REAL SPIN-CLIFFORD BUNDLE AND THE
SPINOR STRUCTURE OF SPACE-TIME

Waldyr A. Rodrigues Jr. :
and
Vera L. Figueiredo

RELATORIO TECNICO N? 11/89

Abstract: By analysing the conditions for the existence on a space-time L[
of a global algebraic spinor field [defined as in ideal section of the real spinor
Clifford bundle Clsyin, 1,3)(£) = Pspin,(1,3)(£) X, Ry 3 that represents the (un-
dotted) two component c-spinor field (Weyl spinor field) [defined as a section of
a particular real spinor bundle 5(£) = Pspiny(1,3) X C*] we prove the following
result known as Geroch’s Theorem!?!.

“A necessary and sufficient condition for £ to admit a spinor structure is that the
orthonormal frame bundle Fy(L) have a global section”. Our proof, that does not
use in any stage the complexification of R, 3 (the space-time Clifford algebra) is
very simple, requiring only the explicit construction of the algebraic spinor and
the spinorial metric within R 3 and elementary facts about associated bundles
and the bundle reduction process. This is to be compared with the original Ge-
roch’s proof which uses the full algebraic topology machinery. We also clear the
relation of the covariant spinor-structure and Graf’s e—spinor structure.

Universidade Estadual de Campinas

Instituto de Matematica, Estatistica e Ciéncia da Computagao
Caixa Postal 6065

13.081 - Campinas — SP

BRASIL

O conteildo do presente Relatério Técnico é de tinica responsabilidade dos autores.

Abril — 1989.



Real Spin—Clifford Bundle and the Spinor
Structure of Space—Time

L Waldyr A. Rodrigues Jr. and Vera L. Figueiredo
Departamento de Matematica Aplicada - IMECC
Universidade Estadual de Campinas
C. P. 6065
13.081 - Campinas, S. P.
Brazil 8

Abstract: By analysing the conditions for the existence on a space-time LM of a
global algebraic spinor field [defined as in ideal section of the real spinor Clifford bun-
dle Clspin, (13)(£) = Pspin, (13)(£) %, Ry 3 that represents the (undotted) two component
c-spinor field (Weyl spinor field) [defined as a section of a particular real spinor bundle
S(L) = Pspin, (1.3) X, C?] we prove the following result known as Geroch’s Theoremf?.

“A necessary and sufficient condition for £ to admit a spinor structure is that the or-
thonormal frame bundle Fy(L) have a global section”. Our proof, that does not use in
any stage the complexification of Ry 3 (the space-time Clifford algebra) is very simple,
requiring only the expliat construction of the algebraic spinor and the spinorial metric
within R 3 and elementary facts about associated bundles and the bundle reduction pro-
cess. This is to be compared with the original Geroch’s proof which uses the full algebraic
topology machinery. We also clear the relation of the covariant spinor-structure and
“Graf’s e-spinor structure.

Introduction

Definition 0: Let M be a four-dimensional real manifold, Hausdorff, connected, para-



compact. Let TM(T™ ) be the tangent (cotangent) bundle. A Lorentzian manifold is
a pair. (M,g) where g € sec T°M x T"M is a Lorentz metric of signature (p,q) with.
p=1(or 3); and ¢ = 3 (or 1). A space-time L is a triple (M, g,77) where (M,g) is a
non—compact, time-oriented and space-time oriented Lorentzian manifold and 7 -is the
Levi-Civita connection of ¢ in (M, g). For what follows we choose without loss of general-
ity (p,q) = (1,3). This point will be further discussed below. The principal fiber bundle
(PFB) associated to TL (or T"L) is x : Pou3)(£) — L and is equivalent to F(L), the
frame bundle. By Fy(L) = Pso,(1,3)(L) we denote the bundle of oriented Lorentz tetrads.

Definition 1P¥: A covariant spinor structure (CSS) for Fo(L) consists of a PFB , :
Psgin,(1,3)(L) = L with grc;up SL(2,C) = Spiny(1,3)(~ Spiny(3,1)) and a map
8 : Pspin,1.3) = Fo(£)
satisfying the conditions:
(i) m(s(p)) = 7,(p); YP € Pspin,r.3)(L)-

(ii) s(pu) = s(u)A(u); Vp € Pspin, 3 and A : SL(2,C) — 504(1,3) is the double
covering of SO, (1,3) by SL(2,C).

