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Properties for spherical harmonic polynomials in Ry and R, are
derived: raising and lowering operators and recurrence relations between
contiguous polynomials are obtained.

1. Introduction

In this paper we present a systematic derivation of properties for the
spherical harmonic polynomials in R; and in R,.

The principal polynomials in Ry are the spherical Gegenbauer polyno-
mials and the well-known spherical harmonic polynomials, basis of the IR3-angular
momenium operator.

In IRy we have the hyperspherical harmonic polynomials, solutions of the
angular part of the four-dimensional Laplace equation!!. These polynomials are of
special interest for applications to non-relativistic physical problems concerned with
the Coulomb field, the well-know 0(4) symmetry of the hydrogen atom/?.. The study
of representations for the 0(4) rotation group!®; symmetry of scattering amplitudes/*!
and relativistic quark models/®.



We present a systematic derivation of the properties of the spherical har-
monic polynomials by the classical method of special functions analysis. We derive
raising and lowering operators and recurrence relations between contiguous polyno-
mials. ‘

In Section 2 we derive the properties of the spherical Gegenbauer poly-
nomials. In Section 3 we derive the properties of the spherical harmonic polynomials
raising and lowering operators on the angular momentum quantum number and col-
lected some peoperties to be used in Section 4 in order to determine properties for
the IR,~hyperspherical harmonic polynomials.

»

2. Spherical Gegenbeuer Polynomials

The spherical Gegenbauer polvnomials are a complete and orthonormal
set of (n + 1)-polynomials, solutions of the following differential equation

PR S {e1)
- ' --——.) B - — } t = -
{sinz G, ab, (sln '8, ) n(n + 2) e Colcos) =0 (2.1)
with0< 8, <x, n=0,1.2---, 0< €< nand
Cllcos 8y) = N(n, £)sin’ 8,CL }(cos 8;) (2.2)

where C!”}{cos 8,) are the usual Gegenbauer polynomials'’' and N (n,£) is the follow-
ing normalization factor
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In order to obtain recurrence relations and raising and lowering operators
for the C!(cos #;) polynomials we use the following relations for the usual Gegenbauer



polynomials/!

(n‘-t- 1)CA (z) + (n+ 22 - 1)C)_,(z) = 2(n + A) z C¥(z) (2.4)
%qm=nqmﬂ (2.5)
(1- r’)%C{,‘(:) =(n+2X-1)C)_,(z) -nzC)(z) (2.6)

»
= (n = 2X) £ C)(z) - (n + 1)CL.,(2).

From Eq. (2.4) we have the following recurrence relation, between con-
tiguous C%(cos#,) on the n—quantum number

2(n + 1) cos 8,C(cos 8;) = A;(n.€)CL, (cosb;) + By(n,€)CL_,(cos8,) (2.7)

where
n+1 112
Aqu={n*2h+l*ﬂm—t+ﬂ}
Bqu={":'m-qm-t+nrn (2.8)

Raising and lowering operators on the n-quantum number can be derived
from Egs. (2.6), and we have

d d
?:=5Il'l‘|d—a14'(ﬂ"'2)ma] (2.9)
Fr = -sind £ n cosf (2.10)
= mn lda] 0 1 .

where



7rCllcos8y) = Ay(n,O)CE, (cos 8,) (2.11)

FnC4(cos8) = Bi(n,£)CE_, (cosby) (2.12)

equation (2.12) olds only for n > 1.
The commutation relation between 7" and 7" is given by

(D, ] = ~2(n + 1)sin* 6, (2.13)

These operators relate the set of polvnomials {C%(cos#,)} with
{Ci. lcosby)}.. The 7" operator can not reproduce all polvnomials of the set
{C',‘._,,(cos&.)}.\!vecause the maximum value of { is { = n. We need also to de-
fine a raising operator on the {—quantum numbers. However. from Eq. (2.12), we
have 7" C{""(cos ;) = 0. then the 7" operator can reproduce all polvnomials of the
set {C!_,(cos#,)}.

