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Abstract: In this paper a given space-time theory T is characterized as the theory of a
certain species of structure in the sense of Bourbaki [1]. It is then possible to clarify in a
rigorous way the concepts of passive and active covariance ol T under the action of the
manifold mapping group Gpy. For each T we define also an tnvariance group G;T. and in
general G;T # Gy. This group is defined once we realize that for each 7 € ModT each
explicit geometrical object defining the structure can be classified as absolute or dynam-
ical. All space-time theories possess also mmplicit geometrical objects that do not appear
explicitly in the structure. These implicit objects are not absoluie nor dynamical. Among
them there are the reference frame fields, i. e., “time—like” vector fields X € TU,U C M,
where M is a manifold which is part of ST. a substructure for each v+ € ModT, called
space—time. We give a physical motivated definition of equivalent reference frames and
introduce the concept of the eguivalenic group of a class of reference frames of kind X
according to T,G xT. We define that T admits a Priciple of Relatfivily only if GxT #
identity for some X. In general GxT # G,T.

The results of this paper generalize and clarify several results obtained by Anderson
[2], Scheibe (3], Hiskes [4], Recami and Rodrigues (5], Friedman [6], Fock [7] and Scanavini -
[8]. Among the novelties here there is the realization that the definitions of G;T and GxT



can be given only when certain boundary conditions for the equations of motion of T can
be physically realizable in the domain {7 C M where a given reference frame is defined.
The existence of physically realizable boundary conditions for each r € ModT (in dU), in
contrast with the mathematically possible boundary condition is then seen to be essential
for the validity of a Principle of Relativity for T.

The consequences of our approach are manifold. In Rodrigues [9] and Rodrigues and
Faria-Rosa [10] we succeded in proposing a definitive theory of time for relativistic space-
time theories, which is free from any objection from the mathematical point of view, but
which also shows clearly that the question of the existence of the standard ciock of rela-
tivistic space—time theories is not vet solved from the experimental point of view.

In [9] and in Rodrigues and Scanavini [11], we proved that there are models of the
General Theory of Relativity that contains a canonical privileged reference frame that can
be physically distinguished from any other frame with experiments done inside the frame.
Also in [9]) the Newtonian concepts of absolute space and absolute time are presented in a
unified way as a certain species of structure. We succeded in finding a Lorentzian struc-
ture in Newtonian space-time without introducing any new explicit geometrical object in
the original structure. :

In [9] we used our methodology to investigate in deep the questions of the experiments
to detect the breakdwon of Lorentz invariance, a subject we already dedicated attention
to in Rodrigues and Tiomno {12, 13] and Rodrigues [14, 15].

1. Introduction

In this work, a physical theory T will be characterized by:

(i) the theory of a certain “species of stfuduﬁ’ in the sense of Bourbaki. (See aiso
Rodrigues [9]),

(ii) its physical interpretation,
(iii) its present meaning and present applications.

It is necessary to let it clear that in the mathematical exposition of a given physical
theory T, the postulates or basic axioms are presented as definitions. Such definitions
mean that the physical phenomena described by T behave in a certain way. Then, the
definitions require more motivations than the pure mathematical definitions. We call
correlative definitions the physical definitions, a term introduced by Reichenbach [16].
However we do not endorse the conventionalistic point of view. It is necessary also to
leave clear that completely convincent and genuine motivations for the correlative defini-
tions cannot be given, since they refer to nature as a whole and to the physical theory as
a whole.



In this paper we admit the mathematical concepts of the “species of structure” defin-
ing T as primitives, and define correlatively the observational entities from them.

A basic notion commeon to all space-time theories is the notion of event. By an event
we understand an idealized occurence in the physical word. The objective of a physical
theory T is to explain and to predict the relations between events in a given class of
phenomena for which T has been designed. We are interested here only in space-time
theories and in what follows T will refer always to such theories.

Definition 1. A space-time theory T is the theory of a species of structure such that if
M odT is the class of models of T, then each 1 € ModT contains a sub strutucture calied
space-time (ST). More precisely, writing:

T= (5T, ®;...., S 5T = (M. 5,,....85),
we have

(i) M is a Hausdorfl, connected, paracompact Hlmms;onal real manifold, p € M is
called an event and M 1s supposed to be the collection of all possible events in the
physical world.

