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Abstract: In this work we develop a numerical method for approxamate
solutions of the heat equation, based on the dual extremum principles of
Noble and Sewell. We use the finite element method for discretization
with cubic B-spline functions as basis in z and piecewise linear functions
as basis in t. We exhibit a Hilbert space Y, a bilinear form S associated
to it and we verify all the conditions of Lax-Milgram’s lemma with which
we get proof of existence and uniqueness of solution of the formulation
we present. We prove also a convergence theorem and make an analysis
of the numerical results obtained.

1. Introduction
We develop a method for the approximation to the solution of the mixed prob-

lem:
%‘! + b({)% = %[ﬂ(.‘:, t)%] + q(:, ')

(1) u(0,t) = u(1,t) =0, a(z,t)>0 for (z,t)€[0,1] x [0, T]

u(z,0) = uo(z)



for the heat equation, using the dual extremum principles stablished by Nobel and
Sewell [15] for problems with a generalized Hamiltonian structure:

Pv= %{
(2)
Pu= %%-

where P and P are closed adjoint linear operators, X(v,w) is a functional convex
in v, and concave in w and v and w belong to Hilbert spaces, with inner products
(-y-)and (-, ).

The theory of partial differential equations assures that, if a(z,t), b(t) and
g(z,t) are functions, say, smooth enough, then problem (1) is well-posed.

The dual extremum principles by Noble and Sewell can be stated in the follow-
ing

Theorem: If X(v,w) is convex in v and concave in w, then any solutions (7, w) of

)

(i) solves the following problems:
a) min Jalv, w) = Jo(9,®)
[ subject to P'v= %{'

where J,(v, w) = (w, g—) — X(v,w);

b) [ max Kp(v,w) = Ks(5,@)

subject to Pw = %
where Kg(v, w) = (v, %E) - X(v,w)

(ii) is such that Jo(5,®) = Kp(5. ).

Zago [19] has built all the necessary machinery to put equation (1) in the form
(2) introducing the adjoint of equation (1):

—% - bt)3 = Lla(z, 1) 2] + r(z,1)
»(0,t) =v(L,1)=0, a(z,t) >0 for (z,2) € [0, 1] x [0, T}
oz, T) = vo(z)



where vy(z) and r(z,t) may be any square integrable functions, and defining
wy(z,t) = 0.5[u(z,t) + v(z,0); walz,t) = 05 fu(z,t) — v(z,1)]

a(z,t) =05 [g(z,t) + iz, 0);  @=.t) = 05fu(z,t) - rz,1)].

Alter several algebraic manipulations he has gotten the formulation of the dual
extremum principles for the heat equation:
a) the minimum principle:

o052+ (22

1 T
= [ [ otz thon(z, et s
+05 [ (e, T) + wl(e,0) — 2oz oz, T}z
subject to: 5
2 4 )32 = & [ale,0%2] +ea0) (V)
s (z,0) + w(z, 0) = wefz) (Va2)
"1(11 t) st 'w‘l(n! t) =0 (Vus)
b) the maximum principle:
oo =05 [ [[ w32 (52 s
+ : I i, O e
~05 [ (2, T) + wi(z,0) — Juofapos(z, O)liz
subject to:

B2 4408 = £lete %]+t (1)
(2, T) = (2, ) = o) 2)
wi(1,1) = wi(z,0) = 0 V)



Our method is based in this formulation. We observe that the mixed problem (1)
is now a boundary problem both in z and in t. This fact has motivated us to use
finite elements in both variables.

Since vp(z) and r(z,t) can be any square integrable functions we are going to
take vo(z) = 0 and r(z,1) = 0. We choose our basis functions satisfying conditions
V3 (@ and B) trivially and substitute conditions V; (@ and ) in the expressions for
J, and Ky

In section 2 we state the theorems that show the equivalence between our formu-
lation and equation (1). We also exhibit the space ¥ in which we work and prove it
is a Hilbert space. We define a bilinear form S : ¥ x ¥ — R such that finding max
Kp(w,, w;) is equivalent to finding min{1S(z, ¥) — (b, T)} where T = (wy,w;) € ¥
and b€ Y has the initial conditions of the problem.

