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Overview

» Introduction/Motivation to the systems

» Subdifferential (convexity, monotonicity) and some other
auxiliary results

» On the solvability of an ibvp associated to the systems



The Navier-Stokes systems

vi+(v:-V)v=divT, divv=20

depends on the specification of the Cauchy stress tensor

T=-pl+S

where p is pressure and S is the viscous part of the Cauchy stress
tensor.

There are many types of fluids.

The specification of S is a major issue in the mathematical
modeling of fluids.



Here, we are mainly interested in viscoplastic fluids, including
effects of rotating particles — Cosserat—Bingham /Herschel-Bulkley
model (but our analysis applies to Newtonian fluids as well).

E. C. Bingham, Fluidity and Plasticity, McGraw-Hill, 1922.

E. Cosserat and F. Cosserat, Théorie des Corps Déformables,
Herman, 1909.

G. tukaszewicz, Micropoloar Fluids. Theory and Applications,
Birkhauser, 1999.

A. C. Eringen, Theory of Micropolar Fluids, J. Math. Mech. 16,
1966.

A. C. Eringen, A Unified Theory of Thermomechanical Materials.
Int. J. Eng Sci. 4, 1966.



Wikipedia
https:fen.wikipedia.org » wiki > E... - Traduzir esta pagina  }
Eugéne Cosserat

Eugéne-Maurice-Pierre Cosserat (4 March 1866 — 31 May 1931) was a French mathematician
and astronomer. ... Born in Amiens, he studied at the Ecole Normale ...
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Wikipedia

hitps:/len.wikipedia.org » wiki » F... - Traduzir esta pagina
Francois Cosserat
Francois Cosserat (26 October 1852 — 22 March 1914) was a French engineer and
mathematician known by his theories about deformable bodies written with his ...

'/3 Scientific Research Publishing
hittps:/wvw.scirp.org » reference - Traduzir esta pagina

Cosserat, E. and Cosserat, F. (1909) Theories des corps ...

ABSTRACT: The conservation laws of centinuum mechanics and of the kinetic theory with the
influence of the angular momentum and associated with its rotation of ...

Springer

hitps:link.springer.com > chapter - Traduzir esta pagina i
Cosserat Media
de H Altenbach - Citado por 30 — In this chapter we discuss the three-dimensional Cosserat-
type theories of continua. Originally this approach belongs to Cosserat brothers,
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Professor Ahmed Cemal Eringen (1921 - 2009)

See:
https://en.wikipedia.org/wiki/Ahmed_Cemal_Eringen
hitps: peop l-cringen/
http://worldcat.or, lccn-n83826801/

http://www biyografya.com/biyografi/1271
http://www korhaber.com/haber/Cemal-Eringen-vefat-etti/10931

Biography (from Wikipedia):

Ahmed Cemal Eringen (born February 15, 1921, in Kayseri, Turkey - December 7, 2009) was a Turkish-
American engineering scientist. He was a professor at Princeton University and the founder of the Society of
Engineering Science. The Eringen Medal is named in his honor.
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In fluids with rotating particles (more precisely, micropolar
viscoplastic fluid), the viscous stress tensor S depends on both
the symmetric and the antisymmetric part of Vv.

V. Shelukhin, M. Rizi¢cka, On Cosserat—Bingham Fluids. Z.
Angew. Math. Mech. 93, 2013.

R. Teisseyre, M. Teisseyre-Jerenska, Asymmetric continuum:
Extreme processes in solids and fluids, Springer, 2014.



Viscoplastic fluids

First entry one may find in Google searching “viscoplastic fluids” 2024/01/13
sy Seringer
https:/fiink springer.com > chapter - Traduzir esta pagina §

Viscoplastic Fluids: Mathematical Modeling and Applications
de A Farina - 2018 - Citado por 8 — 1 Introduction. Bingham fluids, or yield stress fluids, are
encountered in a wide range of applications: toothpastes, cements, mortars, foams,
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Oobleck fluid
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Recipes to make oobleck (it's very simple - just add water to cornstarch ("amido de milho”/"Maizena"):

1. https://learning.sciencemuseungroup.org.uk/resources/oozing-oobleck/

More things here.
2. For kids (colored just for fun/not necessary): https://www.youtube.com/watch?v=77szh3ppZz0
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Non-Newtonian Fluids - a guide to classification