The contiguous relation given in Eq.(2.7) can be written in terms of rais-
ing and lowering operators in the following way

2(n = 1) cos 6,4 (cos 8,) = (77 + F%)C(cosby) (2.14)

By means of Eq.(2.5) we can derive raising and lowering operators for
C&(cos8,) on the {-quantum number. and we have

7= - d% + tcm, (2.15)
e = i (2.16)
a6,
where
FCl(cos8,) = C(n, ()CE" (cos b))  (21)
FtCllcos8,) = Dy(n,)CE " (cos8y) (2.18)
with



Ci(n.l) = {(n - O)(n + £+ 2 (2.19)

Di(n,€) = {(n - £+ 1)(n + £+ 1)} (2.20)

equation (2.18) olds only for £ > 1.
The commutation relation between 7! and 7! is given by

4. %51 (2.21)

Y sin" 8,

These operators relate elements of the same set of polynomials
Ci(cos8,)} for a given value of n. Both operators depend on the value of £. and this
fact must be taked into account when we construct all elements of ‘the set, starting
from a definite value of £.
We can construct all polvnomials, starting from £ = 0. using Eq. (2.17).
This equation is consistent with the fact that there is a maximum value of el =i,
We can also see that Eq(2.18) is consistent with the fact that there is a
minimum value of £ ( = 0.
Commutation relations between 7" and 7! can be derived and we have
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(2.22)
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Using these commutation relations we can derive the following contigu-
ous relations



2(n + 1) sin 0,C%(cos ) = — Ey(n. ) (cos ) + Fi(n.O)C L (cost)  (2.23)

2(n + 1) sin 8,C%(cos ;) = Gy(n.O)CL (cos8y) — Hy(n, 8)CE ) (cos8y) (2.24)

where
Exin,8) = {:—3;; o= 1) t+2)}”z Filn,0) = {" . e t)}m
(2.5)
fa+] 1/2 n=1 1r2
Gil(n.l) = {n_z(wuz)(nd-s)} H.{u.t):{ — (n- fn -t~ 1)}

If we multiply both sides of Eq. (2.11) by ™! or Eq. (2.12) by 77!
we reproduce the differential equation for C!(cos#;) given by Eq. (2.1). We can
also reproduce Eq. (2.1} by means of 7 and 7' multipiying Eq. (2.17) by 7! or
Eq. (2.18) by 75

3. Spherical Harmonic Polynomials

The properties of the Y;"(#,.2) spherical harmonic polynomials in R
are well-known. We collect here only the most imporiant properties. The Y™ (8,.0)
polynomials define a complete and orthonormal set of (2 - 1}-polynomials and are
solutions of the angular part of the Laplace equation in IR;-spherical polar coordi-
nates.

In terms of the R:-angular momentum operators the diflerential
equations for Y™ (#,,¢) are



L3 (62, 0) Y™ (83,6) = L(L+ 1)YV(62,6) (3.1)

L.(82.6)Y™(82,6) = m Y"(8,6) (3.2)

Raising and lowering operators on the m-quantum numbers are L. (6. ¢)
and L_(#..¢) respectively. where

3 L. (82.0)Y;™(62.8) = {(L - m)(L + m = 1)}}3Y,""(8,,0) (3.3)

L_(8;.0)Y,"(6;.0) = {(€~ m)(€ - m + DPR2Y"7 (0, 6). (3.4)
Important properties of Y;"(6,.4) are Lhe"followings"’:"
cos 8,17 (62.0) = Az(€,m)YT, (63, 8) — Ba(€,m)Y T, (62, 0) (3.5)
exp(i 6) sin 6:Y,"(82,0) = —C3(L.m)Y, 2 (82,0) ~ Dy{L.m)Y," 7 (6. 0) {3.6)
exp(—1¢)sin 21,7 (82.8) = Ea(€,m)Y,T; (82.0) ~ Fa(€.m)Y ' (62,0 (3.7)

aoh % Y (82.0) = LA (6, m)YST (82,0) — (£~ )Bs(E,m)V,(6:.0)  (3.8)

with
({ —m=1)(f+m-—1)
(2 — 1)(2€+ 3)

(€~ m- 1)(t+m~".e}}'/2 Dy(t.m) = {(t- m)(t - m - 1]}”’

"

ol cnd 111

172 .
Ayt m) } Batl,mi) = {(21 - 1)(2t-1)

C:(t. m) =

(2¢ + 1)(2¢ + 3) {26 - 1)(2( - 1)
(-m=-1)(t—m=-2)'? s m)(l+m— 1)\
(20 + 1)(2( + 3) e e { (26 - 1)(2¢ - 1) }

f
\
Ex(t.m) = |

The corresponding raising and lowering operator on the {- quantum num-
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ber can be derived from the derivative property of ¥,™(#;,#) and are given by

