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§0. Introduction

Given a closed curve e : S' + I with curvature strictly positive everywhere,
we call vertices the zero torsion points of #(S'). And we eall tritangencies the
planes with “triple contact”™ with the curve, this meaning that they either have
a triple order contact at a unique point, or they are bitangent with a simple
and a double contact, or they have simple contacts at three different points (i.e.,
tritangent planes).  Then a vertex { may be regarded as a particular case of
tritangency (provided it is non degenerate, e, r'(t) 7 0).

There is a strong connection between convexity and the existence of vertices
and some results have been stated. A spatial version for the elassical fonr vertex
theorem was given by 11, Morhman (1917), [6]: " A simple closed cnrve lying on
a strictly convex surface (met by any line in at most two points) has at least four
vertices“. The first complete proof for this result was given by M. Barner and F.
Flohr in [1] (1958). It is a conjecture (P. Scherk, |8]) that this statetnent can be
extended Lo the whole set of convex curves (curves lying on the boundary of their
convex hulls). M. C. Romero -Fuster in |7] showed that this conjecture is true for
generic curves and that for these curves we also have the following relationship:

C-T=4

where C is the number of external vertices of the curve and T is the number of
tritangent support planes. Other results connecting vertices and convexity are to

“Snpporied in part by FAPESP - proc. 88 0654- 7.
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be found in |2] and [4].

In this work we obtain lower bounds for the number of vertices of a more
general class of closed curves. Results obtained for generic curves are extended
by using C-convergence argumments (Propositions 3 and 4 and Corollary 2).
We also present a topological condition for a generic eurve 1o have non-vanishing
torsion (Corollary 1): it must go twice inside its convex hull.

§1. Deflinitions and Properties

We consider here gmooth closed curves ¢: §' + R? which are simple (with-
oul sell intersections) and we denote k and 7 for the curvature and torsion as
usual. We have the following definitions: '

A pointf = ¢(1) is called a vertezr or mflection point il r(t) = 0 and it is called
non- degenerale vertexif 7(1) # 0. ° .

A plane 7 is a tangent plane to c il it contains the tangent vector of ¢ at some
point.

A plane 7 is a supporl plane of ¢ if it is tangent to ¢ and the curve lies entirely
in one of the two closed hall spaces defined by x in 3.

A tangent plane x is referred as simple tangent plane, bitangent plane tritan-
gent plane, ete ... provided it touches the curve at exactly one, two, three, etc. ..
points respectively,

The lotal order of rontact of a plane n wilh the curve ¢ is the sum of the
orders of contact of # with ¢ at all of its contact points.

A tangent plane with total order of contact equal to n is called n tangency of
the curve. A particular case of n-tangency with n > 2 is given by the osculating
plane at a vertex.

A n tangency is said to be external il it is a support. plane of the curve,

Observe that there is an infinite number of planes whose total order of con-
tact with a given curve is one or two. On (he other hand. all the planes in R®
have, in general, a finite order of contact with a curve (inay be equal to 0), and
the number of planes with total order of contact > 2 is also firite. This is always
true when ¢ does not belong to a subset 1 ¢ C®(S!, R3) defined as:

1 = {curvesin C™(S' IR') for which Lhere is some v < §?
such that the germ of the height function C, : §' - R

at some point is a singnlarity of infinite codimension}

A. Convexly-Generic Curves

A curve ¢ : S' -+ I is said Lo be converly generic if it satisfies the following:
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1. Local conditions

1) ¢ is an immersion, ie., (1) 7 0, Vi € S,
2) the curvature x of ¢ never vanishes;
3) all the vertlices of ¢ are non degencrate.

II. Global Conditions

1) ¢ is injective;

5) the total order of contact of any plane with ¢ is < 3;

6) if 7 is a tritangent plane at points iy, #; and (a1, then the vectors
c(tw). c'(t2), €'(13), e(t) — elta), e(t2) - c(13) and c(ty) - (ta) are not pairwise
collincar. Moreover, r(t;) £ 0,1 = 1,2,3;

7) if 7 is a bitangent plane at points &y and t; with total order of con-
tact = 3, then ¢'(t;), ¢+ = 1,2 are not collinear with ¢(t;) - ¢(12). Moreover,
sty 0 v=12; '

8) if 7 is a bitangent plane at points ty and t; with total order of contact
= 2, then either then a) both ¢'(t)) and ¢'(1;) are not collinear with ¢(ty) - ¢(t2)
or b) at least one of them is not collinear with ¢(t) - e(ty) and #(t;) # 0, 1 == 1,2

We remark that convexly-generic curves do not belong Lo {1 (by condition 5).

