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Plan of the course

In this course I want to discuss mainly the analytical aspects of the theory of regularity
structures.
The plan for the four lectures is roughly:

» I. Reconstruction Theorem

» II. Models and modelled distributions

» III. Schauder estimates for germs

» V. Multilevel Schauder estimates for modelled distributions

» V. Products and equations

Lecture notes and papers in collaboration with F. Caravenna and L. Broux, see my web page.
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Chapter 1: The Reconstruction Theorem
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A theory, a theorem

This talk is based on a paper (appeared in 2021 in the EMS Surveys in Mathematics)

» Hairer’s Reconstruction Theorem without Regularity Structures
by F. Caravenna and L.Z.

In this paper we have extracted a single result (the Reconstruction Theorem) from a larger
theory (Regularity Structures).

We present the former in a simpler and more general version, without reference to the latter.

A later paper by Pavel Zorin-Kranich, to appear in Revista Matematica Iberoamericana, has
introduced introduced further simplifications and improvements to our results.
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Prelude: The Sewing Lemma

You have seen in Sebastian’s lectures last week that the main tool in rough analysis is the

Theorem (Sewing Lemma)

Let 0 < a < 1 < B. There exists a unique map T : CZO"B([O, T] : RY) — ([0, T] : RY) s.t.
(I2)o =0, |IE —I5,—E|S|t—s?,  s,1€0,T).

We recall that C5' # denotes the space of continuous = : {(5,) :0<s<t<T} = RIsit

—_ —_ —_ —_
) — p— pu—
=5 =5 — Zsu — Syl

sup + sup

< +-00.
0<s<i<T |t = 8|%  o<s<u<i<T |t —s|?

This theorem was proved around 2003 indipendently by Gubinelli and Feyel-de la Pradelle.
It is restricted to functions depending on a one-dimensional parameter.

It took ten years to find a version of this result in higher dimension... This is Martin’s
Reconstruction Theorem.
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Distributions

This talk will concern the space D'(IRY) of distributions or generalised functions.
We consider the space D(R?) := C°(RY) of smooth functions with compact support on R?.
A distribution on R is a linear functional 7 : C>°(R?) — R such that for every compact set

K C R? thereis r = ry € N

T < lleller = r‘?‘i}f”ak@”ooa Vo € G5 (K)

where throughout the lectures f < g means that there exists a constant C > 0 such that
f=Csg

When r can be chosen uniformly over K we say that T has order r.
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Distributions

Every locally integrable (in particular continuous) function f : RY — R defines a
distribution:

fle) = [ et ds o e DERY.

A famous example of distribution from quantum mechanics, which actually motivated the
whole theory of distributions, is the Dirac measure d, at x € RY

&) =ex), ¢ € CP(RY).

One can also differentiate any distribution 7 € D'(R¥): for k € N¢

OIT(p) = (—1)f T T(94).
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Products of distributions

Distributions form a linear space. If ¢ € C*°(R?) and T € D'(R?) then it is possible to
define canonically the product ¢ - T =T - @ as

o T()) =T- () :=T(py), Vi) e CORY).

However, if T, T’ € D’(R9), in general there is no canonical way of defining T - T".

One may use some form of regularisation of 7, 77 or both. Then, the result could heavily
depend on the regularisation and thus be neither unique nor canonical.

For example, one can not define the square (J,)? of the Dirac function.
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The main question of reconstruction

For every x € R we fix a distribution F,, € D'(RY). If for all ¢/ € D the map
RS x — Fi(v)

is measurable, then we call (Fy),cges a germ.

Problem:
Can we find a distribution f € D’(R?) which is locally well approximated by (Fy)cpa?
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The main question of reconstruction

For every x € R we fix a distribution F,, € D'(RY). If for all ¢/ € D the map
RS x — Fi(v)

is measurable, then we call (Fy),cges a germ.

Problem:
Can we find a distribution f € D’(R?) which is locally well approximated by (Fy)cpa?

Note that forj € N9, w € R?, we use the notation

d d d
=g wie=]]wl 2=
k=1 k=1 k=1

with the convention 0° := 1.
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Taylor expansions

For example, let us fix f € C°°(R?), and let us define for a fixed v > 0

Nk
F)= 3 o O eyert
[k <~y '

Then the classical Taylor theorem says that there exists a function R(x,y) such that

fO) = F(y) =R(x,y), R y)|[ S x—y”
uniformly for every x, y on compact sets of R<.

We say that the distribution f is locally well approximated by the germ (Fy) cpa.
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Let us introduce now the following fundamental tool:

forall ¢ € D(RY), A\ > 0 and y € R?

1 w—y
A - d
c,oy(w).—)\dg;(/\>, we R,
Then the local approximation property
fO) = Fe(y) =R(x,y),  [R(x,y)| S x =y
implies for any ¢ € D, uniformly for y in compact sets of RY, A €]0, 1].
(=) = | [ RO 2

< 1

< = w—y[Tdw S\
3 Jayn "
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Taylor expansions

Another simple formula in this context is
(F: = Fy) ()| S (Iy =2+ A),

for any ¢ € D, uniformly for y, z in compact sets of R, A\ €10, 1].
We call this property coherence, see below.

This comes from a simple estimate of F(w) — Fy(w).
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Coherence of Taylor expansions

Let us note that we can Taylor expand also the derivatives of f: for |k| < ~

I’ry)= > (@) b2 +Ry.2), IR (o) Sly—2 N
17 s SRS '

|| <y~ k]
Then we can write

w— )k
=) ) b=y k!y)

|k <~

= Z Z ak-{-ﬁf )Z —|—Rk( ) (W ;‘y)k

Ikl <~ \[el<vy—[4|

ZRky’ (w— y)

[&| <~
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Coherence of Taylor expansions

Therefore
(w—y)F
Fo(w) = Fy(w) = = 30 Ré(r2) 2
[kl <~
In particular
w —yl*
Fe(w) = Fy(w)| < Y[R (3, 2)| T
[kl <~
S =z HWw -y
[kl <~y

Sy =2 +w—=y)?

since a'b® < (a + b)'(a + b)* fora,b,t,s > 0.
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Coherence of Taylor expansions

Now recall that

Then

1
[0 = o ebman| < 55 [l iy

Sy =z +A)
We have obtained for the germ (F)), s and for any p € D, y, z € R4

(F.= F)@)] S (v =2l + ).
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Coherence

Let us set from now on
€p =27, neN.