It is well known that a necessary and sufficient condition for the existence of the spinor
structure is the vanishing of the second Stiefel- Whitney class of L, i.e., wy(L) = 0. For
Riemannian manifolds this result has been proved first by Milnorl¥ and for Lorentzian
manifolds by Bichetelert!. See also references!®748.

1t is quite clear from definition 1 that if Fy(L) is trivial then a CSS always exists. The
main objective of the present paper is to prove the converse, i.e., to prove the theorem
stated in the abstract.

Definition 2: A spinor bundle for £ is a vector bundle of the form
S(L) = Psyinyn3)(L) X5V

where 7 : Sping(1,3) — GL(V) is a representation of SL(2, C) on some vector space V.
Definition 3: A c-spinor field of type (p, V) on £ is a section of 5(L).

Alternatively we can also define a c-spinor field of type (p, V) as an equivariant map
¥ Popiny1.3)(L) = V such that :

#(p) = (v )¥(p), VP € Pspim,1.3(£), Yu € SL(2,C)

Definition 4: ﬁe(m&t&d)twmmmtewﬁdd{%ylmﬁdd)m
sponds to V = C? (the two—dimensional complex space) and p the D*/29 representation

2



of SL(2,C) = Spin,(1,3).

Now, in ref. [9] we study in details how to represent all types of covariant spinors
{c-spinors) and corresponding spinorial metrics used by physicists (Pauli c-spinors, Dirac
c-spinors, two component undotted and dotted c—spinors) within the Clifford algebras
Rap (the Pauli-algebra). R, 3 (the space-time algebra), Ra, (the Majorana algebra) and
Ry, (the Dirac-algebra) '. The object that represent a given c-spinor in a given Clifford
algebra we call an algebraic spinor (a-spinor). Algebraic spinors do not need in general
to be elements of a minimal left (on right) ideal in the appropriate Clifford algebra.

Indeed. Dirac e-spinors are represented in R3; by Clifford numbers that do not be-
long to a minimal ideal ). However as shown in detail in [ all c-spinor fields of physical
interest can be represented as elements of a minimal left (or right) ideal in R3o(~ R{;)
and R, 3. (R{, denotes the even subaigebra of R, 3).

In particular given the orthonormal frame { Eg, By, Ey, Es} of R'® (Minkowski space)
the (undotted) two—component c-spinors can be represented by the elements of the ideal
I = Ry 3¢ where e = }(1 + E3Eq) is simultaneously a primitive idempotent of Rao >~ R,
and Rg'g. z

All this suggests the following

Definition 5: A real spinor bundle of £ is a bundle
S(L) = Pspiny1.9(£) X, M

where M is a left module for Ry 3 or R{; and p : Sping(1,3) — SO4(1,3) is the repre-
sentation given by left multiplication by elements of Spin, (1,3) = R}, °9.

It is quite clear from the construction of ] = R se, that when M = I, S(L) repre-
sents S(L) with p the D1/29) representation of SL(2, C). We have the

Definition 6: An algebraic spinor field (asp) is a section of 5(L)

Definition 7: A complex spinor bundle for £ is a bundie

Sc(L) = Pspin,1,3) X, Mc

where p : Spin,(1,3) — SO, (1, 3) is the representation given by left multiplication by ele-
ments of Spin,(1,3) = R}, and M is a complex left module for R, 3 @ C = Ry, =~ C(4).

Now, given that R, . can be considered as a module over itself by left multiplication
£ we are naturally lead to the definition of the following real spinor bundle which we call

For details of the notation see ref. [9]




the Real Spinor—Clifford bundle
Definition 8: C:s,—d|m(ﬁ) = Psmum(c) Xy R],;.

It is quite clear that Clg,,,(1.3)(L) is a “principal R, ; bundle”, i.e., it admits a free
action of R{; on the right. Pspin, (1.9(L) = Clspin, 1.3(L) is natural embedding which
comes from the natural embedding Spiny(p,q) = {u € R} j|iu = 1} valid for p+¢ < 509,
From the above it is quite clear that the properties of the real spinor bundles for £ can
be studied in Clspn,(1,3)(L) since, in particular, (dotted and undotted two component
spinor fields and the Dirac c-spinor fields can be represented as appropriated ideal sec-
tions of Clspin,1.3)(L). We shall show explicitly in § 2 that from the condition for the
existemce of a glebal two component a-spinor field in Clsgin,(1.3)(L) a proof of Geroch’s
Theorem results. It is important to remark that Clsgn, (13)(L) is not the so—called Clif-
ford bundlel”®233 Indeed the Clifford bundle CI(L) which always exist independently
of the existence or not of the CSS is given by