Research Gate, by Neil John Alderman https://www.researchgate.net/publication/273392367
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Viscoplastic fluids - continued

Viscoplastic fluids are materials that exhibit a combination of
solid-like (plastic) behavior and fluid-like (viscous) behavior under
different conditions. They are a type of non-Newtonian fluid that
have a yield stress, which means they behave like solids at low
stresses but flow like liquids once a certain threshold stress (yield
stress) is exceeded. More precisely, at each time the region
occupied by the fluid is divided in two parts: one where the stress
surpasses the yield stress (resulting in liquid-like flow), and the
other with lower stress (where the material behaves like a solid).
Some examples of viscoplastic fluids are toothpaste, slurries
(mixtures of solid particles suspended in a liquid), drilling fluids
(see e.g. [Chapter 1, *]) and animal blood.

*S. Bridges, L. Robinson, A Practical Handbook for Drilling Fluids Process-
ing. Elsevier, 2020



Viscoplastic fluids - continued
The parts where the fluid exhibits solid-like and liquid-like
behaviors at any given time are unknown in fluid models. They can
be defined in terms of the yield stress, which is a non negative
number, depending (only) on the kind of viscoplastic fluid
considered. We shall denoted it by 7.. We also shall call
the part where the fluid is solid-like p/ug region, denote it by O} at
a time t and define it at as being the set

O = {x; [S(x, t)| < 7}




Bingham model

In the simplest (and pionering) model for viscoplastic fluids, the
tensor S is given by

{ S =mBs+rpy, ifBs#£0 O
|

S| < 7, ifBs=0.

These relations are a constitutive law for the (viscoplastic) fluid
model known as Bingham fluid or Bingham model. Here, and

throughout the paper, we set

B = Vv,

Bs=1(B+B"™™P) and B,=

=3 (B _ Btransp).

1
2



Bingham model - 2 remarks
1st Remark: The first relation in (??) can be written as

Bs
Bs|”
thus, the plug region Of for the Bingham model (the model (?7))
is given by

S= (Ul’Bs‘ + T*)

O; = {x; Bs=0}.

2nd Remark: The tensor S satisfying (??) has a potential, i.e., the
relations (?7) can be achieved by the single condition

S(x, t) € OV(B(x, 1)),
for each point (x, t), where Vis the convex function

VX) = S X2 + /X4

and OV(X) denotes the subdifferential of V at the point
(matrix) X.



Herschel-Bulkley model

It is the power law model with

S| < 7, ifBs=0,

{ S = Ml’Bs|p_2Bs+T*‘giz‘y if Bs #0
where p is a real number (the power law index).

Potential:
V(X) = “Tj|xsv’ + 7| X|



Cosserat-Bingham model

Fluid with rotating particles (micropolar viscoplastic fluid).
Model proposed by V. SHELUKHIN, M. RUZICKA, Z. Angew.
Math. Mech. (ZAMM), 2013 (asymmetric model):

B .
S = M1|Bs|p_2Bs+N2|R|p_2R+T*|Byyp|> if B, #0
v,p
IS| < 7, ifB,=0,

where 11 > 0, uo > 0 are (constant) viscosity coefficients, v > 0
(plug parameter),

BI/7P = ‘Bs|p72Bs + V‘R‘pizRv Bu = BI/,Z - Bs + R

and
R =B, - Q,

being 2 = Q(x, t) the micro-rotational velocity tensor, which is an
antisymmetric matrix for each (x, t).



Cosserat-Bingham model - remarks

1st Remark: In the Cosserat-Bingham (Shelukhin-Razi¢ka) model,
Q2 is an unknown (we have more equations/an additional system
for the angular velocity) but, here, we consider Q2 as a known
function/as a given matrix function.

2nd Remark - regarding a potential: The first part of S, i.e.,

p1|Bs|P~2Bs + 112|R|P72R, is the gradient of the function
U(X) == B XJP + 221X, — QP, X e R,

at each matrix B, for any (x, t).

B,  [Bs/P?Bs+ vR[P 2R

Bupl  ||Bs|P~2Bs + v|R|P2R|

function iff p=2 and v = 0 or 1. (Cf. the vector field in R*:

The second part is a gradient

(IXP 2% vly + P ~*(y + <))
|(IXP=2x, vy + P2 (y + I

where c is a constant. It is easy to verify that this vector field is a closed vector
field iff p=2 and v = 0 or 1.)