In particular for the germ related to a Taylor expansion we have for A € {¢, : n € N}

|(Fz = Fy)(5)

Sy—z+e)’,  [(f =B

y
S ens

for any ¢ € D, uniformly for y, z in compact sets of R? and n € N.

We say that a germ (F;).cpe C D’ is (v, y)-coherent for o, v € R with av <, if there
exists ¢ € D(R?) such that [ ¢ # 0 and

|(Fz = Fy) (5] S enly — 2l + €)™

uniformly for z, y in compact sets of R? and n € N.
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Hairer’s Reconstruction Theorem (without regularity structures)

Theorem (Hairer 14, Caravenna-Z. 20)

Consider a («,7y)-coherent germ with ~y > 0, namely we suppose that there exists
¢ € D(RY) such that [ ¢ # 0 and

[(Fy = F) (@) S e (lx =yl +20)",

uniformly for x,y in compact sets of R? and n € N (coherence condition). Then there exists
a unique RF € D'(R?) such that

[(RE = Fo) ()] S en

~ T n

uniformly for x in compact sets of R%, n € N, {¢p € D(B(0,1)) : |[1b||cr < 1} with a fixed
r> —a.
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Comments

>

>

This result was stated and proved by Martin in [Hail4] for a subclass of germs related
to regularity structures. He used wavelets.

Later Otto-Weber proposed an approach based on a semigroup. This corresponds to a
special choice of the test functions ¢, 1.

Our statement is more general and requires no knowledge of regularity structures.

This result can be seen as a generalisation of the Sewing Lemma in rough paths
(Gubinelli, Feyel-de La Pradelle).

The construction is completely local: constants and even the exponent o can depend on
the compact set.

We also cover the case v < 0 (see below).

Pavel Zorin-Kranich recently showed how to simplify, shorten and (slightly) improve
our proof.
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Proof for v > 0: Uniqueness

Suppose we have two distributions f, g € D’ which satisfy, uniformly for x € K for any
compact K C R,

lim [(f = F) () = Tim [(g = Fo) ()] = 0. (1)

n—-+oo n—-+oo

We may assume that ¢ := [ ¢ = 1 (otherwise just replace ¢ by c o).
We set T := f — g, we fix a test function ¢ € D. We recall the definition of the convolution

) p(w) =/ V) pw—y)dy= [ d(w—y)p()dy,
R4 Rd
for w € R¥. This implies

T9) = [ 0Tl =)dy = [ T =3)¢)dy. @
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Proof for v > 0: Uniqueness

It follows that
T(y) = lim T(¢* ).

n—-+00

Moreover

M) = [ TC-Nvhd = [ T v0)d,

T ¢w€"|—] [ 7 dy\<||w||g sup [T(oE)] -

yesupp(v)

It remains to show that lim,—  co SUDyequpp(u) |T(p5m)

IT(e)] = (@) = &ley)l < (f = Fy) ey + [(g = Fy) (#5)]

which vanishes as n — +oco uniformly for y € supp(1), by the reconstruction bound (1).

Lorenzo Zambotti Campinas, 8-12 August 2022



Proof for v > 0: Existence

We fix a test function ¢ € D with [ ¢ # 0 which makes the germ F coherent.
We can find in an elementary way a related ¢ € D(B(0, 1)) such that

Lemw=1. [ Fema

for a given r > —a. Then we define

0, VkeNd: 1<I|kl<r—1,

22 S Y]
pi=¢ ko and  Q:=Q2—¢
where by ¢2, 3% we mean ¢ (z) = A"4B(\"1z) for A =

I

%, 2, respectively.
This peculiar choice of p ensures that the difference p% — pis a convolution:
1 ol
pr=—p=p*xp.
It follows that

portt = p = (p2 — p)T = @7 B
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Proof for v > 0: Existence

Finally we define

BE =), )= [ FGU0E,  seR e,

Then we want to prove that f,(¢) — f(v) and |(f — Fy)(¢5")| < e, for all ¢ € D, namely

that
RF = lim f, in D.
n—+o00
We study the function
fx,n(z) = fu(z) — Fx(ﬂi") = (F, — FX>(P§")7 X,z € R?. 3)
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Proof for v > 0: Existence

We write f, ,, as a telescoping sum:

forr1(2) = fip(2) = (Fr = Fo) (p2 " — p2¥) 4)
= (R = F)(@ +97) = [ (R = FY@) 6% 0=y ®
= [B=RE o —ad+ [ (F-RE)F0-Dy. ©

84(2) 8¢ (2)

where again we use (2). By coherence we have

gk (2)| < (|9l sup  [(F. = Fy)(&5)] Sevel “=¢f,
ly—z|<ex
‘/ 8k (2) ¥ (2) dz| < sup [(Fy — F) (@) [0 bl S efll@™ * |l
yeK]
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Proof for v > 0: Existence

By the properties of (» we can write
(B"*¥)(y) = /Rd P° (v —2) {¥(2) —py(2) } dz,

where py(z) == Z| K<r—1 % (z — y)¥ is the Taylor polynomial of v of order r — 1 based
at y; since [t:(z) — py(9)] S [t ]lcr |2 — yI", we obtain

16+ vl 5 [ 60 =2l le =51 de S &

We obtain

a—+r
5 sk 9

[ davee

Now we have by assumptions v > 0 and o + r > 0.
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Proof for v > 0: Existence

In particular, as n — +o0,

n—1

fx,n(w) :fx,0(¢) + Z [g;,k(w) + gz(¢)]

k=0
converges to a distribution of order r. Now that F,(p°") converges to F, in D’. We obtain
fu = fon + Fx(p) converges to a distribution RF in D’. We also obtain for all ¢

RE(1) = Fo() + fre(@) + Y [8hx(¥) + gl ()] ,
k=t

and the latter formula yields similarly the reconstruction bound |(f — Fy)(¢5")| < en.
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The Reconstruction Theorem for v < 0.