Definition 9: CUL) = Pso,13(L) X, Ry where

Pe: 504.(1,3) -y Ant(ﬂ.u)
Now, if we remember that there exists the representation

Ad: Sping(1,3) — Aut(R,3)
given by Ad,¥ = uwu" for u € Spin,(1.3) and v € Ry ; and that Ad_, = Id = 1. we
see that this representation descends to a representation of S0, (1,3} that is exactly p..
Then. if the manifold £ admits a spinor- structure we can also write

CI(.C) = Ph[xa,(c) X Ad Rl.g.

This shows the difference between CI(L) and Clgpin, (1.3)( L)

‘We end this long (but necessary) introduction with the remark that explicit construc-
tion of the two component a-spinors in R, 3 is presented in Appendix A. The description
of the two—component a-spinor fields in Clspi,(1,3(L) is done in Appendix B.

2. Geroch’s Theorem
Our objective in this section is to prove the

Theorem: Let L be as in definition 0. Then a necessary and sufficient condition for
L to admit a spinor structure is that the orthonormal frame bundle Fo(L) have a global



section

Proof:

(i) We already observed that it is obvious from the definition of CSS (definition 1) that
if Fo(L) is trivial, then a CSS always exists. We now prove the converse.

(ii) We start by observing that if Psyn, (1,3 exists, then it also exist all possible spinor
bundles and also the real and complex spinor bundles as defined in § 1. In particular
C‘s,.‘.._ﬂl;)(C) exists and has a global section!'?.

(iii) We noy study the conditions for the existence of two—component algebraic spinor
in the real Spinor-Clifford bundle Clspin, (1,3)(L).
Given that any space-time admits a global time-like vector field e, [!! we consider
a local section h, of Fy(L) given by the local trivialization ¢, : U, x S0,(1,3) —
77} (Ua), [Us C L], where h.(z) is a positive oriented tetrad in x7*(z), z € L where
eol) is the first vector of the tetrad. Let hs be another local section of Fy(L) and
let e(z) be the first vector of the tetrad in x7'(z). For z € U,NUj, there exists only
one g € SO, (1.3) such that hg(z) = h,{z)g. As we are supposing the existence of
a spinorial structure<in £, then to each g € S04(1,3) 3+ u € Spin,(1,3) such that
w = uvu~!, v.w € T.L = R C Ry 3 which is the fiber over z of the real spinor
bundle Cls,.‘,._’(],ﬂ('c) = Psn.ﬂ;)(c} %, Ry 3 (we have identified as nsual R'? with
its image in R, 3). (See Appendix B).

(iv) As showed in Appendix A in R,3. a two-component a-spinor field is determined
by the idempotents e, = }(1 + es(z)eo()) in 6, and by €, = (1 + es(z)eo(z)) in
g where e3(z) and. e4(z) are respectively the third vectors of the tetrads h, and
hs. In order to e, and el to define the same ideal in the fiber over r it is necessary

that,

Ryae; = Ry se;
This is obviously necessary for the spinor field to be uniquely defined in U, N Up.
Now,

Rise, = Rysuesu™ = Ryse, = Rige,u™ € Rysel.
and since e, is a primitive idempotent and e,u~" is also an element of a minimal
right ideal we get e;u™' € e;Ry3N Ry > H, where H is the quaternion field® Y.
Then e;u™! = ¥ € H = uesu™ = ube, = ue;u™' = e, since ue,u™’ is also a
primitive idempotent. We then have
e.=e and ue, =em
Since e, = }(1 + e3(z)e(z)) we bave

ues(zu = exfz), ueo(z)u" = eofz)
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This then implies in a reduction of the group S0, (1,3) of Fp(L) to SO(2) =~ 5.

{v) Observe that as showed in Appendix B we have a “a-spinorial- metric” defined in
I, = Ry3¢.. Since we have a spinorial structure in £ that preserves the ideal I,
{permitting the definition of an a-spinor field), is must preserve also the spinorial
metric, i.€., we must have

ei(2)eolz) = €3(2)en(z) = €(z) = er(2).