(ii) Si,z = 1,...,p are (explicit) geometrical objects, [Trautman [17]}, defined in all M
and ®;,7 = 1,....n are (explicit) geometrical objects defined in [/ C M. The
numbers p and n depend on the particular space—time theory. In what follows the
term explicit will be omitted.

(iii) The S;,i = 1,...,p characterize the geometry of ST and, more important, they
permit us to recognize special curves v : R 2 | — M called causal curves. Among
the causal curves are of particular importance for the subject of this paper the time-
like curves pointing to the future. For such curves given an arbitrary p € (/) an
equivalence relation | p can be defined for all points of ¥(7) relative to p [10. 11,
17). We have, ¥(7)/ 1 p = {{p 1].[p lI}. Symbol [p T] represents the equivalence
class of the events in the future of p and if p; € [p 1] we write py)p. [p ] is the
equivalence class of the events in the past of p and if p; € [p || we write p; < .

(iv) Each time-like curve pointing to the future will be called an observer.

(v) A non causal curve I' where the equivalence relation of (ii) cannot be defined is called
space-like. We say that all points in a given space-like curve are in the present of
each other.

(vi) The @;,; = 1,...,n characterize a particular phenomena and satisfy together with
Si,1 = 1,...,p the proper atioms of T also called the equations of motion of T.
The ®; satisfy appropriate boundary condition - appropriate to the mathematical
struture — on 9U. The S; satisfy always global conditions since they are defined in
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all M. In what follows we shall call boundary conditions the conditions satisfied by
the ®; and 5,.

(vii) Let (U,7) be a chart of the maximal atlas of M and 7 : U — R:r* = u*onq, v*:
R* — R, = 0.1.2,3 the associated coordinate functions, z° is called the time-like
coordinate function and z*,i = 1,2.3 are called the space-like coordinate functions.
Let {8/82z°. d/az', #/8z°. 881"} be the natural coordinate basis for TU'. These
geometrical objects do not appear explictly in the struture defining 7 € ModT and
are called the implicit geometrical objects of T. They are mathematical objects that
do not necessarillv correspond to properties of a physical system described by T,
[9, 15], The field 3/0z° is called a time-like vector field, this meaning that each
one of its integral curves is an observer. The fields 8/dz",1 = 1.2.3 are said to be
space-like fields. this meaning that each one of its integral lines is a space-like curve.
Given an arbitrary Z € sec TU. Z = Z*3/dz". Z° is the time-like and Z'.1 = 1,2.3
are the space—like components of Z.

(viii) There exist in M for each € ModT infinite many reference frames (which are
among the mplicit geometrical objects of T). By a reference frame we mean 2
time-like vector field Z defined in A C M such that each one of its integral lines is
an observer. There alwayvs exists a Jocal chart (V, ), V C A such that Z|y = 8/8z°
for a convenient r° function [Bishop and Goldberg [18]].

(ix) Each set of coordinate functions (r*) such that, relative to these coordinates. the
space-like coordinates of Z are null are said to be a coordinate system naturaly
adapted to Zinacs/Z). We say also that Z is naturaly adapted to (z*).

Observation 1. All the notions presented in Definition 1 can be made more precise only
when all the details of 7 are given. In reference [9] several different types of space—time
theories are analvzed. wherein we can see all the concepts above in action. In [9, 11] the
ingredients of Definition 1 are detailed for relativistic space-time theories.

From the modern geometrical point of view the unique satisfactory way to present the
equations of motion of T is to give a set of m intrinsic equations that must be satisfied
in all models of T by the geometrical objects ¢; and S;.

Putting O = (5;,®, i = 1,...,p 7 = l....,n) we write the equations of motion of
o= {M.Sh....S,,.'b,,....d!,.) as

D(0)=0; a=1,...,m; € By (1)
The set O which satisfies eq. (1) together with the particular boundary conditions

b® € By (where By is the set of all physically realizable boundary conditions in 3U ) refers
to a particular phenomenon [, € F the set of phenomena described by T.
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We suppose that By C By, where Bj; is the set of all mathematical boundary conditions
compatible with D*(0) =0 in U. Another particular phenomenon f, € F m V C M
satisfies the set of equations

D*(0)=0; a=1,...,m; "€ By (2)

2. Passive Covariance

Any space-time theory T where the equations of motion are given (for each model
of*T) by intrinsic equations (like egs. (1) and (2)) has the property of being passively
covariant under the transformations of the manifold mapping group Ga. We now make
this concept precise. Consider two charts ({/.5) and (V.p),(U NV # @) of the maximal
atlas of M and the associated coordinate functions (r*) and (y*);p.v = 0,1.2,3. The
mapping o~ : (U N V) = p(l' N V) is a diffeomorphism called coordinate transfor-
mation . We represent this transformation by the notation (z*} — (y*).