Theorem (Hairer 14, Caravenna-Z. 20)

Let F : RY — D'(RY) be a (a, v)-coherent germ, with o < v < 0, namely there exists a
¢ € D(RY) with [ p # 0 s.t.

(Fy = F)(e2)| Sen(x =yl +ea)™,  neN, xyeR’,
(coherence condition). Then there exists a non-unique RF € D'(R?) such that

en ify<0

KRF—FQO@QIS{(1+‘bg%D Fy—0

uniformly for x in compact sets of R, n € N, {4 € D(B(0,1)) : ||[¢|lcr < 1} with a fixed
r> —o
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Proof for v < 0

In the proof with v > 0, we wrote, see (6) and (3),

fen = fo — Fx(p™) fxo+z [gex Tl gl Ser™ gl <en
k=0

Now we can choose r such that o + » > 0, but v < 0 is fixed.

The solution is to define a different approximation sequence, eliminating the term g/, whose
convergence depends on v > 0, and the proof follows with the same estimates. Namely

n—1
fn ::fn - Zgl/cla ﬁr,n(w) :fn(¢) - Fx(pan *¢ f;CO + ngk
k=0

Then with the same arguments f,, (1)) — f(¢) and |(f — F.)(¥5")| < en.
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Homogeneity

The coherence assumption only concerns F, — F), never F), alone.

Under coherence alone, the reconstruction RF exists in D’ but we have little more
information.

Another crucial notion for germs is homogeneity (with exponent &)
< g’?

[F ()] S

uniformly for x in compact sets, n € N and ) € D(B(0, 1)) with ||2|
r> —ao.

cr < 1, for some fixed
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Negative Holder (Besov) spaces

Given & €] — 00, 0[, we define C* = C%(R?) as the space of distributions T € D’ such that
forallp € D\ {0}

ORI
[l ~°

uniformly for x in compact sets and € € (0, 1] ,

where we define r as the smallest integer » € N such that r > —a.

Theorem
The reconstruction RF of a (o, y)-coherent germ F with homogeneity exponent & is in C*
(and the map F — RF € C% is linear continuous).
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Sewing versus reconstruction

In dimension d = 1, the Sewing Lemma and the Reconstruction are almost equivalent.

For a continuous = : {(s,7) : 0 < s <t < T} — R which vanishes on the diagonal we can

—_

define the germ F(-) := O,=. ;.

Letz >y > xand ¢ := 1(_; ), so that oy " = y%x]l(x,y)' Then

1
y—Xx
- 1

- (:x,z - ':x,y - Ey,z) .

y—Xx

y
(F.-F)@ ) = [ (05— 020) s
X

—_— —_—

Then
(F: = F)(@ ™) S =« (e=yl+ y—x) = [Exz = Ery — Syl Sle—x1°

namely (—1, 5 — 1)-coherence of F is equivalent to /= € (335 .
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Sewing versus reconstruction

In particular, we can interpret the conditions

—_ —_ —_ —_
= = = =
|=s 1= — Zsu — Syl

sup  ——— < +00 sup 3 < +00.
o<s<i<T |t = 5| 0<s<u<t<T |t — 5|
homogeneity coherence

As for reconstruction, also Sewing is possible under mere coherence

P coherence implies existence of Z=

» homogeneity implies that 7= € C“.
Moreover for 8 < 1 we still have a version of the Sewing Lemma, as for Reconstruction
withy = 8 — 1 <0 (see Broux/Z.).
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Singular product

Let f € C* with & > 0 and Fy (w) = 3, () U5

Let also g € C? with 3 < 0. We define the germ P = (P, := g - F) cpa, that is
Pe(p) = (g~ Fu)(p) = 8(pFy),  ¢€D.

Theorem
Iff €Cand g € CP, with a > 0 and 3 < 0, then the germ P = (Py)yeprd IS
(B, & + B)-coherent, namely

‘(PZ - P)’)(Spin) S 55(‘)’ — 7| +en)

If a + 3 > 0, the unique distribution R P can be used to construct a canonical product of f
and g. Moreover RP € CP.

If a + 3 < 0, the (non-unique) distribution RP can be used to construct a non-canonical
product of f and g. Moreover RP € C”.
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Recent developments

» Reconstruction Theorem for Germs of Distributions on Smooth Manifolds
by Paolo Rinaldi and Federico Sclavi

» On a Microlocal Version of Young’s Product Theorem
by Claudio Dappiaggi, Paolo Rinaldi and Federico Sclavi
» Besov Reconstruction
by Lucas Broux and David Lee
» Reconstruction theorem in quasinormed spaces
by Pavel Zorin-Kranich
» A stochastic reconstruction theorem
by Hannes Kern

» The Sewing lemma for 0 < v <1
by Lucas Broux and L.Z.
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What we did yesterday

We defined the notion of coherent germs: (Fy),cpe C D’'(R?) such that
|(F: = Fy)(#5")

where for all ¢ € D(RY), A > 0and y € R?

Sep(ly—zl+e)™

1 w—y d
o (w) = = <> , we R?.
y ed A

Here v, € Rand a < .

We stated the Reconstruction Theorem: there exists RF € D’'(R9) such that

[(RE = F) ()] S en

~ n

(with a log-correction for v = 0) and RF is unique if v > 0.
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An important special case of reconstruction

Let F be a (v, y)-coherent germ with v > 0.

We know that the (unique) reconstruction RF satisfies

RF() = lm [ F(p)w()dz, Vi eD.

n——+oo Rd

Let us suppose now that (x,y) — Fy(y) is continuous.

Then by dominated convergence we obtain
REW) = [ P VoeD,
R4

namely the reconstruction RF is equal to the function z — F,(z).

This includes the Taylor polynomial example where F(x) = f(x).
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Non-uniqueness for v < 0

Let F be a (v, y)-coherent germ with o« < v < 0.

Suppose that T € D' is a reconstruction of F, namely

(T = F)(y)] S e
uniformly for x in compact sets etc.
Then for any D € C7, the distribution 7 + D is also a reconstruction of F.
Viceversa, if T’ is a reconstruction of F, then
(T = T")(v)

sothat T — T' € C".