We show that 5 satisfies the hypotheses of Lax—Milgram’s lemma and this gives
us existence and uniqueness of solution of our formulation. Furthermore we get a
bound on the solution in terms of the initial conditions [[@l|| < ! |[b]].

Closing the section we prove a convergence theorem for approximated solutions.

In section 3 we present a finite element method in which we take the basis func-
tions satisfying condition V3l. We work with B-spline cubics in z and piecewise
linear functions in ¢. By equating derivatives to zero we transform the problem of
finding max Kp(w,,ws) in solving a linear system Rz = b. Convergence is proved.

In section 4 we analyse the numerical results and the problems we had when
solving the linear system above and suggest a new way of constructing a finite ele-
ment method by imposing condition V31 to be satisfied in a weak form.

2. Theoretical Background

We present here the results for the maximum principle only. The modifications
for the minimum principle are straightforward.

Taking vo(z) =0, r(z,t) = 0 and introducing condition V2 into the functional
we have to find max Kg(w;, w;), where now

Kotm,wy= ~05 Fatz0)|(3) + (32) |aede

@) + 05 [T o(z, thwnlz, )it dz
— 05 (2, T) + wdlz,0) — 2uolz on(z, 0)}de

subject to



2 )2 = £ alz,0)22] +05¢(z.0)
(3a)
L !D-‘(l,f) - w?(ost) =0 -

Theorem 2.1: If w,(z,t) and wy(z,t) are smooth enough functions satisfving

i 5[..(:.:)33] +0.5q(z,1)

wo(l,2) = wy(0,8) =0

L wy(1,2) = us(0,2) =0
and (w,w,) maximizes the functional K with the restrictions in (3), then u(z,t) =
wy(z,t) + wy(z, t) solves equation (1).

Proof. To prove this theorem we have just to use the fact that (wy,w:) being the
maximum of Kz with the restrictions in (3) is equivalent to the derivative of K in
the direction (i;,2) be equal to zero for all (¢1(z,t), a(z,t)) such that

‘2 b(1)2 = %[u{:,t)%l + 0.5¢(z, t)

wa(1,1) = @2(0,1) =0

‘P‘l(lat) =‘1"‘l(03 t) =0

This occurs iff u(z,t) = wy(z,t) + w,(z, t) satisfies equation (1).
To prove existence and uniqueness of solution of our formulation we use Lax-
Milgram's lemma which can be formulated in the following way:

Lax-Milgram Lemma: {2, 3]

“Let V be a real Hilbert space with inner product { , )y and norm |jully =

1

(u,u)d, hEV.

Let @: V x V — IR be a bilinear form with the following properties:

(i) there exists a constant 3 such that

a(u,v)| < Bllulivlivlly, wveV
(ii) there exists a constant p > 0 such that
a(u,u) > plluly, weV.

5



Let G : V — R be a linear mapping with the following property:

(111) there exists a constant & such that
IG(w)] < bllully, weV.
Then there exists a unique element @ € V such that
a(i.u)=Gu)lNueV and |lglv > é/p.
Further, if @ - , - ) is svmmetric, then @ is the unique minimizer of
Slu) = ;—’E(u,u) -Glu), ueV.

The first thing to do is to exhibit the Hilbert space which we call Y.

At a first glance it seems that a natural choice of V' should be a subspace
of H' x H'. 1f this was the case, if we could find a constant p > 0 such that
@(%. %) > p||Elf: u €Y then the lemma would imply in the ¥'-norm of the solution
U being bounded by the L,—norm of the initial condition or, more especifically the

lemma would imply n - ;
1
[ [ [5te0] dees
being bounded by the L;—norm of the initial condition. However, if we take
u(z,0) = 3 asen nxz,
n=]

it is not difficult to verify that such an estimate cannot hold.
First we consider H! x H where

Hi= iple,0) € 1x(Q) such that (=) € Li(Q)}

and Q = [0, 1] x [0, T). (For p € La(Q), 2 exists if there exists g € L2(Q) such
that

f fg(z,:m.-.,:)adz=_j; -LTp(z,i}g#&:

for any ¥ € C*(Q), ¥ of compact support).
We work with the restriction V31 in the form

f [‘%’m,:mdﬁ_[[un% et pitele
- [ f% a(z,t)%]q:(z,t)dz+0.5 [ fq(:,tmz,:)ad:

6



for any @ € V where V = {p € C=(Q) such that ¢(0,t) = p(1,t) = 0} which
implies in

o 1T walz, T)p(z, T)dz — [ wa(z,0)0(z,0)dz
(4) — [ 1T walz, )22 (2, )t dx + 3 [T H(t)EB oz, t)dt dz =

= — [} T a(z,1) 22 22(z,t)dtdr +05 3 [y ez, t)e(z, t)dt dz

forany o € V.

