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Group Gradings on Algebras

Yuri Bahturin

I would like to talk on some new developments in the theory of group gradings on alge-
bras. The area is quickly growing, embracing non-algebraically closed fields, wider classes
of non-associative algebra, etc. I would also like to talk about some new achievements in
the theory of graded polynomial identities and graded representations of Lie algebras.




Introducao a Geometria Projetiva
Carolina Araujo (Instituto de Matemdtica Pura e Aplicada - Brazil)

la aula. Origem da Geometria Projetiva: a teoria da perspectiva e a pintura renascen-
tista. Pontos no infinito. O plano projetivo.

2a aula. Retas no plano projetivo. Transformacoes projetivas. A razao cruzada.
Aplicagoes.

3a aula. Coordenadas homogéneas. Curvas projetivas. Classificacoes das conicas.
4a aula. A estrutura de grupo em uma cubica nao-singular. Aplicacoes em criptografia.
H5a aula. Teorema de Bézout. Dualidade e polaridade.

Pré-requisitos: Algebra linear, nogoes basicas de grupos e fatoracao em anéis de
polinomios.



The Maximal Subgroups of the Symmetric Group

Martino Garonzi (Universidade de Brasilia - Brazil)

Topics: Finite permutation groups, transitive and primitive actions, minimal nor-
mal subgroups and socle of a finite group, structure of the socle of a primitive group,
O’Nan-Scott theorem for finite primitive permutation groups: affine groups, almost-simple
groups, product actions and diagonal actions.

Abstract:
Let S,, and A,, denote respectively the symmetric and alternating group on n letters. In
this minicourse we will present the modern classification of the maximal subgroups of
S, and A, and their indeces, via the O’Nan-Scott theorem, the classification of finite
primitive groups.

A group G acting faithfully and transitively on {1,...,n} is said to be “primitive”
if the point stabilizers are maximal subgroups of G. Apart from A, (which is maximal
in S,,) the maximal subgroups of S,, (and A,) are essentially of two types: the first type
is “what you would expect” (stabilizers of natural actions), the second type is given by
primitive maximal subgroups, which represent a “local obstruction”. As a corollary of
the O’Nan-Scott theorem, the set of numbers n such that S, (and A,) present no such
local obstruction has density 1.

The discussion will allow us to show how primitive groups can be used to understand
finite groups in general. We will also present some recent applications of the classification.
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O que é um loop?

Maria de Lourdes Merlini Giuliani (Universidade Federal do ABC' - Brazil)

Dylene Agda Souza de Barros (Universidade Federal de Uberlandia - Brazil)

Rodrigo Lucas Rodrigues (Universidade Federal do Ceard - Brazil)

Rosemary Miguel Pires (Universidade Federal Fluminense - Brazil)

Mariana Garabini Cornelissen Hoyos (Universidade Federal de Sdo Joao Del Rei -
Brazil)

Giliard Souza dos Anjos (Universidade Federal do ABC' - Brazil)

A Teoria de Loops se insere na linha de pesquisa de algebras nao associativas. En-
quanto a teoria de grupos em geral estd madura, a teoria de loops € relativamente jovem,
tendo surgido ha menos que um século. Alguns resultados de investigacoes realizadas
nas ultimas décadas revelaram que quasigrupos e loops possuem um importante papel
em diversas espcialidades da subalgebra de dlgebra, a exemplo de analise combinatéria,
teoria de codigos, geometria (projetiva, diferencial, hiperbdlica, esférica, web), teoria de
grupo (finita e Lie) e teoria de nos.

Este minicurso se destina a participantes com conhecimento basico em teoria de grupos
que tenham interesse em estender seus conhecimentos para o campo de loops. E esper-
ado um amplo interesse em guasigrupos e loops, uma vez que estes prestam ao espectro
completo de técnicas da algebra universal.

Aula 1: Abordagem historica. Primeiras definicoes. Quasigrupo. Loop. Subloop.
Subloops relevantes e suas similaridades com grupos. Exemplos. Loop dos Octonios.

Aula 2: Loops de Moufang. Identidades relevantes. Nicleo de um loop de Moufang.
Teorema de Moufang. Loops de Chein e sua similaridade com grupos diedrais. Teorema
de Lagrange.

Aula 3: Aplicacoes internas. Homomorfismos de loops, subloops normais e subloop
quociente. Propriedades inversas de loops. Caracterizacao de subloops. Relagoes entre os
nucleos a esquerda, a direita e do meio.

