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Dual Extremum Principles For The Heat Equation
Solved By Finite Element Methods I1

Vera Lucia da Rocha Lopes
and
José Vitorio Zago
Universidade Estadual de Campinas
Sao Paulo, Brazil -

Abstract: In this work we develop a numerical method for approximate
solutions of the heat equation. based on the dual extremum principles by
Noble and Sewell [14] and its particular formulation for the heat equation
by Lopes and Zago (11].

We use piecewise linear functions both in time and in space. The
resulting minimization and maximization problems are solved by a ma-
tricial form of the Conjugate Gradient method. Without any precon-
ditioning technique we got the results, for n large enough, in n/20
iterations to achieve accuracy of 5.107°, where n is the size of the dis-
cretization. :

We present also some theoretical results.

1. Introduction:
We are interested in the heat equation

d o u
%:; +i(!)-a—: = E[a{z,t)-é;] +q(z,1)
M) w0, =ui1n=0
u(z,0) = ug(z), (z,0)eQ=1[0,1}x [0, T]



In a previous paper [11] we have presented a formulation of the dual extremum
principles by Noble and Sewell [14] for equation (1) and we have shown that solve it
15 equivalent to findmg (wy. w;) which solve the maximum or the mimimum principles
helow:

{1} the minimum principle:

mm-J_,(u-, wq) = mm{().:)f j a(zx. ti[( ’]dtdr

»

—0.5[,]0 gla )y (e Ot

+035 lliwf(z.T) + up(z) — 2ugizier,(x.0) + wf[:.m]dz}

subject to:
. SRR R I .-
—a—q(nfdr— e la{z.t) = 21+ 05g(z.1) (Val)
w(l.1) = u(0,2) =0 (Va2)
(1) the maximum principle:
e g = F/M\’ [ Bwa\
max Kotz = mast 03 | [ sten[(G2) + (o) |
+o..3[: /:q(:t.tlwz(z.t)ddz
1
% o.a[o [w3(2.T) + w3(z.0) — 2uofz hoy(z, 0))dz}
subject to:
8;‘ +m; e ML a(z.t)—] +05q(z,)  (Val)
wy(1.1) = ws(0.2) = 0 (Vs2)
where

w(z.1) = 0.5 fu(z,1) + vfz,1)]



wy(z.1) = 0.5 [u(zx.t) — viz.2)]
Q. =05]g(z.1) + r{z.t)]

galz. 1V = 05 [g{z.1) — r{z.1)],

and v{z.f) is the analvtical solution of the adjont equation of equation (1):

& . B d[ . do
% = ) 5o = - Jatat) ) 4 riz)
v(0.1) = v(1.2) =0
I_v(x.T‘p=vo(z). (z.)eQ

with vo(z) and r(z.t) anv square integrable functions which were taken identically zero
in [11].

We have developed a finite element method in {11} working with cubic B-spline
functions in = and pilecewise linear functions in {. We have chosen the basis satisfying
conditions (V,2) and (V32) and have worked with the heat equation with alz.t) =
1. b(t) = 0 and g(z,t) = 0. After taking wy(z.t) as a linear combination of the basis.
ws(z.1) was found by integration in condition {V31) for the maximum principle.

In section 2 here we exhibit some theoretical results we need to develop our method.
This method is obtained when we impose condition (V1) to be satisfied in a weak form
only:

(2) ({%?4'“1)%?—]‘ tp}=({£—|c(:.t}%]+o.5q{z.t)}, @)

for any  belonging to the linear space of the trial functions. Doing this way, with
some integration by parts we can work with piecewise linear functions both in z and
in t. It is also seen that a matricial version of the Conjugate Gradient method can be
used to solve the discretized problem.

Section 3 is dedicated to the presentation of this method for the heat equation with
constant coeficients a(z.t) = 1. blt)=0. ¢iz. 1) = 0.

We show some theoretical and numerical results in section 4.

In section 5 we make the necessary changes and use the method for a heat equation
with a{z,t) = a(z) and ¢(z,1) £ 0.



Section 6 presents some suggestions for further work.

2. Theoretical Background

We present here some results from Lopes and Zago [11] we use in this work.

