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The model

((a1 + biyr)u), + (), = dih(ur,y1) — q(ur — u2) + Arun,

(+) yie = —Aif(ui, )
((a2 + baya)uz), + (at2), = daf (2, y2) — q(ua — 1) + Aotz
Yor = —A2f2(U27Y2)

(J.C. da Mota and S. Schecter, Jr. Dyn. Diff. Eq., 18 (3), (2006))

xeR, t>0

u; = ui(x, t) and y; = yi(x, t), i =1,2, are the temperature and the fuel
concentration in one layer; f; is a given function defined by

_E
fi(u,y)=ye =
reaction rate funcions / Arrhenius’ law :

ai, b, ¢, di, Ai, A\j, i =1,2, E and g are nonnegative parameters;
q is the heat transfer coefficient.



Rewriting the system
Applying the product rule, we can write the system (x) as follows:

/\,' Ci
Uit — ai + biy; Uixx + i+ biy: Uix
biA;u; + d; f( )Jr( ), up — u2
= ———7F—yif(u; - )
ai + by ai + biyi

Yie = —Aiyif(u;),

or

{ uiy — Liu; = fi(ug, uz, y;)
Yie = *Ai}/if(ui)

where i = 1,2,
)\,' Ci
Usse — U,
ai+ by ai+biyi

1 i
m((AibiUi + di)f (ui, yi) + (1) q(u1 — u2)),

L,‘U =

fi(ur, up, yi) =



The system () can also be written as a standard
reaction-diffusion system

Denoting W = (u1, y1, U2, y2), we have

W, = DWiy + MW, + F(W)

where
A1 C1
a1+biys 0 0 0 " aitbiya 0 0
D— 0 0 /?2 0 M= 0 0 OC2
0 0 ax+bzya 0 0 0 - ax+bay>
0 0 0 0 0 0
and
(b1Arunf(u1, y1) + dif(ur, y1) — q(ur — v2)) /(a1 + biy1)
F(W) _ _Al (U17YI)
(b2 Asunf (2, yo) + daf (2, y2) + q(ur — w2))/(a2 + bayo)
—Axf (U2, y2)

but the diffusion matrix D is degenerate.

O O O O



Invariant regions

However, using the Chueh-Conley-Smoller approach!, we can easily show
that the set

Y= {(u1,y1,u2,52); u1>0,0<y1 <1, 1 >0,0< )y, <1}
is an invariant region. More precisely,

Theorem. If W = (u1,y1, us,y2) is a smooth solution for (x), in the
domain x € R, t > 0, with an initial condition W(x,0) = Wy(x) such
that Wy(x) € X for all x € R and, if there are positive constants ¢ and ¢
such that

W(x,t) e X ¥V (x,t); |x] >cand 0 <t <k,

then W(x,t) € X for all (x,t) € R x [0, 00).

1K. N. Chueh, C. C. Conley, J. A. Smoller, Positively invariant regions for systems
of nonlinear diffusion equations, Indiana Univ. Math. J. 26:(2) (1977), 373-392.



Reduced system

Considering the concentrations functions y;, y» as known, we obtain the
system for the unknowns uy , u:

{ (u)e — Li(w) = fi(x, t, u1, up)

where
Lu= —  (\uew — i)
iu= 2+ b,-y,-(x, t) 1Uxx — CilUx),
(1)
1 i
fi(x, t,u1, up) = m((A;b;u; + di)f(ui,yi)+ (1) g(uy — Uz)).

The reaction function F = (f1, f;) is quasi-monotone nondecreasing:

Oh L9 4
Ouo 31+b1y7
Oh _ 9 o

871.11_324*[)22_



F is also Lipschitz continuous:
A1) = A(0)] < cullpllsclin — Bl + HU =T,

1B(U) = B(D)] < cllyalloo|uz — Ga| + a%wf 0.

Besides,

~

U =(0,0) is a lower solution.

and

U= (#(2), (1))

is an solution, where
o(t) = ([l to lloo + | vo [loo +5)e** = 3
and

o= max{Albl/al, Agbz/az}, and 8= max{dl/Albl, dQ/Azbz}.