We observe that if w, and w, are smooth functions, then (4) be venfied for all
¢ € V is equivalent to condition Vjl.

We now define the space Y as ¥ = W C H] x H} where W = {f = (f1.fo) €
H! x H! that are smooth functions which equal to zero at z = 0 and z = 1 and
satisfy (4) for any ¢ € V'} and

e = [ [(G2) +(3) + £+ flais

This set Y is not a subspace of H x H], then we work with the space ¥ where
¢(z,t) = 0 and at the end of the section we show how we get the bounds for the
case of the definition above.

Now, for T = (), w;) and y = (i, W), T, yE€Y

(iﬂr=£f[%%+ +%%+mm}ﬂd:

Working with the maximum principle we note that the conditions V,3 are nat-
ural conditions which means that we obtain the same result whether we impose
wy(1,1) = wy(0,t) = 0, or not.

We observe that, for (w;,1w;) € Y, wafz,T) and wy(z,0) in (4) do make sense
as this theorem shows:

Theorem 2.2: For any ¢ € V, the function which takes (g;,4:) € W in

[ o, - Yotz, -z € C0, 1, )

has a continuous extension to ¥.



Proof: Let (g1,9:) € Y be the limit of the sequence (g},g37) where for any
n, (g7,93) € W.
So,foranyn€ N and any o € V,

f.[ 9;("')%(=-r)dfdr= f 93(z, t)p(z, t)dz

[ sstesrotearie— [ [ 2z, rypiz.ryar dz
Using (4) and integration by parts in z we find that
R g2(z. typlz,1)dz — [2 g2(z,8)p(z,8)dz =
(5) = [ [ g3(z.7)28(z, r)dr dz — [ [ a(z, )% (z,r)22(z. )dr d=

— 3 [ 6(t)2E (2. r)ep(z, r)dr dz.

So, if (g},g7) converges to (g,92) in H! x H! we see that the sequence
Jo 92(z, - )p(z, - )dz is equicontinuous and this proves the theorem. O

We need also the result below which we dont prove here:

Lemma 2.1: For any z € [0, 1], the function which takes u € C*(Q) in
u(z, - ) € La[0, T has a continuous extension to a function from H} in L,[0, 7.

Theorem 2.3: Y is a Hilbert space.

Proof: Let us take asequence {(w],w3)} in ¥ that converges to (w,, w,) in H: x H].
Then, for each n € N we have

& w3 (z, T)e(z, T)dz — [§ wi(z,0)p(z,0)dz
(6) - i 1T wy(z,0)%8(z, t)dtdz + 3 [T W(t) 522 (2, t)p(z, t)dt dz
= — o [ alz,0) 5 2,1) (=, )dtdz for any pEV.
Taking ¢7(z,y) = w3(z,y) — wa(z,y), t =T and s = 0 in (5) we prove that

Ll w3(z,The(z,T)dz converges to [ wal(z, T)p(z,T)dz

8



and
[ iz Opptr. O comverges o [ et Dri

proof that (4) is valid for (ws,ws)-
Further, tb_ew“’ﬂl_llhwuq(ﬂ,t] =
wn(1,8) = we(0.1) = we(1,8) = 8.
so(m.m)EYdY-dd-ﬂ:xgﬂF—ulhm o
We now define 2 bilinear form which we call 5-

Definition 2.1: Iﬂ'f:(ﬁ,ﬁ)éfﬂ,=§ﬁ,i’)ﬁf‘5:!’xl’—-R's

defined by
= [ [ ol 2 2 e

5 [ sz Tz T) + s Oz, O
Shwiﬂyﬁ“,wﬂw&-ﬂi_.ﬂ?_lﬂm
holds if T=0.

