. Find the residue at z = 0 of the function

(@) 1 b) cos(l) © z—sinz () cotz (e) sinh z

a ; — | C ; 1 €) T
z+22 < z z b 21—z
Ans. (a) 1, (b) =1/2; (c)0; (d)—=1/45; (e)7/6.

. Use Cauchy's residue theorem (Sec. 70) to evaluate the integral of each of these

functions around the circle |z| = 3 in the positive sense:

exp(— exp(— 1 +1
(a) p(z Z): (b) p(=2), (c) zzexp(—); (d) 572
Z Z Z L5 — LD

Ans. (a) —2mi, (b) —2mife; (c)mi/3; (d) 2mi.
. Use the theorem in Sec. 71, involving a single residue, to evaluate the integral of each
of these functions around the circle |z| = 2 in the positive sense:

5

Z
: b :
@17 ) 157

Ans. (a) —2mi; (b)0; (c) 2mi.

1
(c) —.
Z

. In each case, write the principal part of the function at its isolated singular point and
determine whether that point is a pole, a removable singular point, or an essential

singular point:
(a) zexp(l): ) Ly Iz sz, 1
b4 1+z F4 z (2—12)°
. Show that the singular point of each of the following functions is a pole. Determine
the order m of that pole and the corresponding residue B.

1 —coshz ) 1 —exp(2z) ( exp(2z)
—_— —_— C .
z3 74 (z—1)2

Ans.(a)jm=1,B=-1/2;, (b)m=3,B=—-4/3;, (¢c)m=2,B = 2e2.

(a)



1. In each case, show that any singular point of the function is a pole. Determine the
order m of each pole, and find the corresponding residue B.

2 3
2" +2 z Y, L expz
(@ ——7i (b (22+1), (c) 3

Ans.(a)m=1,B=3, (b)m=3,B=-3/16; (¢cjm=1 B=+i/2n.
. Show that

R = 0,0 2m);
(a) z=e—512—|—1 7 (Iz] > 0,0 < argz < Zr)
b) Res Logz  m+2i

z=i (z )2 - g8
an 1o 0,0 2
= , dl .
83 (lz| = <argz < 2m)

f 3234—2 J
cZ-D@@Z+9

taken counterclockwise around the circle (a) |z — 2| =2 (b) |z| = 4.
Ans. (a) i, (b) bmi.

8 @y

. Find the value of the integral

Show that
7z —sinhz i
Res ——= = —:
(a) z=ni z?sinhz T

exp(zt) exp(zt)
(%) f—?rsr hz +ZE—E.TSH sin hz

= —2C0S (mt).



Use residues to evaluate the improper integrals in E xercises 1 through 5.
* dx
li "
j[; a2 4+1
Ans. /2.
= dx
2 f[,. (x?+ 12
Ans. /4.
> dx
3. .
j[; 41
Ans. Jrf{h/i).
o xZdx
0 (x24+ D2 +4)°
Ans. /6.

5 j‘m x? dx
o 2492+ 4T
Ans. /200.

Use residues to find the Cauchy principal values of the integrals in Exercises 6
and 7.

6 - dx
' _/;wx2+2x+2'

3 = xdx
' f_m @24+ D2 +2x+2)
Ans. —m /5.