R _2_ t
X! = sinb, 2%, + (£ + 1) coséy (3.9)
.= —sin‘-;—cz— + £ cos by (3.10)
Cy a,
where
»
XEY(85,6) = GalE.m)Y, (8. 6) (3.11)
XY (82,0) = Ha(€.m)Y™,(85.0) (3.12)
and
20+1 e
Galt,m) = {m(z- m-1){l—m+ 1)}
2 12
Hoft.m) = {2 (€~ m)(e+ m)}

The commutation relation is given by
KL ME = (20~ 1)sin® 6y (3.13)

As in the case of the spherical Gegenbauer polynomials these operators
relate the set of polynomials {Y,"(62,0)} with the set {Y,Z,(6;,0)} and the same
conclusions hold here.

The differential equation for Y,"(#..¢) can be reproduced by the appli-
cation on Y,"(#,, @) of one of the following combinations of diagonal operators:

g A SR R o T






FrUR(61,8,,8) = Ay(n, OYT,, ((8,,6,.0)

(4.6)
?-‘y:((“!‘!! é} = Bl{““)y:—l.l('lv ‘Io¢)
and for the {-quantum number we have the following combinations
FINLYT(0:.8:,0) = Ci(n. ()G (L, m) YTy, (61.02.0) (4.7)
SFNUT(6,.0:,8) = Di(n, OH:(n. YTy, (6:.62.0) (4.8)

The differential equation (4.1) can be reproduced by the application of

one the following combinations of diagonal operators on Y7(8,.6,.0) b
1
i e e s L S
- + + sin:h sin?s‘( - - 1)
(4.9)
|
ft—l;! S e ’ll'!,}(! = L:
Tt Al e 0;( i 2 )
or
(P« 1)
si)‘l2 ’1 = 3
(4.10)

1 &
5—.!;;—‘1(71‘ I+ LY

The recurrence relations between contiguous Y7(6,.8;,6) can be derived
by appropriated combinations of properties of C’(cos ;) and of ¥;*(#,.¢) polynomi-
als.

10



From Eq. (2.7) we derive a recurrence relation between contiguous
Yr,(8,.82,4) on the n-quantum number <

2(n + 1) cos Y7 (01,02,6) =
= Ay OYD (61,02, 8) + Biln. Y, (6.0, 9).

Using Egs. (2.23) and (2.24) for C%(cos#,) and Egs. (3.5), (3.6) and (3.7)
for Y,™(82,¢) we obtain

LY

L
2(n - 1)sin 8, cos 0V ,(6,.0,,0) =
= As(6.m)Gy(n, OUT,, 1oy (0:.02,8) — A2(&,m)H, (n. OYT, ,.,(6:.0:.0) -
*B:(t. m]Et(n. t)y:rl.l-l (81.’3, ¢) = i3 Bg(l._m)ﬂ(n, l)y:fl"—) (91 ﬂg, ¢]

exp(i &) sin 8, sin 0, Y, (8,,0,,0) =
= = Ca(6.m)Gy(n. QY75 (61.63,6) + Ca(l.m) Hy(n, Y. (61.6:.0) -
- DaE.m)Es(n. U, (01.82.0) + Da(E.m)Fi(n. OV, (6:.8,0)

and

exp(—1@)sinb, sin 8, Y, (6,.0:.0) =
= Ey(6.m)G\(n, O)UT ., (8:,05,8) — Ex(€,m)Hy(n, )Y, (6,.65,0) +
£ Foll, m) Ex(m, OYP e (81.82,8) — Fi(€,m)Fi(n, OY, (6162, 6)-

11



5. Conclusions

We have here derived properties for the spherical harmonic polynomials
in R» and IR, spaces: raising and lowering operators and recurrence relations be-
tweer. contiguous polynomials have also been obtained.

It is well known that operational methods are of particular use to special-
ists d=alings with applied mathematicals. With such methods it is possible to reduce
differ=ntial problems to algebraic problems. Ours raising and lowering operators are
anticcfmu{ative and can be applied to solve non-homogeneous dinear differential equa-
tion with constant coefficients using the Heavside method and operator calculus'®l.
Some interesting applications of these operators follows these will be published else-
where.

5
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