Further
K-(-..-.)=—;Srz,ﬂ+f..(zmq¢
Lemma 2.2: Mﬂlawc>.dhﬂiﬂ2mhm

I= (wlw'!j € Y.

Proof. We have that

x..'j>[i ez, m} (a-. ("’)].u-
o[ L)+ (e

(wealesuppt-mgfl)c(x,t))a}ﬂ'Q).
Using now the Poincaré inequality [1] we bave that

s 2z [ [+ (2 +tvfase s

9



So € = 0.5a > 0 which proves the lemma.
Lemma 2.3: There exists a constant k such that |S(Z,y)| < & [[Zllv |lylly-

Proof: Since S is symmetric and S(Z,T) 2> 0 for any T € Y it suffices to show for
T=y.
Let z = (wy, w;) and let us find a bound to S(z,z) for any t € [0, T7,

wi(z,t) = wi(z,s) — 2.[ wo(z,7) %(:, r)dr.
Using V1,

wi(z,t) = wi(z,s) -2 [. wg(:,r)g; [a(:. r)%”'i—]dr +2 -[ b(t}%dr.

T[: wg(z,:)d:=f: ‘Lrw?‘(:,s)d:da
- 2[: LT[w,(z,r)%[c(:,r)a:]d:&ds

+ 2f;£[b(r)%¢zdra

Using integration by parts in the second parcel and the fact that the third parcel
is zero since wy(0.1) = wy(l,1) = 0 we have

T [ it this = [ [ udlz,hdzds
O O TR
< [ [ wite, zds+2{ [ [ [ [ater1 52 (2,1 aras}
AL [ [[Gren) sasl”

Using the fact that a(z,1) < A in Q) we get

10



Ll wi(z, t)dz < %_{ _Lrw-f(:,.s)dxds+
([ [(F) ear) ([ [ (Go) @)™
< %_/ol ]:"g(x,s)dtda+zl{-f _LT[&;;z{z,r)-i- a;::{:r,r}]?dzdrds}

for any t € [0, T). Though

= [ [ w32+ (32) Jaars

+ [ wite, T + [ itz 00

<3 [0+ (52 a2 [ [ et
< k|2l  where k= max{3A, %}.

We observe now that, smce S(T,y) is continuous and [j ug(z)ws(z,0)dz is lin-
ear and continuous, using Riesz’ theorem [3] we have S5(Z,y) = (T, Ry) and
Jo uo(z)wa(z,0)dz = (b, T).

So, Kg(wr, wa) = Kg(Z) = —1 S(Z, Z) + (b, T) = —}(Z, RT) + (b, T) and then,
finding maxKpz(T) is equivalent to finding min f(Z) where

@) = -

3 (& R~ (8,7) = ; S(z, 7).

With Theorem 2.3 and lemmas 2.2 and 2.3 we can use Lax~Milgram’s lemma.

Let G : Y — IR be linear and bounded. Then, by Riesz’ theorem there exists .
z € Y such that G(y) = (y, z) for any y € Y and ||G]| = ||z]ly. On the other
hand Lax-Milgram’s lemma assures that there exists just one # € Y such that
S(@,y) = G(y) for any y € ¥ and |}y < 1 ||G]].

So {y,z) = G(y) = S{u,y) = (y, Ra) fory € Y.

Lax-Milgram’s lemma also says that this 1 is the only minimizer of f, since § is
symmetric. So 4 is the only solution of max K we used here and the only solution
of RT = b.

It can be proved that w,(z,t) and w,(z,1) are functions smooth enough so that
u solves the heat equation (1).

1



We observe that |lilly < 1 [|G]| = 1 ||b] gives a bound to the solution in terms
of the iniiial condition of problem (1).

The Non—-Homogeneous Case
We work now with the case where g(z,1) # 0. Let u,(z,1) be the solution of
Lla(z, )% +0.5¢(z,1) =0, a(z,t)>0 in Q
wy(0,2) = @y (1,¢) = 0.