Let X and Y be two reference frames in M such that (z*) and (y*) are (nacs/X ) and
(nacs/Y). respectively.

Consider a particular phenomenon described by T and represented by 7,. We consider
only theories in which. by writing eq. (1) in the local chart (U,75), we obtain a set of m
partial differential equations in 9(U/) C R'. i. e

Dioy(Opemy) = 0; b7 € By, (3)

where Otzny = (Sluy,---. 9%y)s Sieny: ¥y and 54 ave the representation of S;, @,
and b° in (z%).
Let, now, :
DOy} = 0 ¥ € Bl )

be the representation in (V, ) of the equation of motion of 73 € ModT.

Definition 2. By passive covariance of T we mean that in the local chart (V, ) there
always exists a set of boundary conditions in {y*), $*¥") € By, such that the solution
of the boundary value problem defined by eq. (4) defines the model 7, € ModT, i. e., we
have

Oy = Oy (5)
where O(y*) and b*") = p"") are the representations of O and b in (V, ).

Observation 2. The boundary conditions 5° were originally supposed to be physically
realizable in the reference frame X naturally adapted to (z*). Since 7o is a real phe- .
nomenon ,itfollowsthnb"f")eB.‘mv,.



Observation 3. Since the region {” C M where f, € F is arbitrary (with the obvious
restriction that this region is not the seat of another phenomenon incompatiple with fg)
it follows that all reference frames defined in 7 C M are equivalent for the description
of a given phenomenon f,. We call this passive equivalence (PE), and emphasize that
PE is a triviality which results from the mathematical structure of any space-time theory
and has nothing to do with the existence (or not) in T of a Principle of Relativity. We
are going to show that a Principle of Relativity for a given space-time theory T must be
associated with physical equivalence of reference frames (see Definition 15).

3. Active Covariance

The group of all possible coordinate transformations is known to be identical with the

group of all diffeomorphisms h : M — M if M is not patologlca.l"ilunthctopologncd
point of view. We already called Gy this group.

Let @ be a geometrical object defined in A C M. The diffeomorphism h € Gy
induces a deforming mapping h. :  — h.® such that

() Hf:MDA—R. thenh.f=foh™ :h(A) =R
(ii) If @ is a tensor of type (r,s), i. e. ® € T} A) then
(he®)npl by, . . . hotie B Xy, .. B X,) = Bplwn, - - - ytpy Xy oo - 3KG)
VX, €TA i=1.2...,r;V%; €A, j=12...,3
(i) ﬁnh.mn A, then
(hDi.xh.Y hph.f = (DxY ), f
If {e,} is a basis of TA and {¢*} the dual basis in T~ A and if

=0 Q...00" Be,, ®...0¢,, (6)

LS [ B YN
® he,, @...0hee,, M

Consider now the following two cases (I and II).



I.Aandh(A)cmbemedbvtheloca!chm(Uq),n.e_,ACU A(A)C U. Let
(z’)betheooordmatefmctmsmmtcdmth(l 7). The mappings

v =2"oh:h(U) =R (8). .

P =s"oh:h(U) =R 9)

define the coordinate transformations (z*) — (y*) and (z*) — () if A(U) 2 AU A{A).
Indeed, (y”) are the coordinate functions associated with the local chart (V,y), where
h(U)CS V and UNV # B and () are the coordinate functions associated with the local
chart (V @) where VO h(U) and UNV #£86.

meeq (7) we get using eq. (8) and eq. (9)

7 =2 0™ = (h.)gm (hp) = Smyp) (11)

II. A can be covered by the local chart (U.n).i. e., AC U but A(A4) € U. Let {z*)
be the coordinate functions associated with (U,5). The mappings

#=r*oh ' :h(U)— R (12)

define the coordinate functions associated with the local chart (W, £) such that A(U) C W.
In this case we do not have a coordinate transformation since we do not impose UNW # 0.