Lenmma 1. The convexly -generic curves form an open dense subset in

S RY.
(Proof in [9]).
B. The Maxwell- Graph

Any convexly generie eurve has a graph on the 2 sphere associated to it
This graph, called the Marwell-graph of the curve, is obtained by analyzing the
absolute minima of the height functions on ¢. See |7] for definition. We now give
a briefl description:

Given a convexly - generic curve ¢, let ¥(c) be the convex hull of ¢ in 1*, which
is the minimuin convex subset of R? containing ¢(S'). It frontier, H(c) = ¥ (c)
is the convex envelope of ¢ in IR® and it is a C?-sphere in R>.

It can be seen that the subspace H(c) - ¢(S') is an open C'-surface in R*
(19]). Besides, it is a developable ruled surface, that is, it has the same tangent
plane along a fixed line.

Let I'(c) : H(¢) = ¢(S?) — S? be the curresponding Gauss map and M (c) the
closure of its image, then M(c) is a graph on S2.
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Il we consider height functions to the curve:
s L eo(t) = e(t)-v, Jor ve 8

the points in AM(c) are the unit vectors whose associated height functions attain

their absulute minima at either
i) more than one point of S, or
ii) a degencrate (i.e., non Morse) point of S'.-

Nesides, this graph can be stratilied according to Lhe follow ing condition: two
veclors vy and vy belong Lo the same stratumn provided that their corresponding

height functions »
Gastbin s 57
are locally a equivalent (the two germs are equivalent) at a neighborhood of their
sets of absolute minima. (Sece (5] and’[10] for references).
The graph M(c) with the stratification thus defined is called the marwell-

graph of the curve e.
Ezamples of gencric curves and their Mazwell graphs
Remarks. a) The Maxwell graph ol ¢ gives a description of the behavior of Lhe
external 2 - and 3 Langencies of the curve:
- the edges correspond Lo the 2 tangencies
- the vertices of the graph correspond Lo the 3 Langencies;

external vertices are given by end points of graph and support tritangent planes
are given by bifurcalions of the graph.

b) Incidence rules:
— three edges leaving from a bilurcation point
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-— one edge lcaving from each end point.

! =

tritangent plane verlez

¢) A Maxwell graph has at most two connecled components.
.

d) An inferesting open gquestion is which graphs are realizable as Maxwell
graphs of some curve?

Definition. A curve ¢ is said to be convez if ¢(S') € H(e).

Convex convexly-generic curves must have special Maxwell graphs. This can
be characterized by the following:

Lemma 2. Let ¢ be convexly-generic, then

a) cis convex if and only if M(c) has exactly two connected components.
b) I ¢ ic convex, then each component of M(c) is contractible.

I'roof in [7].

§2. Lower Bounds for Vertices of Closed Curves

A. Study for Convexly—(ﬁoneric Curves
In [7] the following result is deduced from Lemma 2:

Proposition 1. Let ¢ be a convexly-generic curve. If ¢ is convex, then ¢ has at
least four (external) vertices.

We here state a lower bound for vertices based on the relative position be-
tween the curve and its convex-hull.

Proposition 2. Let ¢ be convexly-generic and suppose that H,(H(c) -
¢(S'), Z) = 0, then ¢ has at least two external vertices.



Proof. It is based on the [acts:
a) T'he simplest Maxwell graphs are of the forin

0o VK

b) Hi(H(c) - ¢(S)), Z) is isomorphic to Hy(M(c), Z).

This can be seen by observing that the Maxwell graph is given by:
Ac)-=851 Wre- S 1 Lty o g U 3 P wy) = SiitFr oy

where the S, are the 1 edges, the u, are the vertices rnrrt-.-:;::m«lﬁng Lo the Lritan-
gent planes and the vy are related to the vsculating planes at poiiits of vanishing
torsion. We note that the image of the Gauss mapping I' : H(c) - ¢(S') - §?
is M(c) =V, which has the same homolopy Lype that M(c). We now prove the
statement showing that the Gauss map induces an isomorphism

F.:Hy(H(c) - e(S"), Z) ~ Hy(M(c) -V, Z).

This can be seen following the sketch:
i) I':T"1(8) — S is a homolopy equivalence.

> 18}

cl(t)



In fact, given ¢ € S, v is the normal vector to a bitangent support plane =,.
The inverse mapping can be given by the mean point of the seginent joining the
lwo contacl points. The homotopy is the retraction of each ol Lhese seginents

into their mean points.

i) We consider a neighborhood W of U which is given by contractil disjoint
sels.

i BN AN Y
JRN A g1 0!

rtw) w

Then the Gauss mappings:
r:r-'(w)-w, r:r'(s)nr-'(w)—-snw

also are homotopy equivalences (here we use the contractions and same argu-
ments as above).

iii) Finally, we note that WUS = M(c) -V and int(I'"(S))int(T1(W)) =
H(c) — ¢. Then using the Mayer-Vieloris sequences associated Lo these pairs of
sets and applying the five-lemma we gel that

F.:Hy(H(c)=¢, Z)— H\(M(c)-V, Z)
is an isomorphism.