It is easy to see that

glst)
ey = B [0 [ ([ i)

Considering 0y = w, — 1, we see that Lax-Milgram’s lemma can be applied to
max Kp(iby,w;) so that [|(y,w,]ly < ! ||b]| where now

®, ) =f; j:[%‘-;l - %"‘i-]ae+[uo(zm(=,u)dz.

The Convergence

The finite element method uses approximations to the solution @ of max Kj in
finite dimensional subspaces of Y, Y, with dimension n. We call these approxima-
tions in Y,, u, and we want to know under what conditions {u.} converges to u
when n goes to mfinity.

Theorem 2.4: If {Y,} is a sequence of subspaces of ¥ such that B = U, Y, is dense
in Y, then {u,} — 4.

Proof: We work with P(w;,,ws) = —Kp(w,w;) and max Kg(wy,wa) =
— min P(w), ;) where P(F) = 1z, A=) - (b, 7).

So ii = min P(T)in Y and u, = min P(Z) m ¥,. It is not difficult to prove that
foranyve Y, :
(7) P(o)~ P(&) > 5 clfo — -

Also, since B is dense in Y, for any ¢ > 0 there exists v, € Y, such that
[l = vally <e.

12



So we find that
IP(wa) = PN < 5 IS(R. &) = S(envwall + [l 16 ~ wally

< [5 15+ oally + Bl 113 - eully-

But ljoally < [Hlly + [ld — vally < llally +&.

So ||ii + vally < 2|fiilly +¢ < 21 [jblly + ¢ by Lax-Milgram’s lemma.

This implies in || P(v,)— P(&)|| € M |[i—vally < M & where M = (£+1)||bfly +
ke.

Since u, is the minimum of P(z) in Y., P(u,) < P(v,) and since i is the
minimum of P(z) in ¥, P(&) < P(u,) and then P(u,) — P(ii) < M e.

So, using (7) for u, and @, we have K = } cllu, — &l < Plu.) — P(i) < Me
which proves the convergence and gives the error estimate:

o — il < /-

Finally we observe that there are other proofs of existence and uniqueness of
solution for equation (1). We need the one we gave here because this method
is the constructive method we use for numerical approximation. Furthermore the
convergence of the method is associated to the bounds we found here.

3. A Finite Element Method. :
We present a finite element method to approximate the solution of the particular
heat equation:

Ou _ &u
ot or?
() w(0,t) = u(1,) =0 (z,)€Q=1[0, 1] x [0, T]
w(z,0) = uo(x)
For equation (8) we have to find max Kj(wy,w;) where
Kot ws) = 035 £[(%2) + (%) |

(9)
—0.5 o fw(z,T) + wi(z,0) — 2uo(z)ws(=, 0)}d=

13



subject to:

SO,
(9a) a  ar?

wy(0,1) = wy(1,t) =0 (V;3)
Since, for condition V31 we need second derivative in z, we take for basis func-

tions, cubic B-splines in z, #;(z) and piecewise linear functions in ¢, ¢;(¢).
We choose

(Val)

v ”
wy(z,t) =3 Y ;8 (thbi(z) with ¥(0) = ¢,(1) =0 for every i.

=1 =1

Using V51 and integrating in ¢,

N M
wyz,1) =3 3 ciid(t)9 ().

=1 =1

Taking the expressions of wy(z,1) and ws(z,t) in (9) we have now to maximise
Kg(ci;) where

N M 2
Koles) = = 055 K[ S osd)(00bi(=)] drds

=1 3=1

N M 7
~ 058 K[ Tesoss(z)] drde

=1 y=1

|

N M 3
05 B[E Tesb(T(2)] dz

=1 y=1

N M 2
05 [T Lessi(0(2)] dz

i=1 j=1

N M
P uo(:)[): Ec.-,-¢,-(n)¢:'(:)]d; it i

i=1 j=1

We observe that M being the mamber of discretization points we have in ¢, At =
1/(M — 1). Let us call NPX the number of discretization points in z, so

14



Ar = 1f(NPX —1). Note that we have non null contribuitions of the B-
splines ¥o(z), ¥a(z),.- ., ¥nex(z), ¥npx+1(z), NPX + 2 functions though. But
¥o(0) # 0, ¥,(0) #0, ¥:(0) #0and expx-1(1) #0, ¥wpx(1) #0, ¥npxs(l)#
0 so we work with the N = NPX — 2 functions:

¥i(z) = $alz) — olz)
$a(z) = ()
¥n-1(T) = npx-a(z)

on(z) = npx(z) — twpx ()
which, for simplicity we call again ¥,, ¥a,...,%¥n.
Now
oy =Ax, 29=2A2,...,28 = NAz

and
#(0) = w{1) =¥(0) = (1) =0, 1<i<N.
We observe that the B-spline functions Ss(z) defined in [—2, 2] are

[ 4 z< -2
(P +6:2+12: +8)f6, -2<z<-1
(—32% — 627 + 4)/6, -1<2<0
Salz) = 4
(32 — 627 + 4)/6, 0<z<1

(-2 —622—12:+8)/6, 1<z<2

0, z>2
and 50, to work in [Z;_s, Ti42] with z; = 1Az, 1 < i< N, we have

¥i(z) = So(z/Bz — i)

¥ilz) = (1/Az)S3(z/ Dz — i)

15



¥(z) = (1/Ar%)S3(z/Az — i)

v(z) = (1/A%) 53 (z/Az — ).
And the piecewise linear functions in [t;_y,1;4,] are
[ 0, < tiny
(t—=tim)/AL, t, St<Y

#i(t) = 4
(ti1 — )AL, §; St <t

| 0, i T9
To find max A(c;;) we equate the derivative of Ka(c;;) with respect to cem to
zero for every £. m, 1 < ¢ < M, 1 <m < N which turns out to be solving a linear
system of equations with M N unknowns and M N equations:
1 TN M ] ,
= 33 i (Dwile) | (1) (z)dt dz
o0 L

=1 j=1

e fol f: [f: f: ci:'¢:(f)‘¢?'(2)]¢e(¢)$2(z)&dz

=1 j=1

1 ]B ¢ [i i c,-,-qb,-(T)tb?(:)] o T)m(z)dz

=1 j=1

a¥ fol [‘:T: i Cij @-(0)%’{:}] del 01" (z)dz

1=1 =1

1
+ [ uol@)or(0Wa(z)dz =0, 1<LSN, 1<mSN.

We now substitute the expressions of ¢,(t) and v,(z) and since it is not difficult
we calculate analitically all the integrals involved and finally we obtain the system

Rz = v where
ALB QB eGP

B4 "B 9 =0
0 B Ay B0

oo

8. ), 8.+ B
0 0 0 -

16



with

A= (om) = [ [ Wile W@z +
+ 5 [ e + [ wewaea]
B= ()= [(-55) [ #ieWaiodie + 3 [ orepiaris]

a=lon) =[5 [ et +4 2 [ urapinara]
and

z=(C1G - Culvmxrs With C;=(Cy - Cai--- Cpilysa

1
Nx1

v= (oo oulieas  With o = (£ (@Wi@)e - £ volz) ()i

and, for 2< ;< M, vist;l;enullve:torwithﬂmponmta.
Finally we get the approximation to #(z,#;) which we call now

'(34' tl‘) = -3(36 tl’) s '1(3!1 tl:) =

N M N M
= 23 cuditael(z)+ 303 edi(ta)¥i(ze)
=1s=1 i=j j=1
for each £ and each k.

The Convergence
Let n = NM. To use Theorem 2.4 to show that {u,} — @ we have only to
prove

Theorem 3.1: Let D = UY,; D is dense in Y.

Proof: We have
D = span [¢;(t)i(z), #;(t)¥(=)]
and we show that the orthogonal to D in Y is the null space.
Let (g1,92) € D*. So, (91,92) € Y and, for any (p,p2) € D,

17



((ghgz)v (pl’p!)}l’ =0.
Let p(t) and-v{z) be regular functions such that ¥*(0) = ¢(1) = ¢"(0) = ¢"{1) =
0 and let py(z,t) = p'(t)¥(z) and pa(z,t) = p(t)¥"(z). Then p; and p; € V and

o _ Fp
XA
Further (py,p;2) € D so,
i T
(10) ]n L %i—'—p‘(t)g#’(z)dtd:-{- f f: %:-p(t)i:"(z)dtdz =0.