Let 7o = (M, 0) € ModT be the description of a given phenomenon foin AC U C M.
Then, we know that O satisfies eq. (1) with the boundary condition ° € B4 C By. Con-
sider now the following question: When (M. k.0) € ModT ?

We have the following possibilities associated with I and II above for (M, k.0) to be
a model of T.

(i) Let the local charts (U, 5) and (V, ) be related by eq. (8). If
ModT 3 79 = Diuy(Opemy )y = 0: b € Byay; p€ A
we have that (M, h.0) = 7,0 € ModT iff
Dieny (B Oty iy = 0 00" € Buyniayy; hp € HA) (13)

From eq. (13)weaeethatrudesmbumpbmmfw€fmtherefm
frame X naturally adapted to (z*) just in the case that *° € By C By, which means
that ¥ is a physamlly realizable boundary condition.

Observation 4. I ¥*° is a physically possible boundary condition , this is obviously
a fact that cannot be deduced from pure mathematics. Only real experiments, and not
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gedanken experiments. can tell us if *° can be realized in A(A). This point is crucial for
the analysis we did in [9].

A theory T is said 1o be actively covariant if, given any 70 € ModT where O is defined
in A CU C M (A,U being arbitraries) and satisfies eq. (3) with the boundary conditions
b= € B4 C By. then 140 € ModT. i. e., h.0 satisfies eq. (11) in A(A) C U with the
phvsncally realizable boundary condition §*0e# € Bﬂ“ A)) Q Bm.

Notice that, since from eq. (10) it follows

Dizny( haOtomy iy = Doy (Ot )i
»
then Oy solves the boundary value problem
DOy = & 677 € Brpay € BV (5)
where 5°0”} is the representation of 5% in (1, ). We then have the

Proposition 1. If T is actively covariant. then this notion of covariance coincides with
the notion of passive covariance.

Observation 5. It is fundamental to have in mind that, whereas passive covariance is a
trivial result that follows from the mathematical structure of space-time theories, active
covariance depends on an extra assumption, namely that "0t is a physically realizable
boundary condition in U.

(Ib) Let the local charts (U,7) and (V, ) be related by eq. (9). Let 7 € ModT.
Since eq. (13) holds true in this case. it follows that there exists a set of boundary
conditions b7 € By such that h.Og solves the boundary value problem

Dy (h-Ory )iy = 0 B0 € Byinayys (15)

where the system of differential equations (15) has the same functional form than the
system of differential equations given by eq. (3). b'&'?, € Bgay relative to (7*) is
identical to 4 € B, relative to (7*).

For (M, h.O) to be a model of T the necessary and sufficient condition is that

b € Boman S Banan (16)

iR, b"°) must be a physically realizable boundary condition in the reference frame ¥
na.tura.l?; adapted to (7). Again, at this point, we must recall the Qbservation 5.



(ii) This case paralleis case (Ib) with the obvious (i) adaptations.

4. The Invariance Group of a Space-Time Theory T -

Definition 4. Let 75, 7o € ModT. 7, is said to be isomorphic to 7¢. iff there exists a dil-
feomorphism k : M — M such that 0" = h.0O. We write 7g ~ 1o and/or Tor = 7)o = h.To.

The above definition (whose physical meaning we already know from § 3) permit us
to divide ModT nto equivalence classes, the quotient set being denoted by MedT'/ ~.
We have

»
Definition 5. ModT/ ~= {[7].7 € ModT} where [r] is such that v* € [7] iff there exists
a diffeomorphism & : M — M such that =" = h.7.

Definition. 6. Let § = (M. A,,.... A,) be a stucture {over M) and h : M — M
a diffeomorphism. k is said to be an invariant or svmmetric transformation of = iff
S ={M A 35 h.A,) = 5. We say that the geometrical objects A;.1=1,.... r are
invariant in relation to A.

Suppose now that MedT 3 T = (M B iy B B ) =
M oA A S S s D) A =Sod=1al
Definition 7. Any ohjet A, £ 7 & = Lices | such that given any ' =
(M AL s 7 e L R ®!) € ModT. there exists a diffeomorphism A : M —
M suchthat A; = hA; s =1...., I. without the necessity of having S, = h.S,,.m =
Yblyooypand @ = A®;, 3 = 1..... n. is said to be an absolute object of T. The

remaining objects are said to be the dynamical objects of T.