The Cauchy problem for the reduced system. The monotone
iterative method

Write U = (u1, u2), LU = Uy — (Lyur, Laup) and consider the Cauchy
problem in Q7+ :=R x (0, T], T >0,

LU= F(x,t,U), (x,t)eQr
U(x,0) = Uo(x), x € R,

for some given function Uy = (u1q, tag)-

The Monotone lterative Method?:
Define the sequence of functions UkK)by

Lx U®) = F(x, t, Uk=1) in Qr
U, _ = Uo inR,

where Lx =L+ K and Fx = KU + F and K is the Lipschitz constant of

F. U™ is denoted by T if the initial iteration U© is given by

U© = U and by U™ if the initial iteration U©) is given by U©) = U.
2C.V. Pao: Nonlinear Parabolic and Elliptic Equations, Plenum Press, New York

and London, (1992); Parabolic systems in unbounded domains I. Existence and
dynamics, Jr. Math. An. Appl. 217 (1998).




Monotone property

U Sg(k) < g(k+1) SU(l<+1) < U(k) < U

The inequalities are understood in the componentwise sense, i.e. if
Uy = (11, v1) and Us = (w2, v2) then Uy < U, means 1y < up and
vi1 < vu. Consequently, there exist the pointwise limits

U(x,t) = lim U(k)(x7 t) and U(x,t)= lim UW(x,t)

k— 00 k— o0

for each (x,t) € Q7.



The monotone property is obtained using the “Maximum principle” and
the exponential growth at infinity:

[U(x, 1) < Agexp(blx[), x| >> 1,

where Ag and b are positive constants independent of |x| >> 1 and
telo, T].

i.e. Phragman-Lindeldf principle:

Let L be a parabolic parabolic operator,

L=0;— Z ajkaxjxk + Z bjaxj + c.

k=1 j=1
If Lw>0inR"x(0,T), w(x,0)>0inR" and there exists a § > 0
such that

lim sup [eﬂst min{w(x,1);0<t< T, |x| = R}}

R—o0

then w(x,t) >0 inR" x (0, T).



Theorem (Da Mota, —, Nonl. Anal.: Real World Application, 2010).

Let uyy and upg be nonnegative continuous and bounded functions
defined on R. Then, given any T > 0 and nonnegative and bounded
functions y1, y» in C(Q7) N C>Y(Q7), the sequences U(k), yk converge
to the unique solution U = (uy, uz) of the above Cauchy problem in
C(Q7) N C>Y(Q7) satisfying

0<u, <oy

in Q7, where ¢ is the upper solution defined above.



The Cauchy problem for the full system

i Gi _
e aj + b,"aﬁvi o ai + by Hi =
biA;u; + d; Flu) + (1) Uy — U
= ——/—yiflu) + (=1)'9—/———,
ai+ biyi T+ by

yie = —Aiyif (ui),
(ui(x,0), yi(x,0)) = (uio(x), yio(x)):

where u; o and y; o are given functions, t > 0, x € R,
a;, b, ci, d;i, Ai, \i, E, i = 1,2, are nonnegative constants and

e %, seu>0
f(u):{ 0,seu<0

()

(3)

We show existence of a local solution (local in time) and global solution

if the initial temperatures are in LP, for some 1 < p < 0.

Our proof is strongly based on fundamental solution properties.



Remark

The system can be seen in the variables vy, up only. In fact, substituting

y,-(x, t) = y,-o(x) —A; [3 f(ui(x,s))ds

in the first equation, i.e. in the equation for u;, we see that the system is
of the form

{ fo ui(x,5))ds) uj + b(x fo ui(x, s ds) Uiy
- F(X7 U]_,Uz,fo I'(X?S))ds)



Fundamental solution
Consider the equation
_ Ou 0?u ou
LU:E—a(x,t)8 5 + b(x, t)aX

where a, b and ¢ are bounded and Holder continuous functions in
Qr ={(x,t); x e R, 0 <t < T} and such that L is uniformly parabolic
in Q, i.e., it satisfies

+e(x, t)u=0, (4)

Xo < a(x,t) < Ay, forall (x,t) € Qr, (5)
for some positive constants g, A;. Then
Definition
A fundamental solution of Lu =0 in Q7 is a function I'(x, t,&,T),

defined for all (x,t) € Qr, ({,7) € Qr, t > 7, which satisfies the
following conditions:

LT = 0 as a function of (x, t), for each fixed (¢,7) € Qr;
for all continuous function f such that |f(x)| < KeP* h < 4/\ +, one has

lim /r(x b€, 7)F(E)dE = F(x).