This means that choosing this direction it will be fixed for all p € 77 (z) C
Fy(L). ®

(vi) Finally given that £ is time and space-iime oriented we can choose e;(z) in a unique
way in @, and then e5(r) = ey(z) for ej(z) in ¢5. Then, the structural group of
Fo(L) reduces to the identity and the theorem is proved.

3. Graf’sl'¥ ~—Spinor Structure
In this section unless specified L is a general Lorentzian manifold of signature (p, ).

Definition 10 (Graf): An e-spinor structure is a non-trivial e—cross—section of the
Clifford bundle CI(L) such that e is an idempotent of global minimum rank.
The global e-rank 1s defined by

ran.kc=:::€azr (rank e.)

where rank e, is the rank of the @ A*(R”9)- morphism, e : ¥ — ¥e where @AY (R) is
the exterior algebra of R 918

Given an e-spinor structure such that rank e is minimal for almost all z € £ we
said that we have an “elementary e- spinor structure”. Note that ¢ = 1 defines a trivial
e-spinor structure.

Definiton 11 (Graf): Given two global idempotents ¢ and ¢’ we said that the e-
spinor structnre and the e’-spinor structure are equivalent iff there exists an invertible
cross-section u with ¢’ = ueu’ such that u induces an automorphism of SO(p,q) (i.e.,
u € Spiny(p, q))-

Definition 12 (Graf): An e—spinor field on CI{L) corresponding to a given e-spin struc-
ture is a cross-section ¥ of Cl(L) such that e = .



Graf states in ref. [12] that the existence of an elementary e-spinor structure does not
impose any global restrictions on £. This is not true. Indeed, as every Lorentzian space-
time £ admits a time-like vector field eo then the global primitive idempotent (1 + o)
defines naturally an “elementary e—spinor structure” and this structure does not implies
in any obstruction for Fy(L). Then the e= (1 + eo) spimor structure always exist even
if wy(L) # 0, since CI(L) always exist. When (p.g) = 1,3 if ¥ € secCI(L) is such that
¥1(1+eo) = ¢, then ¥ is a Dirac-spinor field as proved in ref. [9]. However if we want to
bave a cross—section ¢ € sec CI(L) that is a Weyl e- spinor field (representing a two com-
ponent Weyl c-spinor field) equipped locally with the spinorial metric (see Appendix A)
we need a global minimal idempotent 1(1 + eges), where e is a global time-like field and
e3 is a global space-field. This new e—spinor structure is not equivalent to the precedent
one according to definition (11), even if both idempotents are of global minimum rank
equal to 8. Moreover, the existence of the cross-section ¢ equipped with the spinorial
metric implies that Fy(L) is trivial. !

At this point we must emphazise that Bugajska® also found that the condition for
the existence of a Weyl e—spinor field is that Fp){(L) must be trivial. However she uses
a complex Clifford-bundle, i.e.; the bundle CI(L) = Psp, ;13 % Ry, where Ry, is the
complexification of R, 3 (or Ry;) El.

In this way the construction of Bugajska does not imply directly in Geroch’s theorem.
To obtain Geroch’s theorem we must use Clsyin, (1.3(L) and study the conditions for the
existence of a cross—section that is a global Weyl a—spinor field as we did above.

The above discussions we beleve leave clear the distinction between the covariant
spinor-structure (definition 1) and Graf’s e-spinor structure (definition 10).

Observation 1: Grafl'? states that in a Lorentzian manifold of signature p=3, ¢=1,
an everywhere time-like vecior field e with g{ey, €9) = —1 does not induce any non trivial
spinor structure within Psp_(31) X, Ra;, despite of the fact that there are local ¢'s with
the minimal rank equal to 4. This statement is, of course, true. However we can avoid
this difficult simply by using the Twisted—Clifford bundle, which is the construction of
Atiyah, Bott and Shapiro.

In this construction we associated with the tangent space R, the Clifford algebra
R*” using the twisted Clifford group!® by means of the twisted adjoint representation.

Using the Clifford bundle as for p = 3, ¢ = 1 as defined in this paper the conditicns
for the existence of 2 Majorana spinor results due the form of the global idempoicnt!®

~ equal to the conditions found in § 2.



Conclusions:

In this paper we present a Clifford algebra approach to the spinor structure of space—
time. We showed that using the real Spin-Clifford bundle Clsyin, (1.3)(L) a proof of Ge-
roch’s theorem follows once we determine the necessary and sufficient conditions for a
global section of Clgpn,1.3)(£) to be a Weyl a— spinor field.