We deal with the maximum principle only.

The definition of the Hilbert space Y is ¥ = W € H} x H} where W = {(f;, /») €
H} x H} which are regular. equal 10 zero for 7 = 0 and z = 1 and satisfy (3) below for
any o belongmg:o 1"} where

={p €C™(Q) such that {0,t) = (1,1) =0}

and:
. 1 (T
(3) jol wy(z, T )12, T)dz —jﬂ wa(z.0)(z.0)dr —[o jo w,(:,t)%:i {z._t)dt dr

1 B = S
+fo L b(t;a-e,v(z,!)dtdz_uli aiz,t) 52 S (2 )dtde

We have that for any T = (wy.u;) and y = (6. 9;) in ¥
dw, awx 5 o Owa Dy -]
0= [ G T e 5w
and so, :
Ohwa v 2
et = [( 2) +(G2) +oi+uifaes
There is a bilinear form associated to Kp(w,.wy) = Ks(%), S: ¥ x ¥ — IR defined

by

) Siz,3) = jj o t)a—"’“f-'”l:ra"”a‘"’]dun
+ fo {wslz, T)isalz. T) + ws(z, 0)iou(z, 0)}dz

such that

(i) S is symmetric definite positive,

(ii) Kglw,wg) = Kg(T) = ] S(Z. )+ [ uglz)wy(z,0)dz = —1(z, RZ)+ (b, T), ;



(iit) there exists ¢ > O such that S(F, 7) > ¢|[F|l}. c=050a.0 <o < afs,f) < A

{iv) there exists k such that |S(7, )| < k|IFly liwlly, k= max{34, £).

So we have existence and uniqueness of solution of maxh g or equivalently of the
heat equation (1) by Lax-Milgram's lemma. Moreover the solution i of (1) is bounded
by the imitial condition of the problem because

. 1 $
Nl <2 bl where (b, (wi,wa)) = [ wolshuests. O)ds.

Finally we state the convergence theorem 2.1 also proved in [11].

Theorem 2.1: Let Y, be a finite n—dimensional sub-space of . Let u, be the solution
of max Az in ¥, and @ be the solution of max Kz m Y. -

If B = UY, is a dense sub—space of }" then {u,} converges to # when n goes to

infinity.
This theorem gives the measure for the error:

ow =l < 4 where 7 = (4 1)l + ke

3. The Method For The Heat Equation With Constant Coeficients
We present here the method for the heat equation with a{z.1) = 1. b(t) = 0 and

glz,t)=0o0r
& O
& or?
(5) w(0.t) =u(1.) =0

u(z,0) = ug(z) (z,t) € Q.
The formulation of the maximum principle for equation (5) is then:

o o <m0 [ (22 + (82) e

= ms/: fwd(z, T) + wi(z.0) — 2-.{:)0,(:,0)]!:}



subject to: -
‘%’* e (Vo1)

. wy(0,1) = wq(1,8) =0 (V52)

Our plan is the following:

(i) we impose condition (Va1) to be satisfied in a discretized form of (2) and we
can work with piecewise linear functions both in r an in ¢, whose basis are taken to
satisfv condition (V;2) and its corresponding (V,2) for the minimum principle:

wi(0,t) = wy(1.) =0, 0<t<T

>
in) we write the discretization of the weak formulation (2) of (V31) n a matnaal
form so that the matrix A = (a;;) can be written as a function of B = (b;;) where

wy(z.t) = 33 azoiz)ws(t)

woz.t) = 33 bjonzhe(t)

(iii} we write the expression of K5 in a2 matricial form also and introduce in it the
expression of A obtamed in (ii) so that we have a problem of maximization without
restrictions.

(iv) we use a matnical form of the Conjugate Gradient method o solve the problem
().

The Matricial Formulatien of (1}1)
Imposing the weak form (2) of (Vjl),
b autim
for any ¢ belonging to V, the linear space of trial-functions, where

oo = [ [ fiz 09tz ae sz,

some integrations by parts give us. for condition (V3l),
T gwn [ [Toe B 2
[jo —a—#z.t)‘dz——.ﬁl ot oL deds for amy ¢ in V.
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We recall that we impose w, and w, satisfying the null boundary conditions
wy(0,1) = wy(1.2) = wa(0,2) = wy(1.1) =0, 0<E<T.