Cosserat-Bingham model - Monotonicity

B,  |BsP2Bs+v|R|P 2R
Byl “BS|pf2Bs+ V|R|p72R’
forp=2andrv=0,1,i.e.,

Bs Bs+ R B-Q
— = , R=B,—Q
B [Bs+R|  B-Q )
are the gradients of the convex functions
W(X) = | X, W(X) = |X— Q.

In particular, the map

B,
(Bs,R) — -
) Bupl

is a monotone operator! if p=2 and v =0, 1.

Question: Is this map a monotone operator for other values of p
and v?



Convexity, Monotonicity and Subdifferential - recollections

If a function g: R — R is the derivative of a function f: R — R and fis convex
and twice differentiable than g is monotone. Indeed, g= ' and f” > 0.

More generally, if a vector field G in R™ is the gradient of a convex and
differentiable function then G is monotone, i.e.,

(G(x) = G(y)) - (x—y) >0, Vx,yeR™ Indeed, a convex function
f: R™ — R being differentiable at x is equivalent to

X' (y=x) <fly) —flx), VyeR",

for some x* € R™, which in the positive case’ coincides with Vf(x). Then if
G = Vfand fis convex and differentiable, we have that

(G(x) = 6(y) - (x=y) =VAx)-(x=y) = VAy)- (x=y)
= =VAX) - (y=x) = VAy) - (x =)
> = (fly) = f1x) = (Ax) = fly)) = 0.
More generally yet, this same argument shows that if G(x) is in/belongs to the

subdiferential 9f(x) of a convex function f, for all x, then G is monotone.

TOtherwise, a vector x* satisfying the above inequality is called a subgradient
of fat x and the set of such vectors is called the subdifferential of f at x and
denoted by 9f(x).



Cosserat-Bingham model - rewritting S and an answer to
the Question
For |S| > 7, the tensor S can be written as
S =B,,+ nP(BsR)
where By, , := 111|Bs|P72Bs + 12|R|P2R and

B B.|P 2B R|P2R
P(Bs,R) := —2F = B s+ V|R|

Bupl  |[BslP~2Bs + v[R|P2R|’
which is called “plastic operator”. In the case p = 2, i.e.
P= Bs vk it was proved by Shelukhin that
- |Bs+vR’ P Y

P is monotone iff v =0 or v = 1.

One more Remark: |B, ,| = \/\BSP(P*U + v2|R|2(P=1). Thus,
the plastic operator is

_|BP2Bs + v[RIP2R
VB £ 2R




Modified plastic operator

IBo|P~2B; + v|R[P~2R

P ="P,p(Bs,R) =
,, ¢/(IBdJe + vIRjPY

The plastic operator versus the modified plastic operator:

They coincide for p=2 and v =0, 1.

The plastic operator P is the gradient of a convex function iff
p=2and v =0,1, and, in the case p = 2 it is monotone iff
v=20,1.

The modified plastic operator P is the gradient of a convex
function (thus, it is monotone) for any values of p > 1 and

v > 0!

Here, it is the potential for P:

W(X) = {/1Xs|P + vIRIP.

Remark: W(X) = [[(1X], V7RI o)




Our family of systems

S=Bup+7Puq(Bs,R), if B,#0
S| <7, if B,=0,

with P, 4(Bs, R) = %, exponents p,q > 2,
IB,ql 9
~ Ta
To = ———=, Tx,V >0
Tomax(L,9w) T T

Bup= p11|Bs|P7?Bs + po| RIPR,
p=(p1,p2), p1>0, pupx>0,
B, = |Bs|9?Bs + v[R|7 R

and , ,
~ a— a—
B,,=IBs 2 Bs+Vv7R| 2 R.



Potential

The tensor given by (??) can be achieved by the condition
S(x,t) € OV(B(x, t)), if v > 0 or v = o = 0, for the potential

V= V(x,t) = U(X) + Ty W(X) (7)

with
UX) = BHX[P+ E2[RIP,

WX) = |IXF X, + VORI R

= YIKITHVRE,

where R = X; — Q.