We also discuss Graf’s notion of e-spinor structure, showing the relation of this con-
cept with the covariant spinor structure. We clear that contrary to Graf’s statement there
are e-spinor structures that imply in obstructions to Fy(L).

We also note that Bugajska determination of the conditions for the existence of a Weyl
spinor field is indeed the determination of the conditions for the existence a Weyl e—spinor
field as a global section ¢ = of the complex Clifford bundle CI(L) = Pso, (1,3 X. Ra-
Then, Bugajska construction does not implies in a proof of Geroch’s theorem. She instead
obtain that from her construction a definition of spinor structure follows that is identical
to the covariant spinor- structure of definition 1. 7




Appendix A:
Let C? and “C? be two copies of a two dimensional complex vector space.

A1l: The contrariant (undotted) two component spinors are the elements of the vector
space C? where there is defined a “c-spinorial metric”

B:C*xC* = C, B(¥,¢)=—Mé¥)
The e—spinoria.limetxic 3 is clearly invariant under the action of the group SL(2,C), ie.,
given u € SL(2,C) we have,
¥ — ur, ¢ — up and B(1,8) = flup, ud) :
In the canonical basis of C* we have the following matnx representation:

B(v,9) =¥'Cé; 6= (:) ¢ = (¢',¢") and c=('11 :,) ¢.¢',=1,2€C

The spinorial metric # determines a canonical isomorphism between C? and "C?,
given by §:C* =~C%; v — 8(¢, )="1¥.

A2: The “covariant” (undotted) two component spinors are the elements of “C?, where
there is defined a “c-spinorial metric® *§:" C* x* C? — C; “A(™%," ¢) = B(¥,9).

The “c-spinorial metric™ "3 is clearly invariant under the actions of SL(2,C) i.e.,
'Kb D w—l’ -¢ — éu'l and .ﬂ(‘w-l,. “—l) = ﬂr*: ¢)'
In the canonical basis of "C?, we have *# = (¥, ¥;) = (¥?, —¢*)

a a
Observation: In ref. [9) we used the notations C? and ¢? for “C? and "% and call
covariant spinor (c-spinors), objects of complex vector spaces with transform with a well
defined rule under the action of a given spin group. In this sense both # and "% are
c-spinors.

Let R; 3 be the space-time algebra, ? i.e., the real Clifford algebra generated by the
vectors E,, u=0,1,2,3 € R'® < R, 3 such that

E,E, + E,E, =2,

fo=1 ga=1 i=1,23 nu=0 p#r
*For details of notation see ref. [9]




Let Rf, ~ R, be the even sub-algebra of Ryy. Then we can easily show ™ that
E = }{1 + EsE,) is simultaneously a primitive idempotent of both Ry 3 and Rsp.

A3: The contravariant (undotted) two component algebraic spinors are the elements of
the minimal left deal J = R{,E.

The spinor bases in I is {S4,4A =1,2;, S =E, S; = E,EE} and we have the
following representation of ¥ in the spinorial basis

0

| WE | 2 o ¥
Ia¢—¢E+¢EIEoE_(¢, p

)eC(z)zc’; ¥*, A=1,2€C.

Consider the space I~ = (R{;E)~ where ~ is the composition of the main automorphism
and the main anti-automorphism in R[‘g'!-; Then, give v € I. we have

!"3¢“=E¢‘—EE,E.,:(_?#, £1)EC(2}

A4: The covariant (undotted) two component algebraic spinors are the elements "¢ =
E\Egy™ € I = ERY,

'ré'¢=£,£w"=mw’as¢2z(‘f ‘f;)=(o ?)ec’:'C‘

In I = Ry3F we define an a-spinorial metric f that mimics the e-spinorial metric §
defined in Al.

A5: The a-spinorial metric 3 is
B:1x1—C by B(y,9)=—B(6,%) = 2(EcExtbd)o
where ( ), means the scalar part of the Clifford number!®.
Note that B is Spin,(1,3) =~ SL(2,C) invariant in the following sense. Let u €

Spiny(1,3). Then u™u =1 ¥ It follows that B(uy,ué) = B¢, ¢).
For short in what follows we call the elements of / and */ e-spinors.
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Appendix B: Clsun,1,3)(L) = Pspin, 1.3(L) X Rys.