< (T = F) )| + (T = F) (W)l S el

Therefore, for v < 0, the reconstruction of F is unique up to an element of C7.
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Again on singular products

Let us go back to the singular product between f € C® with o > 0 and g € C” with 8 < 0.
We defined a germ P which is (o, « 4 [3)-coherent.
If @ + 3 > 0 then the product f g = RP is canonical (we can call it the Young product).

If o + 3 < 0 then the reconstruction RP is unique up to an element of 5.
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Chapter 2: Models and modelled distributions
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More on germs

The reconstruction theorem can be applied to coherent germs, which form a large (vector)
space.

However this space is too large. When we want to solve SPDEs, we are going to use a much
smaller space to set up a fixed point.

We are going to study germs which can be written as suitable linear combinations of a fixed
finite family of germs.
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An example in one-dimension

You saw in Theorem 55 of Riedel3.pdf that given
> ae(53)
» X = (X, X) a a-rough path
> (Y,Y') € D§([0,7]) acontrolled path
then setting
Emv =Y, 5Xu,v + Y1/4 Xu,v

one obtains 0= € Cgo‘ and one can apply the Sewing Lemma to define the rough integral

t
Il‘:/ Yuqu,
0

which is the unique continuous function 7 : [0, 7] — R s.t.
Iy=0, |, —I,—Zg S |t—sP*

For the reconstruction theorem, we want analogs of X and Y to build coherent germs.
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Definition
A pre-model is a pair (IL, ") s.t.

1. II = (II'); is a family of germs II' = (II.), -« labelled by a finite index set /,

2. R x R? 5 (x,y) — (Fﬁ{y)l Jjer is a matrix-valued function such that

=) T4, jel xyeR
iel

3. there exist (a;)ic; C Rand a p € D(R?) with [ ¢ # 0 such that
()] S en

uniformly over x in compact sets of R?, n € N.

We denote & := min(a;,i € I).
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For a fixed v > 0, the family of classical monomials

(w—yy

I8 () =

,  JeEN yweRY jel:={ieN:|i| <~}

with «; = |i|, any ¢ € D and

i X — J=i ..
F)gy = ]]‘(IS]) ﬁa i,j€l,

(=)

forms a pre-model.
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Modelled distributions

Definition
Let (IL, T") be a pre-model, and let v > max(cy,i € I).
If f: R? — R/ is measurable and satisfies for all i € /

LSt A= DoTRA S ey,

JEI

uniformly for x, y in compact subsets of RY, then we call f a distribution modelled by (I1,T),

or simply a modelled distribution, and we write f € DZH,F)‘

Given a pre-model (II,T") and a modelled distribution f € DZH r)» We define the germ

(ILf)y =Y Tfl, xeR’

iel
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Coherence of (I1, f)

We want to show that (II, f) is (&, y)-coherent, where & := min(«;, i € I). Using the
reexpansion property IF, = Yicr H§ '), we have

(ILf): = (Lf)y =Y TR =Y T fi==> T | fi—> TLf

jel il il jel

Therefore

(ILf): — (ILA)(e5) = = > T(5) [ fi=D Tif |,

i€l jel
namely
(AL = (LA S Dz =3 S e e+ e =y,
icl

uniformly for y, z in compact sets.
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Homogeneity of (I, f)

Moreover

[(ILA ()| < D 5] S D e S e,
i€l i€l
uniformly over y in compact subsets of R¢. In other words we have proved that
Theorem
If (IL, 1) is a pre-model and f € DZH ry then (IL,f) is a (&, ~y)-coherent germs with uniform
homogeneity bound with exponent Q.

Note that here oo = .
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Holder functions as modelled distributions

We have see that the classical polynomial family

I (w) = Ukt (=)™

.. d
a0 xy—]l(i<‘)W, i,j € N%,

forms a pre-model. It is an interesting exercise to check that modelled distributions with
respect to this pre-model are actually classical Holder functions.

Let us consider for simplicity the case v ¢ N. Now, a modelled distribution f € D?HI)
satisfies by definition

' (=" i :
fim ) o RSkl i i<y,
i<y T

This is in fact a Taylor expansion of f' at order |y — |i|| with a remainder of order v — |,
and this implies that f7 is of class C7~ /' and

fJ = 8j—ifi7 v.] >0
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Holder functions as modelled distributions

In particular, for i = 0 we see that ¥ is of class C” and satisfies

P0) = F(y) =R(x,y), RGeS x—y7

Then f? is a reconstruction of (II, f), and since v > 0 it is the unique reconstruction. In
other words we have seen that

f0:R<H7f> ecfyv fi:aifoa VM <7.

The fact that £ is the reconstruction of (I, f) is also a consequence of

RALS) = {x = (L)} = {x = £},
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Semi-norms

Back to the general case, for a fixed pre-model (II, I') we can interpret, by analogy with the
case of Holder functions of the previous section, the space DE’H r) of all distributions

modelled by (II, T") as the collection of generalised derivatives of u := R(II, f) with respect
to the pre-model (I, T").
We can define a system of seminorms for f € DZH r)

lj ]
fl Zje[ xyJy

EEE

/1o

xk =Ssup sup

where K is a compact subset of R,

This is rather original with respect to the standard situation in ODEs or PDEs, where one
sets an equation in a fixed Banach space. Here the Banach (Fréchet) space depends on an
external parameter, the pre-model (II, I'). For SDEs and SPDEs, the pre-model (or rough
path) (I, I") is actually random.
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Definition
A model is a pre-model (II,T"), such that moreover

1. F;’} = lforalliel,

2. % =0if oy > ajand i # 9,

3005 < x =y if a; < oy

For a fixed v > 0, the family of classical monomials

Iﬂwo—(wgyy, jeN yweRY jel:={ieN:|i <~}

(x—y)/™
(=i

with «; = [i|, forms a model.
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Lemma
Let (II,I") be a model. Fix an exponent v > max(«;: i € I) and set & = min(o;: i € I).
Then

1. The space D?H r) is not reduced to the null vector.

2. Forany ' > &, the restricted family (I',I") := (II', TY); ;e labelled by
I':={iel: a; <~'}isamodel. Ify >/, the projection

f= et =1 =(ier

maps D(WH’F) to D?H,I,).

Proof.