QN

(8)




An ibvp
Let O be a bounded domain in R3 with a smooth boundary T,
T >0 and S given by (??). We consider the ibvp

vi+(v:-V)v=divT, divv=0 in Or=0x(0,7)
v-n=0, (Tn+Vgv)) -7=0 on rr=rx(0,7)
V=V on O x {t= 0},
(9)
where in the boundary condition (T'n 4 Vg(v)) -7 =0,
g = g(x)(v) is a Caratheodory function g: '+ x R* — R, being
differentiable and convex with respect to v. We assume that g
satisfies the non-negativity and boundedness conditions:

0< vg(x,t’)(v) v, |Vg(x,t)(v)| < C|V‘7 (10)

for all v € R3 and (x,t) € ['1, where c is a positive constant,
independent of v and (x, t). The particular case g = 1a|v|? with
a : 't — R being a non-negative function in L>°(I 1), satisfies
(??) and yields the Navier (friction/slip) boundary condition
(Tn+av)-7=0.



Our main results

Theorem
(Characterization of the subdifferential of the potential V). Let p,q > 2.
Then, the potential V defined in (??)-(??) is convex, differentiable at any
X € R such that X, # 0, with

VV(X) = Xup + el Xoral ™ Xoras
where X, = Xs +vR, R= X, —Q, and X, p, X q X, ,q are defined by
(?)-(?7?), replacing B by X. Moreover:

2(g—1)

(a)  B.(0) C OV(Q) C B, (0), where B,(0) is the closed ball in R¥*¢ = R
of radius r and center X, and
o | WP/ yE)E i g2
min(1, \/v), if q=2;
(b)  The subdifferential 9V(S2) has an “ellipsoidal form”, i.e.,
OV(Q) = {X* e R X7 + 0179 X317 < (7))

(¢) Ifv =0, the subdifferential at a matrix X such that X, =0 (i.e., Xs =0
but X, arbitrary) is given by
OV(X) = 2|RIPTZR+ {X* € R X2 =0 and |X;| < 7}

Fe = T+ Ig,



An illustration of the subdifferential 0V(2)

T M. T
DA

In the above picture we have the graphic in a cartesian plane xy of the
the set (with the boundary in bold) given by the inequality

X2 + V_1y2 < (7/_\*)2’

which is obtained from (??) with q = 2 by setting x = |X%| and y = | X}
together with the graphics of the balls x* + y* < 2, X + y* < 12. We
consider the three cases: (i) v >1; (i)v=1 (r.=m7.); (iii)v <1.
Notice that when q =2, r. =Ty r = 7 -min(1,v)/ max(1,v).

’



Theorem 2

Function spaces:
H={vel}(O): divv=0 inD'(O), v.-n=0 in H¥3T)},
V={ve H(O): divv=0 ae. in O, v-n=0 in H/(I)},
Vo ={veV: |Vv|elP(O)}

Theorem
Let V be the potential (function) given in (27)-(??), being Q = Q(x, t) a
matrix function in LP(O1; R, and g as above. Then for any vo € H, p > 2.2

and q > 2, there exists a pair (v,S) of functions with S(x, t) € OV »(B(x, t))
for almost all (x, t) € Or, such that

veL®0, T;H)NLPO, T;V,), ve€ LP'(O, T; V) and (11)
S € L7 (07).

The pair (v,S) satisfies the integral equality
[v-Owp+ (v v —S): V] dxdt + / vo - ¢(x,0) dx
Oor (@]

(12)
Vg(v) - @ drdt

for any function ¢ € C*(O7) such that (-, T) =0 and (¢ - n)|F'+ = 0.



Lemma: approximation of the potential and estimates

Lemma

Let Q be any fixed d x d antisymmetric real matrix. For given
p,q = 2, let us consider the convex potential (77)-(??) and the
approximations

VI(X) = U(X) +7W(X),
UX) = S 1XC[P 4 2[RI (see (7)),

Wn(X) = ¢/ |X1,7q|2 +n 1 = /X9 +v|R|9+ n1
XV7q
{1 g2 + m1)e

XeR™ neN. Here, R:=X,—Q and X, Xuq, X, 4
defined by (?7), (??), (??), replacing B by X. Then the fo//owmg
statements are true.