t—7+



The existence of a fundamental solution is obtained by the parametrix
method, due to E. E. Levi (Sulle equazioni totalmente ellitche ale
derivate parziale, Rend. del Circ. Mat. Palermo, 24, (1907), 275-317.)
The method is detailed e.g. in the books A. Friedman Partial
differential equations of parabolic type, Dover Publications, New York,
(2008) and O. A. Ladyzenskaja, V. A. Solonnikov e N. N. Ural'ceva
Linear and quasi-linear equations of parabolic type. The fundamental
solution is given by

Moot 6m) = Z(x—E.6.t.7) + / / Z(x —y,y. t,0)6(y. €, 0,7)dydo .

where for (x,t), (,7) € Qr, T < t,
(x = &)

Z(x,t.6,7) = e 4EN)(E=7), and

N=

1
(4ma(&, 7)(t = 7))
G(x, t,€,7) = 300 (—1)™(LZ)m(x, t, €, 7), with

(Dmatrt67) = [ J A R

and (LZ)1 = LZ = (a(&,7) - a(x, 1) 5.5 + b9Z + cZ.



Representation formula

Consider the Cauchy problem

Lu(x,t) =f(x,t), in Rx(0,T],
{ ) =up(x), in R, (6)

with L, defined in (4), having Holder continuous coefficients, and,

| (x, t)], |uo(x)| < KeP*, where K and h are positive constants, with
h < ﬁ. Then,

Theorem

If f(x, t) and up(x) are continuous functions in Qt and R, respectively,
and, furthermore, f(x, t) is locally Hélder continuous in x, uniformly with
respect to t, then

u(x, 1) = / M€, 1, 0)uo(€)dé + / / M(x.&,t,7)F(€,7)dédr

is the unique solution of the Cauchy problem (6) in
C2Y(R x (0, T]) N C(R x [0, T]), with |u(x, t)| < KeP* for some
positive constants K, h.



Continuous dependence of the fundamental solution on the
coefficients

Let R, A and « be positive real numbers, with 0 < o« <1 and A < R. We
define a set B(R, A, ) for the coefficients of L as

B(R, A\, a) = {(a(x,t), b(x, t),c(x, t)) € (C"“%(QT))3; a> land a, |b|,|c| < R

and for v, v € B(R, A\, &), we set
Iv—Tllas = max{]a—3|

c* % (Qr)’ ||b_b||ca,%(QT)7 HC_EHCO"%(QT)}'
To emphasize the dependence of the L operator on the coefficients
v =(a,b,c), wewrite L =Ly, i.e.

+ b(x, t)@

ou d%u
Lu=1L = —
u my 2 Ix

5t 2 tga

with corresponding fundamental solution

+ c(x, t)u, (M

r[v] (X7 t, ‘g, 7—) = Z[v](X - 67 57 t, T) +/ /R Z[v] (X =YY, t, U)¢[v] (y7 f: g, T)dydO’
T (8)



Lemma
Given v,v € B(R, \,a), we have that

1 _c=9?
Py e (t—71) ,
—7)%

I(D52Zv) — DiZm)(x, &, t,7)] < Klla — 3|0 T

for s € Z, where C = C(R) and K = K(\) are positive constants.




Lemma
Let ¢1,) and ¢y be defined in (16), with v,v € B(R, A, a) and
0 < 8 < 1. Then, we have the following inequalities:

1 (x—£)2
=

(01 = 00 & 67 < KV = Vg e )

and

|(¢[v](x7€7 taT) - ¢[V](X7€7 taT)) - (¢[v](y7€7 taT) - ¢[V](Y7§v t77—))|

(10)
_ a(l— 1 _c=8? _cbu=9?
< Kl =Vl gl =y 0P e (e e ),

(t—7)=

where C = C(R), and K = K(R, A\, «t, T) is continuous with respect to
T.



Lemma
Let v,v € B(R,\, ), 0 < 3 <1, I'}y; and ') fundamental solutions of
Ly =0 and Ly,) =0, respectively. Then,

Kllv = Vlla,g _ceer

|(D>S<r[V] - D;F[V])(Xv tafvT)| S ﬁ)%l,ze_ =T, (11)
|(axxr[v] - 6xxr[7])(xa t, ga T)l (12)
(x=¢)
< K(||lv—="V|ge +|lv— — — + —L5)e e
(v =Pl +11v = 71 M sz + o)
and
‘(atr[v] - atr[V])(Xv t, é-a T)| (13)
(x=¢)
V—V|aao +|Vv— — = +—3)e =y
KOV =Tl + v = 71 stz + )

C=C(R) and K = K(R, \,a, T) is continuous with respect to T.