For the first assertion, we consider an element IT: of minimal homogeneity & = min;a. In
this case we see that 'y, = §;; for all j € I, where J is the Kronecker symbol, and the
function f = 0;; is a modelled distribution. ]

Go back to page 80.
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Chapter 3: The Schauder estimates for germs
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A theory, a theorem

This lecture and the next are based on work with L. Broux and F. Caravenna (see the Lecture
Notes and a forthcoming paper). We discuss one of the most important operations on
coherent germs: the convolution with a regularising integration kernel.

The temptative title for this paper is
» Hairer’s multilevel Schauder estimates without Regularity Structures

In this paper we have extracted a single result (the multilevel Schauder estimates) from a
larger theory (Regularity Structures).

We present the former in a simpler and more general version, without reference to the latter.
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Definition (Regularising kernel)

Fix a dimension d € N and an exponent 5 > 0. A measurable function
K:R! - RU {too} is called a (-regularizing kernel up to degree m € N if the following
conditions hold:

» the function x + K(x) is of class C" on R? \ {0};
» the following upper bound holds:

1
d . k
VkeN with [k| <m:  |0'K(x)| < BT L1} 7

uniformly for x in compact sets .

By the way, let us introduce the notations

G*7 := {(Hy)ycpra : His (o,y)-coherent}
GY*Y = {(Hy)epe € G : H has homogeneity bound with exponent &}
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Classical Schauder Estimates

Theorem

Lety € Rand g > 0.

Let K be a [3-regularising kernel up to degree m > ~ + [3.

Suppose that v # 0 and v + 3 ¢ N.

Then, the convolution by K defines a continuous linear map from C7 to C15.

We want to lift this result to coherent germs, in a way which is compatible with the
reconstruction.
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Convolution with coherent germs

Fix two real numbers «, v such that
a<~y, v#0.
We define r,, as the smallest integer larger than —a, namely
ro :=min{k e N: k> —a}.
Let F = (Fy) cpa be a (o, y)-coherent germ. We now want to [if the convolution with K on
the space of coherent germs, i.e. to find a coherent germ H = (H,) g« With the property
RH =K=xRF.

A simple solution is the constant germ H, = K x RF, which is trivially coherent, but this
does not allow to construct a fixed-point theory for PDEs.
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Convolution with coherent germs

The naive guess H, = K x F needs not give a coherent germ, therefore we need to enrich it.
To this purpose, we look for H, of the following special form:

Vx e R?: H. =KxF, + R, where R,(+) is a polynomial .
Remarkably, this is possible with the following explicit solution:

He=KFot S0 (RF—F) (0%~ ) X,
[¢)|<v+p8

Re(+)
where we denote for x € R?, ¢ € N the classical monomials
¢
w—Xx
XERI SR, XE(w) = (gl)
and where we agree that

R()=0 if ~y+pB<0.
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Schauder estimates on coherent germs

Theorem
Fix a,7, B € R such that

a <7, v # 0, >0,

where we further assume for simplicity that {« + 3, v + f} NN = (. Consider
» F = (Fy)ere € G%7 is a (a,y)-coherent germ;
» Kis a B-regularizing kernel up to degree m > v + 3 + r,.
Then
1. the germ H = (Hy),cpa is well-defined.
2. His ((a+ ) A0, + B)-coherent, namely H € G(@+AN0+5,
3. H satisfies RH = K« RF.
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Schauder estimates on coherent germs

In other words, setting ICF := H, with
He=KxF + Y (RF—F) (aeK(x _ .)) XE,
|¢|<v+B
we have a well-defined linear operator satisfying
KC:G™ = g(a+ﬁ)/\0n+57 RokK =KxTR.
Let us define the new germ
Jy:=F,—RF,
which allows to rewrite H as
Ho=KxF— Y I, (afK(x_ .)) x¢
le|<y+8
=K% RF + L,, where L. =KxJ, — Z Jy (OKK(x — )) Xﬁ.
el <~v+8
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Sketch of the proof

The proof is based on two steps:

» Lis ((a+ 5) A0O,v+ [3)-coherent,
> [ has homogeneity bound with exponent v + /3.
In other words we show that L € G7# S(atB)N0 Y+

(Recall that we did not assume homogeneity of F. Indeed, H, = K« RF + L, is not
homogeneous either, in general.)

Then 0 is a (7 + ()-reconstruction of L, i.e. K« RF is a (v + [3)-reconstruction of H, namely

RoK=KxR.
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Chapter 4: A digression
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Let B be a Brownian motion in RY, o : R — RF @ RY sufficiently smooth, Y, € RE.

The 1t6 integration theory gives well-posedness of the SDE

t
Yt:YO‘i‘/U(Ys)stv t>0.
0

More generally, for a class of processes (X;);>o (semimartingales) and (%;),>¢ (predictable
locally bounded...) one has an integration theory

t
(h,X)%/hstS, t>0
0

as a (local) martingale.
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[td’s integration theory

This marvelous theory is based on measurability of the maps X +— ( fot hs dX;);>0 and
B—Y.

In general the question of continuity of these maps is not even mentioned.
In fact, within the Itd theory such continuity fails.

Terry Lyons introduced rough paths with the aim of filling this gap.
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You saw in Theorem 55 of Riedel3.pdf that given
> ae(53)
» X = (X, X) a a-rough path
> (Y,Y') € D§([0,7]) acontrolled path
then setting
Emv =Y, 5Xu,v + Y1/4 Xu,v

one obtains 0= € Cgo‘ and one can apply the Sewing Lemma to define the rough integral

t
Il‘:/ Yuqu,
0

which is the unique continuous function 7 : [0, 7] — R s.t.
Iy=0, |, —I,—Zg S |t—sP*

For the reconstruction theorem, we want analogs of X and Y to build coherent germs.
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Rough integration

With respect to the classical situation, we are replacing X with X = (X, X) and Y with
(Y, Y.

Then one of the results of the theory is that the map

(X, (Y,Y)) — (/Ot Y, dxu)m

is indeed continuous (with respect to natural distances).

This is related to the fact that the product

YM qu

18 ill-defined as a distribution if o < % Since % — % < 0, this is the setting where the

reconstruction theorem gives a non-unique result.
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Rough integration

By the way, I had left this point suspended. Let us define
Ay =Y (Xt - Xs)'
We expect that an integral ( fot Y, dX,)>0 should satisfy

t t
/ Y, dX, — Y (X, — X,) = / (Y, — Yy)dX, = O(]t — s|*).