S" =X, ,+ 7 , (13)




Lemma continued

(a) Both the potentials V and V" satisfy the estimates

iIXlP— 2P 2QP 710 < V(X X) < cllXPtclRP X
(14)
for any matrix X € RYx RY, for any n € N (we can replace V by V"
in (77)), where ¢; = p1 + 2P~ 2up(1 + ,%) and ¢y = 2P~ 2pp(1 — %)
(b) For any given X € R99, we have that S" = VV"(X). Since
V" is differentiable and convex, this statement is equivalent to the
variational inequality V"(Y) — V(X) > S" : (Y — X)), for all
Y € R4 Moreover,

IS”| < pa | XslP7t + p2| RIPE + 7, Vn, VX e R
(15)



Main auxiliary results

On convex functions:

A convex f: R” — R function has one-sided directional derivative

) e i XA =X)L fixt Ay) — AX)
M= i TS T

(16)

for all x,y € R™.

If f: R™ — R is positively homogeneous of order 1, then '(0; y) = fy), for any
yeR™

Let f: R™ — R be a convex function. Then x* is a subgradient of f at x if and
only if
f'lixy)=2x"-y, VyeR™

The ¢ norm in R™,

[IXlleprmy = €/ |x1]P + ... + |Xm|?

is decreasing with respect to p € [1, o00].




Main auxiliary results - continued

The norms

Ivllv, = IVll2o) + IVVllp0):  [IVliwro) = IVllr0) + IV V][r0)

are equivalents for p > 2.

We have the following version of Korn's inequality:

For any p € [2,00) there exists a constant C such that

IVVlloo) < CllIVlliz(0) + 1(TVV)sllo)), ¥ v € WHP(O).

Well-known interpolation inequality:

Let 51,5, r € [1,+00] and 61,60, € [0,1] such that 6; + 6> = 1, ZT + % =1

Then
IWllirio) < V1% o V%o W € LH(O) N L2(O),

“Sobolev imbbeding”:

There exists a positive constant C, such that
[Vllroy < Cllvllv,, Vv eV,
with r=dp/(d—p), if 1< p<d; any r< oo, if p=d, and r=o0, if p > d.




Main auxiliary results - continued

The lower semicontinuity in the weak topology of functionals of the
form

(see: E. Giusti, Direct Methods in the Calculus of
Variations, 2003.)

The Aubin-Lions-Simon compactness result:

Let Xy, X and X; be three Banach spaces with Xo C X C X;.
Suppose that Xy, X1 are reflexive, Xy is compactly embedded in X
and that X is continuously embedded in Xj. Let

zZ= {ve 120, T: Xo),  dwve LP(0,T: xl)}.

Then the embedding of Z into L2(0, T; X) is compact.




Outline of the proof of Theorem 2 - on the solution of our

ibvp (77)

Approximation:

=0, (T"n+Vg(v") -7=0

v’t’+( -V)v" =div T", divv" =0,
V7|i—0 = vg in O,

where T" = —p"1 4+ S".

“Energy equation”:

%/ V(x, t)Pdx+ [ S":Vvdxdt+ [ V(g(v"
@ O

It
— 1 g
O

in Or,
on FT, (17)

)-7)(v"-T)dldt

(18)



The estimate (??) for V" and the condition Vg(v) - v > 0 for every
v € R3 imply from (?7)

t
é/ |v"]2dx—|—,u1/ / IBZ|Pdx dt < C+%/ V3|2 dx,
@ 0 JO @

where C= [, [122P7?|Q|P — 7.]Q|] dxdt. Then using the Korn's
inequality, we deduce the estimates

V"o o, 7omy + IVl g0, 7ov) < G (19)
HSHHLP/((’)T) < C7



Then, with the help of the continuity of the trace map from

V, = WHP(O) to LP(T), the Aubin-Lions-Simon compactness
result and the boundedness condition in (??) for the gradient of
the boundary function g, we have the following convergences (up
to subsequences):

v — v weakly-x in  L*(0, T; H),
v’ — v weakly in LP(0, T; V) N LP(TT), (20)
S” — S weakly in LF(O7),

Vg(v") — g weakly in LP(T 1),

for some S € LP(O1) = LP(O;R33), g € LP(I'7) = LP(T 15 R3),
and

v — v strongly in L*(O7). (21)
Thus, we can take n — oo in the weak formulation of (??) and
obtain (?7) with g in place of Vg(v).
At this point, it will remain to show only that S € 9V(B) and
g = Vg(v).



Lemma
p>22=>

O € LP(0, T V). (22)