Using (4) for (91,42) with @(z,1) = py(z,1) and (10), we find that
fo && 9a(z,8){p(t)$™(z) — p"(ty(a))dt dz =
= ko 9a(2, TP (T)¥A(2)dz — fg ga(=,0)p'(0)(z)dz

Let us take now $(z) = sen nxz and p(f) = ™" 4™ "

Substituting ¥(z) and p(t) in (11) and observing that /(0) = 0 and 7/(T) # 0
we have that, for any n € N, [} g2(z,T)sen nrzdz = 0 and since 5;(0,T) =
g2(1,T) = 0, this implies in g5(z,T) = 0.

With similar arguments we prove that g(z,0) = 0.

So, (11) becomes

(11)

jo‘ .[;T g2(z, t)[p(t)¥" (z) — p"(t)¥(z)}dtdz = 0
for any (z,t) = p(t)¥(z) in V.

Taking again ¥(z) = sennxz and now p(t) = senrxt, we find that, for any
ke Nandne N,

1 T
f j g2(z,t)sennxz sen krt didzr = 0
o Jo

and, since g,(0,£) = g(1,¢) = 0 and g5(z,0) = ga(=,T) = 0, we have gz(z, 1) = 0.
Using this in (10) we have

[ [ 2 v etz =0
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for any p(t) and @(z) such that both py(z,t) and py(z,?) belong to V. Similarly we
prove that g;(z,t) is also identically zero.

4. Numerical Results and Conclusions

To test this method we took for initial condition, ug(z) = senxz and so, the
exact solution of equation (8) is u(z,?) = sennwze™™'. We could then make a
pointwise measure of the error.

We worked in FORTRAN and used a digital VAX computer and solved the linear
system Rz = v in four different ways:

(i) Using the program TBLOCK part of which was developed by P. Pulino, which
uses the particular structure of matrix R (tridiagonal by blocks) and the fact that
each block has band seven. For small values of n(= NM) we had no good results
and divergence occured for bigger n (n = 561 the maximum error is 0.12 x 10°). We
worked with double precision but we used no pivotal strategy.

(i1) Using the routines FO1BRF and FO4AXF from MA — 28 [5] from NAG’S
library. FO1BRF makes the factorization of R in L.U using the sparcity of R. It uses
a pivotal strategy which keeps the sparcity of R and comtroll the loss of precision
by rounding at the same time. FO4AXF solves linear sparse systems with just one
right hand side vector, usimg factorization made by FO1BRF. This also diverged.

(iii) Using FO4ATF [18], (i), also from NAG’S library which works with full
matrices and solves Rz = v by Crout’s method with partial pivoting strategy to
decompose R in L.U and also makes iterative refinement of the solution. We got
convergence but not as we expected, that is, order At in ¢ and (Az)? in z.

(iv) We obtained praticaly the same results as in (iii) using the Conjugate Gra-
dient method where we stopped the iterative process after n iterations and the norm
of the gradient were still 107".

The problem here is that the matrix R is very ill conditioned. With the routine
FO2AAF [18], (ii) from NAG’s library, which gives us all the eigenvalues of a real
symmetric matrix by Householder reduction and QL algorithm, we got, for instance,
for n = 119, cond(R) = 10,400 and for n = 209, cond(R) ~ 6 x 107.

According to Forsythe and Moler [6] a measure of the relative error in the solu-
tion of a linear system of equation caused by a relative error in the constant vector
or in the matrix entrances is given by Hﬁﬂ < p-cond(R)- " where p is a quantity
no bigger than the basis # in which we work and #~* is the machine epsilon which,
for us is about 5 x 1078. So, for n = 119 we have (||Aul}/|z|]) < 5 x 107* and for
n =209, (||Aul/lhl]) < 30.
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Since we work with cubic B—splines in z and, in some elements of R it appears
[ apiade and in other [ ¢aii(a)dz,

with the change of variables we have, in some elements the factor Az~! and in
other elements, the factor Az 5. This occurs because we impose V1 to be satisfied
exactly and so we need the third derivative of the B-splines.
In a next paper [13] we work with condition V31 in the weak form
Ows P
for any ¢ belonging to the vector space of trial functions. With this we can work
with piecewise linear functions both in z and in ¢ and our results are much better.
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