B1: The real spinor bundle Clspin, 1.3(L) is a “principal R, 3 bundle”, in the sense that
we have a right action of R, 5 defined in each fiber 7=%(z) = R, 3. We describes explititly
this action in the following. Pspin,130(£) = Clsgin,1.3)(L) is a natural embedding,
consequence of the embedding Spin,(1,3) = R{; C Ry @

B2: Let Fy(L) be the bundle of orthonormal frames (Fp(L) = Pso,1.3)(£)) and let {U,}
heammn of L. Let h, : Uy — x71(U,) a local section given by the local trivialization

7 HU) = Us x 504(1,3). Then hy(z) is an oriented tetrad in x~'(z). We put
h.(z) = (eo(z), e1(x), e2(z), e3(z)). Let hy : Usg — x~(U,) another local section. We
put ho(z) = (¢h(z), €i(c)r e4(<), &(z). Now, suppose U, 11 Up # 8. Then there exists a
unique ¢ € SO, (1, 3) such that hg(z) = h,(z)g. But since we are supposing the existence
of a spinorial structure in £, there exists +u € Spiny(1,3) such that Tuv(+u)™ = w,
with v,w € T.L = R, Then, ha(z) = uha(zr)u™" imagining T.L = R'* canonically
embedded in Ry 3 =~ R, 3 the fiber over z in Clgpin, a.3)(L)-

B3: Let ¢, : 7-(Us) — Us xRy 3 and ég : 7-(U) — Up xRy 3 be two local trivializations
of Clspin,1.3)(L). Let ¥ : £ D U — x7}(U) be a local section,. given by
¥(z) = (z,¥(z))-
The homeomorphisms ¢, and ¢g have the form
ba(¥(z)) = (7(¥(z)), a(t(z)) = (z,%a(z))

and

Yalz) = Gaod;'ts(z)= utp(z)

30 o 3;1 € S”“‘F(lvsh *m*’ € R-u

Now, associated with hg(z) we have the primitive idempotent e, = 1(1+e3(z)eo(z)) which

defines the ideal I. = R{e|-. The canonical spinorial basis of I, is {sa(z), A = 1,2}.

Associated with hg(x) we Lave the primitive e, = 1(1+ei(z)ep(z)) and which defines the

ideal IL --II.l ! and in general I, # I.. The canonical basis of I_ is {s}4(z), A=1,2}
Weputdc,(e,.)- ., which is by definition the canonical basis of R’ C Ry3 We

put da(e,) = Ei.

u

E, =uEa™ = L%, , L€ SO4(1,3).

Also ¢,(s4) = S5 the canonical basis of ] = RyaE, E = Y1+ EsEy) and $g(s,) = ST
'haeS”themdbmo{f Ri3E, E = Y1 + ByEy).

Observe that
bo(sa) =57 Si=uSi=A@)iSpel
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balss) =S SP=uSy=Au)3Sger

but
SF = uSqu™!

B4: f ¥ : U, — Clspin,1,3)(L) is such that ¥(z)e; = ¥(z) for all z € U, we call ¥ a
local “a-spinor field”.

B5: The right action R,
Let ¥ : U, — Clspin,1,3(L) be a section. We define the right action of u €

Spiny (1,3) ~ R, by
R, :Ryg. — Ry

R.¥(z) = ¢(z)u™".
Now, since for an a-spinor field ¥{z) = ¥(z)e. we have
#'(z) = p(z)u™" = d(z)esu™ = W(z)u""e, = §'(z)e] ; €. = uesu”".

This means that the right action R, is not ideal preserving, but as R, acts freely on R 3,
we have that

*

R.’ : I, — I. is an isomorphism.
Rises

Note that
% e (; ‘b:‘u)u"l = ; ;b:u"lsgu-l (; #’:";)

Then

1

savu) = o(u T is))
A
= LA @)helsf and
o' = A7Mugvr = AT (w)hA)EYS = ¥j.
This last equation means that the transformed spinor ¢' = u~' € I has in the basis
s’y the same components that v has in basis A~'(u)§s, in I,.
B6: The spinorial metric nE
We define the metrics §, 8’ by
B:lexI.—C  B(v,¢)=2E Eobé)o
F:LxIL-C B, ¢) =2AEEH

We have the identities: (i) B(%, ) = Blup,ud) ; (ii) F(¥;¢) = Flyu" ou™") =
B(w,9) ; (iii) B(upu™ ugu™) = B(¥,9).
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