Aula 4: Algebras alternativas. Loop dos elementos invertiveis de uma algebra alter-
nativa. Algebra de Zorn e o loop projetivo linear.

Aula 5: Loops automoérficos e suas propriedades. Loops automérficos de Lie. Proble-
mas de pesquisa em aberto.



Curvas Maximais

Paulo César Oliveira (Universidade Regional do Cariri - Brazil)
Fernando Torres (Universidade Estadual de Campinas - Brazil)

Palavras chaves: corpos finitos, curvas sobre corpos finitos, Teoria de Stohr-Voloch,
cota de Hasse-Weil, curva Hermitiana, curva GK.

Consideramos curvas X (projetivas, nao singulares, geometricamente irredutiveis)
definidas sobre um corpo finito F de ordem /. Estamos interessados no ntimero de pon-
tos F-racionais N = #X(F), que pelo teorema de Hasse-Weil satisfaz a desigualdade
IN — (£+1)] < 2V1- g (), onde g = g(X) é 0 género de X. Neste curso estamos interes-
sados nas curvas que atingem a cota superior em (%), i.e., N =+ 1+ 2v/{g sendo £ = ¢
um quadrado. Estas curvas serao ditas F-mazimais [2], [5, Ch. 10 ].

I) Consideramos o conjunto M(q¢?) := {g € Ny : Existe curva F-maximal de género g}
e discutimos a inclusao M(¢?) C [0, 2] € {91} € {90}, onde go := q(q — 1)/2 (cota de
Thara), g; := [(q — 1)2/4], g2 :== |(¢* — ¢+ 4)/6]. Para isto estudamos a geometria de
um sistema linear (muito amplo e intrinsicamente) associado a uma curva maximal, via
a teoria de Stohr-Voloch, cota de Castelnuovo, cota de Halphen [6].

1) Para g € M(g?) estudamos a unicidade da curva X com g(X) = g, em especial para
g = 90,91, 92. De fato g(X) = go se, e somente se, X admite um modelo plano do tipo
y?™ = 27 + z (Curva Hermitiana sobre F)

I1T) Consideramos uma forma de gerar curvas maximais (atribuido a Kleiman/Tate/J.P.
Serre); em particular, curvas F-dominadas pela curva Hermitiana sdo F-maximais. Nem
toda curva F-maximal admite esta dominacao : temos a curva GK (Giulietti-Korchmaros
[3]) e certos recobrimentos [7], [4]. Nestes exemplos ¢ = t* > 8, a = 0 (mod 3); discu-
tiremos a possibilidade de obter exemplos de tipo GK para a # 0 (mod 3) [1], e portanto
definir a onipresenca das curvas Hermitiana e GK no contexto das curvas maximais.
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Invariant theory of Ore extensions
Joao Schwarz (Universidade de Sao Paulo - Brazil)

In this mini-course we aim to an overview of results of invariant theory of the poly-
nomial algebra which extends to Ore extensions. We begin with a survey of results from
classical invariant theory of the polynomial algebra: (1) Hilbert-Noether Theorem, (2)
Chevalley-Shephard-Todd Theorem, (3) Jung-van der Kulk Theorem; and some more
specific topics such as (4) Miyata’s Theorem and (5) Noether’s Problem. Next we in-
troduce Ore extensions; our main examples will be rings of differential operators and
certain quantum algebras. We discuss generalizations of the above results to noncommu-
tative setting: (1)’ Montgomery-Small Theorem, (2)’ the work of Alev, Polo, Kirkman,
Kuzmanovich and Zhang on Galois embeddings of noncommutative algebras, (3)’ the
strucutre of the automorphism group of many Ore extensions of (Gelfand-Kirillov) di-
mension 2, (4)” Miyata’s Theorem for Ore extensions and (5)’ noncommutative versions
of Noether’s Problem. We shall discuss many aspects of the later and applications to the
Gelfand-Kirillov Conjecture. Finally, we introduce a certain nice category of modules of
certain invariants of Ore extensions: Gelfand-Tsetlin categories.

1 Bibliography

Books:

[1] I. Dolgachev. Lectures on Invariant Theory. London Mathematical Society Lecture
Note Series 296. Cambridge University Press, 2003.

2] K. R. Goodearl and R. B. Warfield Jr. An introduction to noncommutative Noethe-
rian Rings. London Mathematical Society Students Texts 61. Cambridge University
Press, second edition, 2004.