We also recall that the piecewse linear function #;(=) can be defined in the interval
I:'j-h zj-flli j=112----v|’!

fﬂ, 2L

fz=2palh, 2535252
o;(z) = {
(z501 = 2Mh, z; << 25

0, z2 24

where (h= 2,4y — 2, =2; — 2;,), J=12.....

We work with uniform meshs in t. At and inz, Az, where 0 = lp < 1) < --- <
ty=T. 0=z<z1<---<zy=1and At =T/M, Az =1/N.

So, the finite-dimensional subspace ¥, C Y will be Y, = spanfp;(z)¥;(t)], 1 <
i<N-—1 0<j<Mandn=(N-1)x(M+1)

wi(z) and w;(t) are piecewise linear functions for any : and ; and

N-1 M
Wiz, )= 3 Y agedz)vit)
) =] j=0
(6

N-1 M

ooz, t)= 3 Y byei{x)b(0).

=1 j=0
The trial space we work is V = Y, and the discretized weak form of (V1) is

1 TNl M
(7) 522 )W (1) |spul x hbe(t )t d =
[ [[E Swmcersole
1 TPN-1 M
e L L [’VZZ“"“’:'(’M“)]‘PH’W‘M#, 1<k<N-1, 0<t< M.
=1 y=0
Introducing the matrices:
A= (a5) and B = (by), (N-1)x(M+1)

C = (cw) = pilz)pu(z)dz) and E = (ti)= (g Flz)d(zMz), (N-1)x(N-1)
D =(dje) = (fj #(t)oe(t)dt) and F=(fe)=(fg d;(t0elt)dt), (M +1)x(M+1)



it is not difficult 10 see that the matricial form of equation (7) is CBD = —EAF.
Matrix [ is not invertible, since D -1 1--- l}lTM“'“ = Oim41)x1 and K and F
are casily seen to be invertible.
So, the obvious way to climinate the restriction (V31) is to put.

(8}  A=—E'CBDF™' and use this is the matricial formulation of Kj.

The Matricial Form of i
Since the Conjagate Gradient method is formulated for minimization problems and
since max Ng(w,.w,) = — min(—Az(w,.w,)) = — min Q(w,, w,) we work, from now

on, with
P S e D R L R
e =05 [ +(82) e

1

+ 0.5‘4 [w3(z,T) + wi(z, 0) — 2ue(z)ws(z. 0))dz.

After replacing wy and w, by (6), an elementary calculation shows that
1 (T (w2 :
0.5 jn jo (—é?) dtdz = 0.5tr(E.A.F.A")

0.5 [ i 2 (%)zam = 0.5tr(E.B.F.B)

Introducing the new matrices

0 (,7) # (M +1),(M +1))
vy =

1 (7)) = ((M +1),(M +1))

of order (M +1)

{ 1 (3,7)=(1,1)
= of arder (M +1)
0 (57)#(1L, 1)

2 {1, o1, A<j<N-1
1=



{ Jo wopi(z)dr, i=j
pl. = of order (N —1)

0. 1#£]

we have

0.5 L ; wg(:.Tﬁr = 0.5tr{(C - B-$r- BY
05 [ “ e, 0V = 0S{C B B and
/o' uo(z)wi(z.0)dz = tr(D)- . B.1).
So, Q(wy, ) is transformed in
9)  Q(A,B)=05tr(E-A-F-A")+0.5t(E-B-F-B

+0.5tr(C - B-¥r-B') + 0.5¢r(C- B -y - BY) — tr(DJ. - B-T).
Putting the expression (8) for A in (9) we get the final expression for Q,

Q(B) = 0.5tr(C BRB'S) + 0.5¢tr(EBFB') +

+ 0.5tr(C Byr B') + 0.5tr(C B B') — tr(DJx BY)

where R = D(DF~")" and S = C*E~" and now we want min Q(B) with no restrictions.