N

Suppose we have one such integral (;),>0, is it unique?

Let g € C** and set ] := I + g. Then

I — I, — Y, (Xt_Xs) =L —t—Y; (XI_XS)+gt_gs = O(II_SFQ)'

Viceversa, we obtain that for any pair (1, 1) of such integrals I — I € C?“.
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[t0 versus Stratonovich

A prominent example is given by stochastic integrals: given a Brownian motion (B;),>¢ in R,
we can define the It6 integral

t
|
/0 By dB, = 7 (B — 1)
or the Stratonovich integral

' 1
/ By;o dB, = —B2.
0 2

The difference between the two of them is g, = —%t which is clearly C>“ for all o < %
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Controlled ODEs

We are interested also in studying solutions Y : [0, 7] — R* to an ordinary differential
equation controlled by a smooth function X : [0, 7] — R?

Y = Yo+ / o (Y,) X, ds, ®)
0

where o : R — RF @ R? is sufficiently smooth. Let us rewrite (8), for s < ¢,

! 13
Yt—YS_/ Y,dr_/ o(Y,) X, dr =

=o(Yy)(X; — X;) + /I(U(Y) —o(Y)) X, dr

= U(Ys)(xt - Xs) + Ryt
If o is at least continuous, then by uniform continuity of r — o(Y,) we can see that

Ry = o(t —s).
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Controlled ODEs

Suppose now that X : [0, 7] — R? is of class C*. We would like to give an analog of the
controlled equation (8). For that, we define

6Xy =X, — X, 16Xg| < |t — s|%, 0<s<r<T.
Taking inspiration from the previous slide we set the following

Definition
Leta > 1/2and X € C([0, T]; RY). A solution to (8) isay € C*([0, T]; R) such that

i = 0yy —olys) 0Xe,  ya| Slt—sl,  0<s<r<T, 9)

namely y> € C$, for some ¢ > 1.

Theorem
Let a € (%, 1). Then for every X € C%([0,T]) and yo € R there exists a unique
y : [0, T] — R¥ satisfying (9). Moreover the map (yo,X) — y is continuous.
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Controlled ODEs

Iface } %, 11, then we have to modify the argument. We suppose for the moment that
[

2
X € C'([0, T]; RY). We rewrite, for s < t,

Y,—Ys:[tf/,dr
ZIO(Yr)err
= /St (a(ys) - / ;V(U(YV))dv> X, dr
= o(Y) (X, — X;) +/st </ Vo (Y,)o(Y,)X, dv> X, dr.
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Controlled ODEs

We next expand, for s < r,

:/Sr <V0(YS)U(YX)—|— Fd (VU(YW)U(YW))dw) X, dv
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Controlled ODEs

Hence

Y, - Y, =
1
= o(Yy) /VJ Y) (X, X)®err—|—/ o(|r — s|*)X, dr

— (V)X — X) + 0a(¥y) / (X, — X,) @ X, dr + O()t — sP),

N

where, for x,y € R?, we define x ® y € R¥*? by

x®y = (X)) 1<ij<d »

and where we introduce the notation o, : R¥ — RF @ RY @ R?

02(y) = Vo (y)o(y).
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Controlled ODEs

Here we introduce the notations X' : [0, 712 — R?, X?:[0,7]2 — R? @ R?
t
XLi=x-x, X}= / X, — X)) @ X,dr, 0<s<t<T. (10)
N
Wenote now that forO < s <u<r<T

t
Xft - X?u - Xﬁz = / (Xu - XS) ® Xr dr= (Xu - XS) ® (Xt - Xu) = Xéu ® X:ir

Moreover
X5l < e —sl, X5 S e — s (11

The controlled equation (29) can be rewritten therefore

Y, — Y, =o(Yo)X, + o (Y)X2 +0(t — s?), 0<s<t<T. (12)
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Controlled ODEs

Suppose now that X : [0, 7] — R? is of class C* with a € (%, %] We define again
XL=X-X, XL S

but the definition of X2 in (10) does not make sense anymore.

It is possible to construct a robust theory for the controlled equation (29) with X of class C¢

with o € (3, 1), provided we choose a function X? : [0, T]2 — R? @ R satisfying for
O0<s<u<t<T
Xft - X? th Xl ® Xutv |X ’ S |t |2a-
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Controlled ODEs

Definition

Leta € (1/3,1/2],d € Nand X € C*([0, T]; RY). A d-dimensional a-rough path over X is
apair X = (X!, X?) with X' : [0, 7]2 — R?, X2 :[0,T]2 — R? ® R satisfying for
0<s<u<t<T

1 2 2 2 1 1
Xst = XI - XS? Xst - Xsu - Xut = Xsu ® Xut?
’X31~1| S e s, |X32't’ Sle— s|2a-

Definition
Let o > 1/3 and X = (X!, X?) a a-rough path. A solution to (8) isay € C*([0, T]; R¥)
such that for some { > 1

nyf,l Sle— S|Ca yf‘,t = OYsr — U(YS)X;t - UZ(YS)X.%I' (13)
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Controlled ODEs

Theorem
Let o € (%, %)
» For every a-rough path X = (X', X?) and yo € R there exists a unique
y : [0, T] — R? satisfying (13). Moreover the map (yo,X) v y is continuous.
» Let B be a Brownian motion in R, Define

t
Bl :=B —B,, B:= / (B, — By) ® dB, (It integral).
A

Then B = (B',B?) is a.s. a a-rough path and the corresponding solution to (13) is a.s.
equal to the unique solution to the SDE

t
Y = Yo +/ o(ys) dBs.
0
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Controlled PDEs

Regularity structures extend this approach to (stochastic) PDEs. For example for a
(temporarily) smooth ¢ on R?
—Au = (a + Bu),

which we write in mild formulation
u=Gx((a+ pu)).