Definition 8. Let ModT 37 = (M. Ay,.... Al Sige-e-s Sp.®y,....®,). Then AbsT =

(M. A,,....A;} is an absolute structure of T iff the following conditions hold:

(i) For any substructures S = (M. A,,....A;) and §' = (M, Aj},...,A]) of ModT there
exists a diffeomorphism h : M — M such §' = A.S, i. e., the objects of the absolute
structure of T ( Abs) are the absolute objects;

(ii) Given any two models 7.7' € ModT (as in Definition 7), {M, Sy 44, - - -, Sp. ®1,- .., ®a)
is isomorphic to (M,S;H,....S‘;.O,,....ﬂ) iff there exists a diffeomor-
phism b : M — M such that A{M, Ay AnSietr-eesSp®ryee. Ba) =
{, OF NUORET T IRE s R <5

(iii) The set of variables A = {A,, i = 1,...,[} is maximal in the sense that if A is an
absolute object then A € A.



It is clear from Definitions 1 and 8 that what distinguishes the equivalence classes in
MeodT | ~ are the dynamical objects. since the absolute objects appear in all equivalence
classes. ¢

Let ModT 3 7 = (M.Oy,....0.). Let 7; and ; be the mappings

mr — QO
Bt ot A0 0 = (M0 . 100is PO O
where 5.- means that the object O, is missing.
B'S = (M. fir)...., 7ir(T)) is a substructure of ModT', then the quotient set is
ModT[S = {5.D;}. Q € D; iff there exists some ' € ModT such that =x;(v') =
BTV I =Ny o i.and Q =Ay0d0...0A,(r).

The class of modeis of T can then be more conveniently characterized as ModT [Abs.
It is also clear that any two isomorphic structures Abs and Abs' determine the same
equivalence classes in VodT .

Definition 9. The symmetric or invariance group of T, G;T, is the svmmetric group of
ModT [Abs = {Abs. D, }.

Observation 6. Definition 9 imphes that the invanance group of T is the group that
leaves invaniant the absolute objects of T. If T does not have absolute objects, then its
invariant group will be Gy only in case that all the constraints imposed by the existence
of physically realizable boundary conditions (as discussed in § 3) are satisfied.” Also it is
clear that the implicit geometrical objects of T are not absolute nor dynamical objects.

5. The Covariance Group of a System of Differential
Equations in R*

Suppose that T is a theory that contains, let us say, two absolute objects. To fix
ideas, let ModT 2 7 = (M,g,D.®,.....%,), where g is a Lorentzian metric and D the
Levi-Civita connection of g in M, and suppose that M is Riemann flat {9 ]. Then g and D
are absolute objects as can easily be shown. In this case, as is well known, there are global
coordinate systems (z*) in M where ¢ = 5,,dz* 2 dz*,7,, = diag{+1,—1,—1,-1) and
e, =0(D, e, =T%e¢,. Yz € (M) C R*. Relative to (z*) the differential equations in
7(U) C R* that represent the equations of motion of T are

Diry (1) = 6% € By, an

and do not contam explicitly Gz = {ﬂ-.} and D(,-, = {I",,}.
The following is then clear from § 3. Given a diffeomorphism h : M — M such that
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h.g=g¢.h.D=D,h®; =&, i=1,...,n we have in (7*) where 7 = "0 A~ that

and the system of differential equations (17) and (18) have the same functional form. We
say that the system of differential equations (17) is covariant under h.

Definition 10. The covariance group of a svstem of differential equations in R* is the
largest subgroup of Gy such that each transiormation is a covanant transformation of
the system of differential equations.
*

Definition 11. If a theory with absolute objects is presented in erfrinsic form. i. e.,
the equations of motion of T are for each model of T a system of differential equations
in R* in a coordinate system (r*) where the absolute objects are constants, we call such
a presentation the standard presentation of T. If the theory has no absolute objects the
standard presentation means that the equations of motion for each model of T are differ-
ential equations in R* which are covariant under G .

Proposition 2. Under the conditions of Definition 11. G;T coincides with the covari-
ance group of the differential equations svstem of the siandard formulation.

Definition 12. Any coordinate system (r*) where all absolute objects of T are constants
is called an inertial coordinate system and the reference frame 1 naturally adapted to (z*)
is said to be an inertial reference frame iff Di = 0.