The Matricial Form of The Conjugate Gradient Method

The algorithm for the Conjugate Gradient method [8] and [9] for minimizing
flz) = }{z, Gz) — (b, z) where G is a symmetric, positive-definite matrix n x n,
is the following:

Given a precision £ > 0,

(i) choose any zq € IR™ as initial condition and set

dy = —go = b— Gzo = —grad f(z,)



(11} if |lde]] < £ then z¢ is the solution. Otherwise, for k=0, 1.....
(1) Zuyy = 13 + apd; where

-l d) - ) Gy
m--(da.Gd*} and Qi—!"df( i)-Gzi b.

{tv) if ||ges1|l < = then 24y, i< the solution. Otherwise
diegs = —Gas1 + Sndr  where

_ {(9ne1, Gdi)

il e

*

It is important to note that this method converges in. at most n iterations (if no
rounding errors occurj.
Since we want to minimize

QF) = 357~ [ wolzhwstz. 0z = 3 (7, B#) - (5.9

and since the bilinear form S : ¥ x Y — IR is symmetric, positive—definite. we can
adapt the method for our problem. To use the algorithm above we need g, = grad Q(z,:)
which could be calculated as AT, — b. We caiculate grad Q(Z,) directly since the ex-
pression for R is not available.

Let us calculate the derivative of Q m the direction K, for any KA. matnx
(N—=1)x (M +1).

Der{Q(B)|K = 0.5tr(CKRB'S] + 0.5tr[CBRK"S] +
+ 0.5tr{EK FB') + 0.5tr{ EBF R*] +
+ 0.5tr{CKvrB') + 0.5tr[CByr K'| +
+ 0.5¢tr{C K4 8] + 0.5tr[C By K™} —
+ 0.5t DL KT).

Using the following:
a) trXY = trY X for any matrices X and Y for which XY and Y X are defined,

10



b) trX = trX*,
c¢) the matrices E.RC.*r.i‘.DL.SCdemmm.ngd

Der[Q(B)K =t(SC-B-R-K\+t{E-B-F-K"+
+1(C-B-br-K") 4+ t{C-B-dp- K)— (D) . T'. K

= tr{(SC-B-R+E-B-F4+C-B-9r+C-B-%o— (1 DL )NK"

for any K. matnix (N — 1) x (M +1).

If we introduce the inner product m B*, a = (N — 1) x (M + 1) : (A), Aa)g =
tr{A, - A}) for any A;, A; € ™ then. Riesz’ theorem [3] will imply that there exists
only one H in JR" such that

Der|Q(B)|K = (H. K)q and H = grad Q(B).

So, grad Q(B) = SC-B-R+ E-B-F+C-B-(¢r + wp) — (1Dh)* and we ger a
matricial form for the Conjugate Gradient method very easily now.

We made a program in FORTRAN and tested it with a VAX digital computer which
is available in [12]. Some numerical results are shown in the next section.

4. Some Theoretical and Numerical Results

Before showing the numerical results, we would like to mention what we got in
terms of convergence of this method.

We would like to use Theorem 2.1 but the spaces Y, which we are working with.
are not sub—spaces of Y. so such theorem cannot be used. It would be necessarv to
study in which sense the sequence {},} converges in }'.

But. for any ¥, in which we approximate the solution of equation (1) we proved
that Lax-Milgram’s lemma is valid, so we have a priori limitations of the solution. The
numerical results indicate convergence of the method.

In each Y,, n=(N 1) x (M + 1) we look for the minimum of Q(w,,w;) with

N-1 M

wy(z,t) = ):gm:»,{t) and
=1

N-1 M

wz,t)= 3 3 byei(z)wi(t)

=l y=0

11



so that condition (152) is satisfied. and the discretized form of (V1) is in (7).
Thus. the weak discretized form for problem (1) is to find
N-1