Theorem

Let f,f € Cl’%(QT), T > 0 and ug, Uy be Lipschitz continuous and
bounded functions. If u and T are solutions of

Lyju=f, Rx(0,T], u(x,0)=uo, R, (14)

and B
lpju=f, Rx(0,T], u(x,0)=70 R, (15)

where v = (a, b,0),V = (3, b,0) € B(R, \,1), then

lu=ally < K(lv=llog + v =77, + oo —Tol+  (16)
1 - _ _
T ma{[|Fl1, 5, TH(IF — Fllog + v —llog + v =7 1)),

where K = K(R, A, T, ||uo||l1) is continuous with respect to T.



Corollary
If u is a solution of (14), then
1
lulls < KCIVIaz + VI s + uoll + T3 max{[flly,3. 1301

Ivlis + VI3 )
where K = K(R,\, T, ||uo||1)-

1,1+

Lemma

Let us consider v,,v € B(R, A\, ) and the corresponding fundamental
solutions, T, and I',). If v, converges pointwise to v, then I,
converges also pointwise to I'[,;.



Local solution

Let A be the operator given by
Alur, u2) = (w1, w2),

where (wy, w») is the solution of the problem

L) (Wi) = Fi(un, w2, 1), R x (0, T]
yie = —Aiyif (u;)), R x(0,T]

(wi(x,0), yi(x,0)) = (uio(x), yio(x)), R.

Here, u;o and y;q > 0 are lipschitzian and bounded functions,

Ai Ci
ilui) = ’ 0);
vilui) (a;+yi(ui) ai + yi(ui) )
biAju; + dj P B
, i) = —————yif (ui) + (-1)’
Filun, v, yi) = === yif () + (=) a =

and f(u) is the Arrhenius’ function, defined in (3).




Using the integral representation for the solution (wy, w,) and previous
estimates, we get the following lemma.

Lemma
Let K; = K(max{2: ik W 1,|uiol1) be the constant given in
a Corollary above, v; = 2(max{2i o, g } + max{)‘ bi C'b })

1), and

1)

M; > Ki(villyiolla +1(Vi||y/',
Y = {(u1, ) € CH3(
small, A(X) C .




Theorem

If T is sufficiently small the Cauchy problem (2) has a solution in
C2YR x (0, T]) N CL2(Q7).

Proof:

Iterative scheme:
n n n—1 n—1
(", ws") = A(wg" ™V, i)
By Arzela-Ascoli’s theorem, there exists a continuous function (uy, u2) in

R x [0, T] and a subsequence of (w!™, wi™) such that (w(”, wi")
converges to (uq, uz) uniformely in compacts sets.



By the representation formula, we have

Wi(n+1)(X7 t) = f rn(Xa 57 t, O)Ui,o(f)df
+ Jo S Talc &t ) F(wi™ wd™, yi(wi™)) (&, 7)dedr,
(19)
where

Ai Gj

, ,0 (20)
ai +yi(w'™) a; + yi(w!™) )

M= r[Vi(W,-("))]’ Vi(Wi(n)) = <

and
yi(an))(X’ t) = y,-}o(X)e_A" N f(wl.(">(x,s))ds' (21)

1

O



Global solution

Theorem. Let ujg, i = 1,2, be bounded lipschitzian functions on R and
in LP(R) for some p € (1,00). Assume also y;o € C?> N L> and
Yio € L. Then, for any T >0, there exists a solution of (2) in

C2Y(R x (0, T) N CLE(R x [0, T]) N L°([0, T]; LP(R)).

On the proof:

> We define [0, T*) as the maximal interval for the local solution
U = (u1, up) and show that there exists the limit lim;_, 7« U(:, t) in
the above space.

» To show that U is bounded in R x [0, T*) we use the upper
solution mentioned earlier.

» To bound U, we use the tecnique of
Oleinik, O. A. and Kruzhkov, S. N. Quasilinear second order
parabolic equations with many independent varible, Russ. Math.
Surv., 16, no.5, (1961), 105-146.