[3] S. Montgomery. Fixed Rings of Finite Automorphism Groups of Associative Rings.
Lecture Notes in Mathematics 818. Springer-Verlag, 1980.

[4] J. C. McConnell and J. C. Robson. Noncommutative noetherian rings. Graduate
Studies in Mathematics 30. American Mathematical Society, revised edition, 2001.

Articles:

[1] J. Alev and F. Dumas. Invariants du corps de Weyl sous l'action de grupes finis.
Commun. Algebra, 25:1655-1672, 1997.

[2] J. Alev e F. Dumas. Operateurs differentiels invariants et probleme de Noether.
In J. Bernstein, V. Hinich and A. Melnikov, editors, Studies in Lie Theory, pages 21-50.
Birkhuser, 2006

[3] V. Futorny and S. Ovsienko. Fibers of characters in gelfand-tsetlin categories.
Transactions of The American Mathematical Society, 366:4173-4208, 2014.

[4] J. Schwarz. Some aspects of noncommutative invariant theory and the Noether’s
Problem. S. Paulo Journal of Mathematical Sciences, 9:62-75, 2015.



The Specht Problem and Kemer’s Theorems

Irina Sviridova (Universidade de Brasilia - Brazil)

The principal propose of this mini-course is to represent a proof of classical theorems
of A.R.Kemer dedicated to a positive solution of Specht problem.

Observe that the problem of Specht is one of the most important question in the
theory of polynomial identities. The initial question was stated by W.Specht in 1950
[36] for associative algebras over a field: "Is it true that any associative algebra over a
field has a finite set of identities that implies all identities of this algebra?” This set of
identities is called a base of identities of the algebra. In general, a question of existence of a
finite base of identities is the central question for identities of any algebraic system (e.g.,
groups, semigroups, rings, associative and non-associative algebras, e.g., Lie algebras,
Jordan algebras, super-algebras, graded algebras, etc.). Really, this is the question of
existence of an effective description of identities of these systems. The resolution of this
question is of the great importance.

A positive solution of the classical problem of Specht for associative algebras over a field
of characteristic zero was given by A.R.Kemer [25], [26]-[29]. The theorems of Kemer are
fundamental for the theory of identities of associative algebras and have a great potential
for applications. Because they provide a possibility to build a nice algebra-carrier for
the given ideal of identities in an effective manner. The theorems claim that any T-ideal
(an ideal closed under all endomorphisms) of the free associative algebra over a field of
characteristic zero is an ideal of identities of some algebra with a good structure, which
can be effectively described using the classical results of the ring theory. Besides that
the structure constants of this algebra (e.g., such as the dimension of the semisimple
part, the degree of nilpotency of the Jacobson radical, etc.) are strongly related to the
numerical parameters of identities. This is a powerful instrument for studying identities
of algebras and solving other problems related to identities. The importance of the results
of A.R.Kemer is also confirmed by the existence of several more recent generalizations and
modifications of them for other algebraic systems.

We will consider the classical case of associative algebras over a field of characteristic
zero, and present a proof of the results of A.R.Kemer. We are going to prove that the
ideal of super-identities of a finitely generated PI super-algebra coincides with the ideal of
super-identities of some finite-dimensional super-algebra. We also will see that the ideal
of polynomial identities of any Pl-algebra (not necessarily finitely generated) coincides
with the ideal of the identities of the Grassmann envelope of a finite-dimensional super-
algebra. In particular, this implies that the ideal of identities of any algebra is finitely
generated as a T-ideal, which is the positive answer to Specht problem.

Besides that, we will study, how the structure parameters of algebras-carriers reflect
on their identities. Notice, this is also one of the basic questions - to study, how the
properties of algebras can be expressed by their identities.

Let us mention that although the results are classical, fundamental and very important
to the theory of identities, all of the existing demonstrations (including the original Kemer



proof) are quite big and rather difficult to study. We will try to present the arguments in
a more complete and detailed manner and at the same time more clearly and as simple
as possible. The prerequisites of the mini-course are knowledge of the classical results
of the ring theory (Wedderburn-Malcev theorem, Jacobson radical properties of finite-
dimensional algebras, etc.), and of the basic notions of the theory of identities (a T-ideal,
multilinearization process, partial linearizations, alternating polynomials, etc.) (see, e.g.,

[17]7

(18], [19]).
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