—-inhw)—m{osj i [E Z:.mq:w-m] dtds +

=1 =0

+05 ]’ jr[i::' }:s.»,-,;;(sw,-mra&+

+os [ [Nf ibw.(m,m] o

=1 y=0
N-1 M

+035 [T Thsliere; )] ér -

=1 =0
N-1 M

2 [ ulz) T 3 byl Oz

=1 y=0

Subject to: foreach k. 1 < k< (N —-1)andeachl 0 << M,

N-1 M

[L [al = )wel(2)] - [Z 3 btz {t)].uz-

=1 j=0
-1 M

- [ j [klz)belt)] - [NE 3 aullant (1) de

=1 =0

Let S be the quadratic part of Q. So. for 7 = (w;.w,) in Y,

ST, 7) = osffr‘“‘

L gk o3 -.,v’{zw,w] dt dx +

=] =0

N-1 M

sos [ L [E Eb.,p,(:w,(t)] dtdz +

=1 =0
-1 M

+ nsf ['2 }:umzw,m]’d:-r

=1 ;=0
-1 M

vos [l ["}: ):rw.u»,(o}

=1 y=0

and S : Y, x ¥, — M is bilinear, symmetric and positive definite, since 5(Z, T) = 0 iff
T=0.

12



Working in a similar way as in [11], we apply Poincaré’s imequality [1] and obtain
IS(z. 7)) > 0511
To prove that there exists a constant ) such that

IS(Z. w)l < AMizliy llwlly

we have to work a little.
It is true that, for each t € [0, T],

. wd(zt) = wi(z.s) - 2 f' " wilz,7) %‘:‘L(z.rw.
So

(10) Tf; wg(x.ndz=/°’ j;rw;{:.sldsdr—Qf; f:[w,(x,r) %"’—(x,r)drdzd..

We use now the expression for w;(r.t) in terms of the basis functions and, in the
expression (7) of (V31) we add in k and in £ so that

A T
5
N-1 M -1 M

_— f f,’[z wa}(z)w(r}] : g‘ Jgawz(zw,-(r)]drdx

le=1 £=0

[N-l M N-1 M

b bwpn(r)vdr!] . [z ¥ b.-,-fp;(z}ﬁ}(r)]drdz =
k=] (=0

=1 y=0

Using Cauchy’s inequality we get, for any t € [0, T,

| f,l [Nf ib-w.-(:w,-u )] oo

=1 j=0

sz [ [ }=: gh,v.-(s)t,-(sa]’dzm
(11)
-1 M

% f.,l f,,r rZ Ewu:m(s)]’a, ot

k=1 {=0

= f..! f:[”f ia-jso:(:wj(a)]’a.:._

i=1 j=0

L
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Using (11) for t =0 and t = T we finally get. for S(z. ),

N-1 M

7. F) = 15/01 f[[‘r gci,—;;{ij(t)] s
=1
+13[ [ T[N g: ,‘i ;,.,-;(xw,-m]’a.q, 4

N-1 M

. + _31;/0: [;[g J;ob.-,:,:,-(:}ﬁj(t)}zdtdz.

So, SIEF <A liFi:7- where A = max S %}
Since S is svmmetric and S(F. 7) < 0 for any Z. we have g

IS(Z. 9)i < ISZ. D2 [S(y.y)?

< AlFly llvlly  for any ¥ and .

We now apply Lax-Milgrams lemma to conclude that. for any n = (N —1 WM +1),
the hinear system R, Y, = b, whose solution is equivalent to solve min Q(w,. w,) in
Y,.. has a unique soiution.

So. we have umigue solution for the discretized problem, for any n.

Furthermore. ior any =,

; 1
Hun]l < 73 lall = 21184|.

We show now in Table | the numerical results we obtained for some vaiues of N
and M. working with uol7) = sen 7z for which we know the exact solution for equation
(1): ufz.t) = sen wze—"1,

For u(z,) above we caiculate Kp(u) = J,(u) = 0,125.

14



Ar At | max jerror| | max Ky | min J, Dim | ITER

0.5 0.25 0.1965079 | 0.1078921 | 0.1421079 | 5 |5

0.25 _‘0.125 0.0625 0.1232803 | 0.1267197 | 27 11
» {

‘ |

0.125 | 0.0625 |0.01812518 | 0.1248725 | 0.1251275 119 K}
2 {

0.03125 | 0.004675627 | 0.1249017 | 0.1250083 | 195 | 63

i ! ; i

|
0.03125 | 0.015625 | 0.001188576 | 0.1249998 | 0.1250002 ' 2015 | 111
[ i’

| i

0.0625

Teble 1: Results for the that equaticn with constant coefficients

Observe that we are getting the maximum error less then min {At. Az} which 1s
wary good since we aic working with piotewse funclivus i { afid in .