Lucas explained that this equation is ill-defined (which is worse than ill-posed) if £ € C~1=%
with k£ > 0, the a.s. regularity of white noise on R,

Can we play the same game as for controlled SDEs?
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Controlled PDEs

u=u(x) + G * (o + Bu)€) — ulx)
= u(x) + G # (0 + Bu)E) — G # ((a+ Bu)é) (x)
= u(@) + G # (o + Bu®) + 1 — u(x))E) — G (e + Blulx) +u — u(x)E) (x)
= u(@) + (@ + Bu(x)) (G € — G £(x)) +

+ G ((u—ux))§) = LG+ ((u—ulx))E) (x)
fe f(x)
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Controlled PDEs

In Lucas’ lectures we saw that the set of indices for the model is here
I={1,X,X5,-1,1,X;-, Xo-} with respective homogeneities
{0,1,1,—-1 — Kk, 1 — Kk, —2K, —K, —K}.

u=u(x) + (a+ Bu(x)) (G*§ — G*£(x)) +fr — fi(x)

11,1 Ry

= u(x) IL1 + (o + Pu(x)) It + Ry.

Note that

Ri(y) =£(y) —£(x), L) =BG* ((u—ux))E) ()
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Controlled PDEs

Let us set now I1,.X;(y) := y; — x;, i = 1,2. Then we want to continue the expansion
u=u(x) 1+ (a+ Bu(x)) 1 + CILX; + CoI1LX> + R,
where R, = R, — C;11,.X, — C>IL1,X». We want R, to be small around x. Since

R.(y) =£:(y) —fi(x) = Ci(y1 — x1) — C2(y2 — x2),

in order to make this smaller than [y — x|!™*, we are forced to choose C; = 0; f;(x) so that

2
Ru(y) = £y) = f0) = D 0ife(x) (i — 1)
i=1
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Controlled PDEs

Finally

u=u(x) 1+ (a+ Bu(x) Z@fx ) ILX; + R,.

Here we expect to have a model (IT, I") (the one discussed by Lucas) such that, setting
U(x) := u(x)1+ (a + Bu(x) T+Zafx

then U € D(llﬁf) for a x > 0 small.

This U is such that (IT, U)(x) = u(x), namely R(II, U) = u. Recall page 41.

Now we have
RALU) =u= G * ((a + pu)g).

Can we find a modelled distribution whose reconstruction gives the right-hand side as well?

Lorenzo Zambotti Campinas, 8-12 August 2022



Controlled PDEs

Let us recall that such that

HX':"; HxI = (G*g—G*g(X)) 57 Hx('Xi) :5('1‘_361’)'

Then we expect that (note the product rule -1 = 1)

(a4 BU)(x) = (a+ Pu(x) -+ Bla + Bu(x))1 + B 9,G * ((u — u(x))§) (x) X

defines a modelled distribution in D’(‘”"H r) with x > 0 small and

R(L V) = (a + Bu).
Then we have
G ((a+pu)) =G+*R(IL,-(a+ BU)) = R o K(IL,-(a + pU))

where [ is the convolution operator on coherent germs we discussed on Tuesday.
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Controlled PDEs

We also expect now to have another operator K : D’('””H ry — D(lg Zlf) such that

K:<H,-(O[ + IBU)> = <H7K' (a + /BU)>
This operator exists (it is one of the topics of today’s lecture), and is equal in our case to

2
K-(a+ BU)(x) = G+ ((a+ Bu)€) (x) 1+ (a+ Bu(x)) 1+ BOG * ((u— u(x)&)(x) Xi.

i=1
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Controlled PDEs

We would like to find u« as the fixed point of a map
vi— G ((a+ pv)),

in such a way that this fixed point is a continuous functional of the noise £ in a distributional
norm.

This is in fact impossible. However we can lift the equation to a space of modelled

distributions. Following the previous slide, we write fora V € D25 of the form
gtiep (ILT)

2
V) =v@)1+ V(@) 1+ ) Vix X, v=RY,
i=1

we write

2
V() =v(x)-+ V) 1+ > VEE)-X.
i=1
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Controlled PDEs

Then we expect that -V € Dfj 1) and also (a+pBV) € Dl

We apply therefore KC-(ac + BV) € D(lf{ ZF”S, which has the form

2
Ke(a+BV)(x) = G* ((a + Bv)E) () L+ (a + v(x) 1+ > BIG # (v = v(x)E)(x) Xi
i=1

Now the fixed point equation U = K- (a + SU) is equivalent to the system
u=Gx((a+pug), U'=(atpfulx), UNx)=pLGx*((u—ux)E)(x),

which shows that the equation is the same. What changes is the topology: the D?H ry-horm
turns out to make the map V — K- (« + 3V) a contraction (for 3 > 0 small enough).
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Controlled PDEs

Theorem
The map (I1,T") — u is continuous.

The topology of (II, T") has to be made clear, but can be understood as the topology of each
component IT. in C%.

The topology of u is C" for some 1 € R.
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Chapter 5:  The Schauder estimates for modelled distributions
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The operator K

Given a model (II, ") and a 3-regularising kernel K. We need an additional assumption

Viel, ifa;+p¢€NthenIll (0fK(x—-)) =0 Vke N with [k| = a; + 3, x € R”.

Theorem L
Ifv# 0and~ + (B ¢ N, there exists a model (I1,T") and a linear continuous operator

such that
K R(IL V) = R(II,KV), VVeD!

Moreover K(I1, V) = (II, KV), where K is the convolution operator acting on coherent
germs.
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In fact in the application to the SPDE I wrote K : DZH ry — Dz’ﬁr fi) instead of

K: DFH’F) — D(%r % because I needed a map acting on the same space.
In practice we prepare recursively the model in such a way that a truncation of (I, T') is
contained in (IL,T").

For example in the classical case of Holder functions A=l CY — ¢ (for v ¢ N) and in
this case

(My)ier = (( - x)k)keNd,lklo’ (My)ier = (( - x)k)keNd,lewrz'
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Let us discuss again

u=Gx((a+ pu)).

Here we start from {-}. Then at the fist iteration we obtain

{n1}, ILIy) = G+ E(y) — G*E(x),
so that our model should contain {-, 1, 1}.

However in this way we do not recover ! = 1. For that the product has to come into play:

. (v(x)l + V() T) = v(x)-+ V' (x)1.