Let us notice that Lhe above condition can only be obtained in the following
two cases:

a) c is convex, or

b) the piece of curve lying on the convex envelope is homeomorphic to a
closed interval.

This lead us the following:



Corollnry L. A necessary condition for convexly generic curves having non -
vanishing torsion is thal they go at least twice inside (and hence outside) their
convex hmlls.

The lower bound stated by this corollary is the best possible. This can be scen
using Lhe results presented in {3]. The (1,2) curve on the torus whose radii are in
proportion to a 3 < a < 5, provides an example of non vanishing torsion closed
curve going exaclly twice inside of its convex hull (and hence (1 (e) », Z) 7
0). On the other hand, the diagonal curve on a fat torus (a = 2) is an example of
non convex furve going once inside its convex hull (Hy(M(c) ¢, Z) - 0) whose
torsion vanishes exactly twice (]|3]). This also shows that the statement in above
proposition i= the best possible,

& ==
G

The diagonal and the (1,2)-curve an properly proportioned lors;
the boundaries of their conver hulls and their Mazwcll graphs.

8



B. Study for Limits of Convexly Generic Curves

We consider now simple closed curves ¢ : 81+ 1#?¥ with non vanishing curva-
ture (just conditions 1), 2) and 1) of §1.A) which are not in 2. Since any of there
curves in a C™ lunit of convexly generic curves in the whitney C™ topology
(lemma 1), we need Lo investigate how the above results behave in the limit,

Lenima 3. Let {e,}n>1 be a sequence of convexly -generic curves converging Lo
a curve ¢. Let t, be an external vextex of ¢, ¥n and let tg = limt,. Then
o i= an external vertex of ¢ and its torsion r : S' o+ R is an odd function in a
neiglnlmrhgod of ip.

Proof. It follows immediately from observing that the height function in the
direction of the binormal at ty must be even (for &, being the limit of absolute
minima must itsell be an absolute minimum). And hence the torsion needs to be
odd in a neighborhood of ty.

T

o

Consequence. Under these conditions, if e is elosed it has another vertex (for 1

is periodic).
We can now improve the result in Proposition 2 as follows:

Proposition 3. Let ¢ - lime,, e, convexly-generic ¥n, and such thal.
Hy(H (cn) - en(S'), Z) = 0 ¥ n, then ¢ has al least two vertices. :

We can interpret this result as the two external verlices existing in the
convexly- generic curves may not collapse unless the curvature vanishes at some
point or ¢ € f).



Lennna 4. Let {eq}n>1 be a sequence of convexly -generic curves converging
to a curve ¢. Suppose that t} and t3, are consecutive vertices of ¢,, Yn. Let
to = lim ¢} - B €}, such that tq is not the limit of any other sequence of ver-
tices. Then {, is a vertex of ¢ and Lhe torsion r of ¢ is an even function on a |
neighborhood of tg.

Proof. Take the Taylor expansions of ¢, related Lo the Frenet frames at the
points t} and 2. Now look at the projections on the binormal directions b(1?,).
As they change sign from one point to the other, one must have that in the limit
either x = 0 or ¢ - b(ty) is odd and hence 7 s even on a neighborhood of (.

b
Proposition 4. Let {ca}a>1 and ¢ be as above. Suppose that t! and t? are
consecutive vertices of ¢,, one of them being external ¥ n. Then

- i t: £ lim 2.

Besides, il the considered vertices are all external it is not possible to collapse
two or more of them in just one: t

Proposition 5. Let ¢ = lim c,, where {c,}n>1 is 2 sequence of convexly- generic
curves with p vertices, all of them being external. Then ¢ has at least p vertices.

Proof. Let f} and {3 be consecutive vertices and let b(f}) i = 1,2 be the
curresponding binormals. Then

sign(b(t) - (en(t) = caltn))] = - sign(b(t7) - (ealt) = ealtR))] VL.
Hence, in the lunit, we get
b(tn) . (C(t) - C(l")’ -0, Vi

which implies that ¢ must be a plane curve, that is, ¢ € 1.

Corollary 2. Let ¢ = lin ¢,, where {cn}n>; 15 2 sequence of convexly - gencric
curves all whose vertices are exlernal. Then ¢ has at least 4 vertices.

Jt may well be true that any convex curve is a C®- limit of convex convexly-
generic curves, all the vertices of which are external. H this fact were Lrue, we
would ilmmediately get a proof for P. Scherk’s conjecture.
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