Dim = dimension of the space ((V - 1) x (M + 1)) and ITER = pumber of
iterations of the Conjugate Gradient Method with £ = 5 x 107°.

5. Non—Constant Coefficient a(z.1) = alz)

In view of the results of the last section we adapted our method to the heat equa-
tion:
fou @ Ou

F R E["ﬂg} +qlz.t)
(12) w(0.) = u(1.t) = 0

u(z,0) = ug(z)
We worked the same way as in section 3 and. besides the matrices we introduced
there, we define now:

G = (o) = ([ ate)sll=Ip}fa)dz), matrix (N —1)x(M+1)

15



RO = (p,,) = (ful fnrq(z,t}(;.-(:w',-(!)dd:r). mateix (N — 1) x (M +1).

We have for restriction (V1) here:
CBD = —GAF +0.5R0.

It is easy to verify that G is invertible (it is symmetric, positive definite) so we now
have:

(13) A=05G"-RO-F'-G*'-C-B-D-F™.
The expression for Kl A, B). or better. of Q(A. B\ is:

Q(A.B) = 0.5tr(GAF 1) + 0.5tr(GBFB") — 0.5t B - RO")+
(14) 3 !
+ 0.5tr(CBuerB') + 0.5tr(C BuyB') — tr( DJ« B1)

Using (13) in (14) we have again a problem of minimization of Q(B) without
restrictions. where
Q(B)=0.125tr(RO - DRO) - 0.25t~(ROD - B* - §) - 0.25tr(C - B- D - DRO)
+05t{(C-B-R-B'-5)+05t{(G-B-F-B"Y)—05r(B - RO")

+05¢r(C - B-vr- B*) +05t(G- B- v, BY) — tr(D)- - B-T)

with
s=(Gcy
DRO = (RO - F-¥G™
ROD = RO - (DF™Y.
In this case

grad Q(B) = —0.255 - ROD - 0.25C -DRO' - I* + 5-C-B-R+

+G-B-F—05R0 ~(IDL) +C - B- (%o + ¥1)-

16



Below we prescnt some numerical results obtained in the same computer as in the
previous case.

We observe that. for every numerical integration involving a(z). ¢(z,!) and ug(z)
we used Gaussian quadrature formulae with 3 points.

We tested the results with equation (12) where

a(z) =2+ senxz

g(z,0) = [-2*2(1 = ) = rcos x2(1 — 22) + 22 + sen xz)]e”""
*»

uo(z) = 2(1 - 7)

for which we know the exact solution
w(z.t)=2(1 - z)e ™",
For this equation. J,(u) = Ks{u) = 0.008333 - - - Table 2 shows some results:

Az At max |error| | max Kg min J, Dim | ITER
0.5 |025 | 0.09238364 | 0.006139156 | 0.01052751 |5 |5
(0.25 | 0.125 | 0.07343581 | 0.007339768 | 0.009326899 | 27 | 18
0.125 | 0.0625 |0.06841177 | 0.007747245 | 0.008919423 | 119 | 39
0.0625 | 0.03125 | 0.04646191 | 0.008080855 | 0.008585816 | 495 | 89

Table 2: Results for the heat equation with
a(z,1) = a(z) and g(z,1) # 0.

Dim and ITER mean the same thing as in the other case; ¢ = 5 x 10~ also.
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Observe that here the maximum error is less then max {Qz. At} which we consider
very good also.

6. Conclusions

The good results obtained with small number of iterations specially for finer dis-
cretizations, give us the hope that the method would work well also for the convective
case (b(t) # 0) where explicit methods impose severe restrictions on At for big ||8]]
and implicit methods involve solutions of large linear systems. Our future research will
try to implement®he method for large ||h]| and compare it to the implicit and explicit
methods avaiable We will try also to develop a similar method for the wave equation
according to the paper of Herrera and Sewell [7].
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