Then we want to have {-, 1,1, 1} in our model.
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Now since the homogeneity of 1 is —2k, then the next integration symbol would have
homogeneity 2 — 2x > 1 4 2« and therefore we do not consider it.

On the other hand we want to include {X;};—; » in the model since we want to work in

DEﬁL ZF’”S But then since

2
. (v(x)l +VIE) T+ V() X,-) =v(x)-+ V@) 1+ > Vo)X
i=1

we have to include {-X;},—; » as well.
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The recursive construction defines uniquely all II,’s but one: 1I,1.

You saw yesterday with Lucas that setting ¢ equal to a white noise on R? and &, := p. * £
where (p:)<>0 is a family of mollifiers, the definition

5= (G* & — G+ & (x)) &
does not give a convergent family as ¢ — 0.

On the other hand, if we define fIfCT = II{7 for 7 # 1 and
1= (Gx& —GxE(x) & — Ce

with Cc = —5- log e + O(1), then I1¢1 converges in probability to a distribution II,1 as
¢ — 0 and this allows to define a model (II,T').
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Regularity structures

Let me recall you this statement.

Theorem

Let (I1, ") be a model as in the example, and U € D(IPI'ZF”) be defined by

U =K-(a+ pU).

Then the map (I1,1") — u is continuous.

The topology of (II, I") has to be made clear, but can be understood as the topology of each
component II. in C%.

In fact when we let a model vary, we have to specify in what class it is allowed to vary.

This is where regularity structures play a role.
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Regularity structures

According to what we saw above, a (somewhat provocative) definition in a simplified setting
could be

Definition
A regularity structure is a finite set («;);e; of real numbers.

But then one has to impose some conditions on the model.
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Regularity structures

A more accurate definition (in a reasonably simplified setting) would be

Definition
A regularity structure is a pair (A, G) where
» A = («;)ies is a finite set of real numbers

» G is a subgroup of the linear automorphisms of R’ s.t. forall T' € G

ri=1, =0 if a;>a; and i#}.
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Then the following definition is in order

Definition
A model of a given regularity structure (A, G) is a pair (II,I") s.t.

1. TI = (II');; is a family of germs s.t. for any integer r > — min(ay,i € I)
()] S e

uniformly over x in compact sets of RY, n € N and ¢ € D(B(0, 1)) with [|)||cr < 1.
2. R x R? > (x,y) — ' € Gis such that

Tyoly =Ty, L= TTI, jel xyzeR
icl

and |F§{y S lx—y|YYif a; < o
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The product we wrote

2
.(v(x)l—{—VT(x)T—f—ZVX"(x)X,-) v(x)-+ V' (x) I+ZVX
i=1

is only an example of a more general and beautiful result on products of modelled
distributions.

Note first that we should not look for a generic product of modelled distributions: for
example we do not expect to define > =

Let us say this informally: suppose that fori = 1,2, U’ € D(H I with
()= di(x)j  ACA,
JEA;

and we suppose that there is a product rule

AL X A3 (Ji,jo) = j1ja €A
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If " has proper compatibility properties with A, A, and the product rule, then setting
@; := min(oj, € A;) we have

Theorem
There is a unique bilinear extension of the product rule to a map

where U' € Dz’l‘_l ) with

U =S dwi. Aca,
JEA;

1 2 o 1 2 PR
V0 = > Loy ay<turmneran) 4 () 4, () iz
J1€AL,2€A2

In the example v; = 1 + 2k, a1 = 0,7, = +00, a0 = —1 — K, which gives 7 = k.
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Since U', U?, U'U? are all modelled distributions, we can reconstruct them
u' = RU, u? = RU?, u % u? = R(U'U?).

This gives a notion of product of (certain) distributions associated with a model.

Again, one has to insist on the fact that U 1, U2, U'U? are mere collections of coefficients,
and that it is the reconstruction theorem which produces concrete distributions from them.

The definition u' x u? := R(U'U?) is surprisingly easy, based on the result that U' U? is a
modelled distribution. The hard work is in fact in the construction of

I(j12),  J1 €A1 jo € As,
as we mentioned in the case 11,1 = II,(-).

In general IT,(j; j2) # IL:(j1)I1(Jj2) and the latter expression may not even make sense.
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Renormalisation

So let us go back to the definition I157 = IT57 for 7 # 1 and
[E1:= (Gx& —GxE(x) & — Ce
with Cc = —5- log | + O(1).

Note that indeed I15(jy j») # 15 (j1)IT5( /), while II5(jy j2) = 15 (j1)TIE(ja).-

This is probably the most fascinating and difficult part of this theory: the need of a
renormalisation procedure.

Here we have a constant C € R acting on the model additively.

In more complicated situations, one tries to construct a group G, called the renormalisation
group, with an action on the space of models over a fixed regularity structure.

This group should possibly be finite-dimensional.
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Renormalised equation

We would like to find u« as the fixed point of a map

vi— Gx ((a+ pr)é).

We lift the equation to a space of modelled distributions. We look fora V € D(l;lrf’;s) of the

form

V(x) =v(x)1+ V(%) T+ZVX v=R(IE,V,),

we write ,
V) =v(x) -+ V) 1+ Z VYi(x)-X;

We know that .V € DFﬁf,ﬁE) and also W := - (a + V) € DFHE fey’
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Renormalised equation

Now we have

RW = (I, W), (x)
= (a+ Bv(x) TE-(x) + V' (x) —l—ZVX

= (a+ Bv(x)) &(0) + V(0 [(G * & (x )—G*ia( ) &e(x) — C]
= (a + Bv(x)) &(x) — CV' ().

We compute K-(a + V) € Dg +2’; o which has the form

KW() = G+ ((a+ Bv) & — CV)(E) 1+ (a + Br(x T+Zfz




Renormalised equation

A fixed point U* = K- (o + SU) with

Ke(a+BV)(x) = G* ((a+ Bv) & — C.V(x) 1 + (o + Br(x H—Zf,

must then satisfy
U'(x) = (a+pic(x), i (x) = R{E, U)u(x),

and therefore

W (x) = G* ((a+ piuc) & — Co(a + i) (x)
=G * ((Oé + 5128) (55 - CE))(X)'




Further results

Convergence of the renormalised model...
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