharmonic in B x Fif pis
upper semi—continuous in B x F. This will be true if we prove that

8(b,z) = inf{dy(b,z,) € AN}

is lower semicontinuous in B x F. In order to prove this we consider §(b,z) > r > s.
Henxe b+ uz, € U for all || < r and A € AM. Now if we use the continuity of the
sum operation in G X F and a compacity argument (relative to the compact sets

5



D, and A, = {p €@; |p| £r}) we find open balls centered at 0 V and W in
G and F such that (b+v)+ p(z +w)y e Uforallve V, we W; |yl <r and
A € AM. This implies that §(b+ v,z +w) <rforallv € V and w € W. *Hence
we have proved that p is plurisubharmonic in B x F. Since B is pseudo-convex it
follows that B x F is pseudo-convex and {(b,z) € Bx F; p(bz) < D} = U isa
pseudo~convex open subset of BXx FEX F@®BCE. gep.

8. Corollary. If G is separable w:th the bounded approximation property. and
U is a complete semi-Reinhardt domain in E with space of symmetry F', then the
following conditions are equivalent:

(1) U is psendo-convex.

(2) U is a domain of existence in E.

(3) U is a domain of holomorphy.

(4) B is pseudo—convex in G and —logdy( - , - ) is plurisubharmonic in
Fx B2 F &,

(5) B is a domain of existence in G and — logdu( - ) is plurisubharmonic in
F e g

(6) B is a domain of holomorphy and —logdy( - , - ) is plurisubharmonic in
B

This a consequence of Theorem 7 and the Theorem of Gruman-Kiselman. In
this situation £ is separable and has the bounded approximation property.

9. Theorem. If G has unconditional normalized Schauder basis-and U is a complete
Reinhardt domain in E, then the six conditions of Corollary 8 are also equivalent
o0 i

(a) U is logarithmically convex and modularly décreasing.

(b) U is the domain of existence of a holomorphi¢ function representable by
multiple power series.

{c) U is the domain of convergence of a multiple power series around 0.

This is a consequence of Corollary 8 and Theorem 3.4 of [2], plus the remark
made after the proof of Proposition 6.

1 would like to thank Sean Dineen for a fruitful discussion on the subject of this
paper.
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