6. The Equivalence Group of a Class of Reference
Frames of T

Let T be a space-time theory . and ST = (§5;,....5,) be a substructure of ModT
representing space—time (Definition 1). Let X € secTl and ¥ € secTV.UC M.V C M,
be two reference frames in M. Let (U,n) and (V, ) be two charts of the maximal atlas
of M such that the associated coordinate functions (z*) and (7*) are naturally adapted
to X and Y.

Definition 13. Two reference frames X and ¥ as above are said to be physically equiv-
alent according to T iff the following conditions are satisfied:
(i) Gu3h:U—-hU)CY | =10k =¥V =hX.

Remembering that. by 7 € ModT, we mean that 7 = (M., S,,....5,,%,.....¢,) -
aresuch that S;, i = 1,...,p, are defined overall M and ®;, j = 1,...,n are defined
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in some I/ C M, and that
Diy(Otem) = 0: 57 € Byyyy, O = {5:. ;) (19)

we must have:

(ii) 7 € ModT « h.r € ModT necessarilly

h.r = (M.Sh----Sy.hoq’l ----- h-’-) where h"ﬁ-" J=1l...,n
are defined in Ly
. (U)CV, and (h.0=1{S; h.9;})
Dy (RO iy = & b0 € Briaqery (20)

with the system of differential equations {20) having the same functional from than
the system of differential equations (19). and 5+°(7*) being relative to (7*) the same
as 6°=") relative to (z*). When X is equivalent to ¥ we write X ~ I'. We also say
that h.O is the h—deformed version of the phenomenom described by O.

Observation 7. Since by definition it is h.7 = (M. S,..... 5, h.®,,... k. ®,). it follows
that. when X ~ Y. then k.S; = S, 1 =1,...,p. This means that the space-time struc-
ture does not give a prefered status to X or Y.

In all space-time theories studied in [9, 10, 11] ST has. among its geometrical objects,
an affine connection D. f ¥ = h.X and h.D = D. it follows that Dy oY = DoX,Q €
secTU.h,D € secTh(U). Since the components of DX define the state of motion of X
[ 9 ]. it follows that X and ¥ have the same state of motion according to D. This is
obviously a necessary condition for the physical equivalence. but it is not sufficient.

Definition 14. Given a reference frame X consider the sef{¥ 3} of all reference frames
(each Y € secTVj) equivalent to X according to T. Let 7% = r*oh3" hs : U — ha(U) C
Vi. The set{hg) forms a group which is said to be the equivalence group of the class of
reference frames of kind X according to T, which we denote by GxT;

Observation 8. If X + Z, then obviously GxT # GzT. This mearis that a given theory
T may have several equivalence group of ...... according to T, and a priori we cannot
atribute a greater physical meaning to one of them. It is a non sequitur to pick up one of
these groups and call it the indistinguishibility group of T as done in [ 6 }.

Observation 8. In all theories studied in [ 9 |, GxT # Gy, for all X. See especially
| 11 ], where we prove that in General Relativity all reference frames are not physically

12



equivalent.

Proposition 3. When T has an inertial frame i (and then an infinity of these frames)
then G;T = GT.

Definition 15. A space-time theory is said to admit a Principle of Relativity (PR) if
there exists a reference frame X such that GxT # identity.

Observation 16. A PR in T is then a statement that there exists according to T a class
of physically equivalent reference frames. The existence of a PR is extremely important
from the pratical and theoretical points of view. Indeed, from the pratical point of view
we can obtain for a given phenomenon @ all phenomena hs®, hs € Gx T. This simplifies
considerably many calculations and provides a tool for predicting interesting phenomena
once some simple phenomenon is known. From the theoretical point of view and in the
spirit of the present paper. the existence of a PR implies the search for the cause of
the physical existence of the deformed phenomenon. which can be done only in a more
complete theory. We observe also that it is quite obvious that, if in a theory T a given
fixed Sy does not couple with the ®,, j = 1,....n in any 7 € ModT, then the fact that
eventually A.5; # 5 is not relevant in the formulation of a PR. (For explicit examples
see [ 9 ]).

Observation 17. The question if a theory does admit a PR is obviously a question of
Experimental Physics. Mathematics cannot help here. and the use of “gedaken experi-
ments” may produce completely wrong statements regarding the physical world. Indeed
Mathematics is the science of all rational possibilities. whereas Physics is the science of
the unique rational that is also real.
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